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ABSTRACT. We apply Krasnosel’skii-Precup fixed point index theorems in cones recently published by Rodriguez-
Lépez [11] to study the existence of multiple positive solutions to a boundary value problem for a system of
higher-order fractional differential equations. An illustrative example is also presented.
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1. INTRODUCTION

The approach of fixed point theory is found to be of great benefit in studying the existence of solutions
for initial and boundary value problems. In particular, Krasnosel’skii compression-expansion fixed point
index theorem [1, 2] is extensively used to establish the existence of positive solutions for different types of
boundary value problems. In [3], Leggett—Williams and Krasnosel’skii fixed point theorems were employed
to accomplish the existence of triple positive solutions to higher-order fractional differential equations with
integral conditions. A detailed description of the work on boundary value problems for fractional differential
equations and systems based on different kinds fixed point theorems can be found in the text [4]. In a
recent paper [5], the author studied the existence of positive solutions for a singular system of nonlinear
fractional differential equations. Krasnosel’skif—Precup fixed point theorem was successfully employed to
investigate the existence, localization and multiplicity of positive solutions for boundary value problems of
systems of differential equations in [6]-[10]. In a recent article [11], Rodriguez-Lépez discussed a fixed point
index approach to Krasnosel’skﬁ—Precup fixed point theorem and applied it to show the existence of positive
solutions for Hammerstein integral equations.

The objective of the present paper is to apply Krasnosel’skii-Precup fixed point index theorems in cones
presented in [11] to study the existence of multiple positive solutions to a boundary value problem for a
system of higher order fractional differential equations. Precisely, we investigate the following problem:

“Dgiu(t) = ¥1(t) fr(u(t), v(t)), t€(0,1),

“Dgio(t) = pa(t) f2(u(t), (t)) te(0,1), (1.1)
u(l):u’(o) =u""%(0 ~H0) =0, '
v(l):v’(O):...: n- 2(0)_1; L(0) =0,

where “Df, is the Caputo fractional derivative of order o € (n —1,n],n > 2 (a = 01,02) and it is assumed
that
(H1) fi € C(]0,1],]0,00) x [0,00)) and #; € C(]0,1],[0,+00)),i = 1,2.

The rest of the manuscript is arranged as follows. Section 2 contains the preliminary material. Main
results are presented in Section 3, while an illustrative example is discussed in Section 4.

2. PRELIMINARIES

In this section, we present some preliminary material that will be used in the proofs of the main results.

Definition 2.1. Let X be a real Banach space. A non-empty closed set P C X 1is called a cone of X if it
satisfies the following conditions:
(1) x € P, > 0 implies ux € P,
(2) x € P,—x € P implies © = 0.
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2 N. NYAMORADI AND B. AHMAD

Definition 2.2. ([12]) The fractional derivative of f € C"[a,b] in the Caputo sense is defined as

‘D f(t) = F(nl—a) /Ot(t — )" () ds, n—1<a<n,n=[a]+1.

In the following lemma, we present the solution of problem (1.1) in terms of Green’s function.

Lemma 2.1. Assume that the hypothesis (H1) holds. Then, the boundary value problem (1.1) has a unique
solution:

u(t) = fy Galt, s)bi(s) falu(s), v(s))ds, 21)
v(t) = fgl Ga(t, s)Ya(s) fa(u(s),v(s))ds,
where
1 =5t —(t—s)0i"t 0<s<t<1,
Gi(t, s) = ~1,2 2.2
9= 1) {(l—s)”“, o<i<s<1, U=0Y 22)
Proof. The proof is similar to that of [13, Lemma 2.8] and is omitted. O
Proposition 2.1. Fort,s € [0, 1], we obtain
1
< 7 I S i ) S T/ N\ ) = 172 *
0 < Gi(t,s) < Gi(s,s) (o) (1 )
Proposition 2.2. Let 6 € (0, %), then for all s € [0, 1], we have
. ‘ > o _pyo—1 . 5 .
,min | Gilt.s) > [1 (1-0) }G,(s,s), i=1,2
Proof. For 6 € (0, %) and i = 1,2, we get
(1 - S)Ui_l - (1 —0- S)Ui_la s € [079]7
. 1L Jmin{(1-g)m == -7 (1 - )7
min  G,(t,s) =
O<t<1-0 Lloi) | =1 —s)7 = (1—6—s)7 L, se0,1—4],
(1 —s)7i71 sell—01].
1 =8t —(1—-0-s5) 1 se0,1-46],
Do) | (1—s)7 1, s€l-0,1].
Since 6 € (0, 3) and 0; > 1 (i = 1,2), we get
o;—1
S oi—1
_ < (1 — g\%i
<1 1 _9> <(1-ys) )
which consequently yields
1-s) 711 -0-5)7"1 > 1-s5)7t-(1-0)7"11-s)0"!
> [1—(1-6)%1)@1 -5t for se[0,1—6],
(1-35)7"1 > [1-1-0)7"1 -5t  for se[l—6,1].
Thus, for s € [0, 1], we have
min  Gy(t,s) > [1— (1 — e)ffi—l]w =[1—(1-6)7"YG(s,s),i=1,2
0<t<1—0 A2 = F(O’Z) i\959) )
g

Remark 2.1. Let 0 = i and s € [0,1]. Then, by Proposition 2.2, we obtain

min_ Gy(t, s) > [1— (Z)Uz’*l]ai(s,s),i: 1,2.

<t<

=
N1

Lemma 2.2. If the assumption (H1) holds, then the unique solution u of the problem (1.1) satisfies the
inequalities:
(i): u(t) >0, fort € [0,1],
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(ii): miny pcp u(t) > (1= ()7 Jull and miny s 0(t) = (1= (3)2) o).

1
1
Proof. (i) By Proposition 2.1, it is obvious that G;(t,s) > 0, i = 1,2, so we get u(t) > 0.

(ii) From Remark 2.1, for t € [%, %], we have

1
1

1
u(t) = AGN@%@ﬁwﬁwww

> (1= [ Gt atuts)otsnds > (1= Gl

Therefore, we get min <t<3 u(t) > (1 - (%)"1*1> |lu||. In a similar manner, it can be shown that

1
1

]
Define
: 3 o1—1
Ky = {ue C(0,1])fu(t) > 0, min u(t) > (1= (7" ul}. (23)
IQZ{UGCWJMMQZOHggy@ﬁzQ—(b”*)ww- (2.4)
Observe that K; and K5 are cones. Define an operator T': K — K as
T(u,0)(t) = (Tt (u, 0)(t), Ta(u, 0)(1)),
where
1
ﬂww®=AGﬁ@w@MM%Mw%,ﬁﬂ% (2.5)

and K = K; x K is a cone in C([0, 1]) x C([0,1]).
Notice that that the existence of a positive solution for the system (1.1) is equivalent to that of a nontrivial
fixed point of T" in K.

Lemma 2.3. Suppose that the condition (H1) holds. Then T(K) C K and T : K — K is completely
continuous.

Proof. For any (u,v) € K, by (2.3) and (2.4), we obtain T;(u,v)(t) > 0 and, for ¢t € [0,1] and i = 1,2,
1 1
T, 0)(0) = [ Gult.shu(s)fiu(s) o(s)ds < [ Gulos)uals)flute). ()i

Thus, ||T;(u,v)|| < fol Gi(s, 8)Yi(s) fi(u(s),v(s))ds.

On the other hand, for t € [%, ﬁ] and 7 = 1,2, we have

1
Ti(u, v)(t) = /0Gi(ta8)¢i(8)fi(U(S)av(8))d5

v

(1) [ Gitsssmi o) tuts) oty
> (1= ()i o)l

So T(K) C K. By conventional arguments and Ascoli-Arzela theorem, one can show that T': K — K is
completely continuous. ([l

Our main results are based on the following new alternative versions of Krasnosel’skii-Precup fixed point
theorem, which were recently proved in the article [11] and are stated below for the convenience of the reader.
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4 N. NYAMORADI AND B. AHMAD

For r = (r1,72) € R% and R = (Ry, Ry) € RY with 0 <7; < Rj, i = 1,2, set
(Ki)r, = {ueK;: |Jul| <ri}, (Ki)r, ={u€ Ki: |ull <},
K,r = {(u,v) € K: ry <|u|| < Ry, m2 < ||v|| < Ra}.

Theorem 2.1. ([11, Theorem 2.8]) Assume that T = (T1,Ty) : K, r — K is a compact map and there
exists hy € K; \ {0} for each i € {1,2} such that one of the following conditions is satisfied in K, g:

(a): Ti(u) + phi # i, if |Juil] =75 and >0, and T;(u) # Au; if ||ui|| = Ri and X > 1;

(b): Ti(u) # Aug, if [|us|| = ri and X >0, and T;(u) + phi # w; if ||wil| = Ri and p > 1.
Then, T has at least one fized point u = (ui,ug) € K with r1 < |ju|| < Ry, re < ||v|| < Ra.

Theorem 2.2. ([11, Theorem 2.11]) Let X and Y be normed linear spaces, K1 C X and Ko CY be two
cones, K = K1 x Ko and r\9) = (rgj) (])) € R2 and RV) = (R(J) R( )) € R2 with 0 < rl(]) < Rl(]) (i=1,2,
j=1,2,3). Assume the sets FN-),R(]) are such that

K,0) ro Ufr@),pm C K, pe and K. po ﬂfr@),R(?) = 0.

Moreover, assume that T = (T1,T5) : FT(3)7R(3) — K is a compact map and there exists hg € K; \ {0} for
each i € {1,2} and j € {1,2,3} such that one of the following conditions is satisfied in K . RO

(a): T;(u) —|—th # ui, if ||lwil| = 7“ () and p >0, and T;(u) # A if ||ug| = l]) and A > 1;
(b): Ti(u) # Ay, if ||u|| = 7“1( D and A > 0, and T;(u )+th # u; if |lwil = Z(J) and p1 > 1.
Then, T has at least three fived points W = (i), %) € K (j € {1,2,3}) such that

u' € K, gy, 0 €K, pe, U € K,q R(s)\( (1), R() UKT(2) R(2>)

3. MAIN RESULTS

For w = (w1, w2) and 0 = (1, 02) with @, 0; > 0, w; # 0;, i = 1,2, we set the notation:
: 1
M, = /4 Gi(s, s)i(s)ds, M; :/ Gi(s,8)Yi(s)ds,i =1,2,
1
4 0
4

© . 30’7 3‘7*
o7 — mln{fl(u,v):(l—(4)1 Nor<u<an, (1—(1) 2 1)rz§v§Rz},

w ; 3 o1— 5 7

@1 ;0 — mln{fQ(u,’U)(l—(4) 1 1>TISUSR17 (1_(1) 2= 1>Q2<'U<02}
AT = max{fi(u,v):0<u<®, 0<v< Ry,

AT? = max{fa(u,v): 0<u< Ry, 0<v < wa),

where r; = min{w;, 0;} and R; = max{w;, 0;}.
Now, we present our main results.

Theorem 3.1. Suppose that (H1) holds and there exist positive constant w;, 0; > 0, w; # 0, i = 1,2, such
that

3.5 ~ )
(1 — (1)‘”‘1)Mi®?"’ >0, MAT? <w; (i=1,2). (3.1)
Then, the system (1.1) has at least one positive solution (u,v) € K such that r1 < ||u]| < R1 and ra < ||v|| <
Ry.

Proof. Let h; :==1 € K; \ {0},i =1,2. The proof will be completed in two steps.

(1) We verify the condition (a) of Theorem 2.1 as Tj(u,v) + pul # w and Th(u,v) + pl # v, if ||ul| = o1,
|lv|| = 02 and p > 0. To this end, assume that there exists (u,v) € K, g with ||ul| = o1, |[v|| = g2 and p >0
such that 77 (u,v) + pl = u and T5(u,v) + pl = v for the sake of contradiction. Then we have

{u(t) = [y G1(t, 81 (s) fu(u(s), v(s))ds + p,
v(t) = [y Galt, 5)tba(s) fa(uls), v(s))ds + p.
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ANALYSIS OF A COUPLED SYSTEM OF FRACTIONAL DIFFERENTIAL EQUATIONS 5
Since (u,v) € K, g C K with |lu|| = g1, ||v]| = 02, therefore,

1= (") < ult) < o1

13
for all t € [,}
(3)2 1 )ra < olt) < Bo, 44

Hence, for t € [i, %], by (3.1) and Remark 2.1, we obtain

u(t) > / Gt )0 (s) i (u(s), v(s))ds > OF ¢ / * Gt s)br(s)ds

Vv

3
- 30— 1 w 3\o1—
0] ’Q<1 — (Z) 1) [ G1(s,8)¢1(s)ds > O] ’9<1 — (1) 1>M1 > o1,
i

which is a contradiction.

(2) We verify the condition (b) of Theorem 2.1 as T’ (u,v) # Au and Th(u,v) # v, if ||u|| = w1, ||v]| = @2
and A > 0. Equivalently, it will be shown that ||T}(u,v)|| < w; for all (u,v) € K, p C K with |u|| = w1,
||v|| = w2. So we have

< <
{O_U(t) = w, for all ¢t € [07 1]'

0 <w(t) < Ry,

Hence, in view of (3.1) and Proposition 2.1, one can get

1 1 o
Ty(u, v)(¢) = /0 Gilt, $)s(s) fi(uls), v(s))ds < A= /0 Gils, 8)ibi(s)ds < APOTT; < ;.

Consequently, ||T;(u,v)| < w;. Therefore, by Theorem 2.1 with r; = min{w;, ¢;} and R; = max{w;, 0;}, we
have the conclusion. O
Theorem 3.2. Suppose that (H1) and 'the'followmg' cond;’tz’ons hold:

(H2) there exist positive constant wf,g{ > 0, w{ #+ QZ, 1 =1,2, j = 1,2,3 such that w},w?,g},g? €
[}, RY] fori € {1,2};

(HS3) there exists i € {1,2} such that R} < r?, where r! = min{w!, ¢!}, R} = max{w!, 0! };

1
(H4) (1_(2)@71)%@?@@ >ol, MANT? <l i=1,2, j=1,23.

Then, the system (1.1) has at least three positive solutions.

Proof. We shall apply Theorem 2.2 to the operator T' = (11,12) : K,s gs — K, where T1,T> are de-
fined in (2.5). By (H2), we have K,s g1 [JK,2 gz C K3 ps. On the other hand, it follows by (H3) that
FT1731 ﬂ?erp = .

Also, by the condition (H4) and the arguments used in the proof of Theorem 3.1, we can verify the
assumptions (a) and (b) of Theorem 2.2. Therefore, by Theorem 2.2, we get the conclusion. O

4. APPLICATION
Consider the following system of fractional differential equations with the boundary conditions:
3
“DE,u(t) = a(t) u(u(t), o(t
)

) (& )
D v(t) = ¥2(t) f2(u(t), v(t)
u(1l) =4/(0) = 0,v(1) =2'(0

)
), te(0,1), (4.1)

where n =2, 0; = 3, fi(u,v) = w*(1 + sin(u) cos(v)), fa(u,v) = v*3(1 + sin(u) cos(v)) and ¥1(t) = 1ha(t) = ¢.
Using the given values, we find that M; = 0.18889, M; = 0.3009, (1 . (%)UH) — 0.1339 for i = 1,2.
Moreover, by the condition (H4), we have o1 = 03 = 0.00024, w} = 0.3, 0? = 130, w? = @} = 1120, wg =3
and g} = 1100 for j = 1,2,3. So, by Theorem 3.2, the problem (1.1) has at least three positive solutions

(u1,v1), (u2,v2) and (us,vs) satisfying 0.00024 < |jui|| < 0.3,3 < [Jv1] < 1100,130 < [lug| < 1120,3 <
lvz| < 1100,0.3 < [Jug|| < 130,3 < ||lvs|| < 1100.
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