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Abstract

The following third-order nonlinear impulsive BVP is analyzed in this study to
demonstrate the existence and location of solutions. We apply the upper and
lower solutions method with a Nagumo-type condition, utilizing the Schaefer
fixed-point theorem, when the nonlinearity is a Carathéodory function,

v’ (t) + g(t, v(t), v (t),v"”(t)) =0, t € [0,4+00)\{t1,t2,...},
v(0) = A,v’(0) = B, v"(+00) =C,

Av(tr) = Ik (te, v(te), 'U’(tk)),

A'U/(tk) = Izk(tk,v(tk),v’(tk), ’U”(tk)),

A'U”(t’k,) = Isk(tk,v(tk),v'(tk), ’U”(tk)),

O (58) = L (B v (50, ' (80, v (8)).-
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1 Introduction

Third-order differential equations, irrespective of their forms, have several mathemat-
ical uses in the fields of mechanics, physics, ... etc. This motivated researchers to
broaden the scope of their research utilizing various methods, to find solutions or
numerically calculate the solutions for third-order BVPs, by studying the existence of
solutions or locating them, as shown in [1, 3, 6, 8, 9, 11, 12, 18].

Recent years have witnessed an increase in interest in impulsive BVPs, leading to
the development of new studies and the attainment of significant conclusions regarding
these problems (see some references [5, 7, 10, 15, 21, 23]).

Numerous articles provide results for these kinds of problems using the upper and
lower solutions method, with or without Nagumo-type conditions. This method allows
us to locate the solution and its derivatives. For example, we reference [4, 13, 14, 17, 19].

In [16], Minhés and Carapinha studied the existence and location of solutions using
this method with the Nagumo condition for the following third-order ¢-Laplacian
impulsive boundary value problem on a bounded interval with finite impulse moments.

) +a(t)f ( z(t),2'(1), @ ()):0, t € fa,b\{t1,...,tn},
) z'(a) =B, 2"(b) =
Ax(ty) = Lig(tr, z(tr), 2’ (tr)),
Az (ty) = Lok (te, 2(tk), o' (tk), 2" (tk)),
oz (t])) = Lsk (e, x(tr), ' (tr), =" (tk)),

("))

(t
( A,

where ¢ is an increasing homeomorphism with ¢(0) = 0 and ¢(R) = R, f is a con-
tinuous function, and ¢ is a positive continuous function such that f: q(s)ds < +o0.
The Nagumo condition enables us to prove that the last derivative of the unknown
can be estimated from its remaining derivatives. Moreover, in [17], they proved the
existence and localization of solutions adopting this method, without the Nagumo
condition, combined with the Schauder fixed-point theorem, when the nonlinearity is
an L'-Carathéodory function and the impulsive conditions are given by Carathéodory
sequences, for the problem

" (t) + f(t x(t),2'(t), 2" (t)) =0, t €[0,4+00)\{t1,t2,...},

z(0) = A, 2/(0) = B, 2"(+00) =C,
Ax(ty) —Im(tk, (tr), ' (), " (tr)),
Az (tg) = Lok (te, T(tk), o' (tx), 2" (tk)),
Az (tr) = Iak(t, 2(tk), ' (tr), 2" (k).

Our work is based on the results of the previous two studies, to show the existence
and localization of solutions for the next third-order impulsive boundary value prob-
lem (1), (2), (3) on the half-line, with infinite impulse moments, using the Schaefer
fixed-point theorem and the upper and lower solutions method with a Nagumo-type
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condition.
"' (t) + g(t,v(t),v'(t),v"(t)) =0, a.e., t €[0,+00)\{t1,12,...}, (1)

where g : [0, +00) x R? — R is a Carathéodory function, the boundary conditions are

v(0) = A, v'(0) =B, v"(+x)=C, (2)
A,B,C € R and v"(+00) = , ligl v”(t). The impulsive conditions are defined as
— 400

follows:
A’U(tk) = Ilk(tk; 'l}(tk),’l)’(tk))7
A’l}/(tk) = ng(tk,U(tk)/vl(tk),’l}”(tk)),
A’Uu(tk) = ng(tk,’l](tk), 'Ul(tk)/()”(tk)),
V() = I (40, v(t), v (), 0" (1)),

where Av® (t) = v@(t) —v@(¢,), i = 0,1,2 such that Iog, I3x € C([0,400) x
R3,R), and I1x € C([0,+0) x R% R), where 0 < t; < ... < tx < tgr1 < ..., and
tp — 4o as k — 4oo0. J = [0,4+00) and J' = [0, 4+00)\{t1,t2,...}. Take Jy = [0, 1]
and Jp = (tk,tk+1] for k € N*.

The definitions of the upper and lower solutions and the bilateral Nagumo con-
ditions are presented in Section 2. We justify our fundamental result in Section 3.
Finally, in Section 4, we show a clear example illustrating a possible application of the
existence theorem.

3)

2 Definitions and preliminary results

Let the set

PC™[0, +00) ={v € C™([0, +00),R), for t # ty, vV (tg) = v (t5), v\ () exist
for k=1,2,3,---, fori=0,1,--- ,m}.

In this work, we consider the following space.

X = {v e PC?0,400): lim v"(t) existsin R },

t——+o0

with the norm ||z||x := max{||z||o, [|2||1, ||z"”||2}, where

) @) (¢
lw®li = sup |- (2)4 ,i=0,1,2.
0<t<too | 1+ 1277

From [5, 25], we have that (X, ||| x ) is a Banach space, and for allv € X, . 11_er_£1 v (t) =
—+o00

v(t)

+e2

The following definition presents the assumptions regarding nonlinearity.

P / . .
lim %% and = t_13+moo V(1) = limy_y 4 oo
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Definition 1. A function g : [0, +00) x R? — R is called a Carathéodory function if
it satisfies:

(i) for each (21,22,23) € R3 | t = g(t, 21, 22, z3) is measurable on [0, +00);
(ii) for almost every t € [0, +00), (21, 22, 23) + g(t, 21, 22, 23) is continuous in R3.

The following lemma provides the solution to the linear impulsive boundary value
problem associated with (1), (2), (3).
Lemma 1. Let ) € L'[0,+00), and suppose that the series S 125 Ing(tr, v(t), v/ (1)),

z;.ol Lo (tr, v(tg), v (tg),v" (tr)) and Z::; I3 (t, v(tg), v (tg),v" (tr)) are conver-
gent. Then the linear impulsive boundary value problem

v"'(t) +nt) =0, ae., teJ, (4)

with boundary conditions (2), (3), has a unique solution in X expressed as

v(t) =A+ Bt + gc + > Tt olt), o' (1))

+ ) Ton (b, v(ta), v/ (1), 0" (80) (t — 1) (5)
t +oo
+/0 (t—s) (/ n(r)dr — ng(tk,v(tk),v'(tk)m”(tk))) ds.

In order, we provide an a priori estimation for v”.
Let v,T' € PC'[0, +00), v (t) <T(t),i = 0,1 such that

su D (k1) =y (k) | |2 Grr) =T ()
Pk=0,1,2,... thr1—th tey1—tk

Define the set

)

} = p exists, where tg = 0.

E = {(t,z0,z1,22) € [0, +00) x R*: A @) <y <TO(#),i = 0,1}.

Definition 2. A Carathéodory function g : £ — R is said to satisfy the Nagumo-type
growth condition on F, if it satisfies

|g(t7Z(),Z]_,Z2)| S ¢(t)h(|z2‘>7 V(taZOaZhZQ) GE, (6>
for some positive continuous functions v, h, such that
—+oo —+oo —+oo 1
W(s)ds < +o0, | (s)ds < / PN (™)
0 0 u h(s)

Lemma 2. Let g : [0,+0c0) x R® — R be a Carathéodory function satisfying (6) on
E. Then there exists R > > 0 such that every v solution of (1), (2), (3) satisfying

v(t) <o(t) ST(), () < ') <T'(D), (®)

1 May 2024 15:31:48 PDT
231121-Zerki Version 2 - Submitted to Rocky Mountain J. Math.



fort € [0,400), satisfies ||[v"]]2 < R.

Proof. Let v be a solution to problem (1), (2), (3) such that v(t) < v(t) < I'(¢) and
() < V'(t) < I'(¢), for t € [0,400). By the Mean Value Theorem, there exists
1o € (tk, tk+1) such that

V' (tgy1) — v ()

’UN —
(10) F—

, foreach k=0,1,2,---. (9)

Moreover,

Y ) “T0) _ e Dlten) =/ (0)

—R<pu<
eyl — tk b1 — tx

<u<R.

If [v" ()] < R for all ¢t € (0,400), where R > u, then the proof is complete, such that

Ul
2

UI/ (t)
2

[v"]l2 = sup <R.

0<t<+00

sup
0<t<+0o0

k

Assume there exists 7 € (0, +00) such that |v”(7)| > R. Considering that v" (1) >
R, then there exists 1, such that v"”(m) = R, where f0+°° P(s)ds < fMR h(ls) ds. If
Mo < 11, suppose without loss of generality that

V() > 0 and v (1) < V" (t) < R=v"(n), for t € [no,m].

So,
0" ()] = |g(t, v(t),0"(5), 0" (5)] < w(E)A@W" (£)), for t € [no, m]-
From (6),
O ) [ gt els), o (). 0 ()]
/,,,,@,0) m) </,,0 () ‘/7,0 R

1 +oo
< / G(s)ds < [ wis)ds,
since v”(ny) < p < R, and

/””(771) 1 v () 1 +oo ( )
—fwz/ T ds > Y(s)ds,
v (no) h(s) m h(S) 0

which is a contradiction.
If m1 < mo, also suppose, without loss of generality, that:

v"(t) > 0 and v"(n9) < 0" (t) < R =v"(m), for t € [m,no)-
So,
W (@) = lg(t,v(),v'(£),v"(£))| < Y(&)h(v"(t)), for t € [n1,m0].
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From (6), we have that

v”(m)i ) 10 |,U///(s)‘ - 10 |g(t7’l)(8),’l/(s),1)”(s))‘ .
/v“(no) h(5>d S/m h(v”(S))d _/n !

< /no Y(s)ds < - ¥(s)ds,

as v (ny) < pu < R, and

/U”(Wl) 1 v (m) 1 +oo ( )
——ds > / ——ds > P(s)ds,
v’ (no) h(S) m h(s) 0

which is a contradiction.
The other cases for v”(7) < —R, we use the same arguments to arrive at a
contradiction. O

To apply a fixed-point theorem, the following lemma will be essential.
Lemma 3. [2] A set U C X is relatively compact if:

1. U is uniformly bounded;
2. U is equicontinuous on any compact interval of [0,400);
3. U is equiconvergent at infinity.

The following definitions represent the functions considered to be the lower and
upper solutions to the main problem.
Definition 3. A function a(t) € X N PC3[0, +o0) is a lower solution of problem (1),
(2), (3) if

a"(t) + g(t, a(t), ' (t),a”(t)) >0, a.e., t € [0,+00)\{t1,t2,...},

Aa(ty) < Iig(te, a(te), o (),

A (tg) > Dog(tr, aty), O/(tk), O/l(tk)),

o) = L (4 a(th), o/ (1), o (8))), (10)
a(0) < A,

a/(0) < B,

o (+00) < C.

A function B(t) € X N PC3[0, +00) and satisfies the opposite inequalities above, is an
upper solution of problem (1), (2), (3).

Lemma 4. [22, 24] For y,z € PC'[0,+00) such that y(t) < z(t), for every t €
[0,4+00), define:
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Then, for each x € PCY[0,+00), the next propertie holds:

2@ (1) —p®
If v,2,, € PC0,+00) and SUP4e[0,+400) % — 0, as m — +oo, for

1=0,1, then:

t,xm(t)) — iq(t,x(t)) for a.e. t € [0, +00),

i dt

as m — +00.

Presentation of the Schaefer Fixed Point Theorem
Theorem 1 ([20, Schaefer]). Let X be a Banach space andT : X — X be a completely
continuous operator. If the set

{reX: z=Xz for Ae(0,1)}

is bounded, then T has at least one fixed point in X.

3 Main result

In this section, we demonstrate that there is at least one solution to the problem (1),
(2), (3).

Theorem 2. Let g : [0,+00) x R* — R be a Carathéodory function, and «, 3 lower
and upper solutions of (1), (2), (3), respectively, such that

o (t) < B(t), Vtelo,+0), (11)

} exists, with tg = 0.

‘5/(tk+1)—0/(tk) o' (teg1)—B' (tr)

where Supg_g 1.5 { = the1—tn
If g satisfies Nagumo condition (6), on the set

E, = {(t,x,y,z) €[0,+00) x R*: at) <z < B(t), &/ (t) <y < B’(t)},

and
gt a(t),y,z) < g(t,2,y,2) < g(t,B(t),y, 2), (12)
for (t,y,2z) fized and a(t) < x < B(t). Moreover, if the impulsive functions satisfy

D (tr, a(tr), o (tr)) < Ii(tr, 2, y) < Li(te, B(t), B’ (tr)), (13)

fO’F Ot(tk;) <z< ﬁ(tk)7 O/(tk) <y< B/(tk)a k= 1,2,...,

I2k:<tk7a(tk)ay7z) Z [2k:<tk,$7yaz) Z ]2k(tk75(tk)7yaz)7 (14)
and
15,6 (), y,2) > L (8 w,y,2) > 15,65, B(t5), 9, 2), (15)
7
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for a(ty) < x < B(tk), k=1,2,..

a1, as and as such that

., and (y,z) fized in R?, and if there exist positive

Sy [Tk (s e, i) | < prax < +oo,

Pyt |12k(t

ks Ths Yis 2) | < prag < 400,
Zﬁl |-[3k(tkaxk7ykazk)| < prag < +0o0,

(16)

where p1 = max{R, ||a| x, |Bllx}, (R is defined in Lemma 2).

for a(ty) < xp < B(tr), ' (ty) < yp < '(tx) and —R < 2z, < R, k = 1,2,..

., with

R > 0. Then problem (1), (2), (3) has at least one solution v € X and there exists

N > 0, such that

a(t) <w(t) <

—N <

Bt), o' (t) < v'(t) < B'(t),
V() < N, t €]0,400).

Proof. Consider the j-modified equation for j = 1,2 as follows:

v () + g(t, do(t, v
1

), 61(t,v"), 025 (, v))
v'(t) = 81 (¢, v')

1421+ ()

such that the functions 6;, da; : [0,
pO(t),

5@ (t, .CE) = Z,
a® (1),

From Lemma 4, we can establish

(522 (f, ’U//(t)) =

N

521(t,1)”(t)) = (52

-N
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doq(t,v' (1))

=0,ae,tcJ,
—51(t,v’)| a.e S

+oo) x R—=R;i=0,1, j = 1,2 are given by
0
a(t) <z < pO(1) i=0,1.
x < al(t),

a.e t € [0,+00) and

)

dt

(522(25,1)”“)) >N
—N < aa(t, 0" (t)) < N
(522(25,1)”“)) < —]\f7

2(t, 0" (1)),

)
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a.e, t € [0,+00), where N > max{sup,c(y to0) |0 (t)],8UPte0, 400 [B” ()]}
The j-impulsive conditions are

Av(te) = i (te, 0o (tes v(tk)), 61(te, v'(tk))),

AV (t) = Lok (i, o (s v(tr)), 01 (ks V' (k) 025 (t, 0" (1))
D" () =:15k(tk750(tk7 (tr)), 6 (tk7 "(tr)), 025 (t, 0" (tk)))
V() = I (5, 00 (B, 0(B0)), 0u (8,0 (5)), 005 (8, 0" (8])))-

For clarity, we do this proof in three steps.

Step 1: Every solution of (17), (2), (18) for j = 1,2 satisfies o/ (t) < v/ (t) < §'(t) for
all t € [0,400). Let v; be a solution of the j- modlﬁed problem (17), (2 ) ( 8). Suppose,

by contradiction, that there is ¢ € (0, +o00) such that o/(t) > v’(t). Moreover,

sup ()(t) — /() = v}(t.) — /() > 0.

0<t<+o0

By (10) and (2), we have that v%(0) — #(0) < 0 and v} (+00) — B"(+00)

SUPo< < 100 (Vj(t) — B'(t)) cannot be attained at 0 and +oo.
If there is ¢, € (0,400) then, we can define

sup  (vj(t) — B'(t)) := vj(te) — B'(t) > 0.

0<t<+00

Let’s consider the two cases.

<0,

Case 1: Assume there exists k € N such that ¢, € (t,tx+1), where to = 0. Then there

exists (ts,t) C (tg,tr+1) such that:

vi(t) = B'(t) >0, v} (t) = B"(t) <O forallt € (t., t) j=1,2.

Using (12) and Definition 3,

vl () = B () = —g(t, do(t, v; (1)), 0 (t, 5 (£)), 025 (£, v5 (1))
1 U; (t) — 61 (t7 7); (t)) / "
TR T O B0, 8"0)
= —g(t, do(t,v;(t)), B'(), B" (1))
1 U;@) _51( 7”3‘(0) / "
+ 1 +t2 1+ |’U (t) (51(t,’l);-(t))| +g(ta16(t)76 (t)aﬂ (t))
g(t, do(t, v;(t)), B'(), B” (1))
1 'U;' (t) - B/(t) ’ "
e R L CRCNA )

PR Qb A )
T2 14 [uj(t) — B(1)]
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Then, v7'(t) — 8" (t) > 0, a.e., t € (t«, 1) C (t,txr1). The function v (t) — 5" (t) is
increasing for all t € (¢, ), Ift € (ts, t),

0=y (t.) — B"(t:) <0j(t) = B"(t)
and v}/ (t) — 8"(t) > 0. The function v’ (t) — 3'(t) is increasing on (t., ), which leads
to a contradiction.

Case 2: Suppose that k € N* such that

sup (oh(0) ~ F(1) = max_ (u(t) ~ (1) = (1) — F(1) > 0. (20)

te[0,+00) t€[0,400)
If we have (20) and sup,¢(g 1o0) (v}(t) = B'(t)) = v} (t5) — B'(tf) > 0, then
Vi () = B"(th) <0

and there is ¢ > 0 such that v (t) — 8" (t) < 0 and vj(t) — 5'(t) > 0 Vt € (tg, 1 +¢) C
[tks tk+1]. Using Definition 3 and (12), we have

o () = B”(t) = —g(t, 8ot v;(1)), du ¢

)
. O =00y s, 10, 80)
T+ 2 1+ [oj(0) — a0 (0))] IR
(t (50(t,’l)](t) 7ﬂl(t)75”(t))

L -

)
)
(
)
1 vi(t) — &6
(
)
)
i(

R/ ORA0
T L2 1+ () — B()]

>0, ae., t € (ty, tx +€).

Then, v (t) — 8" (t) is increasing for all ¢ € (¢, + €). By integrating v}’ (t) — 8" (t)
over (tk, t] (which is a subset of (tg,t; + €)), we have

0.< o(t) — 5"(0) = (6) + 8" () < —v) (6) + B ().

10

1 May 2024 15:31:48 PDT
231121-Zerki Version 2 - Submitted to Rocky Mountain J. Math.



By using (10) and (15), we arrive at the following contradiction:

0 < —vj(t) + B"(6) = =I5 (8 oty v (), du (87, v (8), 02 (8, v (80)) + B (£)
= I3, (t] do(t] v](tk))ﬂ(ti),ﬂ”(ti)) +B"(t))
< I (87, 0o (7, B7 (), B (87), B” (£)))
+I$c(tﬁvﬁ(t+) B'(t), B"(t)) < 0.

If we have (20) and supc(o, 1 o0) (V5(t) — B'(t)) = vj(ty, ) — B'(t;,) > 0, then there exists
€ > 0 such that vj(t, ) — 8'(t; ) > 0, v} (¢, ) — B"(t;) > 0 and v} (t) — 8 (t) > 0 for all
t € (t, —e,t;). Then, by (10) and (14), we encounter the following contradiction.

0> —vj(ty) + B'(t;) +vj () = B'(t)
> Lok (th, 0o (tr, v (th), 01 (th, v (tr), 025 (te, v (tr)) — AP (tr)
> I2k(tk;50(tkavj(tk) B'(tx), B (tk)) — Lok (te, B(tx), B (tr), B” (tr)) = 0.

From the two cases, we deduce that v’ (t) < 8'(t) for ¢ € [0, +00). By similar argu-
ments, the second inequality o(t) < vj(t) for ¢ € [0,4+00) can be proven. Therefore,
we have:

o/ (t) < vj(t) < B(t) for t € [0, 400). (21)
By integrating (21) over [0,t) C [0, t1],

a(t) < wv;(t) —v;(0) + «(0) < v(t). (22)

Moreover,
v (ty,) — Bty ) = 0.
By integrating (21) on (t1,t) C (¢1,t2], using (13),

<

<;(t) — v () + alty)
< wj(t) — T (ta, do(te, vy), 01(t1,v))) — v (ty) + L (B, aty), ' (t)) + a(ty)
<

By recursion, we have
a(t) < v;(t), Vte (tptpp], for k=1,2,...,
thus a(t) < v;(t), Vt € [0,+00). By similar arguments, it can be proven that
vi(t) < B(t), Vte|0,+o0).
Therefore,

a(t) <wv;(t) < B(t), Yte|0,+00).

11
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Step 2: Applying Lemma 2, if v is a solution of the 2-modified problem (17), (2),
(18), then
[v"]]2 < R.

Let N = Nj such that

N1 >max{2R, sup [|a"(t)], sup |B"(t)]}.
te[0,400) t€[0,400)

If the 1-modified IBVP (17), (2), (18) has a solution v, then v is a solution of
problem (1), (2), (3) where

N
"]l < R < 71 < N

Step 3: The 1-modified IBVP (17), (2), (18) has at least one solution. Let us define
the operator T': X — X for k € N* by

c . ,
To(t) =A + Bt + 752 + > It v(te), V' (1))

tp<t

+ > Bt v(te), 0 (), 0" (1)) (E — tr)

+ [ =9 ( / " Gy ydn - 3 Bttt/ ), v“(tk») ds,
where
Go(s) := g(s,80(s,v),61(s,0"),821(s,0"))
1 v'(s) — d1(s,v")
14521+ [v/(s) — d1(s,v")|
Iy (b, v(te), V' () = Lik(tr, 0o (tr, v(tr)), 01 (tr, V' (t8))),
L5 (e, v(tr), 0" (), 0" (tk)) = Lok (tks 0o (s v(tk)), 01 (ks V' (1)) 021 (B, 07 (Ek))),

I3 (e, v(tn), 0" (), 0" (tr) = Tsk(tr, 0o (tk, (), 01 (tk, ' (E)), 021 (Er, 0" (Ek)))-

By Lemma 1, the fixed points of T are solutions to 1-modified IBVP (17), (2),
(18). It is sufficient to prove that T has a fixed point.
(i) T : X — X is well defined. Let v € X. Taking

p1 = max{Ny, [la|x, [|5]x}-

T is well defined on X,

o o | L () = i)
| ieols< [ om0 + [ st e
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+oo 1
< h ——ds < M,
N /o Vi) zer[%,aﬁh] (=) + 1120 = < too,

+oo
Jim (Tw)"(t) = lim (C + ) Golwdn— > I:ka(tk,v(tk)vv'(tk)w”(tk)))

tp>t

lim (C - Z ng(tkvU(tk)7’l)/(tlc),v”(tk))> =C

t—+o0
tp>t

(To/(®) _, . Tolt)

todoo 14+t todoo 1412

So, Tv € X.
(ii) T is continuous. Let v, — v in X, there exists p > 0 such that sup,, ||v.||x < p,
we obtain that

sup  |(Tvn)" (t) — (T)" (1)

0<t<+00
—+oo
= sw | [ G du— Y Bylte.onlt). v (60), % 00)
0<t<+o00 t te>t
—+oo
- Go(wdp+ Y Tyt v(tk), v/ (tx), 0" (1))
t te>t
+oo
< s [ (Gl - Gl |du
0<t<+o0 Jt

bosup 3 Bt (), (00000 (00)) — Bt 0(20). 0 (12,0 (10)
O§t<+ootk>t

< /Om ‘Gvn(u) - Gv(u)’du

+ > ’I:?fk(t/wUn(tk)vvé(tk),vﬂ(tk))—Iékk(tk’v(tk)vvl(fk)aU”(tk))’-
k=1,2,...

By using (16) and Lebesgue Dominated Convergence Theorem, we have

“+ o0
[ 160 = Gutd o,
0
as n — +oo. Moreover,

> ‘f§k(tk,1}vz(tk),U%(tk)avi{(tk))—Iékk(fk,v(tk)vvl(fk)’v”(fk))
k=1,2,...

< 2pra3z < o0

13
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From the dominated convergence theorem for series, we have

S Bt vnlte), v (b0, vi(00)) = T, vlt), o' (80), 0" ()| = 0,
k=1,2,...

as n — +00. Therefore,
[(Tvn)" = (T)"||l2 = 0,

as n — +oo. Also,

(Ton)'(t) (Tv)’(t)’

sup ‘

0<t<4ool| 141 1+t
= sup 1 +t‘ Z IQk tkavn(tk)a n(tk » Un tk Z IQk tk? tk (tk)vv//(tk))
0<t<+o0 th<t tr<t
t “+ oo
A AT SRR RACONIA )
0 s te>s

+oo
- (/ Go(mydp =y I;k(tkaU(tk)avl(tk)vvﬂ(tk))> ds

trp>s

< wp L
0<t<too 1 +1

> Ity vn (t), v (80), 0 (8)) = D Iyt v(t), (tk)vv//(tk))’

tr<t trp<t

+ sup / ’</+OOGUW( )dp — Z[?)k th, Un (tr), n(tk)a n(tk))>

0<t<+oo 1+t

tp>s
+oo
([ a3 Bt v(e). w0, ) ) [ds
S tg>s
1
S e 3D DI AT COTACR R R AU AR COREC)]
0<t<+oo +tk .
+ su (Tvy,)" — (Tv)"||2ds.
0<t<aool+t/ It Ve

By the dominated convergence theorem for series, we get that
> ’I;k<tkvvn(tk)7U;L(tk’)vvx(tk)) — Lyt v(tr), V' (te), 0" ()| — 0,

k=1,2,-

as n — +o00, and
t

2
— | (Tv,)" = (Tv)"||2ds < 2||(Tv,)" — (Tv)"||2 = 0,
0<t<+oo L +1 Jg
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as n — +0o0.
Also, we can demonstrate that ||Tv, — Tw||p — 0 in a similar manner,

wp |20 _ (200
1+1¢2 1+ 2

0<t<+o0
1 * *
< sup 37 s [F b va(t0) 0 () — Lt 0(t), 0 (1)
0<t<+o0 {7 +
t—tp )., .
+ sup 271 tl; Izk(tk,vn(tk),vé(tk)vUﬂ(tk))*Izk(tkvU(tk)av'(tk)ﬂ/’(tk))‘
0<t<+o0 2 +
oo [ G G 3 B0, ) 000
sup PR Un - AUk, Unllk ), Up (UK ), Uy Lk
o<t<+ooJo L1\ Js e = o
+OCG * ! 1"
- U(:U‘)duf Z ISk(tkav(tk)av (tk)av (tk)) ds
s tr>s
1 * *
< sup 152 I3, (b vn (tr), op, () — Ilk(tkvv(tk)vv/(tk))‘
0<t<too, T +
t—tp )., .
+ sup T t]; L3 (e, vn (tr), vy, (1), o (t8)) — Ly (e, v(tr), ' (28), 0" (1))
0<t<too, 5 +

t
t—s
+2 su /7 Tv,)" — (Tv)"||2ds
S ) T lTen)” = (Tv)7l2

< > ‘Ifk(tk,vn(tk),vé(tk))—Ifk(tk»v(tk)»v’(tk))

k=1,2,--
+ > ’Gk(tkvvn(tk),%(tk)aUx(tk))—Iékk(tk’v(tk)vvl(fk)’U"(fk))
k=12,

+2/[(Ton)" = (T)"]l2 = 0,

as n — +00, by using the dominated convergence theorem for series.
In the following, we assume that

Ly, = | (My + pras) ‘

(iii) T is compact. Assuming each bounded subset U C X, there exists » > 0 such
that ||v||x < r for all v € U. Let v € U, then one has:

ITvllo = sup 2 <A+ Bl +[C|+ sup ‘Zlfk(tk,v(tk),v’(tk))
0<t<too 1+t 0<t<+oo | £

t—t
‘ > ﬁ;@‘k(tk’U(tk)avl(tk)wll(tk))
<t

15

1 May 2024 15:31:48 PDT
231121-Zerki Version 2 - Submitted to Rocky Mountain J. Math.



ds

+oo
(/ Gow)dp = f:?k(tkaU(fk)’vl(tk)»v"(tk))>

n /t t—s
sup —_—
0<t<tooJo 141 fooe

<A+ B+ 101+ | 32 Bl wt), o' )| + | 32 Bl wtr), o (14), 0" (1)
t—

t

s L

+ sup / —— Ly ds < |A[ +|B| + pra1 + prag + =2+ < +o0.
0<t<+o00 JO 1+t 2

To)'(?)| 1
Tv)' |1 = I <|B m ‘ Lo (e, v(ty), o' (t ”t’
1Tyl = sup "5~ <IBI+[C1+  max 1+tt§<t 21 (tes 0(8r), V' (), 0" (1))

g +ooG d L3 (tr, v(te), v (tr), 0" (¢ d
+ o [ ([ = X Bt/ 0) ) fis

0<t<+00 th>s

t
1
<|Bl+|C|+ ’ > ng(tkav(tk)vv/(tk)aU”(tk))’ + sup /0 T ilmds

tr<t 0<t<+o0

< |B|+|C| + paz + Ly, < +oo.

Moreover,

+o0
I(To) 2 =5 swp | ( RCEOIEDS I;mk,v(tk)m'(tk),v"(tk») <Ly, <+,

1
2 0st<too th>t
|(Tv)"||2 < +oo. Additionally,
1|l x = max {[|Tv]lo, [[(T0)'[[1, [(T)"][2} < +o0,
that is, TU is uniformly bounded.

TU is equicontinuous because for L > 0 and ry,73 € [0, L] N Jy, for k € N, 11 < rg,
we have

To(rz)  Tw(r)
1+7r3 147§

B )A + Bro+ §r3 4+ T (e v(te), 0 (80)) + D20, <y T3 (b (1), 0/ (), 0" (t)) (r2 — t1)
N 14713

. A+ Bry + %T% + Ztk<r1 Ifk(tka v(tk)vv,(tk)) + Ztk<r1 I;k(tk’ 'U(tk),v’(tk),v”(tk))(rl - tk)
1472
+/T2 2o /+OOG (Wdp— 37 Tt v(te), o/ (t), " (1)) | ds
o 1+72\J; v )t 2 ko U(Ek), V' (Er), 07 (Ek
7/” n-s /+OOG (W — 37 Byt vlt), o' (1), 0" (1) ds‘
o 1+7i\J, v th>s TR o ;
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S‘A+ZIfk(tk,v(tk),v’(tk))Hljrz* s X [t o)./ (0)

1472 147
tk<r1 +r + 2 p<tr<ra

B S Bt otn), o (1), o 1)

i
1+r2 1+r1 W=

T
F S Bt ot o (1),

G|+ |1~ 5]
k 2 20|
L+ry S, 1+72 1+r2112

1 1
+‘777H I (te, v(te), v (), v (¢ t‘
472 1412 t§1 a1 (b 0(tk ), ' (E), 0" (88) )k

1

[ 1+T%H Z I3, (tr, v(tk), V' (k) v (tk))tk’

r1<tp<ra
Mirg—s 11 —38 .
+ / 2 f H ( | i3 Igm,v(tw,v'(tk),v“(tk))) a
0 tp>s
+ Trs w)d 721 (to, 0(te), 0 (8, 0" (88)) ‘ds
" 1+r ,LL 3k ks U\lE k) k
<|A+ 3 Lttt o' >)H1+r2 - 143#’* leg [t (ti), o/ (10))|
trp<ri 2 1 2 T1<tk <r2
2 * / " T2
+ — L (te, v(tg), v (tr), v" (¢ ’Jr‘ ’ ‘
1412 quzk;rz 2k (L, v(t), v (k) 0" (tr)) T+ 12 1+r1 5
a1

Bt 37 It olte), o' (8, 0" (81))|

tp<ri

* 1+7“§71+r§

T2 * ’ " T3
i Bt vlt0). (800" (00)| + | 22 — 2 |5
1+r5m<t¥<r2 L+rg  1+4rfll2
1 1
+‘777H I (e, v(te), v (t), v (t t‘
142 147 t§1 o (T v(tk), 0 (), v (tk) )2k
1

H Z I;k(tkaU(tk),v/(tk),v//(tk))tk’

NIEERN
14+72 14712 L

T1 ()
+/ Lplds+/
0 1

as r; — ro. Utilizing the same technique, we obtain

rg—s Tl
1+r2 1+77

ro — S8
——— L, ds—0
1—1—7"5‘ pr % ’

(Tv) (r2) _ (Tv)'(r1)

147 14+7m

_ ‘B +Cra+ 324 <y Bt 0(tr), v/ (1), 0" (1))
B 1 +7“2
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B+ COri+ 30 o, (s v(t), V' (), 0" (k)
1 + T1

" ! e * / "
+/0 1+ 1y ( . Go(p)dp — Z I3 (e, v(te), v (tr), v (tk))> ds

te>s

71 +o00o

tp>s

1
<’ ’B+ Loy (tx, v(t te), v (t ‘
L+7 1—|—r1 t;I 2 (e, v(tk), ' (8), 0" (t))
1 T2 71
§ Log (t, v(ty), v’ (ts), v (¢ ‘ ’7— ’C‘
+1+7‘2m<tk<rz‘%(kw(k)v(k)v(k)) - 1+ry 14m

+/

+/ﬁ @H( " G 3 ot )
‘13'* fi: L3 (te, v(te), v (tk)7vﬁ(tk)w

tp>s

1 1 oo . / "
i S| ( [ Gulmd = 3 Bltns w0, (00),0" (1) | [

- 1—|—7‘2 1—|—’I"1

E<T1
: " )|+ - ]
+ 1479 Z ‘I2k(tk7v(tk)7v(tk)ﬂv (tk?)) + 1+ 7y 1+ C
r<tp<re
o 1 ]
- 5, d 7‘L ds — 0,
+/0 1+’/‘2 1+’I"1 o1 S+/Tl 1+’/‘2 pr s
as ry — rq. Also,
|(T0) (1) = (T0)"(r4)|
—+o0
= Go(p)dp — > T (te, v(te), v/ (t), 0" ()
T2 t>r2
—+oo
[ Gudnt Y Lot v (0,0 (00)
1 te>r1
ro
<|- [ Gumdnt Y Lt o600 0] > o
Ty

ro>t>1r1

as 11 — 79, then ‘(Tv)”(rg) - (Tv)”(rl)‘ —0,as r; — ro.
In a similar way, we can see that TU is equiconvergent at each tz for k € N*.
Moreover, TU C X is equiconvergent at infinity, we use (16) and the Carathéodory

function G. for all v € U, lims, oo (Tv)"(t) = C, then, lim; % = C and
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. Tv)(t C
oo 0 = €

|(T)"(t) = C]

+oo
- ‘ /t GU(M)d/J’ - Z I;’:k(tk’v(tk)a Ul(tk)>vll(tk)) -0,

tp>t
as t — 4o00. For the first derivatives, we obtain
T /
il
t—+4o00 1+t

. 1 N
= 115_1100 ‘m (B + Z Izk(tk7v(tk)7’0/(tk), U/l(tk;)) + Ct)

o t—
te<t

—O‘

t —+o0
T ( DTS I;kuk,v(tk),v'(tk),v”(tk») el

1+t 0 th>s

. 1 * / /"
= lim ‘m (B + ) Ity v(te), v (), 0" (t)) + C’t)

te<t

+oo
+ ( [ Gulwdn - 3 Igfk(tk,v(tk),v'(tk)m”(tk))) - c‘ =0.

tp>t

In the same line, we get that

as t — +oo0.
From Lemma 3, the set TU is relatively compact. Based to the Schaefer Fixed
Point Theorem 1, T is completely continuous such that the set
{veX: v=XNTv, e (0,1)}
is bounded, satisfying
IANTv||x < |A|+|B|+|C|+ prai + pras + L,, < 400, VA € (0,1).

Therefore, T has at least one fixed point v € X, such that

a<v<pB o <V <B, —2R<v" <2R.
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4 Example

Consider the following impulsive boundary value problem:
"' (t) + g(t,v(t),v'(t),v"(t)) =0, a.e., t € [0, +00)\{27,81,. .., tg, 3tk,...}, (23)

where

3 2
T4t 10t +10 — 0 y—2t— 10+ 20,

(1+1t2) (1+1) ’

g(t,x,y,2) = e *|sin(z)|

t € Jig, k € N\{0}, such that Ji = (tx_1,tx] for & € N\{0,1} and J; = [to, 1] for
k =1, where tyo = 0. The boundary conditions are

v(0) =0, v (0) =0, —-2<v"(+00)=0<2, (24)

and the impulsive conditions satisfy (16), where

3 3 3 2\ —1
T (s v(te), V' (k) = m%;“ﬁ(t% + 12t +20 - 1(()t<’:,3>3 - 10((2))3)

x (v(tr) +v'(tr)) ,
Dot v(t), v/ (), 0" (1)) = — 20825 (3(14)2 4 108 — 10 — 2087 ) '
x (v(tx) — 260" (tx)) ((sinv”(tk)) + 1) ,
Loty (), 0/ (1), 0" () = omys (11}%%’ ul’fti)’vﬂ(tk)) :

o(tT
Lt o), 0 (6,0 (1)) = = (U5 = 5t/ (1) ) (cos " (5))% + 1)

(25)

The functions «, 3 are lower and upper solutions for this IBVP, satisfying (13)
(14), and (15), where a(t) = —#2 ~ 10t — 10+ . 2 and B(t) = £+ 10t + 10 - O(ffk)j
for t € Ji, k € N\{0}. We have that

a(t) < B(t), o/(t) < B'(t), Vte0,+o0),

such that ’W <14, , | | < 14, then
k+1—Tk k+1—tk
t - t "(t — Bt
sup { 5 k“ @ ( k) , a ( kﬂ) B k) } exists.
k=1,2,... tet1 — Tk te+1 — Tk

g is a Carathéodory function that satisfies the Nagumo conditions (6) and (12),
where

2 ®°* 3(1)°
xz+t*+ 10t + 10 — CSE y—2t—10+ To()3

(1+12) (1+1)

g(t7 .’L‘, y7 Z) = eitz
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< 1500e”"|z|.

The positive continuous functions W, h are ¥(t) = 1500e* and h(z) = 1, such that
f0+oo 1500e~%ds < +o0, f: s+1 ds = +00. The impulsive conditions (25) satisfy the
condition (16), for all v € X, such that a(tx) < z(tx) < B(tr), & (t) < y(tx) < B'(tr)

and —R < z(t;) < R for each positive R, we have

> et ok (s x(tr), y(te), 2 2p1 < +oo,
Sy an (i w(t), y(th), 2 ap1 < +oo,
where p; = max{R, || x, Hﬁllx}

Sy [T (e, (), y(t ))’ S Lp1 < +o0,
k)| <
k)| <

Then, IBVP (23), (24), (25) has at least one solution v € X, and there is N > 0
such that

alt) < v(t) < (1), o(H) < () < B(1), —N < 0"(t) < N, t € [0,400).
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