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ABSTRACT. This article presents a comprehensive investigation of fractal interpolation
functions associated with a sequence of iterated function systems (IFSs). By selecting a
suitable sequence of IFS parameters, the resulting non-stationary fractal function becomes
a better approximant for the non-smooth function. To achieve this, we first construct
the non-stationary interpolant within the Lipschitz space and examine key topological
properties of the associated non-linear fractal operator. Furthermore, we explore the stability
of the interpolant under small perturbations and analyze the sensitivity to perturbations
in the IFS parameters. We provide an upper bound for the errors encountered during the
approximation process. Finally, we study the continuous dependence of the proposed
interpolant on various IFS parameters.
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20 1. Introduction

21? The representation of arbitrary functions or data sets using simple classical functions
55 like polynomials, trigonometric functions, or exponentials is a fundamental concept in
,, nhumerical analysis and approximation theory. While traditional approaches have been
55 successful in many cases, they often fall short in producing precise approximations for
o irregular forms encountered in real-world signals such as time series, financial data,
- climatic data, and bioelectric recordings. To address these irregularities, Barnsley [3]
o introduced the concept of fractal interpolation functions (FIFs), which provide a powerful
5o framework for handling complex and irregular data. To further explore this field, interested
-~ readers are encouraged to look at the books [4, 14], and the additional sources cited therein.
5, TIFs offer several advantages compared to traditional interpolation functions. They
5, are generally self-similar/affine, and their graph’s Hausdorff-Besicovitch dimensions are
5 hon-integers. For an analysis of the dimensional properties of stationary fractal functions,
5, Treaders can refer to [1, 2, 21, 25]. The primary advantage of fractal interpolants over classi-
45 calinterpolants lies in their ability to generate both smooth and non-smooth interpolations,
5 depending on the chosen IFS parameters. It is worth noting that only a limited number of
— techniques, including subdivision schemes—a popular method can produce nonsmooth

37
—— interpolants [9]. Recently, there have been attempts to establish a connection between

Z% subdivision methods and fractal interpolation [10, 13].

— Motivated by the work of Barnsley, Navascués [17] explored a family of non-affine
e fractal functions, denoted as f* or a-fractal functions. These functions correspond to a
L, continuous function f defined on a closed and bounded interval 7 in R. The function f*
.5 approximates and interpolates f. The convergence analysis of the perturbation method was

.. studied by Vijender, Chand, Navascués and Sebastian [27, 28]. This fractal perturbation

4 2000 Mathematics Subject Classification. Primary 28A80, 41A10; Secondary 43B15, 46A32.

46 Key words and phrases. Fractal functions (primary) and Non-stationary iterated function system, and
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1 approach gives rise to an operator that connects the theory of FIF with Operator Theory,
2 Approximation Theory, Functional Analysis, and Harmonic Analysis.

3 Evidently, a lot of work has been done in the development of fractal approximations
4 (stationary) [5, 8, 6, 7, 19, 20, 23], and it is still a subject of very active research, with an
5 extensive list of connections and applications. But on the other hand, many questions
6 remain to be settled in the non-stationary case, and more specifically in the case of a
7 sequence of IFSs. The difficulty lies in the fact that the standard tools are not well developed
8 in the setting of a sequence of IFSs. Consequently, advances in non-stationary IFS are
9 required.

10 Using the fixed points of contractive operators for a specific type of IFS is a helpful
11 way to build fractals [11, 22]. In the case of usual fractal functions, a common procedure
12 of construction is to consider an operator on a complete space and define the fractal
13 function as the unique fixed point. However, if the operator is substituted by a sequence
14 of maps, then we face problems with similar construction. Levin, Dyn, Viswanathan
15 [13] investigate the trajectory of contraction mappings which produces limit attractors at
16 various scales with different features or shapes. It is known that various phenomena exhibit
17_complex multiscale over a wide range of scales. Analysis of the geometry of complex
18 phenomena has primarily been thought of constant fractal dimension. However, it has
19 been observed by Takayasu [24] that more general descriptions are possible in terms of a
20 scale-dependent extension of the fractal framework (fractal dimension may be a function
21 of scale). As a consequence, the scale dependent behaviours can describe phenomena
22 whose geometry may vary with scale, like “random walk trajectories, topographic surfaces,
23 the galaxy distribution in the universe”, etc. The use of mixed contraction maps in the
24 construction of the non-stationary FIFs gives the flexibility to incorporate the scale and
25 location-dependent features. In [15], Massopust advanced fractal function to a new and
26 more adaptive environment by utilising the concept of forward and backward trajectories
27 to offer new forms of fractal functions with the variable local and global behaviours.
28 Recently, we have studied the non-stationary a-fractal functions in different function
29 spaces [16].

30 In this article, we construct non-stationary a-fractal interpolation functions within the
31 space of all Lipschitz functions on a closed and bounded interval I in R. Our aim in
32 presenting the non-stationary variant is not only to generalize the stationary situation
33 but also to expand the applicability of non-stationary fractal functions. The inherent self-
34 similarity of FIFs created by IFSs with constant parameters may lead to a loss of flexibility
35 and noticeable inaccuracies when fitting and approximating complex curves and non-
36 stationary data that exhibit less self-similarity. Non-stationary «-FIFs, on the other hand,
37 do not depend on local or global data points, enabling greater flexibility and accuracy. We
38 examine the stability and sensitivity of the analytical characteristics of FIFs generated by
39 a class of IFSs with variable parameters. Furthermore, we calculate an upper bound for
40 the errors that arise when comparing our proposed interpolant with the non-stationary
41 interpolant derived from perturbed IFSs.

42 The rest of the article is organized as follows: Section 2 reviews trajectories and
43 stationary/non-stationary iterated function systems (IFSs). Section 3 describes the con-
44 struction of non-stationary a-fractal functions on the Lipschitz space Lip,(I), including the
45 use of a sequence of IFSs for generating fractal functions. Section 4 explores a nonlinear
46 fractal operator on Lip,(I) and discusses its topological properties. Section 5 investigates
47

—_
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1 stability analysis by perturbing the ordinates and examines the sensitivity of the IFS pa-
2 rameters, providing an upper bound for approximation errors. Finally, Section 6 explores
3 the continuous dependence of non-stationary fractal interpolation functions on the IFS
4 parameters o and b.

2. Preparatory Results

— In this section, we collect the necessary tools leading to the construction of non-stationary
o o-fractal functions in the Lipschitz space. For more details on this section, we invite the
o reader to study the paper of Massopust [15] and the work by Barnsley [3] and Navascués
— [17].

11

12 21, Iterated Function System and Trajectories. Let (X,d) be a complete metric space.
13 Let s#(X) denote the collection of all non-empty compact subsets of X and define the

4 Hausdorff distance between sets A and B of .7#(X) as

15

o du(A,B) =inf{e > 0;A C B¢ and B C A},

17 where A, = U {z€X; d(z,x) < e}. The space ((X),dy) is a complete metric space known
18 xEA

19 as the space of fractals.

20 Definition 2.1. Let (X,d) be a complete metric space and w; : X — X be N continuous maps.
21 Then the system . = {X;w; : i = 1,2,...,N} is called an iterated function system (IFS). If
22_each map w; in .¢ is a contraction, then the IFS .# is hyperbolic.

23
o« The attractor of the IFS is the fixed point of the set-valued Hutchinson map # : 7 (X) —
25 ' (X),
— N
= W (E) = | Jwi(E), E € #(X).

i=1

27

*® W is a contraction map on ¢ (X) with the Lipschitz constant Lip(#') := max{Lip(w;) : i =
?® 1,2,...,N}. The uniqueness of the fixed point is guaranteed by the Banach fixed point
% theorem. The limit of the iterative process Ay = # (Ax—1);k € N, where Ay € 77(X) is any

°_ arbitrary set, also gives the attractor of the IFS.
32

33 Definition 2.2. Let 7 : X — X be a contraction map on a complete metric space (X,d).
32 The forward iterates of T are transformations 7°" : X — X defined by 7°°(x) = x and
35 7o) (x) = T(T°"(x)) =T o T o---o T(x) for n € NU{0}.

36 (n+1 times)

Z% Definition 2.3. (Forward and Backward Trajectories) Let X be a metric space and {7} } ,en
o be a sequence of Lipschitz maps on X. We define forward and backward trajectories
o respectively

i Op:=T,0oT,_1o...0oTy and y,:=Ty o Th o ... o T,.

42 The subject now concerns the convergence of general trajectories, i.e., under what
43 conditions the forward and backward trajectories will converge. In addition, we look for
44 the trajectories producing new types of fractal sets. Recently, Levin et al. [13] observed
45 that the backward trajectories converge under relatively mild conditions and may produce
46 anew class of fractal sets. In [13], the authors use the assumption of compact invariant
47 domain to guarantee the convergence of backward trajectories. In [18], Navascués and
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1 Verma replace the compact invariant domain condition by a weaker condition. We now
2 recall the result in the following.

° Proposition 2.4. [18, Proposition 2.6] Let {T;},cy be a sequence of Lipschitz maps on
% a complete metric space (X,d) with Lipschitz constants c,,r € N respectively. If 3 x* in

‘6 the space such that the sequence {d(x*,7,(x*))} is bounded, and Z Hc,- < oo, then the
E3 r=1i=1
% sequence {y,(x)} converges for all x € X to a unique limit *.

E 2.2. Stationary Fractal Interpolation Functions. For a fixed k € N, we denote by N; the
10 first k natural numbers and N) = N, U {0}. Let I = [a,b] and define a partition A on I by
" A= {(x0,X1,...,xn) ra=xp <x] < - <xy=h}.

12

13 Forie Ny, letI; = [x;_1,x;]. Suppose the affine maps /; : I — I; are such that

14

E (2.1) li(xo) =xi—1, Li(xn) =x;, and |l;(z1) — li(z2)| < l|z1 — 22| Vz1, 22 €1,
% where 0 <1 < 1. Set # =1 xR. Let the N continuous maps F; : # — R, i € Ny be such that
18 (2.2) Fi(xo,y0) =yi-1,  Fi(xn,yn) = yis

19 and F; is a contraction in the second variable for i € Ny. The following are the most chosen
20 maps for the formation of IFS

21
2 (2.3) l,-(x) =a;x+e;, ‘
Fi(x,y) = ai(x)y +qi(x), i€ Ny,

23
24 where q;,¢; can be determined by conditions (2.1). ¢;(x) are scaling functions satisfying
2 |og]l < 1 and g;(x) are suitable continuous functions such that condition (2.2) is satisfied.

%6 For i € Ny, we define W; : # — I; x R by

27

2? m(xay):(ll(x)aE(xay)) V(x7y) S/

2E The complete metric space (.# ,dy) with the above N-maps {W; : i € Ny} forms an IFS. The

30 uniqueness of the attractor of the IFS is given by Barnsley; mentioned below.

' Theorem 2.5. [3] The IFS .% = {.#/;W; : i € Ny} admits a unique attractor G, and G is the graph

%2 of a continuous function f : I — R which interpolates the given data.
33

34 2.3. Stationary o-fractal Functions. Let € (I) be the set of all continuous functions on a
35 compact interval I. Let f € € (I) be a prescribed function. Let us choose the function ¢;(x)
36 in(2.3) as

37 qi(x) = f(li(x)) — oti(x)b(x), i € Ny,

38 where «; : I — R are continuous scaling functions satisfying ||o|l. < 1 and b: I — R be
39 continuous function such that b # f, b(xo) = f(x0) and b(xny) = f(xn). By Theorem 2.5,
40 the corresponding IFS has a unique attractor G, which is the graph of a continuous map,
41 namely f%, : I — R that interpolates the given data set. The map is known as the o-fractal
42 function.

43 Though the stationary fractal interpolant approximates irregular functions very well,
44 it depends on local data points. To get a fractal interpolant that is independent of local
45 data points and gets more flexibility, Massopust [15] introduced non-stationary fractal
46 interpolation by taking a sequence of IFSs. In [18], the authors studied the parameterized
47 non-stationary FIFs in ¢(I).
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1 2.4. Non-stationary a-fractal Functions. Let f € €'(I) and r € N. We use the following
2 notation:

O = (0,00 r,...,0N,), C:={0}reny and b= {b,},cn.

3

4 . .
- Let ¢, : I = R be continuous functions such that
6

|0t]|eo = sup{||t||eo : ¥ € N} < 1, where ||Q||e = sup{||@ || : i € Ny},

N

o and b, € ¢'(I) such that

o (24) b # f, br(xo) = f(x0) and by(xy) = f(xn)-

% To define a sequence of IFSs, we use the following sequence of continuous maps
:z 25) {li(x) = aix + e = "L P |

e Fi (x,y) = o (x)y+ f(li(x)) — ot (x)by(x), i€ Ny.

15 For each i € Ny, we define

% Wiyl — I; x Rby W »(x,y) = (li(x), Fir(x,y)).

18 Now we have a sequence of IFSs .%, = {_.#;W,,:i € Ny}. Let

;% Cr(l) ={ge€):gxi) = f(xi), i=0,N}.

21 Then € (I) is a complete metric space. For r € N, we define a sequence of Read-Bajraktarevic¢
2> (RB) operators T% : €;(I) — €;(I) by

26 (T98)(x) = Fur ™ (), 07 ()
% = () + 0, (Qi(x) - 8(Qi(x)) — i (Qilx)) - br(Qi(x),

ZE for x € I, i € Ny, where Q;(x) = [ (x).
27 The above operator is well defined and for any function h € €%(I), the sequence of backward
8 trajectories {T™ o T® o...0 T*%h} converges to a map f* of C¢(I) [18]. The map f“ is the

29 unique map that satisfies the following equation

30

o @27) FH@) = f00)+lim Y 031(Qi(x).. 0:(Q) (1)) (f —b;)(Q] (x)),

2 S

33 .

v where Q{ is a suitable finite composition of maps Q;. The map f* is called the non-

55 Stationary a-fractal interpolation function.

36
o 3. Non-stationary o-fractal function on Lipschitz Space

37
38 Letg:I— Rbea function. For 0 <d < 1, define

39

40 Lips(g) = sup{W:x,yelandx#y}.
41

42 The Lipschitz space is defined as Lipys(I) = {g:1—R : Lipy(g) <o} . Define |g|ls =
43 max{||g||e,Lips(g)}. It is routine to show that (Lips(I),||.||s) is a Banach space. For more
44 details of the Lipschitz functions in an arbitrary Banach space, please refer to [12]. Let

45 . :

. Lipa,y(I) = {g € Lipa(I) : g(x0) = f(x0),8(xn) = f(xw)}-

‘E Then Lipy ¢(I) is a Banach space.
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Theorem 3.1. Let f € Lipy(I). Let r € N,b, € Lipy ¢(I) be such that ||b||4 := sup ||b,||q < oo and
reN

L

= 1

3 the scaling functions o, € Lipy(I) are chosen such that max (M) <7 We define a sequence
4

i€Ny 4a;

of RB operators T% : Lipy r(I) — Lipa s(I) by

<6 (Tg)(x) = £(x) + 0, (Qi(x)) - 8(Q(2) — 0, (Q(x)) - b, (O (),
% forx € I, i € Ny. Then the following hold.

9 (1) The RB operator T* defined in equation (3.1) is well defined on Lipg ¢(I).
10 (2) Infact, T% : Lipq y(I) — Lipg s(I) C Lipy(I) is a contraction map.

1 (3) Thereexists aunique function f,'; ., € Lipq,y(I) such that the sequence {T* 0 T® 0...0T%g}

12 converges to the map f';., for every g € Lipq ¢(I).

3 . . . .
T, Proof. (1) The norm defined on Lip, ¢(I) is || f||¢ = max{|| f||e, Lipa(f)} so that, || T% f||s =

o max{||T% f||e, Lipa(T* f)}. From the definition of RB operators, we have

16 (Tg)(x) = f(x) + @iy (Qi(x)) - (g — br)(Qi(x))-
8 Now,
zLipd(T“’g) lrggzxs;lg |Targ(|);)__ yfdarg(y”
21 XAy
22 — max sup 1f(x) = () + @i (Qi(x))-(8 — br) (Qi(x)) — @i r(Qi(y))-(§ — ) (Qi(y))]
23 lENNx,);éel x — y|4
25 < max sup lf(x) = f)] N | (Qi(x))-[(g —br)(Qi(x)) — (8 —br)(Qi())]|
26 lENny;I x —y|d Jx — y|d
28 G b,)(Qi(¥))[e,r(Qi(x)) — 0 r(Qi())]]
29 x —y[e
0 <Ll.pd(f)+maxua ln sup (8(Qi(x)) — 8(Qi)| +1(b-(Qi(x)) — b (2i(»)))]
?i - b x,y€El; ‘x—y’d
82 XFy
33 (0 (Qi(x)) — 0. (Qi(y)))]
- et B
36 x#y
% i max wup 18(2i(x) —8(Qi)))[ +[(b(Qi(x)) — b,(Qi(v)))]
7 RO T 100 - )l
& e max sup (9r(Qi(0) — @,(0i()))
o Tl ”r”%eNNx,y;,,. ad10:(x) ~ iy
_ X7y
42 . [ 8(X) — ()| + [br(X) — b, ()]
:% _szd(f)ﬂggz( p >f§;§: X— |
4 (04 (%) — 04.4(F))]
g + ||g_br||wg§§;§§] a?’f—ﬂd
F£y
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1 ) O r||oo . . Lip, (o
- < Lipa) +max (151 wipate)+ Lipa (o) -+ man (B2 ) g+ 1.
2 ieNy a; ieNy a;
s <L |0t r]]a . .
4 < Lipa(f) +max | =357 ) (Lipa(g) +Lipa(br) + |8l + [|br|l-)-
-~ v :
5
o As f,g,b, € Lipy (I), the above estimation ensures that Lip;(T%g) < e and so that
- T%g € Lipy(I). Also T%g(xo) = f(xo) and T%g(xn) = f(xn). Hence T%g € Lipg ¢(I)
" and the RB operator 7% defined in equation (2.6) is well defined on Lipg ¢(1).
o (2) Forx e I,
o (T g1 = T%2)(x)] = |0t (Qi(x)) [ (81 — 82)(Qi(x))]
i < max([| o [|eo) g1 — 82/l<e;
12 ieNy
13 and hence
14
— (32 (T g1 = T%g2) o0 < max([|0ti o) [ €1 — 82]eo-
L ieNy
6 Using similar steps in the estimation of Lip,(T%g), we obtain
17
= . A rlld .
063 L -1 < max (1) st - ) + e - gl
21 Combining (3.2) and (3.3), we get
% (T g1 —T%g2)lla
25 = max {[[(T*g1 —T*g2)||e, Lipa(T* g1 — T%g2)}
24 [[0tir|la :
< man(lon el ~ ellesmax (1451 ) Linaten - g2 + 1 - all) |
23 €Ny ieNy Cll-
Zi O rlld
o = ma (1) g - gala 2l ol
. ot |
29 = 2max briid — .
31 By assumptions on the sequence of scaling functions, we can ensure that 7% is a
32 contraction.
33 (3) Let g € Lipy(I) be an arbitrary function. We have to check if the sequence {||7%g¢ —
34 glla} is bounded. Now, by a similar calculation as in item (1), we get
2% Lipy(T* g —g) < Lips(T*'g) + Lipa(g)
a7 . Oirlld . . .
o < ipa()-+ s (V519) Wipate) + Limato) o+ 101) + Liva(e)
38 ieNy ai
39 . [0l . [[illa
— <L 1 — | |L 2 b
B < Lipat)+ 1+ max (1404) ) imate) + 2max (104 ) 1
41
— . . o . Q;
@ () < Lipa() + (1 max (100 )) Lipy () 2mgx (191 o
E ieNy a; ieNy a;
4 where || ¢4 ;= sup|| 0 /||4. Also,
g reN
a6 (T%g—=8) ()| = |(f = &) (¥) |+ (Qi(x))] - [(g = br)(Qi(x))]
47 <N =gl + lletflellg = brllee
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< |If = glloo + [ €t]]oa ([ gle0 + [|D7]])
<|\f —glla+ el (l|glla + 16r]]a)-
Hence,
1T%g —glleo < || f —&lla + |l (|l glla +[1D]]a)-

Combining (i) and (ii), we get that the bound of | 7% g — g||4 is independent of r. Us-
ing Proposition 2.4, 3a unique f};;, € Lipa,f(I) such that £}, = lim T oT*o0...0T%g
’ ’ ’ r—o0

—~~
—
j—

~"

for any g € Lipy (I). This completes the proof of the theorem.
u

—_
o

11 Definition 3.2. The function £, 5, is called a Lipschitz non-stationary a-fractal function
12 with respect to f, o, b and the partition A.

13
— Remark 3.3. As each T% is a contraction, there exists a unique stationary «-fractal function
- f% such that 7% (f%) = f* and it satisfies the functional equation:

16 [H@) = Fy (Qilx), fH(Qi())) ¥ x €1
"7 where Q;(x) := ;"' (x). That s,
. F7@) = f(0) + @i (Qi(x))-£7(Qi(x)) — &, (Qi(x)) br(Qi(x)).

z% 4. A Nonlinear Fractal Operator on Lip,(I)

22 Suppose L, : Lip;(I) — Lip4(I) is a sequence of operators such that ||L ||« := sup ||L, || < oo
reN

;i and satisfy (L,(f))(xo) = f(x0) and (L,(f))(xn) = f(xn). We set b, = L, f. The corresponding

o hon-stationary a-fractal function will be denoted by f;*.

2E Definition 4.1. Let f € Lip,(I) and A be fixed. We define the a-fractal operator §) = 32‘7 b
27 as

2 S Lipy(I) C€(1) = €(1), FL(f)=f2

29
50 Remark 4.2. In the case of a stationary fractal function, a similar construction is well
o studied in literature [17]. If we take ¢, = oV r € N,i € Ny and b, = Lf V r € N, where
s L:Lipg(I) — Lipg(I) is an operator such that (L(f))(xo0) = f(x0) and (L(f))(xny) = f(xn)-
53 Then the non-stationary a-fractal function will coincide with the stationary one.

3Z Our next concern is to study the error approximation in the non-stationary perturbation
35 process. The error bound in the different fractal approximations is well-studied in the
36 stationary case [17].

Z% Proposition 4.3. Let f* be the non-stationary FIF corresponding to the seed function
5 J €Lipa (I). Then we have the following error bound

a (o)
“ 41) 158 = flle = 0= upt = L))
a1 L= |[et]leo ren
42 Proof. The proof is similar to that given in Theorem 4.1. of [18]. O

43
4 Corollary 4.4. Let f € Lipy(I) be the germ function and f be the corresponding non-

15 stationary FIE. Then for any j € N, we have the following inequality

46 o _ 1 _
o 115~ Lyl < = SR {1 = L)l
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Proof. Let j € N. Using inequality (4.1), we get

1

- 157 = Lyl = 5 = f + f = Ly

n <= Fllo 41 = Li ()

B el _

B < T SRl = L+ 17 = L)l
- 1

0 S e ALl

0

—_
o

Based on the same arguments used in [18], we know if L, is linear, then §j/ is a linear

2 operator. In order to keep track of this, let us write it down in the next proposition:
13

12 Proposition 4.5. The fractal operator §} is a linear operator, provided that the sequence of
15 operators L, : Lipg(I) — Lipy(I) are linear for each r € N.

' Unless otherwise specified, note that we do not assume that L, is linear. As a result,

" the fractal operator is typically nonlinear (not necessarily linear). With regard to the
1— conventional setting of fractal operators spread throughout the literature, the present
— fmdmgs abandon the general assumption of linearity and boundedness of the map L,.
20

. Consequently, the research presented here may uncover possible applications of the fractal
o operator within the theory of unbounded and nonlinear operators.

o Let us now collect some standard definitions of operators of interest in nonlinear func-
— tional analysis and perturbation theory. Let (4,]|.]|4) and (B, ||.||s) be two normed linear

2 spaces.
25 p

26 Definition 4.6. If an operator .7 : A — B maps bounded sets to bounded sets, then it is
27 said to be topologically bounded.

—_ | =
SR

z% Definition 4.7. Let .71 : D(71) CA — Band % : D(%) C A — B be two operators such that
o D(%) C D(7). It 71, % satisfy the following inequality

3 IZ1(u)lls < t1ljulla + 22| Z2(w)l|p ¥V u € D(S2),

32 . . . .
— where #; and 1, are some non-negative constants, then .7 is said to be relatively (norm)
" bounded with respect to .7 or simply %-bounded. The %-bound of .7 is defined as the
.5 infimum of all possible values of 7, satisfying the aforementioned inequality.

SE Definition 4.8. An operator .7 : A — B is said to be Lipschitz if there exists a constant g > 0
87 such that

- 17 () =T )z < gllu—vla Vu,veA.

f% For a Lipschitz operator .7 : A — B, the Lipschitz constant of .7 is denoted by |.7|.

‘E Definition 4.9. Let 7 : D(71) CA — Band % : D(:%) C A — B be two operators such that
42 D(%) C D(7). It 71, 7 satisfies the following inequality

43

e |71 (u) = Z1(W)llp < Mi[|u—vlla+Ma|| F2(u) = Z2(v) [ Yu,v € D(T),

g where M; and M, are non-negative constants, then we say that .7] is relatively Lipschitz
46 with respect to .7 or simply .7-Lipschitz. The infimum of all such values of M, is called

47 the J-Lipschitz constant of 7.

11 Mar 2024 05:29:00 PDT
240101-JhaSangita Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION
STABILITY AND SENSITIVITY ANALYSIS OF NON-STATIONARY «a-FRACTAL FUNCTIONS 10

1 Proposition 4.10. The non-stationary fractal operator §j : Lip,(I) — ¢(I) is continuous
2 whenever L, : Lip;(I) — Lipy(I) is continuous for each r € N.

% Proof. Let (fu)nen be a convergent sequence in Lip,(I), converges to f € Lip,(I). We have,
. S0 = £+ lim Y a1(Qi(0) - (2] () (f ~ L) (@] (x).
- J=1
7
s Now,
% |(fn)y (%) = fi ()]
" < [fal@) = FOOI+ [ Him Y 064 (Qi0)) ... 06,5(Q) (0) (o = f = Ly +Lif Q] ()]
2 =1
13 r .
i <l Sl tim Yl Fllet i~ L)
5 =1
= <= flla+ lim 3 Nl L(11fa = flla+ I1Lifa = Lif la).
j=1

% Since the inequality holds for all x € I, we have

20 R .

o 1)y = S5 lloo < W= Flla+ lim 3 ellZ (1L fo = flla + 1Ljfo = Liflla)-

- j=1

22

3 As the sequence (f,) converges to f, we get our desired result using continuity of L;, j €
s N. O
24

? Proposition 4.11. If for each r € N, the operator L, : Lipg(I) — Lip,(I) is a Lipschitz operator
?° with Lipschitz constant |L,|, then the non-stationary fractal operator §¢ : Lipa(I) — € (I) is

7 L+ L]l erfleo

25 also a Lipschitz operator, and |F/| < ol " where |L| := sup |L,| < oo.
— - oo reN

29
s0 Proof. Let f,g € Lip,(I). Then
31

7 W) = )+ lim ¥ 00 (@0)-.- 04,0} 0) S ~ Ly (0],
= g5 (%) = g(x) + lim 21 01 (Qi(x)) . 1 (Q) () (s — L;g) (Q] (v)).

5, Therefore,

22 |/ () — g5 (x)[ = |f (x) + lim ilai,l(Qi(X))~--OtiJ(Q{(X))(f—Ljf)(Q{(X))

40 .

o g0~ Tim ¥ @:1(Q:(x)) -0 1(0) () (8~ Lig) (2] ()|

2 =

43 r . .

Y <1769 =) fim ¥ cia (@100 (@I (F 8~ Lif + L39) (@] )
s =

- <1 gl fim Y (17 gl + 13 L)
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,
<1 = glle+ lim Y @01~ gl + ILs] 1 — &]l)
Jj=1

s

2

2

. < (1+ y HaH;(IHL!)) 1 =sll-

2 J=1

o ]|

0 — (14 ) 17 gl

8

o L2 flot]le

9 <—— i I8l

o I=Jletffes

11 This holds for every x € I, hence

2 L+ L] -[Jor|e

13 155 (f) = 85 (@)l = 1 f5" — 8 Il < Wllf—glld.
% This concludes the proof. O

16 Proposition 4.12. The non-stationary fractal operator Sy i Lipa(I) — € (I) is topologically
17 bounded provided that L, : Lip4(I) — Lip,(I) is uniformly bounded.

18
o Proof. Let f be a function in Lip,(I). We have,

20

> A1 < 1) + |gggila,-,1<Q,-<x>>.--ai,,-<Q{<x>><f—Ljf><Q{<x>>|

22

RN r .

2 < lleo + lim 37 L1 = Ljf o

23 =

25 R j

. < e+ i X2 U211 1)

27 . -

2 <+ Y el L)l llee+ X NolZIL £l

29 = =

30

2

34 .

% Hence

36 j

— I3 (Allee = 15l = 7 || oM lla + Z el 1L f oo

38

5o SinceL; (j € N) is uniformly bounded, it follows from the above inequality that the operator
2o S5 is topologically bounded. O
41 In the following propositions of this section, we assume that L, be a sequence of linear
42_operators such that there exists a linear operator L satisfying ||Lf||. = sup||L,f|. Let us
43 reN

r move on to the following proposition using this presumption.
45 Proposition 4.13. The non-stationary fractal operator Jj : Lip,(I) — €'(I) is relatively

46 o
— Lipschitz with respect to L with L-Lispchitz constant of §}f not exceeding 7 L]

. — el
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1 Proof. Let f,g € Lipy(I). Then the functions satisfy the following equations:

2 r ) )

3 fy () = f(x) + lim )" @i1(Qi(x))... &, (Q] () (f — Lif )(Q] (),

4 Jj=1

E:and

= g8 (x) = g(x) + lim Y 01(Qi(x)) ... 0,;(Q] (%)) (g — L;)(Q] (x)).
-’ j=1

fLPJomL

9

AR A6

11 r . .

- = /() + Tim ¥ 1(Qi(0) - 0 (@) (f ~ Ly (2] ()

hl —g(x) = lim Y 041(Qi(x)) ... @i, (Q] (%)) (8 — L;8) (Q] (v))]

5 =1

16 r : .
v < 1/() — @]+ lim ¥ a1 (Qi(x)) .. QL () — 8~ Lif +Lig) (L))
" =

;% <f = glleo+ lim ¥ lltlIZ (1L = glloo + [1Lif = Ljgller)

20 =1

a ]’ ,

22 < IS —gllee+ lim ¥ (e[ LI = gllee + 125 (f = )I)

23 J=1

24 > . o .

25 <1+ Y el ) 1f—glleot+ | X MexllZ ) IZCF =) les

— j=1 j=1

o 1 o

2. < f—s +( - > Lf = Lgll.

ei (a1 () 1~ el

29 For all x, the above mentioned inequality is true, hence

30

= 1 (0411

o ) - 8 = 5~ e < (g ) I el (150 ) I - el
32 ® ®

33 This completes the proof. O
**_Proposition 4.14. The non-stationary fractal operator Sy : Lipa(I) — €(I) is relatively
35

36 bounded with respect to L with L-bound is less than or equal to m.

37 ©

ss Proof. Let f be an arbitrary function in Lip,(I). From (2.6), we have

39 r . .

w0 fiy () = f(x)+ lim Y 0i1(Qi(x)) ... &, (Q] (x)) (f — Ljf)(Q] (x))-
4 /=1

42 Therefore,

43 r : ;

m £ ) = @)+ lim Y 01 (Qi(x) - 0 j(Q (%)) (f = Lif )(Q] ()]
s "

“ < Sl + lim 3 [lllZ ]S = Lif e

47 j=1
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r .
<l + Tim 3 [ liZ([1F lloo + [1Zf1lo)
j=1
r .
< 1£1l +r1gg Z e[ C[1f llow + 12 1]<o)

= 1 fllew 5= = (L llew 4= ([ L ]e2)

Hal\w

= ||f||°° _ || ||°<J

HaHoo

1Ll

-
[B]efe|~]ofo]s]e]w]-

-
-

1 lla + 1 g 1Sl

|| IIoo
12

' The aforementioned inequality holds for all x, hence
14

<—
. T 1= || oo

= u2) I8l = Wl < oWl L e

17

1g This proves our claim. O
19

20 5. Stability and sensitivity analysis

21
o, Letus now investigate the stability of the FIF with changeable parameters produced by

? IFS 9, = {4 W ,(x,y) = (li(x),Fir(x,y)),i € Ny}, where the maps are defined in (2.5) and
o M =1X [k1,k2] C R?. The similar results for the stationary case can be observed in [29]. Let
o D {(x;,3) : i € N} be another set of interpolation points in .# which can be considered

-5 as the perturbations of ordinates of the points in D := {(x;,y;) € I x [ki k] : i € N% 1. For the
2* data set D, an IFS can be defined by .9, = {#;W; ,(x,y) = (Li(x),F; ;(x,y)),i € Ny}, where
5 li(x), i € Ny, are the maps defined in (2.5), and F;, are defined as

2i (5.1) Fir = 0, (0)y+ J(li(x)) — 04, (x)b, (x), i€ Ny, reN.

°_ Here we consider the base functions b, and perturbed base functions b, in €(I) such that
93 sup ||by || < oo and sup ||, |e < co.
33 reN reN
34 _
s Theorem 5.1. Let D := {(x;,y;) : i € N3} and D := {(x;,5:) : i € N} be two data sets in M.
s Let fi¥ be the non-stationary FIF for D generated by the sequence of IFSs .9, = { W, -(x,y) =
a7 (li(x),Fi - (x,y)),i € Ny} defined in (2.5) and f be the non-stationary FIF for D generated by the
s sequence of IFSs 9, = { ;W ,(x,y) = (Li(x),F; ;(x,y)),i € Ny} defined through (5.1). Then we
39 have,

o U= Flle ol sup e = b}

% (5-2) Hfb _fb H°° < 1— HO‘H‘”

‘E Proof. From (2.7), we have

45

g ff(X)Zf(X)vL}LH;ZlO‘t,l(Qi(X) .0, (0] () (f — ;)(Q] (x)).
=
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1 Therefore,

- () = F2 ()

= = [/() + lim Y 01 (Q))-. 0,(Q ) (f — b)) (@) — ()
> j=1

6 r . ~ A .

i —1lim Y 061(Qi(x)). . 0:,(Q) (x))(F — b;)(Q] ()|

8 j=1

2 < 17) ~ F@ 4 lim Y 1 (i) .06, (QU)(f — 7~ by + ;) Q)]
_ j=1

11

0 <~ Fllet tim Y £ — Pl + 1o~ By11)

13 j=1

" - ,

15 < (HZ IIOtllic,) 1 = Flleo+ <hm )y ||06||’> sup{[|by — by}
16 =1 rel

2 (2 Y e (22 st~
" (1 ) Ao (L st
e 1 = Flloo + o]l - sup{ 1B — by |}

20 . reN

21 N 1=l

Z% The above inequality holds for all x € I; hence inequality (5.2) follows. O

2Z Remark 5.2. Let f, f be two piecewise linear functions through the interpolation data sets D
25 and D respectively. Also assume that b, = b, = b is a linear function passing through the

26 points (xp,y0) and (xy,yn). Then we have

27
o 1+/[e]-

28 15— Fillee < max{|y, i},

29 1= || |°°ze

0 which is the same result for stationary FIF given in [29]. So, our result can be treated as a

31 generalisation of the existing result.
32

33 Remark 5.3. Perturbations of abscissas of interpolation points can be taken to affect the
34 values of the non-stationary FIFs associated with the interpolation points. Also, pertur-
35 bations of both abscissas and ordinates may be considered to examine the stability of the
36 non-stationary FIF. For more details, the reader is invited to read the paper of Wang and
37 Yu [29].

® Next, we discuss the sensitivity of the non-stationary a-FIF defined by the IFS ... Let

ig f,br, 0, be as defined before and 7; , : . # — R,i € Ny,r € N, be a sequence of continuous
" functions on .# such that for all (x,y) € A,

@ Tir(,y) = f(x) + [0 (Qi (%)) +1i.r0:.(Qi (X)) ) (8 — br) (Qi(x)) + 5i.r 01, (Qi (%)),

43
J where #; ,,s; » are parameters of perturbation satisfying 0 <t , < 1and 0 <s;, <1, ¢, 6; (>

5 0) € Lipa(I) satisfying supmax | o, ,H.x,+supmax |tir6; r||eo < 1 and ¢; -(x0) = ¢ -(xn) = 0. The

46 function 7;, is a perturbatlon of the functlon F;, for each i € Ny,r € N. Thus the IFS
a1 I ={;(li(x),T;,(x,y)),i € Ny} may be treated as the perturbation IFS of the IFS .7, =
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{A;(li(x),Fir(x,y)),i € Ny}. For each r € N,i € Ny, T;, is also contractive in the second

variable and it satisfy

T r(x0,y0) = yi—1, Tir(xn,yn) = yi-

% Theorem 5.4. Let D := {(x;,y;) : i € N\ } be a data set in .4 . Let f be the non-stationary FIFs
correspondzng to the sequence of IFSs 7, = {4 ; (l;(x), F; »(x,y)),i € Ny} defined in (2.5) and fzf”
" be the non- stationary FIF generated by the sequence of IFSs ', = {4 ;(li(x),T; ;(x,y)),i € NN}

*Then

o 191 161 sup{ L = b -}
53)  fpy =S lle < 8]0 +

% bs L—[[otfloe = [t]oo | 6]]o (1= letlleo) (1 = flet]loo = [£]oo]|O]]o)

E where

17

kS 191l = Sup{max 19irlleo}, (6]l = SUP{maX 16i.r[leo}

19

20 8]0 = sup{maxs, rby |t = sup{maxtl rt

o reN €Ny reN €Ny

22 Proof. From (2.7), we have

23

4 r . ‘

o (54 FE0) = £) = lim ¥ 061 (0:(1)) . 00,1 () (F — b, (@) ()

= =

26

°”_For r € N, let us define an RB operator V% on .# by

28

29

30

31

32

33
34

35

36
37

38

T (' (%), 8" (x)))
J) + [0 (Qi(x)) +1i.r6:.-(Qi(x))] (g = br)(Qi (%)) + 5i.r9i.r (Qi(¥))
Fx) + [ar(x) + ¢ (x)] (8 = br)(Qi(x)) +5i.r 91, (Qi(x)),

(V¥g)(x)

34 where a,(x) = 0;,(Qi(x)) and ¢,(x) =6, ,(Qi(x)).

Ve oV % o.. oV f(x) — f(x)
= (a1 +er ()] (VEoV B ooV by ) (0i(x)) + 511911 Q)

4o Using induction, we obtain

41

42
43

44

45

46

47

11 Mar

240101~

ya ovazo...ova’f(x)—f(x)

jz: [al(x) +C1(x)} [az(x) —I—Q(x)} [aj(x) +cj(x)} (f=b;)(Q!(x))

+ i’lsi,j(phj(Q{(x)) [31()6) +c1(x)] [az(x) +c2(x)} [aj_l(x) +Cj_1(xﬂ’
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1 where Qlj is a suitable finite composition of mappings Q;. Now, taking the limit as r — oo,

2 we get

o S 0) — F ()

Ty~ im Y [ ra][ne o). a0 +ew] o b))
o + lim ﬁlsi,mQ{ () a1 () + €1 ()] [a2(0) + €2)] .. a1 () + €1 ()]
9 J=

E Subtracting (5.4) from (5.5), we get

" Frg () = ()

by = tim Y 51,56,5(0](0) [an () +1 ()] [a0) + e2(0)] . [ 1 () + €1 0)
5 a

16 lim 3 X X X x)|...|a;(x (x

. +Hmj§[[a1< )+e1(0)] [0+ e2(9)] .. [ay () €0

: ()00 - 5,)(0}(x)

21 — tim Y 515000} [ () € ()] mn () + €29 - [y ) €1 (0]
2. =

z% +}g££ Z [al (X) -ag(x) Sy (x) -cj(x) +a; (x) -az(x) .. .aj,z(x) “Cj—1 (X)
- j=1

. < [y ) ()]

27 +ay(x) - ax(x)...a;3(x) - ¢;2(x)[aj—1(x) + ;-1 (x)][a;(x) +c;(x)]

o ot (1) [aa(x) + e ()] a3 (x) + s ()] . [y () + ¢ (0] (f — b)) QL))

30
o Let a = sup,cy{]|a/]|} = || 0]|cc and € = sup,cn{|l€/]|co} = |t]oo]| O]|o- Therefore,

2 [fig () = ()]

3 ’ ,

o < 1im Y [slee]| ¢ |o(a+€)7 " +sup{||f = by}

35 =1

36 R i—2 i—3 2 i—1
. 1 j-1, -2, j-3. j
o Xrl—f?o; a’~l.c+a’?.clatc)+a’ 7 clate)+ - +e(ate) |,
% r .

39 = |s|<><,H¢>Ho<>rli_>ncl<>Z(a#—c)”1 +sup{||f — b/||-}

40 /=

41 " . , , .
e xclir [af’l+af’2-(a+c)+a1’3-(a+c)2+---+(a+c)1’1]
il r—=e:=

43 ! 1

44 = |S|<>o|\¢Hool _a_c+SuP{Hf—br||oo}

pall 2 i1
A XN N
47 = a+c a+t+c a+c
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a \/
I
H<PH | B <a+c)

+sup{]|f by|o }CZ a+c P | — 227
o - (55e)

at+c

= LOIble s~ VL (e @)

el i), }< e a )

1-— —a—¢

_ 9l 161l sup{[l.f — bl }
B —c‘S’m+ (1—a)(1—a—c) fle

1—a
E The above inequality holds for each x € .#, hence
14

5 1 ra 1]

.
[Z[3]e]e][~]ofa]s]e]|r]~

—_
N

15 wf_ e < w0

e Mos =51 = 5 ]~ 0]

7 + HQHWSHP{Hf_erW} |l‘ .

" (1= afl=)(1 - ]~ =To]1)

19 O

20

2 6. Continuous dependence on parameters b, «.

22

23 In this section, we will investigate the continuous dependence of the non-stationary o-
24 fractal function on different IFS parameters. The reader can refer to [26] for the same
25 study in the stationary case. We will start with the continuous dependence of fy, on the

26 sequence of base functions b := {b,}.

% Theorem 6.1. Let f € €(I), and the partition /\, sequence of scale functions o, € € (I), r € N with
— Han < 1 be fixed. Let A={b, € €(I): by(x) = f(x) Vx=x0,xn}. Then, the map o : A — €(I)
— deﬁned by

:«zT o (b) = fR,
2
33
34 Proof. From Section 2.4, we obtain that f{ , is unique for a fixed sequence of scale function
35 O, a partition A, and a suitable sequencevof base function b, € ¢(I). Further, f? , satisfies
36 the functional equation: for all x € [;, i € Ny, we have 7

37

s £5(06) = £(2) + Tim ilai,l(Qi(X))---ai,j(Q{(X))(f—bj)(Qf(X))-

is Lipschitz continuous.

39

2 Let by,c, € A, for r € N. Then
41

42

= o (b)(x) = £, () = £(x) + lim z 01 (0i(x)) - 04 (0 () (f ~ b)),

44
45 and

j% A (0)(x) = fxe(x) = f(x) + lim Y @i1(Qi(x)).-. 0 j(Q] (%) (f — ¢;)(Q] (x)).
M Jj=1
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1 On subtraction, we get for x € I;,

2

° (b))~ (c) () = Tim Y 01 (Qi(x)) ... 0(Q)(x)) (e — b)) (] ().
= =1

5

s Therefore,

7 r . ,
B | (b)(x) — 7 () ()| < Z |06,1(Qi(x)) ... 04, (Q) (%)) (c; —bj)(Q} (x))|
5 =1

o Y e -

- =

13

14

!> For all x € I, the aforementioned inequality holds. Hence,

16
7 ot]]eo

— A (b) — (€)oo < ————||b— || co-

5 I (b) =€)l < L o=

19

20 This shows that &/ is a Lipschitz continuous map with Lipschitz constant ; o =T |- i O

21

22 Let f=(fi,fo---ft) € (€(I))*(k-fold cartesian product) and we consider the product

23 norm
24

- 1 llew = m@x{[|filleos | f2llon, - -5 Ll oo}

® Theorem 6.2. Let f € €(I), sequence of base functions b, and the partition A\, be fixed. Let
" B={a={a}: 0, € €(I)and ||at|l. <s < 1, where s is a fixed number}. Then the map B :
%8 B—€I), defined by

29

30 B(a) =R,

31 . .
1S continuous.

32
33 Proof. For a fixed partition A, a scale function ¢, and a suitable sequence of base functions
34 b,, themap f{ , is unique. Further, f{ , satisfies the functional equation: for allx € I;, i € Ny
% we have /

7 (6.1) f24() = £(x) + lim ilai,1<Q,-(x>>...al;.,(Q{(x))(f—bj><Q{<x>>.
% i=

4 Let o, B € B, then from the above functional equation, we have

41

3 P(0)(8) = F(3) + Jim ¥ 001(04(0) 04,0} ~ 1) (0] 9)
:: and
A(B)(x) = 106+ im 3 Bua(04(4)-.. B €]/~ ) 0} (0)
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1 To show that # is continuous at a, we subtract one from the other of the above two
2 equations, for x € [;, i € Ny, we have

C AW 2B))

: Z}Ln;iau@i( )00 (0 (0)) (f = b;)(Q) (x)

~lim iﬁu(@(x))...Bi7j<Q{<x>><f—bj><Q{<x>>

= i(all (0i(x)) - 6(0]() — Bia (0i(x)) - By Q1)) (F ~ b)(@)(x)
© =i E (e -B@EBAG)- Bi0l0)

(0o B G BGH) - Bu0le0)

. +--~+al~,1<Q,-<x>>a,-,z<Q%<x>>--.al-,j1<Q{‘1<x>><a,-,.,-—ﬁi,j><Q{<x>>><f—bj><Q{<x>>.

19
o Therefore,

21

2 ]<a><> #(B)(x)

23

j_ilom—ﬁl (0))Bi2(QF ). B(0] ()]

01 (Qi(x)) (@2~ Bi2) (QF(x))Bia (0] () .- Bii () ()| +

C (i) aa(QF)) a1 (0] () (e — Bii) (@) (F — 1) (0] ()

2 <lim zl (et = BrllellBiallo - 1Bl + 106t ol = Bl Bis o 1Bl +

o el ol ol Bl 1 bl

5 < lim 21 (= Bll-lBIL "+ ellolle = BUlIBIL 2 4+ Nl ler = Bl ) 1f Bl

36

%7 Without loss of generality, let 0 < ||B]|. < ||@/|« < 1. Then

1&

£ |B@w-26)w)

o R 18Il , (I8’ 18Il """

« S||f—b||ooHa—l3Hoo}glgoj;||O‘||5°1{1+<|a||w>+<||a||m> +'“*(nocnm) }
SN

" 1_(\\ H«»)’
“ . Bl.
© < blella—pll. Y el adl

LR ) =T 1_<||B||w>
@ o
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el NE= Bl S g

L | — Bl
=|If b||°°(1_Han)-(l—HﬁHw)
< ||a—ﬁ||w”<€__l;‘>5'

The aforementioned inequality holds for all x € /, therefore

1S = bll

[#(@)~2(B)||_ < lle— Bl =5

12 Since f,b € €(I) and « is fixed, we have 4 is continuous at . As a was taken arbitrarily,
13 % is continuous on B. O
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