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10 ABSTRACT. In this paper we study the generalized Fourier—Feynman transform (GFFT) and the general-
1 ized convolution product (GCP) associated with Gaussian processes 27, for functionals on Wiener space.
— To do this we first establish the existences of the GFFT and the GCP of bounded cylinder functionals F
2 having the form F(x) = @ ({0y,x),. .., {Q,,x)) where [ is the Fourier-Stieltjes transform of a complex
13 measure { on R” and the pair (o, x) denotes the Paley—Wiener—Zygmund (PWZ) integral fOT o(t)dx(1).
14 It turned out that the structure of the cylinder functionals combined with Gaussian processes makes
15 establishing the relationship between the GFFT and the GCP very difficult. We thus clarify a class of the
16 kernel functions % of the processes 27, in order to obtain relationships between them.
17
18 .
o 1. Introduction

20 The theory of the analytic Fourier—Feynman transform (FFT) suggested by Brue [1] now is playing
21 a central role in the analytic Feynman integration theory and its applications. The classical FFT and
22 several analogies have been improved in various research articles. For instance, see [2, 8,9, 10, 12, 17].
23 Let Cy[0,T] be the Wiener space, the space of all real-valued continuous functions x on the time
24 interval [0, 7] with x(0) = 0. The Wiener space Cy[0, T'| can be considered as the space of all continuous
25 sample paths of a Wiener process with the time interval [0, 7]. In [8, 9, 10, 17], Huffman, Park, Skoug
26 and Storvick established basic relationships between the FFT and the convolution product (CP) for
27 various functionals F and G on Cy[0, T, as follows:

28

zz(l.l) Tq(p)((F*G>q><y):T;P)(F)(\%>Tq(p)<G)<\yE>

31 and

5 (12) 1 ®) 1)) =1 (F(5)6( ) )

34

35 for scale-almost every y € Cy[0, 7], where Tq(p ) (F) and (F * G), indicate the L, analytic FFT and
36 the CP of functionals F and G on Cy[0,T]. In view of equations (1.1) and (1.2), we can see that

*’_ the FFT Tq(p ) acts like a homomorphism with convolution *. For a basic survey of the FFT and the

% corresponding CP, see [19].
39

40 2020 Mathematics Subject Classification. 28C20, 46G12, 60G15, 60J65.

41 Key words and phrases. Wiener space, generalized Fourier—Feynman transform, generalized convolution product,
42 Gaussian process, cylinder functional.
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In [3, 11], the authors developed the relations (1.1) and (1.2) for the GFFT and the GCP for
functionals in Gaussian processes defined on Cy[0, T]. The GFFT and the GCP studied in [3, 11] are
defined via the generalized Wiener integral. The generalized Wiener integral [7] was defined by

L F(&i)dmi)
0[0,T]

where m denote the Wiener measure and %, is a stochastic process on Cy[0, 7] x [0, T] defined by the
PWZ integral 25,(x,t) = [¢ h(s)dx(s), see [14, 15, 16], and where  is a nonzero function in L,[0, T].
The stochastic process 2, is Gaussian with mean zero and variance function B (¢) = [j h*(s)ds.
°_1f we choose & to be constant, say & = c, then it follows that given 71,1,,t3,24 € [0,T] with |t —t;| =
1 |t4 — t3], the increments 2, (x, 1) — Z5(x,11) and Z5,(x,t4) — 27,(x,13) have a same normal distribution
n N(0,c?|ta —11]), and so the process { Z;(x,t) : t € [0,T]} is stationary in time. But if 4 is not constant,
" then Br(t2) — Bu(t1) # Bu(ta) — Br(t3) in spite of |t — 11| = |t4 — t3]. Thus in this case,, the Gaussian
' process {Z5(x,t) : 1 €]0,T]} is not stationary in time.
— In [3, 11], the authors used a single L, function in order to extend the concept of the CP for
' functionals on Co[0,T]. But in this paper, we adopt the modified definition of the CP from [4, 5, 18] in
'° order to obtain more general relationships between our transforms and convolutions.
" Our main results are summarized as follows. Let F and G be Wiener integrable functionals in a

% certain class of bounded functionals on Cy[0, T]. Then it follows that

20 (p) (k1.k2) _ 7(p) Y 7 Y
Day  IREem =1, e (), e ()

22 and

[ |~ fofo]s]eo]o]-

2i ’ qu(hvkl )/\/E %s(hka)/\/i —q a:h \/E \/i

25

os for scale-almost every y € Cy[0, 7|, where Tq(’;l) (F) and (F x* G)((Ik“k” denote the GFFT and the GCP,
27 respectively, studied in this paper, and h, ki, k», s(h, k1) and s(h,k;) are functions in L, [0, T] which
og satisfy the relations

= s(h,ki)?(e) = K*(1) + ki (1) and s(h,k2)? () = W (1) + K3 (1)

30

5 formp-ae. t € [0,T], respectively, and where m;, indicates the Lebesgue measure on [0,7’].

5 In[4, 18], equations (1.3) and (1.4) were established for specific bounded functionals defined on
53 Wiener and Yeh—Wiener spaces. The functionals considered in this paper are also bounded on the
a1 Wiener space Cp[0, T']. But the functionals used in this paper are also characterized as the n-dimensional
5 cylinder functionals

% fllay,x),....{a,,x)), x€Cpl0,T]

37 where f is a Lebesgue measurable function on R” and the pair (a,x) denotes the PWZ integral
g Zo(x,T) = fOT a(s)dx(s). It turns out, as noted in Remark 3.3 below, that the structure of the cylinder
39 functionals combined with Gaussian processes makes establishing the existences of the GFFT and the
40 GCP associated with Gaussian processes 2}, as well as the equalities in (1.3) and (1.4), very difficult.
41 We thus clarify a class of the kernel functions / of the processes Z;, in order to obtain the existences of
42 the GFFT and the GCP associated with Gaussian processes.
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1 2. Preliminaries

2 On the Wiener space C, [0,T], let .# denote the family of all Wiener measurable subsets of Cy[0, T]. It
% is well-known that (Cy[0,T],.# ,m) is a complete probability measure space.

- In order to define the GFFT and the GCP, we need the concept of the scale-invariant measurability
~on Co[0,T]. A subset B of Cy[0,T] is called a scale-invariant measurable (SIM) set if pB € .# for all
— p >0, and a SIM set N is called a scale-invariant null set if m(pN) = 0 for all p > 0. A property which
" holds except on a scale-invariant null set is said to hold scale-invariant almost everywhere (SI-a.e.). A
° functional F is said to be SIM provided F is defined on a SIM set and F(p - ) is .# -measurable for
2 every p > 0. If two functionals F and G are equal Sl-a.e., we write F' = G. For more detailed studies
o of the scale-invariant measurability, see [6, 13].

- For any h € L,[0,T] with ||A]|2 > 0, let 2, : Cy[0,T] x [0,T] — R be the stochastic process

e Zj(x,1) = /O h(s)dx(s) = /0 h(5) 20, (9)dx(s) = (hz0.%)

" where X[0,r) denotes the indicator function of the interval [0,7]. Let B, (¢) = Jo h*(s)ds for each t € [0,T].
' Then the stochastic process 2 on Cg [0,T] and the time interval [0, 7] is a Gaussian process with mean

17 . )
— zero and covariance function
18

19 Bp(min{s,}) = /C oy Zi009) Zis ().

20
21 In addition, by [20, Theorem 21.1], Z,(-,¢) is stochastically continuous in # on [0, T]. If A is of bounded
22 variation on [0, 7], then for every x € Cy[0,T], Z5(x,?) is a continuous function of 7. Furthermore, for
23 any hy,hy € [,[0,T],

24

min{s,t}
2 / %, (x,5) Zi, (x,1)dm(x) = / ot (o (u)du.
26 Co[0,7] 0
27 If h(t) =1 on [0,T], then the process £ on Cy[0,T] x [0,T] given by Z(x,7) = x(¢) is a Wiener
28 process. It is known that the Wiener process 2] is stationary in time, whereas the stochastic process
29 %y, generally is not. For more details, see [é, 7].

0 LetCy={A€C:Re(A)>0}andletCy ={A € C\ {0} :Re(A) > 0}. Let F : Cy[0,7] — C be

31 a SIM functional such that
32

- Je(ta) = [ P2 dm()
g Co[0,T]

35 exists as a finite number for all A > 0. If there exists a function J;(h;A) analytic in C; such that
36 Jp(hyA) =Jr(h;A) forall A > 0, then J; (h; A) is defined to be the generalized analytic Wiener integral

37 of F over Cy[0, T] with parameter A. For A € C, we will write

:ﬁ anwy

5 | F( i )dm) = Ji ().

E CO[OvT}

41 Let g # 0 be a real number and let F' be a functional such that fgn[vov’lT F(Z3,(x,-))dm(x) exists for all

42 A € C,. If the following limit exists, we call it the generalized analytic Feynman integral of F with
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parameter g, and we write

anfy anw;
/ F(Z(x,))dm(x) = lim F(Z(x,-))dm(x),
Co[0,T] A——iq JCo[0,T)
where A — —iq through in C;..
We are now ready to state the definition of the GFFT.

Definition 2.1. Let F : Cy[0,T] — C be a SIM functional such that the analytic Wiener integral

anw )

TP)0) = [ Flo+ 2y )dm(x)

Co [O,T}

4
=[3]ele|~]ofa|a|e]|r]-~

— exzstsfor all A € C; and for SI-a.e. y € Cy|0,T). Let q be a nonzero real number. For p € (1,2], we
12 deﬁne the L, analytic GFFT (with respect to the process Z},), T )( F) of F, by the formula,

13 (p) _
o T (F)(y) = ll-:gz Ton(F)(),

g A,G(C+

16 whenever this limit exists; i.e., for each p > 0,
17

- im T. (p) I

! py) T, dm(y) =0
18 /’Lﬁlfiq Col0,7] Tan(F)(py) = o (F )(py)|" dm(y) =0,
19 AeCy

;i where 1/p+1/p’ = 1. We define the Ly analytic GFFT, Tq(;) (F) of F, by the formula

2 Ty (F)0) = Jim 73,4(F) ()
23 AeCy

%for Sl-a.e. y € Cy[0,T), if the limit exists.
2? Next we give the definition of the GCP [4, 5, 18].

— Deﬁmtlon 2.2. Let F and G be SIM functionals on Col0,T]. For A € C4 and hy,hs € L,[0,T], we
— deﬁne their GCP with respect to {2, , 23, } (if it exists) by

o (FxG)""™ ()

?i anw glx,' —szx,-

2 ) | launF A \%( ))G(y \;E( ))a’m(x), rec,

7y S () 6 (=T ), = —ig.q e R\ (0}

35
s6 When A = —iq, we denote (F x G)(hl’hZ) by (F * G)(thvhz)‘

— Remark 2.3. The processes 25, and 2, in (2.2) are Gaussian processes on Co[0,T] x [0,T] which
Z% are not stationary in time. Furthermore, one can see that for eacht € [0,T],

‘E Z, (x,1) ~ (/h2 >and<%l2xt </h2 )
41

ﬁg That is, the processes 2, and 2}, have different Gaussian distributions.
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1 3. Cylinder Functionals

% In this section, we introduce a class of certain bounded cylinder functionals. We then establish the
> existence of the GFFT of such cylinder functionals. A functional F on Cy[0,T] is called a cylinder
= functional, if the functional F is represented by

5(31) F(x):¢(<W17x>7"'7<wm7x>)7

7 where ¢ : R™ — C is a Lebesgue measurable function and {wy,...,w,,} is a linearly independent set
8 of functions in the Hilbert space L,[0, T]. The functional F given by (3.1) is Wiener measurable if and
° only if f is Lebesgue measurable [6]. It is easy to show that given a cylinder functional F of the form
19 (3.1), there exists an orthogonal set {g1,...,g,} of functions in 1,[0,7]\ {0} and a complex-valued

" Lebesgue measurable function f on R” such that F is expressed as
12

E(:’)Z) F(x):f(<g1,x>,...,<gn,x)), XECO[()?T]’

14 Thus we lose no generality in assuming that every cylinder functional on Cy[0, T] is of the form (3.2).
5 In order to simplify many expressions in this paper, we use the following conventions: for u =
16 (up,...,uy) € R" and a set {g1,...,8,} of functions in L,[0,T], let f(i) = f(ui,...,uy), (g,x)
7 ({8155, (gn, %)), and f((&,x)) = f((g1,%), -+, (8ns X))

8 Equation (3.3) below can be easily obtained by the change of variables theorem.
19
oo Lemma 3.1. Let 4 = {g1,...,8,} be an orthogonal set of nonzero functions in L»[0,T] and let

51 f :R"— C be a Lebesgue measurable function. Then

2 S « [ 1 ’ 12 . " uf .
w0y [ s = (Tnlel) [ r@ee] - ¥ 5 L

‘=1
24 J

25 where by = we mean that if either side exists, both sides exist and equality holds.

z% Lemma 3.2 ([7]). For eachv € L,[0,T] and each h € L[0,T] with ||h||2 > 0, it follows that
28 (3.4) (u, Zj(x,-)) = (uh,x)

f%for SI-a.e. x € Cy[0,T].

?I Remark 3.3. In view of Lemma 3.2, we require h to be in L.|0,T| rather than simply in L;[0,T]
32 throughout this paper. For a nonzero function h € L[0,T], let 2, be the Gaussian process defined by
33 (2.1) above and let F be given by (3.2). Then by equation (3.4), we observe that

34

— F(%l(xf)) :f(<g17%1(x7')>7"'a<gn7%z(xv')>) Zf(<g1h,x>,...,<gnh,x>).

35

36 Even though the subset of = {gi,...,8n} of L2[0,T] is orthogonal, the subset «/h = {gh: g € </} of
37 Lp[0,T] might not be orthogonal. Thus the equality in the equation

g n —1/2 n uz-

o [ @z = ([Tealen) [ ren{ - 35 ba

b Golo.7) ,I;Il ’ R Jg 2|lgshl3

E does not hold true. This observation is critical to the development of the relationships between the
42 GFFT and the GCP of cylinder functionals. Thus, throughout remainder of this paper, we will need to
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1 put additional restrictions on the kernel function h of the Gaussian process %, in order to establish the
2 formulas involving GFFTs and GCPs.

3
~, Asmentioned in Remark 3.3, we clearly need to impose additional restrictions on the functionals

. used in this paper.

° Definition 3.4. Given an orthogonal set & = {g\,...,gn} of functions in L,[0,T]\ {0}, let Ous(<¥)

" be the class of all nonzero elements h € L..[0,T] such that </'h is orthogonal in L»[0,T).
8

E Example 3.5. For every p € R\ {0}, the constant function p is an element of O.(</) for every

10 orthogonal subset < of L]0, T)].
11
12 Example 3.6. For each j € N, let

13

— V2 2j—1)n

% gj(t) = 7 °0s ((jo)t>

% and

17

18 1 V2 2j—x

20
21 on [0,T]. Then ¥ ={g j}j-"zl is an orthogonal sequence of functions in L;[0,T|. In addition, . =
2 {a Y721 is a complete orthonormal sequence in L»[0,T]. In this case we have the following assertions.

; (i) Forevery j€N, ||gj|3=VT >0and g; € L.[0,T).
e (ii) Let n € N be fixed and let L be a positive integer with L > n. Then for any i,j € {1,...,n},
e fOT gi(t)g;(t)g2 (t)dt = &;; (the Kronecker delta). In other words, for each integer L with L > n,

- the set {g18L,-..,8ngL} is an orthonormal set of functions in L,[0,T].

os  Let os = {04,...,0,} where o;’s are given by (3.5) for each i € {1,...,n}. Then, from the
o9 observations above, it follows that

0. (i) eos is an orthonormal set of functions in L,[0,T],
:1 (11) {gn+1agn+27---} C ﬁOO(Q{cos)y

% (i) {Opi1, 0ps2,...} =7\ Hoos C Ol Gios)-

34 Next, we introduce a class of bounded cylinder functionals on Cy[0,T]. Let .# (R") be the space of
35 complex-valued Borel measures on Z(R"), the Borel class on R”. It is known that a complex-valued
36 Borel measure u has a finite total variation |||, and the class .# (R") is a Banach algebra under the
37 norm || - || and with convolution as multiplication.
38 Given a complex measure [ in .# (R"), the Fourier-Stieltjes transform i of y is a complex-valued
39 function on R" defined by
a :
1 (3.6) ﬁ(ﬁ):/ exp{iZujvj}d,u(\_f).

n o

42
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Given an orthonormal set &/ = {0,...,a,} of functions in L,[0, T], let T » be the class of func-
tionals Fj, on Cy[0, T] defined by

n
67 ) = Rl(@) = [ exp{i Y (oo bau
j=1
for Sl-a.e. x € Cy[0,T], where [ is the Fourier-Stieltjes transform of y in .# (R"). Given any
u € .# (R"), the function [ corresponding to it by (3.6) is bounded (and so is F},), because |1 (i)| <
||| < 4-oo for every i € R". Note that the functional F;; having the form (3.7) is SIM on Cy[0, 7.
In Sections 4 and 5 below, we will use the following integration formula in order to verify the
. existences of the GFFT and the GCP of functionals in the class %M:

12 T b?
—(3.8 —av? +bvidv= /=
5 3:8) /Rexp{ av”+bv}dy exp{4a}

14
— fora,b € C with Re(a) > 0.

. 4. Generalized Fourier-Feynman transform

'8 1In this section, we will provide the existence of the L, analytic GFFT of functionals in the class ‘f%.
19

2? Theorem 4.1. Let F,, € ‘fgy be given by (3.7). Then for all nonzero real number q, and any h € Ow (),

21 the Ly analytic GFFT T of Fy, exists and is given by the formula

22
n

23 “ -
© ) im0 = [ exp{ 3 (a0 _ZlHath%V?}du(V)
J:

25
o5 for Sl-a.e. y € Cy[0,T].

7 Proof. Using (3.7) with x replaced with y + A2y, (3.4), the Fubini theorem, (3.3), and (3.8), it
Z% follows that for all A > 0,

o = exp {i Y (a. y>vj} { /C o exp{i?tl/z y <(th,x)vj}dm(x)]du(17)

Jj=1

34 & d -1/2 - i -
- / exp{ ; oj,y)v },1:11 [(27rl|ajh||%) /ReXp{m Uzujv‘j_zHT;hH% duj|dp(v)
36
20 n 1 & .
37 = exp{ Z oj,y)v ﬁz Hogh”%v?}du,(v).
% a =
%9 Now, for each A € C, let
40
@) Ty (i) / exp{lz o, y)v MZHath%v?}du(v).
=1 j=1
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i Because the function ¥(A) = exp{—Y'_, ||ajh||%v§ /(2A)} is analytic on C, applying the Morera
5 theorem, it follows that

/AJ;“(H_)(h;x)dx:/R”exp{if(aj,ym}(/Alp(z)d/l)du(m:o

j=1
where A is a simple closed contour lying in C . Thus the analytic transform T, ,(Fy)(y) =, ;ﬂ () (h; 1)

exists and is given by the right-hand side of (4.2).
Next, we note that for each 4 € C_, Re(A) > 0. From this, we see that forall A € C,,

Tt < [ exp{if«xﬁy 5 L el i)

j=1
< 2.2
14 =

15 By the bounded convergence theorem, it thus follows that

e
|88 ]Z|3|e]e|v]o]o]r]e]

d|u|(¥) < [lpll < ee.

2

R

16 n

— (1) o .

v 1) = lim. Rﬂexp{:;mﬁy a7 1l fauin)

18 A€C J

E - - 2.2

20 CXP{ Z 0, y)V ZHathZVj}d.u(v)

-~ Rn : j:1

21

gas desired. 0

- Theorem 4.2. Let F, € ‘Ipf be given by (3.7). Then for each p € (1,2], all nonzero real number g, and

o any h € Ou(4), the Ly, analytic GFFT of Fu, T, T'? )(Fu) exists and is given by the right-hand side of
o (4 1) for SI-a.e. y € Co[O T].

27 Proof. It was shown in the proof of Theorem 4.1 that Ty ;,(F)(y) is an analytic function of A throughout
28 the right-half complex plane C .

2% In view of Definition 2.1, it will suffice to show that for each p >0,
30

31 lim ‘TA w(Fu)(Py) — T, )(Fu )(py ‘p m(y) =0,
- A?LZ iq./Col0,T
_ +

3
oa Where 1/p+1/p'=1.

5 Fixing p € (1,2], it follows that for all p >0 and all A € C,

= T Ea)py) ~ T (F) ()|

— /

38 e 1 & i & N

o] Lew{ X @} ew{ 55 X lesni e - ¥ lognld | auw
1 i=1 i—1

0 Jj= ) J p, J

o 1 ]

(o] - 5 L e ||+ 1] auie)

42 R~ 2 4

39
e Jj=1
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< (z / nd|u|<v>)p’ = (2ful)” <+

o

2

% Hence, by the bounded convergence theorem, we see that for each p € (1,2] and all p > 0,

4

= - 71 p

5 lim 7). 1(F, Fy)

= Py | a0 (Fu)(py) — qh( w)(py ’ m(y)

S A€C+

7 n

8 = exp o,y }

o Col0.7] / " { ; !

10 : 1 22 iy 2.2 L7

; < tim [expd ==Y floghl3d b —expd — LY ol L an )| amiy)
_ A——iq 27 i—1 2q i—=1

E AEC+ 4 ]

B =0

% which concludes the proof of Theorem 4.2. O

E Theorem 4.3. Let F, € T, be given by (3.7). Then for each PE [1,2], all ¢ € R\ {0}, and any

" he O.(), the L, analytic GFFT T(h) (Fy) of F is in the class T,
18

19 Proof. Let F, € Tgf be given by (3.7) with correspondmg complex measure U € .# (R"). Given any

20 function & in O (7 ), define a set function ,LLW : B(R") — C by the formula.
21

[ R
3 )= [(exo{ = 1 3 a3 fano
23 U q =

2t for U € B(R"). It is obvious that the set function y/" ', satisfies the countable additivity on the class

% %(R"). We also note that
26

7 Il =t B < [

28

I & .
exp{ ) Hajhuﬁvi}\d\u\(v)
S J=1

29
o — [ i) = IR = ] <+
Rn

% Thus the set function /Jffq is in the Banach algebra .# (R"). Furthermore, it follows that

" T (F)) = /p{z =5 L el 2 Yaut)

o - exp{zz<a,,y>v]}dutq< 9 = Fy )
37 R I N

* for Sl-a.e. y € Cp[0,T]. Thus we see that Tq i (Fu) is an element of the class T, forallgeR \ {0}

i% and any function 1 € O..(<7). O

/-\‘\
v

zz The following corollary is a simple consequence of Theorems 4.1, 4.2, and 4.3, and will be very
42 useful to prove our main theorem (namely, Theorem 6.3 below).
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1 Corollary 4.4. Let F, € T be given by (3.7). Then for each p € [1,2], all g € R\ {0}, and any

2 he O (),

3

= (p) (7(p) ~

;43 r0), (10 (F)) ~ Fy.

% In other words, the L), analytic GFFT, Tq(fl) has the inverse transform {Tq(f;’l)}_1 = T_(Z ?h'

7

5 5. Generalized convolution product

E In this section, we establish the existence of the GCP of functionals in the class T . But in order to

10 ensure the existence of the GCP of functionals in ‘igf, we have to provide a condition for functions in
" Ou().

12 Given an orthonormal set ¥ = {ay,...,o,} of functions in L,[0, 7], consider the class 0..(A)

'3 defined in Section 3 above. In evaluation of the GCP (F),, * FHZ)((;C1 %) of functionals Fy, and Fy, in

“ =~ .. ) - . .
— %, it arises the question that for all vectors i = (uy,...,u,) and V= (vy,...,v,) in R", whether the

© pwz integrals
16

17 (5.1) G v ko) = Luranky —vionky,x), ..., (un Ok — v, 0k, x) }

18 . . . . .
— form a set of independent Gaussian random variables or not. Precisely speaking, when we evaluate the

9
0 GCP (Fy, * FMZ),(Jkl’kZ), it might not be able to use Lemma 3.1, because the Gaussian random variables

o, in the set %(ﬁ’a; ki ky) are generally not independent. Consequently, in order to apply Lemma 3.1 to the

22 calculation of the GCP (Fy, * Fuz)gk1 ’k2), we have to apply the Gram—Schmidt process to the set

2 (52) %ﬁ,ﬁ;kl k) = {u1a1k1 — V1 OClkz, - ,unOanl — VnOanz}.

25 In view of these situation, we will consider the class of ordered pairs of functions in 0.(%7)
26 throughout the remainder of this paper.

27
.5 Definition 5.1. Given an orthonormal set </ = {ou,...,00,} of functions in L]0, T]\ {0}, let

29

T
— Pold) = {(kl,kz) € Ou(A) X Ou(H) : /0 0 () o (k1 (1) (£)dt = O for i # j}.

Z% Clearly, for any h € O (o), (h,h) € P ().

. Following example tells us that the class P (%0s) is not empty for the orthonormal set .7

> discussed in Example 3.6.

% Example 5.2. Consider the orthonormal sequence . = {a;}7) in L»[0,T] presented in Example 3.6.
B Let o5 = {o4,...,a,}. As shown in Example 3.6, one can see that for any functions ky and ky in

7 \ Aeos, the pair (ky,ky) of the functions ki and ky is in the class Poo( Hos)-
38

39 Lemma 5.3. Given an orthonormal set o/ = {oy,...,0,} in L,[0,T), let (ki,ky) be in the class
10 Po(d). Then for any vectors ii = (uy,...,u,) and v = (vi,...,v,) in R", the set of functions in
E 5k, ky) defined by (5.2) is an orthogonal set in L5[0,T]. Thus it follows that the Gaussian random
42 variables in the set Yy 5.4, 1,) given by (5.1) form a set of independent Gaussian random variables.
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1 Proof. Letii = (uy,...,u,) and V= (vy,...,v,) be any vectors in R”. Then, for i, j € {1,...,n} with
2 i # j, it follows that

/OT (uicti(t)ky (1) — vic(£)ka (2)) (w0t (2)ki () — v (2)ka(2) ) dt
— win; / " () (R ()t — / " i)y (O () (0)dt
0 0

T

— / " a1 (O (0)a (61t + v, / o (1) oy (1)K (1)t
0 0

10 From the condition for the functions k; and k», it follows that

11
o T
12 /0 (u,-ai(t)kl (t) — ViOCi(l‘)kz(t)) (ujocj(t)kl (l) — Vjaj(l)kz(l‘))dt =0
3
E and the lemma is proved. O

15 N
s Theorem 5.4. Let Fy,, and Fy, be functionals in T ;7 and let (ky,ky) be in the class Pw (/). Then for

17 all real g € R\ {0}, the GCP (F, *Fm)(k1 k) of Fy, and F,, exists and is given by the formula

[efe|~]ofa]s]e

_ | =

E (k1K)

19 (Fuy % Fuy)g 2 ()

2?(5.3) / / { 1l (uj+Vj> I & 2}

2 = expqi ) (@,y) - o (ujky — vk duy (u)d s (Vv
z% 0 Jon J; J V2 461;’ j( J* J 2)lI2 1(#@)d ua (V)

zEfor Sl-a.e. y € Cy[0,T].

24
s Proof. Using (2.2), (3.4), and the Fubini theorem, it first follows that for all A > 0 and Sl-a.e. y €
o Col0, T,

26

27
er (k1 .k2) (uj+v;)
28 (Ful*Fﬂz vk /n/neXp{ ajvy> jﬁ] }

29

" XU {l ok —vjeka, }d }d i) d iz (7).
CO[()’T]CXP \/27;<M] K1 — Vil 2x> m(X) ,ul(u) ‘LL2(v)

31

32
55 Next, applying Lemma 5.3 and using (3.3), the Fubini theorem, and (3.8), it follows that

34 (k1 ,k2)
. (Ful*Fuz) ()

o & (uj+v 1 -1/2
53 —/n/nexp{zz OCJ, ]\/i ])} [(27r||ujajk1—vjajk2||%)
J

37 j=1 =1

%8 ”

39 X/@Xp{ ! }dr‘] dp (id)d po (V)
o VAL ! 2flujegky —viaskal S

(uj+v;) u _ ~
-/ /p{ Y {2 4;Lj;||uja,~k1—vjajkz||2 dp (@)dp (V).
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Now, for each A € C, let
Ty #F) (K1 K23 )

(”J+VJ) - 2 p -
= exp{ (aj,y)———== E |lujaik; —viojka||~ pdu (i)d pa (V).
/,,/n J V2 l_,-:1 & &)

— Using similar methods as those used in the proof of Theorem 4.1, we can show that the function
—J7 (Fuy Fiy )(kl ,k2; A ) is an analytic function of A throughout C_, and is bounded as a function of A in C.

ofa|a|w|m|=

~

8
9 Hence, in view of Definition 2.2 and by the bounded convergence theorem, the GCP (Fj, * FNZ)(k1 *2)
10 of Fy,, and F},, exists and is given by the right-hand side of (5.3) for SI-a.e. y € Cy[0, T]. O

— Theorem 5.5. Let Fy,, Fy,, and (k1,ka) be as in Theorem 5.4. Then for all g € R\ {0}, the GCP
(F#1 *Fﬂz)( %) is in the class T

E Proof. Define a set function <p§"1 ha) PB(R" x R") — C by the formula

16
5 G4 kl’kz // exp{ ZH”JO‘jkl VJO‘JkZHZ}d.ul( i)d i (V)

18
E for Ve Z(R" x R"). Then (pék"kZ) is a complex measure with finite total variation on Z(R" x R").
20 Next, let ¢ : R" x R" — R” be the continuous function given by ¢ (ii,¥) = (& +V)/v/2. Then ¢ is
21 B(R" x R")-%(R") measurable. Finally, let the set function CID(k1 k) PB(R") — C be given by

22
23 (5.5) ofl1h) _ pliks) o g1

24
-5 Then CID(kl’ 2) satisfies the countable additivity obviously. Based on these structure above, it follows

o5 that

JE— : n
a7 Cbkl’kz </ / exp{—l ujojky —vjaiky 2}
v ol 1< [, [, o] g K ek i

= [, [ il @l (7
- =</ d|p|(d ></ d|pa| (V )

33
— = [l [l p2]] < e

34
35 Thus the set function <I>§If[}’k2) is a complex measure with finite total variation on Z(RR"). Using equation

3E (5.3) together with (5.4) and (5.5), it follows that
37

d|w |(@)d|u2| (V)

) Fu B 0) = [ [ p{ (@) 5@+ Jaof @
39

§(5.6) _/ exp (<OC W, )Rn}dq)(kl kz)( )

41
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1 for Sl-a.e. y € Cy[0,T], where (-,-)gs denote the standard inner product on R”. Hence the GCP

2 (Fy *Fuz)(kl’ ») belongs to the class T . O
3

Z 6. Relationships between the GFFT and the GCP

5 . . . . . .
e In order to obtain our main results in this paper, we define the following conventions. Note that for any
—- nonzero functions &y and £ in L, [0, T, there exists a function s in L,[0, 7| such that

5 (6.1 $%(1) = hi(0) + 13(1)
9 formg-a.e.t € [0,T]. It is clear that the function s satisfying (6.1) is not unique. Thus we will use the
10 symbol s(hy,hy) for any functions s which satisfy (6.1). Given functions /; and h in L,[0,7]\ {0}, a

" lot of functions, s(hy,h2), exist in L,[0, T]. Thus s(h;,h2) can be considered as an equivalence class of

12 the equivalence relation ~ on L, [0, T] given by

13

e 2_ 2

14 S|~ 8 =S5 =95; m-ac..

15 But we see that for every function s in the equivalence class s(/1,42), the Gaussian random variable
16 (s,x) has the normal distribution N (0, ||A1]|3 + ||2]|3). If the functions A and h; are in L.[0, T], then

E we can take s(h1,h,) to be in L..[0,T].

% Theorem 6.1. Let Fy,, and F,, be functionals in T, let h be a function in Ow(2), and let (ky,k2) be
o in the class P(). Assume that

o 1*(t) = ki (Dka (1)

(
21
o formyp-a.e. t €[0,T). Then for each p € [1,2] and all real g € R\ {0}, it follows that

23 (p) (ki ,k2) 7P) Y () Y
L (62) Ty ((Fuy #Fio)g ") 0) =T, 0 (Fi) <ﬁ> UNTTRYN, Y (\5)
25 = for Sl-a.e. y € Cy[0,T], where s(h,ky) and s(h,ky) are the functions which satisfy the relation

~(6.3) s(hiki)?(1) = W2 (1) + k5 (¢)
2E and
264 s(hk2)? (1) = 12 (1) + k3 (¢)

o Jormp-a.e. t €[0,T], respectively.

32 Proof. In view of Theorem 4.2, it suffices to show that
33

(1) (ki:k2)y oy — (1) Y Y7 Y
34 T, i (Fuy # Fuy)g 2)00_JQJWMVJJFM)(v§>7;mm@y¢JFm)<v§>

35
s for Sl-ae. y € Gy[0,T].

37 Since the GCP (F, F“Z)( of Fy;, and F,, is an element of T, by Theorem 5.5, the GFFT of
38 (Fy, *FMZ)(kl’kZ) T< )((F#l * Fﬂz)(kl’kz)) exists for all g € R\ {0} by Theorem 4.1. Next using (4.1)

*°_ with F, replaced with (F, * Fuz)(kl’k2 and (5.6), it follows that
40

69 T33! ((Fu # Fi)g ™) ) /exp{ Y. (05:3) bl

ki k)
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1 where (CIDEI;‘,’]Q))?” 4 is the complex measure in .2 (R") given by

2 roon
o ik i kika) =
©(66) @) = [ e = Y llaghlr? tadly™ ()

4 Y 2q j=1
% for U € #(R"), and where <I>(k' “) is given by (5.5). Now the assumption yields the equality that given
Tanyﬁ:(ul, JUp) andv—(vl, ey V),

° (uj+vi)*loghl3 + llujogky —vjokall3

9 T T

o 2

n =4y [ RO+ [ (e (0) v dr

i (67) . r

2 — 2 /O o2 (1) (F2(t) + K1) di +172 /0 a2 (1) (H(t) + K3(1)) dt

13

" = uf || ays(h, k)3 +villays(h, ka) I3

E foreach j € {1,...,n}. Thus, using (6.5), (6.6), (5.5), (5.4), (6.7), the Fubini theorem, (4.1), (6.3), and

16 (6.4), it follows that
17

1 ky K
E T()((FM*FM) : 2)()
o Y plhi k)
0 ~ [ ew i X (@ Zna,hn ol
< =
21
22 C (uj —|—v) i &
= - exp{l o, y) = — — ohl5(uj+v
23 /n/n J; Y V2 4‘1JZ'1H j ||2( J ])
24
25 ZH”JO‘J]‘I VJO‘Jk2||%}dH1 )dpa (V
26
5 -/, exp{"i<“' > - if il } @
21 R® j:l ] f ./ 2 : \/* ]
29 i o ke )
30 . y 1 NN, 2 5
% X/ CXP{I <05',>V'— o v}duz(v)
st U AR T 21 v N
32
. =70 RART(Y Y
3 N Tq,s(h.,kl)/ﬁ (Fu) (\/j ) Tq,s(h,kz)/ﬂ (Fi) <\@>
Z% for SI-a.e. y € Cy[0, T]. .

3  Setting k; = ko = h in equation (6.2), we have the following corollary which agrees with the results
87 in [3, 11].

38

4o Corollary 6.2. Let Fy, and Fy, be functionals in ‘/I\% and let h be a function in O« (). Then for each

o P€1,2] and all real g € R\ {0}, it follows that

- T3 (B Fio )™ ) () = T3 (Fiy) <$> T3 ) <$>
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1 for Sl-a.e. y € Cy[0,T].

2
. Theorem 6.3. Let F),,, Fy,, h, and (k1,ka) be as in Theorem 6.1 under the same assumption. Then for
—each p € [1,2] and all g € R\ {0}, it follows that

6 gs(hky) /21 H g,s(hky) /2N B2 —q Y)=1Agn My \ﬁ J153 \6 y

7

‘8 for Sl-a.e. y € Cy|0,T), where s(h,ky) and s(h,ky) are the functions which satisfy the relations (6.3)
E and (6.4) respectively.

10
v Proof. Applying (4.3), (6.2) with Fy,, Fy;, and g replaced with Tq(f’gh e i) T;ighkz) s
12 —q respectively, and (4.3) again, it follows that for SI-a.e. y € Cy[0,T],

13

(Fy,) and

v (») (») (k1 k2)

= (Tt 2 ) T alFie)) )

6 o ) () ) (k1 fz)

7 = lah <Tqah <<Tq,s<h,k1>/ﬁ(F 1) iy i) L, )0

18

19 _ o[ 0 (p) 4 (p) o

20 Ty (T—q7s<h7k1 )/V2 (qu(mk] e >) (ﬂ ) ISYN (Tq,s(h,kz)/ﬁw”z)) (\@ > > )

Lt ()

23

24 as desired. O

25
o6 Setting k; = kp = h in equation (6.8), we also have the following corollary.

27 ~
— Corollary 6.4. Let F,,, and Fy, be functionals in % . and let h be a function in Ou (). Then for each

28
5 PE [1,2] and all real q € R\ {0}, it follows that

30 (h,h) . .

o ()8 ) " 0 =75 (5 (5 ) e (5 ) )00
32

egfor Sl-a.e. y € Cy[0,T].

34

35 Note thatif # = ki = ko =1 on [0, T, then the definitions of the L, analytic GFFT Tq(";l) = Tq(’;) and

3E the GCP (- * -),(Ikl’kZ) = (- -),(1171) agree with the previous definitions [8, 9, 10, 17] of the analytic FFT
57 Tq(p) and the CP (- *-),, because Z; (x,-) = x for all x € Cy[0,T]. Thus, setting ky =k, =h =11n(6.2)

% and (6.8), we also have the following corollary.
39

g Corollary 6.5. Let Fy,, and F, be functionals in T .. Then foreach p € [1,2] and all real g € R\ {0},
41 equations (1.1) and (1.2) with F and G replaced with Fy,, and F,, respectively hold true for Sl-a.e.
2 ye Co [0, T].
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