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Abstract

The following third-order nonlinear impulsive BVP is analyzed in this study to
demonstrate the existence and location of solutions. We apply the upper and
lower solutions method with a Nagumo-type condition, utilizing the Schaefer
fixed-point theorem, when the nonlinearity is a Carathéodory function,

v′′′(t) + g(t, v(t), v′(t), v′′(t)) = 0, t ∈ [0,+∞)\{t1, t2, . . .},
v(0) = A, v′(0) = B, v′′(+∞) = C,

△v(tk) = I1k(tk, v(tk), v
′(tk)),

△v′(tk) = I2k(tk, v(tk), v
′(tk), v

′′(tk)),

△v′′(tk) = I3k(tk, v(tk), v
′(tk), v

′′(tk)),

v′′(t+k ) = I+
3k(t

+
k , v(t+k ), v′(t+k ), v′′(t+k )).

Keywords: Impulsive conditions, Nagumo condition, differential equations, upper and
lower solutions.
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1 Introduction

Third-order differential equations, irrespective of their forms, have several mathemat-
ical uses in the fields of mechanics, physics, ... etc. This motivated researchers to
broaden the scope of their research utilizing various methods, to find solutions or
numerically calculate the solutions for third-order BVPs, by studying the existence of
solutions or locating them, as shown in [1, 3, 6, 8, 9, 11, 12, 18].

Recent years have witnessed an increase in interest in impulsive BVPs, leading to
the development of new studies and the attainment of significant conclusions regarding
these problems (see some references [5, 7, 10, 15, 21, 23]).

Numerous articles provide results for these kinds of problems using the upper and
lower solutions method, with or without Nagumo-type conditions. This method allows
us to locate the solution and its derivatives. For example, we reference [4, 13, 14, 17, 19].

In [16], Minhós and Carapinha studied the existence and location of solutions using
this method with the Nagumo condition for the following third-order ϕ-Laplacian
impulsive boundary value problem on a bounded interval with finite impulse moments.

(ϕ(x′′))′(t) + q(t)f(t, x(t), x′(t), x′′(t)) = 0, t ∈ [a, b]\{t1, . . . , tn},
x(a) = A, x′(a) = B, x′′(b) = C,

△x(tk) = I1k(tk, x(tk), x
′(tk)),

△x′(tk) = I2k(tk, x(tk), x
′(tk), x

′′(tk)),

ϕ(x′′(t+k )) = I3k(tk, x(tk), x
′(tk), x

′′(tk)),

where ϕ is an increasing homeomorphism with ϕ(0) = 0 and ϕ(R) = R, f is a con-

tinuous function, and q is a positive continuous function such that
∫ b
a
q(s)ds < +∞.

The Nagumo condition enables us to prove that the last derivative of the unknown
can be estimated from its remaining derivatives. Moreover, in [17], they proved the
existence and localization of solutions adopting this method, without the Nagumo
condition, combined with the Schauder fixed-point theorem, when the nonlinearity is
an L1-Carathéodory function and the impulsive conditions are given by Carathéodory
sequences, for the problem

x′′′(t) + f(t, x(t), x′(t), x′′(t)) = 0, t ∈ [0,+∞)\{t1, t2, . . .},
x(0) = A, x′(0) = B, x′′(+∞) = C,

△x(tk) = I1k(tk, x(tk), x
′(tk), x

′′(tk)),

△x′(tk) = I2k(tk, x(tk), x
′(tk), x

′′(tk)),

△x′′(tk) = I3k(tk, x(tk), x
′(tk), x

′′(tk)).

Our work is based on the results of the previous two studies, to show the existence
and localization of solutions for the next third-order impulsive boundary value prob-
lem (1), (2), (3) on the half-line, with infinite impulse moments, using the Schaefer
fixed-point theorem and the upper and lower solutions method with a Nagumo-type
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condition.

v′′′(t) + g(t, v(t), v′(t), v′′(t)) = 0, a.e., t ∈ [0,+∞)\{t1, t2, . . .}, (1)

where g : [0,+∞)×R3 → R is a Carathéodory function, the boundary conditions are

v(0) = A, v′(0) = B, v′′(+∞) = C, (2)

A,B,C ∈ R and v′′(+∞) := lim
t→+∞

v′′(t). The impulsive conditions are defined as

follows: 
△v(tk) = I1k(tk, v(tk), v

′(tk)),

△v′(tk) = I2k(tk, v(tk), v
′(tk), v

′′(tk)),

△v′′(tk) = I3k(tk, v(tk), v
′(tk), v

′′(tk)),

v′′(t+k ) = I+3k(t
+
k , v(t

+
k ), v

′(t+k ), v
′′(t+k )),

(3)

where △v(i)(tk) = v(i)(t+k ) − v(i)(t−k ), i = 0, 1, 2 such that I2k, I3k ∈ C([0,+∞) ×
R3,R), and I1k ∈ C([0,+∞) × R2,R), where 0 < t1 < . . . < tk < tk+1 < . . ., and
tk → +∞ as k → +∞. J = [0,+∞) and J ′ = [0,+∞)\{t1, t2, . . .}. Take J0 = [0, t1]
and Jk = (tk, tk+1] for k ∈ N∗.

The definitions of the upper and lower solutions and the bilateral Nagumo con-
ditions are presented in Section 2. We justify our fundamental result in Section 3.
Finally, in Section 4, we show a clear example illustrating a possible application of the
existence theorem.

2 Definitions and preliminary results

Let the set

PCm[0,+∞) ={v ∈ Cm([0,+∞),R), for t ̸= tk, v
(i)(tk) = v(i)(t−k ), v

(i)(t+k ) exist

for k = 1, 2, 3, · · · , for i = 0, 1, · · · ,m}.

In this work, we consider the following space.

X =
{
v ∈ PC2[0,+∞) : lim

t→+∞
v′′(t) exists in R

}
,

with the norm ∥x∥X := max{∥x∥0, ∥x′∥1, ∥x′′∥2}, where

∥ω(i)∥i = sup
0≤t<+∞

∣∣∣ ω(i)(t)

1 + t2−i

∣∣∣, i = 0, 1, 2.

From [5, 25], we have that (X, ∥·∥X) is a Banach space, and for all v ∈ X, lim
t→+∞

v′′(t) =

lim
t→+∞

v′(t)
1+t and 1

2 lim
t→+∞

v′′(t) = limt→+∞
v(t)
1+t2 .

The following definition presents the assumptions regarding nonlinearity.
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Definition 1. A function g : [0,+∞)× R3 → R is called a Carathéodory function if
it satisfies:

(i) for each (z1, z2, z3) ∈ R3 , t 7→ g(t, z1, z2, z3) is measurable on [0,+∞);
(ii) for almost every t ∈ [0,+∞), (z1, z2, z3) 7→ g(t, z1, z2, z3) is continuous in R3.

The following lemma provides the solution to the linear impulsive boundary value
problem associated with (1), (2), (3).
Lemma 1. Let η ∈ L1[0,+∞), and suppose that the series

∑+∞
k=1 I1k(tk, v(tk), v

′(tk)),∑+∞
k=1 I2k(tk, v(tk), v

′(tk), v
′′(tk)) and

∑+∞
k=1 I3k(tk, v(tk), v

′(tk), v
′′(tk)) are conver-

gent. Then the linear impulsive boundary value problem

v′′′(t) + η(t) = 0, a.e., t ∈ J ′, (4)

with boundary conditions (2), (3), has a unique solution in X expressed as

v(t) =A+Bt+
t2

2
C +

∑
tk<t

I1k(tk, v(tk), v
′(tk))

+
∑
tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk))(t− tk)

+

∫ t

0

(t− s)

(∫ +∞

s

η(τ)dτ −
∑
tk>s

I3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds.

(5)

In order, we provide an a priori estimation for v′′.
Let γ,Γ ∈ PC1[0,+∞), γ(i)(t) ≤ Γ(i)(t), i = 0, 1 such that

supk=0,1,2,...

{∣∣∣Γ′(tk+1)−γ′(tk)
tk+1−tk

∣∣∣ , ∣∣∣γ′(tk+1)−Γ′(tk)
tk+1−tk

∣∣∣} = µ exists, where t0 = 0.

Define the set

E =
{
(t, x0, x1, x2) ∈ [0,+∞)× R3 : γ(i)(t) ≤ xi ≤ Γ(i)(t), i = 0, 1

}
.

Definition 2. A Carathéodory function g : E → R is said to satisfy the Nagumo-type
growth condition on E, if it satisfies

|g(t, z0, z1, z2)| ≤ ψ(t)h(|z2|), ∀(t, z0, z1, z2) ∈ E, (6)

for some positive continuous functions ψ, h, such that∫ +∞

0

ψ(s)ds < +∞,

∫ +∞

0

ψ(s)ds <

∫ +∞

µ

1

h(s)
ds. (7)

Lemma 2. Let g : [0,+∞) × R3 → R be a Carathéodory function satisfying (6) on
E. Then there exists R ≥ µ > 0 such that every v solution of (1), (2), (3) satisfying

γ(t) ≤ v(t) ≤ Γ(t), γ′(t) ≤ v′(t) ≤ Γ′(t), (8)
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for t ∈ [0,+∞), satisfies ∥v′′∥2 < R.

Proof. Let v be a solution to problem (1), (2), (3) such that γ(t) ≤ v(t) ≤ Γ(t) and
γ′(t) ≤ v′(t) ≤ Γ′(t), for t ∈ [0,+∞). By the Mean Value Theorem, there exists
η0 ∈ (tk, tk+1) such that

v′′(η0) =
v′(tk+1)− v′(tk)

tk+1 − tk
, for each k = 0, 1, 2, · · · . (9)

Moreover,

−R ≤ µ ≤ γ′(tk+1)− Γ′(tk)

tk+1 − tk
≤ v′′(η0) ≤

Γ′(tk+1)− γ′(tk)

tk+1 − tk
≤ µ ≤ R.

If |v′′(t)| ≤ R for all t ∈ (0,+∞), where R > µ, then the proof is complete, such that

∥v′′∥2 = sup
0<t<+∞

∣∣∣v′′(t)
2

∣∣∣ = sup
0≤t<+∞

∣∣∣v′′(t)
2

∣∣∣ ≤ R

2
< R.

Assume there exists τ ∈ (0,+∞) such that |v′′(τ)| > R. Considering that v′′(τ) >

R, then there exists η1 such that v′′(η1) = R, where
∫ +∞
0

ψ(s)ds <
∫ R
µ

1
h(s)ds. If

η0 < η1, suppose without loss of generality that

v′′(t) > 0 and v′′(η0) ≤ v′′(t) ≤ R = v′′(η1), for t ∈ [η0, η1].

So,
|v′′′(t)| = |g(t, v(t), v′(t), v′′(t))| ≤ ψ(t)h(v′′(t)), for t ∈ [η0, η1].

From (6),∫ v′′(η1)

v′′(η0)

1

h(s)
ds ≤

∫ η1

η0

|v′′′(s)|
h(v′′(s))

ds =

∫ η1

η0

|g(t, v(s), v′(s), v′′(s))|
h(v′′(s))

ds

≤
∫ η1

η0

ψ(s)ds ≤
∫ +∞

0

ψ(s)ds,

since v′′(η0) ≤ µ < R, and∫ v′′(η1)

v′′(η0)

1

h(s)
ds ≥

∫ v′′(η1)

µ

1

h(s)
ds >

∫ +∞

0

ψ(s)ds,

which is a contradiction.
If η1 < η0, also suppose, without loss of generality, that:

v′′(t) > 0 and v′′(η0) ≤ v′′(t) ≤ R = v′′(η1), for t ∈ [η1, η0].

So,
|v′′′(t)| = |g(t, v(t), v′(t), v′′(t))| ≤ ψ(t)h(v′′(t)), for t ∈ [η1, η0].

5

1 May 2024 15:31:48 PDT
231121-Zerki Version 2 - Submitted to Rocky Mountain J. Math.



From (6), we have that

∫ v′′(η1)

v′′(η0)

1

h(s)
ds ≤

∫ η0

η1

|v′′′(s)|
h(v′′(s))

ds =

∫ η0

η1

|g(t, v(s), v′(s), v′′(s))|
h(v′′(s))

ds

≤
∫ η0

η1

ψ(s)ds ≤
∫ +∞

0

ψ(s)ds,

as v′′(η0) ≤ µ < R, and

∫ v′′(η1)

v′′(η0)

1

h(s)
ds ≥

∫ v′′(η1)

µ

1

h(s)
ds >

∫ +∞

0

ψ(s)ds,

which is a contradiction.
The other cases for v′′(τ) < −R, we use the same arguments to arrive at a
contradiction.

To apply a fixed-point theorem, the following lemma will be essential.
Lemma 3. [2] A set U ⊂ X is relatively compact if:

1. U is uniformly bounded;
2. U is equicontinuous on any compact interval of [0,+∞);
3. U is equiconvergent at infinity.

The following definitions represent the functions considered to be the lower and
upper solutions to the main problem.
Definition 3. A function α(t) ∈ X ∩ PC3[0,+∞) is a lower solution of problem (1),
(2), (3) if

α′′′(t) + g(t, α(t), α′(t), α′′(t)) ≥ 0, a.e., t ∈ [0,+∞)\{t1, t2, . . .},
△α(tk) ≤ I1k(tk, α(tk), α

′(tk)),

△α′(tk) ≥ I2k(tk, α(tk), α
′(tk), α

′′(tk)),

α′′(t+k ) ≥ I+3k(t
+
k , α(t

+
k ), α

′(t+k ), α
′′(t+k )),

α(0) ≤ A,

α′(0) ≤ B,

α′′(+∞) < C.

(10)

A function β(t) ∈ X ∩PC3[0,+∞) and satisfies the opposite inequalities above, is an
upper solution of problem (1), (2), (3).
Lemma 4. [22, 24] For y, z ∈ PC1[0,+∞) such that y(t) ≤ z(t), for every t ∈
[0,+∞), define:

q(t, x(t)) =


z(t), x(t) > z(t)

x(t), y(t) ≤ x(t) ≤ z(t)

y(t), x(t) < y(t).
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Then, for each x ∈ PC1[0,+∞), the next propertie holds:

If x, xm ∈ PC1[0,+∞) and supt∈[0,+∞)

∣∣∣x(i)
m (t)−x(i)(t)

1+t1−i

∣∣∣ → 0, as m → +∞, for

i = 0, 1, then:

d

dt
q (t, xm(t)) → d

dt
q(t, x(t)) for a.e. t ∈ [0,+∞),

as m→ +∞.
Presentation of the Schaefer Fixed Point Theorem

Theorem 1 ([20, Schaefer]). Let X be a Banach space and T : X → X be a completely
continuous operator. If the set

{x ∈ X : x = λTx for λ ∈ (0, 1)}

is bounded, then T has at least one fixed point in X.

3 Main result

In this section, we demonstrate that there is at least one solution to the problem (1),
(2), (3).
Theorem 2. Let g : [0,+∞) × R3 → R be a Carathéodory function, and α, β lower
and upper solutions of (1), (2), (3), respectively, such that

α′(t) ≤ β′(t), ∀t ∈ [0,+∞), (11)

where supk=0,1,2,...

{∣∣∣β′(tk+1)−α′(tk)
tk+1−tk

∣∣∣ , ∣∣∣α′(tk+1)−β′(tk)
tk+1−tk

∣∣∣} exists, with t0 = 0.

If g satisfies Nagumo condition (6), on the set

E∗ =
{
(t, x, y, z) ∈ [0,+∞)× R3 : α(t) ≤ x ≤ β(t), α′(t) ≤ y ≤ β′(t)

}
,

and
g(t, α(t), y, z) ≤ g(t, x, y, z) ≤ g(t, β(t), y, z), (12)

for (t, y, z) fixed and α(t) ≤ x ≤ β(t). Moreover, if the impulsive functions satisfy

I1k(tk, α(tk), α
′(tk)) ≤ I1k(tk, x, y) ≤ I1k(tk, β(tk), β

′(tk)), (13)

for α(tk) ≤ x ≤ β(tk), α
′(tk) ≤ y ≤ β′(tk), k = 1, 2, . . .,

I2k(tk, α(tk), y, z) ≥ I2k(tk, x, y, z) ≥ I2k(tk, β(tk), y, z), (14)

and
I+3k(t

+
k , α(t

+
k ), y, z) ≥ I+3k(t

+
k , x, y, z) ≥ I+3k(t

+
k , β(t

+
k ), y, z), (15)

7
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for α(tk) ≤ x ≤ β(tk), k = 1, 2, . . ., and (y, z) fixed in R2, and if there exist positive
a1, a2 and a3 such that

∑∞
k=1

∣∣I1k(tk, xk, yk)∣∣ ≤ ρ1a1 < +∞,∑∞
k=1

∣∣I2k(tk, xk, yk, zk)∣∣ ≤ ρ1a2 < +∞,∑∞
k=1

∣∣I3k(tk, xk, yk, zk)∣∣ ≤ ρ1a3 < +∞,

where ρ1 = max{R, ∥α∥X , ∥β∥X}, (R is defined in Lemma 2).

(16)

for α(tk) ≤ xk ≤ β(tk), α
′(tk) ≤ yk ≤ β′(tk) and −R ≤ zk ≤ R, k = 1, 2, . . ., with

R > 0. Then problem (1), (2), (3) has at least one solution v ∈ X and there exists
N > 0, such that

α(t) ≤ v(t) ≤ β(t), α′(t) ≤ v′(t) ≤ β′(t),

−N ≤ v′′(t) ≤ N, t ∈ [0,+∞).

Proof. Consider the j-modified equation for j = 1, 2 as follows:

v′′′(t) + g(t, δ0(t, v), δ1(t, v
′), δ2j(t, v))

− 1

1 + t2
v′(t)− δ1(t, v

′)

1 + |v′(t)− δ1(t, v′)|
= 0, a.e., t ∈ J ′,

(17)

such that the functions δi, δ2j : [0,+∞)× R → R, i = 0, 1, j = 1, 2 are given by

δi(t, x) =


β(i)(t), x > β(i)(t)

x, α(i)(t) ≤ x ≤ β(i)(t)

α(i)(t), x < α(i)(t),

i = 0, 1.

From Lemma 4, we can establish

δ22(t, v
′′(t)) =

dδ1(t, v
′(t))

dt
, a.e t ∈ [0,+∞) and

δ21(t, v
′′(t)) =


N, δ22(t, v

′′(t)) > N

δ22(t, v
′′(t)), −N ≤ δ22(t, v

′′(t)) ≤ N

−N, δ22(t, v
′′(t)) < −N,

8
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a.e, t ∈ [0,+∞), where N > max{supt∈[0,+∞) |α′′(t)|, supt∈[0,+∞) |β′′(t)|}.
The j-impulsive conditions are

△v(tk) = I1k(tk, δ0(tk, v(tk)), δ1(tk, v
′(tk))),

△v′(tk) = I2k(tk, δ0(tk, v(tk)), δ1(tk, v
′(tk)), δ2j(tk, v

′′(tk))),

△v′′(t+k ) = I3k(tk, δ0(tk, v(tk)), δ1(tk, v
′(tk)), δ2j(tk, v

′′(tk))),

v′′(t+k ) = I+3k(t
+
k , δ0(t

+
k , v(t

+
k )), δ1(t

+
k , v

′(t+k )), δ2j(t
+
k , v

′′(t+k ))).

(18)

For clarity, we do this proof in three steps.

Step 1: Every solution of (17), (2), (18) for j = 1, 2 satisfies α′(t) ≤ v′j(t) ≤ β′(t) for
all t ∈ [0,+∞). Let vj be a solution of the j-modified problem (17), (2), (18). Suppose,
by contradiction, that there is t ∈ (0,+∞) such that α′(t) > v′j(t). Moreover,

sup
0≤t<+∞

(v′j(t)− β′(t)) = v′j(t∗)− β′(t∗) > 0.

By (10) and (2), we have that v′j(0) − β′(0) ≤ 0 and v′′j (+∞) − β′′(+∞) < 0,
sup0≤t<+∞(v′j(t)− β′(t)) cannot be attained at 0 and +∞.

If there is t∗ ∈ (0,+∞) then, we can define

sup
0≤t<+∞

(v′j(t)− β′(t)) := v′j(t∗)− β′(t∗) > 0.

Let’s consider the two cases.
Case 1: Assume there exists k ∈ N such that t∗ ∈ (tk, tk+1), where t0 = 0. Then there
exists (t∗, t) ⊂ (tk, tk+1) such that:

v′j(t)− β′(t) > 0, v′′j (t)− β′′(t) ≤ 0 for all t ∈ (t∗, t) j = 1, 2. (19)

Using (12) and Definition 3,

v′′′j (t)− β′′′(t) ≥ −g(t, δ0(t, vj(t)), δ1(t, v′j(t)), δ2j(t, v′′j (t)))

+
1

1 + t2
v′j(t)− δ1(t, v

′
j(t))

1 + |v′j(t)− δ1(t, v′j(t))|
+ g(t, β(t), β′(t), β′′(t))

= −g(t, δ0(t, vj(t)), β′(t), β′′(t))

+
1

1 + t2
v′j(t)− δ1(t, v

′
j(t))

1 + |v′j(t)− δ1(t, v′j(t))|
+ g(t, β(t), β′(t), β′′(t))

≥ −g(t, δ0(t, vj(t)), β′(t), β′′(t))

+
1

1 + t2
v′j(t)− β′(t)

1 + |v′j(t)− β′(t)|
+ g(t, β(t), β′(t), β′′(t))

≥ +
1

1 + t2
v′j(t)− β′(t)

1 + |v′j(t)− β′(t)|
> 0, a.e., t ∈ (t∗, t).
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Then, v′′′j (t) − β′′′(t) > 0, a.e., t ∈ (t∗, t) ⊂ (tk, tk+1). The function v′′j (t) − β′′(t) is

increasing for all t ∈ (t∗, t), If t ∈ (t∗, t),

0 = v′′j (t∗)− β′′(t∗) < v′′j (t)− β′′(t)

and v′′j (t)− β′′(t) > 0. The function v′j(t)− β′(t) is increasing on (t∗, t), which leads
to a contradiction.

Case 2: Suppose that k ∈ N∗ such that

sup
t∈[0,+∞)

(v′j(t)− β′(t)) = max
t∈[0,+∞)

(v′j(t)− β′(t)) = v′j(tk)− β′(tk) > 0. (20)

If we have (20) and supt∈[0,+∞)(v
′
j(t)− β′(t)) = v′j(t

+
k )− β′(t+k ) > 0, then

v′′j (t
+
k )− β′′(t+k ) ≤ 0

and there is ε > 0 such that v′′j (t)−β′′(t) ≤ 0 and v′j(t)−β′(t) > 0 ∀t ∈ (tk, tk+ ε) ⊂
[tk, tk+1]. Using Definition 3 and (12), we have

v′′′j (t)− β′′′(t) ≥ −g(t, δ0(t, vj(t)), δ1(t, v′j(t)), δ2j(t, v′′j (t)))

+
1

1 + t2
v′j(t)− δ1(t, v

′
j(t))

1 + |v′j(t)− δ1(t, v′j(t))|
+ g(t, β(t), β′(t), β′′(t))

= −g(t, δ0(t, vj(t)), β′(t), β′′(t))

+
1

1 + t2
v′j(t)− δ1(t, v

′
j(t))

1 + |v′j(t)− δ1(t, v′j(t))|
+ g(t, β(t), β′(t), β′′(t))

≥ −g(t, δ0(t, vj(t)), β′(t), β′′(t))

+
1

1 + t2
v′j(t)− β′(t)

1 + |v′j(t)− β′(t)|
+ g(t, β(t), β′(t), β′′(t))

≥ 1

1 + t2
v′j(t)− β′(t)

1 + |v′j(t)− β′(t)|
> 0, a.e., t ∈ (tk, tk + ε).

Then, v′′j (t)− β′′(t) is increasing for all t ∈ (tk, tk + ε). By integrating v′′′j (t)− β′′′(t)
over (tk, t] (which is a subset of (tk, tk + ε)), we have

0 < v′′j (t)− β′′(t)− v′′j (t
+
k ) + β′′(t+k ) ≤ −v′′j (t+k ) + β′′(t+k ).
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By using (10) and (15), we arrive at the following contradiction:

0 < −v′′j (t+k ) + β′′(t+k ) = −I+3k(t
+
k , δ0(t

+
k , vj(t

+
k )), δ1(t

+
k , v

′
j(t

+
k )), δ2j(t

+
k , v

′′
j (t

+
k ))) + β′′(t+k )

= −I+3k(t
+
k , δ0(t

+
k , vj(t

+
k )), β

′(t+k ), β
′′(t+k )) + β′′(t+k )

≤ −I+3k(t
+
k , δ0(t

+
k , β

′′(t+k )), β
′(t+k ), β

′′(t+k ))

+ I+3k(t
+
k , β(t

+
k ), β

′(t+k ), β
′′(t+k )) ≤ 0.

If we have (20) and supt∈[0,+∞)(v
′
j(t)− β′(t)) = v′j(t

−
k )− β′(t−k ) > 0, then there exists

ε > 0 such that v′j(t
−
k )− β′(t−k ) > 0, v′′j (t

−
k )− β′′(t−k ) > 0 and v′′j (t)− β′′(t) ≥ 0 for all

t ∈ (t−k − ε, t−k ). Then, by (10) and (14), we encounter the following contradiction.

0 > −v′j(t−k ) + β′(t−k ) + v′j(t
+
k )− β′(t+k )

> I2k(tk, δ0(tk, vj(tk), δ1(tk, v
′
j(tk), δ2j(tk, v

′′
j (tk))−△β′(tk)

> I2k(tk, δ0(tk, vj(tk), β
′(tk), β

′′(tk))− I2k(tk, β(tk), β
′(tk), β

′′(tk)) ≥ 0.

From the two cases, we deduce that v′j(t) ≤ β′(t) for t ∈ [0,+∞). By similar argu-
ments, the second inequality α′(t) ≤ v′j(t) for t ∈ [0,+∞) can be proven. Therefore,
we have:

α′(t) ≤ v′j(t) ≤ β′(t) for t ∈ [0,+∞). (21)

By integrating (21) over [0, t) ⊂ [0, t1],

α(t) ≤ vj(t)− vj(0) + α(0) ≤ v(t). (22)

Moreover,
vj(t

−
k )− β(t−k ) ≥ 0.

By integrating (21) on (t1, t) ⊂ (t1, t2], using (13),

α(t) ≤ vj(t)− vj(t
+
1 ) + α(t+1 )

≤ vj(t)− I11(t1, δ0(t1, vj), δ1(t1, v
′
j))− vj(t

−
1 ) + I11(t1, α(t1), α

′(t1)) + α(t−1 )

≤ vj(t).

By recursion, we have

α(t) ≤ vj(t), ∀t ∈ (tk, tk+1], for k = 1, 2, . . . ,

thus α(t) ≤ vj(t), ∀t ∈ [0,+∞). By similar arguments, it can be proven that

vj(t) ≤ β(t), ∀t ∈ [0,+∞).

Therefore,
α(t) ≤ vj(t) ≤ β(t), ∀t ∈ [0,+∞).
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Step 2: Applying Lemma 2, if v is a solution of the 2-modified problem (17), (2),
(18), then

∥v′′∥2 < R.

Let N = N1 such that

N1 > max{2R, sup
t∈[0,+∞)

|α′′(t)|, sup
t∈[0,+∞)

|β′′(t)|}.

If the 1-modified IBVP (17), (2), (18) has a solution v, then v is a solution of
problem (1), (2), (3) where

∥v′′∥2 < R <
N1

2
< N1.

Step 3: The 1-modified IBVP (17), (2), (18) has at least one solution. Let us define
the operator T : X → X for k ∈ N∗ by

Tv(t) =A+Bt+
C

2
t2 +

∑
tk<t

I∗1k(tk, v(tk), v
′(tk))

+
∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))(t− tk)

+

∫ t

0

(t− s)

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds,

where

Gv(s) := g(s, δ0(s, v), δ1(s, v
′), δ21(s, v

′′))

− 1

1 + s2
v′(s)− δ1(s, v

′)

1 + |v′(s)− δ1(s, v′)|
,


I∗1k(tk, v(tk), v

′(tk)) = I1k(tk, δ0(tk, v(tk)), δ1(tk, v
′(tk))),

I∗2k(tk, v(tk), v
′(tk), v

′′(tk)) = I2k(tk, δ0(tk, v(tk)), δ1(tk, v
′(tk)), δ21(tk, v

′′(tk))),

I∗3k(tk, v(tk), v
′(tk), v

′′(tk)) = I3k(tk, δ0(tk, v(tk)), δ1(tk, v
′(tk)), δ21(tk, v

′′(tk))).

By Lemma 1, the fixed points of T are solutions to 1-modified IBVP (17), (2),
(18). It is sufficient to prove that T has a fixed point.

(i) T : X → X is well defined. Let v ∈ X. Taking

ρ1 = max{N1, ∥α∥X , ∥β∥X}.

T is well defined on X,∫ +∞

0

|Gv(s)|ds ≤
∫ +∞

0

ψ(s)h(|δ21(s, v′′)|) +
∣∣∣ 1

1 + s2
v′(s)− δ1(s, v

′)

1 + |v′(s)− δ1(s, v′)|

∣∣∣ds
12
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≤
∫ +∞

0

ψ(s) max
z∈[0,2R1]

h(z) +
1

1 + s2
ds ≤Mψ < +∞,

lim
t→+∞

(Tv)′′(t) = lim
t→+∞

(
C +

∫ +∞

t

Gv(µ)dµ−
∑
tk>t

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)

= lim
t→+∞

(
C −

∑
tk>t

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
= C

= lim
t→+∞

(Tv)′(t)

1 + t
= 2 lim

t→+∞

Tv(t)

1 + t2
.

So, Tv ∈ X.
(ii) T is continuous. Let vn → v in X, there exists ρ > 0 such that supn ∥vn∥X < ρ,

we obtain that

sup
0≤t<+∞

|(Tvn)′′(t)− (Tv)′′(t)|

= sup
0≤t<+∞

∣∣∣ ∫ +∞

t

Gvn(µ)dµ−
∑
tk>t

I∗3k(tk, vn(tk), v
′
n(tk), v

′′
n(tk))

−
∫ +∞

t

Gv(µ)dµ+
∑
tk>t

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

≤ sup
0≤t<+∞

∫ +∞

t

∣∣∣Gvn(µ)−Gv(µ)
∣∣∣dµ

+ sup
0≤t<+∞

∑
tk>t

∣∣∣I∗3k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

≤
∫ +∞

0

∣∣∣Gvn(µ)−Gv(µ)
∣∣∣dµ

+
∑

k=1,2,...

∣∣∣I∗3k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣.

By using (16) and Lebesgue Dominated Convergence Theorem, we have∫ +∞

0

∣∣∣Gvn(µ)−Gv(µ)
∣∣∣dµ→ 0,

as n→ +∞. Moreover,∑
k=1,2,...

∣∣∣I∗3k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

≤ 2ρ1a3 < +∞

13
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From the dominated convergence theorem for series, we have∑
k=1,2,...

∣∣∣I∗3k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣→ 0,

as n→ +∞. Therefore,
∥(Tvn)′′ − (Tv)′′∥2 → 0,

as n→ +∞. Also,

sup
0≤t<+∞

∣∣∣ (Tvn)′(t)
1 + t

− (Tv)′(t)

1 + t

∣∣∣
= sup

0≤t<+∞

1

1 + t

∣∣∣ ∑
tk<t

I∗2k(tk, vn(tk), v
′
n(tk), v

′′
n(tk))−

∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))

+

∫ t

0

(∫ +∞

s

Gvn(µ)dµ−
∑
tk>s

I∗3k(tk, vn(tk), v
′
n(tk), v

′′
n(tk))

)

−

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds
∣∣∣

≤ sup
0≤t<+∞

1

1 + t

∣∣∣ ∑
tk<t

I∗2k(tk, vn(tk), v
′
n(tk), v

′′
n(tk))−

∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ sup
0≤t<+∞

1

1 + t

∫ t

0

∣∣∣(∫ +∞

s

Gvn(µ)dµ−
∑
tk>s

I∗3k(tk, vn(tk), v
′
n(tk), v

′′
n(tk))

)

−

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
≤ sup

0≤t<+∞

1

1 + t

∑
k=1,2,···

∣∣∣I∗2k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ sup
0≤t<+∞

2

1 + t

∫ t

0

∥(Tvn)′′ − (Tv)′′∥2ds.

By the dominated convergence theorem for series, we get that∑
k=1,2,···

∣∣∣I∗2k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣→ 0,

as n→ +∞, and

sup
0≤t<+∞

2

1 + t

∫ t

0

∥(Tvn)′′ − (Tv)′′∥2ds ≤ 2∥(Tvn)′′ − (Tv)′′∥2 → 0,
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as n→ +∞.
Also, we can demonstrate that ∥Tvn − Tv∥0 → 0 in a similar manner,

sup
0≤t<+∞

∣∣∣ (Tvn)(t)
1 + t2

− (Tv)(t)

1 + t2

∣∣∣
≤ sup

0≤t<+∞

∑
tk<t

1

1 + t2

∣∣∣I∗1k(tk, vn(tk), v′n(tk))− I∗1k(tk, v(tk), v
′(tk))

∣∣∣
+ sup

0≤t<+∞

∑
tk<t

t− tk
1 + t2

∣∣∣I∗2k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ sup
0≤t<+∞

∫ t

0

t− s

1 + t2

∣∣∣(∫ +∞

s

Gvn(µ)dµ−
∑
tk>s

I∗3k(tk, vn(tk), v
′
n(tk), v

′′
n(tk))

)

−

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
≤ sup

0≤t<+∞

∑
k=1,2,···

1

1 + t2

∣∣∣I∗1k(tk, vn(tk), v′n(tk))− I∗1k(tk, v(tk), v
′(tk))

∣∣∣
+ sup

0≤t<+∞

∑
k=1,2,···

t− tk
1 + t2

∣∣∣I∗2k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ 2 sup
0≤t<+∞

∫ t

0

t− s

1 + t2
∥(Tvn)′′ − (Tv)′′∥2ds

≤
∑

k=1,2,···

∣∣∣I∗1k(tk, vn(tk), v′n(tk))− I∗1k(tk, v(tk), v
′(tk))

∣∣∣
+

∑
k=1,2,···

∣∣∣I∗2k(tk, vn(tk), v′n(tk), v′′n(tk))− I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ 2∥(Tvn)′′ − (Tv)′′∥2 → 0,

as n→ +∞, by using the dominated convergence theorem for series.
In the following, we assume that

Lρ1 =
∣∣∣ (Mψ + ρ1a3)

∣∣∣.
(iii) T is compact. Assuming each bounded subset U ⊂ X, there exists r > 0 such

that ∥v∥X < r for all v ∈ U . Let v ∈ U , then one has:

∥Tv∥0 = sup
0≤t<+∞

|Tv(t)|
1 + t2

≤ |A|+ |B|+ |C|+ sup
0≤t<+∞

∣∣∣ ∑
tk<t

I∗1k(tk, v(tk), v
′(tk))

∣∣∣
+ sup

0≤t<+∞

∣∣∣ ∑
tk<t

t− tk
1 + t2

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣
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+ sup
0≤t<+∞

∫ t

0

t− s

1 + t2

∣∣∣(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
≤ |A|+ |B|+ |C|+

∣∣∣ ∑
tk<t

I∗1k(tk, v(tk), v
′(tk))

∣∣∣+ ∣∣∣ ∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ sup
0≤t<+∞

∫ t

0

t− s

1 + t2
Lρ1ds ≤ |A|+ |B|+ ρ1a1 + ρ1a2 +

Lρ1
2

< +∞.

∥(Tv)′∥1 = sup
0≤t<+∞

|(Tv)′(t)|
1 + t

≤ |B|+ |C|+ max
0≤t<+∞

∣∣∣ 1

1 + t

∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+ sup
0≤t<+∞

∫ t

0

1

1 + t

∣∣∣(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
≤ |B|+ |C|+

∣∣∣ ∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣+ sup

0≤t<+∞

∫ t

0

1

1 + t
Lρ1ds

≤ |B|+ |C|+ ρa2 + Lρ1 < +∞.

Moreover,

∥(Tv)′′∥2 =
1

2
sup

0≤t<+∞

∣∣∣(∫ +∞

t

Gv(µ)dµ−
∑
tk>t

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ ≤ Lρ1 < +∞,

∥(Tv)′′∥2 < +∞. Additionally,

∥Tv∥X = max {∥Tv∥0, ∥(Tv)′∥1, ∥(Tv)′′∥2} < +∞,

that is, TU is uniformly bounded.
TU is equicontinuous because for L > 0 and r1, r2 ∈ [0, L]∩ Jk for k ∈ N, r1 < r2,

we have∣∣∣∣Tv(r2)1 + r22
− Tv(r1)

1 + r21

∣∣∣∣
=
∣∣∣A+Br2 +

C
2 r

2
2 +

∑
tk<r2

I∗1k(tk, v(tk), v
′(tk)) +

∑
tk<r2

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))(r2 − tk)

1 + r22

−
A+Br1 +

C
2 r

2
1 +

∑
tk<r1

I∗1k(tk, v(tk), v
′(tk)) +

∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))(r1 − tk)

1 + r21

+

∫ r2

0

r2 − s

1 + r22

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds

−
∫ r1

0

r1 − s

1 + r21

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds
∣∣∣
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≤
∣∣∣A+

∑
tk<r1

I∗1k(tk, v(tk), v
′(tk))

∣∣∣∣∣∣ 1

1 + r22
− 1

1 + r21

∣∣∣+ 1

1 + r22

∑
r1<tk<r2

∣∣∣I∗1k(tk, v(tk), v′(tk))∣∣∣
+
∣∣∣ r2
1 + r22

− r1
1 + r21

∣∣∣∣∣∣B +
∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+
r2

1 + r22

∑
r1<tk<r2

∣∣∣I∗2k(tk, v(tk), v′(tk), v′′(tk))∣∣∣+ ∣∣∣ r22
1 + r22

− r21
1 + r21

∣∣∣∣∣∣C
2

∣∣∣
+
∣∣∣ 1

1 + r22
− 1

1 + r21

∣∣∣∣∣∣ ∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))tk

∣∣∣
+
∣∣∣ 1

1 + r22
− 1

1 + r21

∣∣∣∣∣∣ ∑
r1<tk<r2

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))tk

∣∣∣
+

∫ r1

0

∣∣∣ r2 − s

1 + r22
− r1 − s

1 + r21

∣∣∣∣∣∣(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
+

∫ r2

r1

∣∣∣ r2 − s

1 + r22

∣∣∣∣∣∣(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
≤
∣∣∣A+

∑
tk<r1

I∗1k(tk, v(tk), v
′(tk))

∣∣∣∣∣∣ 1

1 + r22
− 1

1 + r21

∣∣∣+ 1

1 + r22

∑
r1<tk<r2

∣∣∣I∗1k(tk, v(tk), v′(tk))∣∣∣
+

r2
1 + r22

∑
r1<tk<r2

∣∣∣I∗2k(tk, v(tk), v′(tk), v′′(tk))∣∣∣+ ∣∣∣ r22
1 + r22

− r21
1 + r21

∣∣∣∣∣∣C
2

∣∣∣
+
∣∣∣ r2
1 + r22

− r1
1 + r21

∣∣∣∣∣∣B +
∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+
r2

1 + r22

∑
r1<tk<r2

∣∣∣I∗2k(tk, v(tk), v′(tk), v′′(tk))∣∣∣+ ∣∣∣ r22
1 + r22

− r21
1 + r21

∣∣∣∣∣∣C
2

∣∣∣
+
∣∣∣ 1

1 + r22
− 1

1 + r21

∣∣∣∣∣∣ ∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))tk

∣∣∣
+
∣∣∣ 1

1 + r22
− 1

1 + r21

∣∣∣∣∣∣ ∑
r1<tk<r2

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))tk

∣∣∣
+

∫ r1

0

∣∣∣ r2 − s

1 + r22
− r1 − s

1 + r21

∣∣∣Lρ1ds+ ∫ r2

r1

∣∣∣ r2 − s

1 + r22

∣∣∣Lρ1ds→ 0,

as r1 → r2. Utilizing the same technique, we obtain∣∣∣∣∣ (Tv)
′
(r2)

1 + r2
− (Tv)

′
(r1)

1 + r1

∣∣∣∣∣
=
∣∣∣B + Cr2 +

∑
tk<r2

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))

1 + r2
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−
B + Cr1 +

∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))

1 + r1

+

∫ r2

0

1

1 + r2

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds

−
∫ r1

0

1

1 + r1

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds
∣∣∣

≤
∣∣∣ 1

1 + r2
− 1

1 + r1

∣∣∣∣∣∣B +
∑
tk<r1

I2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+
1

1 + r2

∑
r1<tk<r2

∣∣∣I2k(tk, v(tk), v′(tk), v′′(tk))∣∣∣+ ∣∣∣ r2
1 + r2

− r1
1 + r1

∣∣∣∣∣∣C∣∣∣
+

∫ r1

0

∣∣∣ 1

1 + r2
− 1

1 + r1

∣∣∣∣∣∣(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
+

∫ r2

r1

∣∣∣ 1

1 + r2

∣∣∣∣∣∣(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)∣∣∣ds
≤
∣∣∣ 1

1 + r2
− 1

1 + r1

∣∣∣∣∣∣B +
∑
tk<r1

I∗2k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣

+
1

1 + r2

∑
r1<tk<r2

∣∣∣I2k(tk, v(tk), v′(tk), v′′(tk))∣∣∣+ ∣∣∣ r2
1 + r2

− r1
1 + r1

∣∣∣∣∣∣C∣∣∣
+

∫ r1

0

∣∣∣ 1

1 + r2
− 1

1 + r1

∣∣∣Lρ1ds+ ∫ r2

r1

∣∣∣ 1

1 + r2

∣∣∣Lρ1ds→ 0,

as r1 → r2. Also,∣∣∣(Tv)′′(r2)− (Tv)′′(r1)
∣∣∣

=

∫ +∞

r2

Gv(µ)dµ−
∑
tk>r2

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

−
∫ +∞

r1

Gv(µ)dµ+
∑
tk>r1

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

≤
∣∣∣− ∫ r2

r1

Gv(µ)dµ+
∑

r2>tk>r1

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣→ 0,

as r1 → r2, then
∣∣∣(Tv)′′(r2)− (Tv)′′(r1)

∣∣∣→ 0, as r1 → r2.

In a similar way, we can see that TU is equiconvergent at each t+k for k ∈ N∗.
Moreover, TU ⊂ X is equiconvergent at infinity, we use (16) and the Carathéodory

function G. for all v ∈ U , limt→+∞(Tv)′′(t) = C, then, limt→+∞
(Tv)′(t)

1+t = C and
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limt→+∞
(Tv)(t)
1+t2 = C

2

|(Tv)′′(t)− C|

=
∣∣∣ ∫ +∞

t

Gv(µ)dµ−
∑
tk>t

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))
∣∣∣→ 0,

as t→ +∞. For the first derivatives, we obtain

lim
t→+∞

∣∣∣ (Tv)′(t)
1 + t

− C
∣∣∣

= lim
t→+∞

∣∣∣ 1

1 + t

(
B +

∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk)) + Ct

)

+
1

1 + t

∫ t

0

(∫ +∞

s

Gv(µ)dµ−
∑
tk>s

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
ds− C

∣∣∣
= lim
t→+∞

∣∣∣ 1

1 + t

(
B +

∑
tk<t

I∗2k(tk, v(tk), v
′(tk), v

′′(tk)) + Ct

)

+

(∫ +∞

t

Gv(µ)dµ−
∑
tk>t

I∗3k(tk, v(tk), v
′(tk), v

′′(tk))

)
− C

∣∣∣ = 0.

In the same line, we get that

∣∣∣∣ Tv(t)1 + t2
− C

2

∣∣∣∣→ 0,

as t→ +∞.
From Lemma 3, the set TU is relatively compact. Based to the Schaefer Fixed

Point Theorem 1, T is completely continuous such that the set

{v ∈ X : v = λTv, λ ∈ (0, 1)}

is bounded, satisfying

∥λTv∥X ≤ |A|+ |B|+ |C|+ ρ1a1 + ρ1a2 + Lρ1 < +∞, ∀λ ∈ (0, 1).

Therefore, T has at least one fixed point v ∈ X, such that

α ≤ v ≤ β, α′ ≤ v′ ≤ β′, −2R ≤ v′′ ≤ 2R.

19

1 May 2024 15:31:48 PDT
231121-Zerki Version 2 - Submitted to Rocky Mountain J. Math.



4 Example

Consider the following impulsive boundary value problem:

v′′′(t) + g(t, v(t), v′(t), v′′(t)) = 0, a.e., t ∈ [0,+∞)\{27, 81, . . . , tk, 3tk, . . .}, (23)

where

g(t, x, y, z) = e−t| sin(z)|

x+ t2 + 10t+ 10− (t)3

10(tk)3

(1 + t2)


∣∣∣y − 2t− 10 + 3(t)2

10(tk)3

∣∣∣
(1 + t)

 ,

t ∈ Jk, k ∈ N\{0}, such that Jk = (tk−1, tk] for k ∈ N\{0, 1} and J1 = [t0, t1] for
k = 1, where t0 = 0. The boundary conditions are

v(0) = 0, v′(0) = 0, −2 < v′′(+∞) = 0 < 2, (24)

and the impulsive conditions satisfy (16), where

I1k(tk, v(tk), v
′(tk)) =

(tk)
3

3(10)(tk)3

(
t2k + 12tk + 20− (tk)

3

10(tk)3
− 3(tk)

2

10(tk)3

)−1

× (v(tk) + v′(tk)) ,

I2k(tk, v(tk), v
′(tk), v

′′(tk)) = − 3(tk)
2

10(tk)3

(
3(tk)

2 + 10tk − 10− 5(tk)
3

10(tk)3

)−1

× (v(tk)− 2tkv
′(tk))

(
(sin v′′(tk))

2 + 1
)
,

I3k(tk, v(tk), v
′(tk), v

′′(tk)) =
1

(100)tk

(
v(tk)
1+t2k

, v
′(tk)
1+tk

, v′′(tk)
)
,

I+3k(t
+
k , v(t

+
k ), v

′(t+k ), v
′′(t+k )) = −

(
v(t+k )

t+k
− 5t+k v

′(t+k )
) (

(cos v′′(t+k ))
2 + 1

)
.

(25)

The functions α, β are lower and upper solutions for this IBVP, satisfying (13),

(14), and (15), where α(t) = −t2 − 10t− 10+ (t)3

10(tk)3
and β(t) = t2 +10t+10− (t)3

10(tk)3

for t ∈ Jk, k ∈ N\{0}. We have that

α(t) ≤ β(t), α′(t) ≤ β′(t), ∀t ∈ [0,+∞),

such that
∣∣∣β′(tk+1)−α′(tk)

tk+1−tk

∣∣∣ < 14, ,
∣∣∣α′(tk+1)−β′(tk)

tk+1−tk

∣∣∣ < 14, then

sup
k=1,2,...

{∣∣∣∣β′(tk+1)− α′(tk)

tk+1 − tk

∣∣∣∣ , ∣∣∣∣α′(tk+1)− β′(tk)

tk+1 − tk

∣∣∣∣} exists.

g is a Carathéodory function that satisfies the Nagumo conditions (6) and (12),
where

g(t, x, y, z) = e−tz

x+ t2 + 10t+ 10− (t)3

10(tk)3

(1 + t2)

y − 2t− 10 + 3(t)2

10(tk)3

(1 + t)
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≤ 1500e−t|z|.

The positive continuous functions ψ, h are ψ(t) = 1500e−t and h(z) = 1, such that∫ +∞
0

1500e−sds < +∞,
∫ +∞
µ

1
s+1ds = +∞. The impulsive conditions (25) satisfy the

condition (16), for all v ∈ X, such that α(tk) ≤ x(tk) ≤ β(tk), α
′(tk) ≤ y(tk) ≤ β′(tk)

and −R ≤ z(tk) ≤ R for each positive R, we have
∑∞

k=1

∣∣I1k(tk, x(tk), , y(tk))∣∣ ≤ 1
12ρ1 < +∞,∑∞

k=1

∣∣I2k(tk, x(tk), y(tk), z(tk))∣∣ ≤ 2
4ρ1 < +∞,∑∞

k=1

∣∣I3k(tk, x(tk), y(tk), z(tk))∣∣ ≤ 1
99ρ1 < +∞,

where ρ1 = max{R, ∥α∥X , ∥β∥X}.

Then, IBVP (23), (24), (25) has at least one solution v ∈ X, and there is N > 0
such that

α(t) ≤ v(t) ≤ β(t), α′(t) ≤ v′(t) ≤ β′(t), −N ≤ v′′(t) ≤ N, t ∈ [0,+∞).
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