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Abstract. The main purpose of this paper is to introduce a new line search viscosity method for finding a common solution of
finite families of fixed-point problems of demicontractive mappings and pseudomonotone equilibrium in a real Hilbert space.
We give a strong convergence theorem under mild conditions. We proposed a method that solves a single strongly convex
problem for only one iteration and uses an Armijo line searching rule to identify an optimal step size for the next step without
computing any half space. We have demonstrated the importance of the applicability of our algorithm to find solutions of a
variety of nonlinear analysis issues. Our result enhances many existing results in the literature. Furthermore, we give numerical
examples to show its relevance.
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1. INTRODUCTION

Equilibrium problem (EP) includes various mathematical problems such as the Kirszbraun problems, optimization problems,
fixed point problems, Nash equilibrium of noncooperative games, variational inequality problems (VIP), saddle point problems,
complementarity problems and vector minimization problems as its special case (for more details; see [1, 2]). According to
our knowledge, Muu and Oettli [3] coined the term equilibrium problem in 1992 and Blum and Oettli [4] popularized it in
1994. Several authors have established and extended a number of results concerning the existence of an equilibrium problem
solution (e.g. see [1, 5, 6]). In addition, various numerical approaches for solving equilibrium problems in both finite and
infinite-dimensional spaces have been established.

A finite family of EP is the problem of identifying a point ' in intersection of nonempty closed convex subsets Q = ﬂl};l Qj

of Hilbert space H such that
hj(y/,5)>0forallje Qand 1 < j <N, (1.1)

where i : Q; x Q; — R are bifunctions. The problem of identifying a common element of the set of fixed points of nonlinear
mappings and the set of equilibrium problem solutions has recently become a popular issue. The most popular methods to
solve equilibrium problems is the proximal point method. Martinet [7] initially established the proximal point approach for
problems involving monotone variational inequality and later, Rockafellar [8] extended the concept to monotone operators.
Moudafi [9] has also suggested the proximal point approach for monotone equilibrium problems. Konnov [10] proposes an
alternative variant of the proximal point method with weaker conditions. However, this technique cannot be used to solve a

pseudomonotone equilibrium problem. To overcome this problem, Tran et al. [11] proposed an extragradient method for solving
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EP and proved a weak convergence theorem. Extragradient-like methods require an iterative sequence with prior knowledge of
Lipschitz type constants. But all Lipschitz type constants are not easy to compute. As a result, various techniques for providing
variable step sizes have been suggested as a means of overcoming this issue. For example, Rehman et al. [12] proposed Popov’s
explicit iterative extragradient method (PESM) with the subgradient method and proved a weak convergence theorem. To be
more precise, they created a half-space to minimize the number of iteration steps and improve convergence. Since then, other
authors have done extensive research on the PESM; see [13, 14]. But for some cases, it is difficult to compute that half space
Cy; for C,, see [12].

On the other hand, The Armijo line-search rule is a widely accepted technology that can significantly improve the conver-
gence process of the algorithm’s iterative sequence. As a result, it can be used to solve equilibrium and related problems in
Hilbert space. Many authors used linesearch method for solving equilibrium problem; see [15, 16, 17, 18] and the references
therein. In 2021, Jolaoso et al. [17] proposed a parallel line search method for solving finite families of equilibrium and fixed
point problems. They take condition on control parameter that ZZJ‘-’I:O 0,,j = 1; for §, ; see [17]. To remove this condition we
proposed a viscosity type method for solving finite families of equilibrium and fixed point problems which does not require
such condition.

Recently, various common problems namely common minimization problems, common variational inequalities, common
equilibrium, and common variational inclusion problems have been studied by many authors. For example, In 2016, Hieu [19]
proposed parallel hybrid Mann-type extragradient method to find common solutions to pseudomonotone equilibrium problems.
They proved the stepsize meets some condition based on a prior estimate of the bifunctions Lipschitz-like constant. It should be
noted that the Lipschitz-type constants is generally difficult to find. This difficulty may make it difficult for researchers to use
these algorithms. In 2021, Ogwo et al. [20] proposed an iterative method to solve common solution of variational inequalities
and fixed point problems for demicontractive mappings.

In this paper, influenced and inspired by the above results, we propose a new line search viscosity method and find a
common solution of finite families of pseudomonotone equilibrium and fixed-point problems of demicontractive mappings in a
real Hilbert space. We prove its strong convergence. The advantages of our new method are (1) it solves a single strongly convex
problem for the only one iteration and uses an Armijo line searching rule to identify an optimal step size for the next step; (2)
we do not require to compute the half space Cy;; (3) we do not take any condition on control parameter that ZI}’I:O G =14%
we do not require previous knowledge of Lipschitz constant; (5) we give strong convergence theorem under mild conditions.
Moreover, we use this result for solving finite families of equilibrium problems and various problems like variational inclusion,
equilibrium, null point, multiple-sets split feasibility and variational inequality problems. We also give numerical examples to
show its relevance. We represent the solution set of finite families of equilibrium and fixed point problem for demicontractive

operators by I'.

2. PRELIMINARIES

In this section, we provide some basic definitions and results that will be used to establish our main results. Suppose that H

is a real Hilbert space and Q is a nonempty closed convex subset of H.

Definition 2.1. The bifunction 2 : Q x Q — R is called
(i) pseudomonotone if
h(p',y') > 0implies h(y', p’) < 0 forall p’,y' € Q.
(ii) monotone if
h(p',y)+h(y,p') <0forall p',y € Q.
(iii) strongly pseudomonotone if there exists y > 0

h(p',y) > 0implies (Y, p') < —y|p’ —y'||* for all p’,y' € Q.

Remark 2.2. Every strongly pseudomonotone mapping is pseudomonotone but converse is not true.
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Example 2.3. The bifunction /1 : Q x Q — R defined as h(p',y') = X2, (Vi = p))IP'|, 0= {x e RS : p| > —1,pl > 0,i =

2,3,4,5} is not strongly pseudomonotone but pseudomotone.

Proof. Clearly, the bifunction % is pseudomonotone on Q. Now, we will prove it is not strongly pseudomonotone on Q. For
this we provide a counter example. Let p’ = (—1,0,0,0,0) and y’ = (0,0,0,0,0). Let £(p’,y’) > 0, which implies

5
Y oi=phllp' I = 0. @.1)

i=2
Now, h(y',p') = L3, (Pl —¥})|ly'|| = 0 for p’ = (~1,0,0,0,0) and y’ = (0,0,0,0,0). Also,
I —y|*=1. 2.2)
Clearly, following inequality is not satisfied for any y > 0
(', p") < =vlp' =¥ I1% 23)
Therefore A is not strongly pseudomonotone on Q. d

Definition 2.4. A mapping Py is called metric projection from H to Q if

;¥ € Q) forall p' € H. 2.4)

Ip" = Pop'|| = inf{|[p’ -
Definition 2.5. An operator S : H — H is called
(1) nonexpansive if
ISP =Syl < [p =/|| forall p',y" € H.
(i1) L-Lipschitz if there exists L > O such that
ISP’ =Sy || <L||p' —y'|| forall p',y" € H.
(iii) t-demicontractive if 7 € [0, 1) and Fix(S) # ¢ such that
IS’ =Y I> < 1p" =Y |I> +<llp’ —Sp'||* for all p’ € H and y € Fix(S).
(iv) contraction if there is a constant it € (0, 1) such that

ISp’ —Sy'|| < wllp’ = forall p’,y" € H.

Definition 2.6. Assume that j : H — R is lower semicontinuous, proper and convex function. Then subdifferential is defined

as
2j0")=1{pr eH: j(d)—j0) = (p'.d' —')} forally',q" € Dom(j). (2.5)

Lemma 2.7. [18] The metric projection Py satisfies:

(i) Forp'€eHandy €Q,y =Pop' iff (p'—y,y —¢') <0 forall ¢ € Q.

(ii) |Pop' =y I <Ilp’ =Y'|* = ||Pop’ = P'|]* for all y' € Q and p' € H.
(iii) |Pop’ —PoY'||* < (p' =¥ . Pop’' —PgY') forall p' € H and y' € Q.
Lemma 2.8. [21] Consider {1} a sequence of real numbers and there exists a subsequence {n; } of {n} satisfying ln, <1, 41 for
all t € N. Then there is a nondecreasing sequence {ms} C N such that my — oo and satisfies the following properties for every

number s € N

Img < g1 and Iy <Ly 11, (2.6)

where mg = max{t <s:l <l1}.

Lemma 2.9. [22] Assume that | is real-valued function on H. Define E = {p' € Q:I(p') <0}. IfE is nonempty and [ is

Lipschitz continuous with modulus 6 > 0, then
1
d(p',E) > 5 max{l(p'),0}, Q.7

where d(p',E) is the distance function from p' onto E.
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Lemma 2.10. [23] Assume that family of sequence {7 }Q’I:t C Ris countable , where t > 0 is a fixed integer and Ny € N is such
thatt+1 < Nj. Then

M M
URDY rkH I-g)+[[(1-m)=1 (2.8)
k=t+1 =t i=t

Lemma 2.11. (23] Assume that {5 }}L, C [0,1] and {rk}igl C H are countable finite sets, where t > 0 is a fixed integer and
N1 € Nis such thatt+1 < Ny. For p',q',y' € H, define

M

I'=gp'+ Y rkH 1—1)re 1+H 1—1)y, (2.9)
k=t+1 i=t
then
2 2 & 2 2
! /!
1'=d'IP <=l =41+ Y, TkH 1—7)|lre—1 —¢'|| +H1*n Iy =4l
k=t+1 i=t
M k—1 )
o ¥ w10l -t P+ TT0 - sl 1 (2.10)
k=t+1 i=t i=t

Lemma 2.12. [24] Let {gn} C [0,0), {pn} C (0,1) and {b,} are real sequences satisfying the inequality
Gn+1 < (1= pn)gn+ puby for all n € N. (2.11)

Suppose Y.>_, pn = o and limsupb, <0, then 11m N Gn = 0.

n—yoo
Assumption 1. We need the following assumptions on the bifunction h to solve the equilibrium problem:
1. his pseudomonotone on Q.

2. h(.,t) is continuous on Q for everyt € Q.

3. h(x,.) is convex and subdifferentiable on Q for each fixed x € Q.

3. MAIN RESULTS

In this section, we introduce a new line search viscosity method and prove a strong convergence theorem for solving finite
families of equilibrium and fixed point problems for demicontractive mappings.

Let Q; be family of nonempty, closed and convex subsets of a real Hilbert space H such that Q = nle:l Qj,where ] <j<N
and S, : H — H, k=1,2,...,M be a finite family of demicontractive mappings with constant 7, such that / — Sj are demiclosed
at zero with n = max{nk}g”: 1- Lethj : Q; x Q; — R be bifunctions satisfying Assumption 1. Assume that ¢ is a -contraction

operator defined on H.

Algorithm 3.1. Consider ¢1,p € (0,1), y€ (0,1), and {x;, } C [k,k], where 0 < k <k,1 < j<Nand Y, |7, <ec. Choose
t9,t; € Q and ¥, such that 0 <y, < 7,, where

min #,y} i 1y # 11,
T = {an*fnfl” n n (3.1

Y otherwise.

Moreover, 1, is a positive sequence such that 7, = 0(9,}) satisfying lim, e % =0.
n

Step 1: Compute

Xp =1In — Yn(tn —In—1 )7

; (1 , (3.2)
uy = argmin —J.Hyfxn” +hj(x,y):yeQp.
2K;
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Step 2: (Armijo line-search rule) Find &, as the smallest positive integer that satisfies

= (1= b,

(3.3)
—hj (v o) = ol — |
Set v}i = v,j;. Ifoe 8hj(v,j;, v{;), sety, = v*,’; and go to Step 4. Otherwise, do Step 3.
Step 3: Evaluate l',{(t) = <x£,t — v,’l> wherex{; € 8hj(v;’;,v{;) for j =1,2,...,N. Construct the set
E,={teH: Z ol 1i(1) <0}, (3.4)

where {a,, }N, 1 € (0,1) such that ):N_l o) =1 and E,, is nonempty set and 14 are Lipschitz continuous with modulus 6, such

that & = min{6,,;n € N} > 0. Evaluate

Yn = PE,X (xn)
(3.5)
Step 4: Evaluate
. e Ml kel .
i1 = 9n¢(tn) + (1 - en)[enyn + Z 0, H(l - G;L)Skfzyn
k=3 =2
M+1 A
+ T (1—63)Suynl. (3.6)
i=2
Remark 3.2. Clearly, from equation (3.1) and Y, 7, < oo, we have
Y. Fallta_1 —ta]] < oo and %Hzn ity = 0 as n s oo. 3.7)
n=1 n
Lemma 3.3. Assume that x,, # u{, then there is a nonnegative integer ky satisfying (3.3).
Proof. We prove the result by contradiction. Let for every k, > 0, we estimate
v = (1= pk)x, + p*r ) (3.8)
k n n .
and
(v ) < Py — ) (3.9)
T\V ko ¥n 2K‘,{ n nil - .
Taking limit n — oo and using Assumption 1, we have
1
—hj () < L8 - [l — 12, (3.10)
2K
which implies
1
0<h (xn,un)+2"’—|\xn—un\|2 G.11)
As uﬁ is the solution of strongly convex problem, therefore we have
1 i 1
— [t — 2 |* + B G, 1) < — [y =l + 1 (xn,), Wy € Q. (3.12)
2k, 2k
Put y = x,, in equation (3.12), then we get
1 . .
ﬁ\|u{,fxn|\2+hj(xn,u{,) <0. (3.13)
n
From equations (3.11) and (3.13), we have
1 i 1
=l < 2 — 2, G.14)

n l‘l
which implies either x,, = u}, or ¢; > 1. If x,, = u},, then this is contradiction to x, # u;,. Also if ¢; > 1, then this is contradiction

to ¢; € (0,1). Hence, we deduce that the Armijo line search rule in equation (3.3) is well defined. g
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Lemma 3.4. Assume that solution set is nonempty i.e., y € T. Let l,{ )= <xf;, y —v£>, where xf; and v{; are defined in
Algorithm (3.1), then

Sy > 2
Iy (xn) > 20 fpk")K,{ |26 — un || (3.15)
Additionally, l,{ (') <0and if x, # vi, then l,{(y’) > 0.
Proof. Let s/ (x,) = x, — vﬁ. Using equation (3.3), we have
J k)
Vik — p ity

Subracting vi; on both sides of equation (3.16) and set vik = v{;, we have

(v — uj). (3.17)
Since xﬁ € 8hj(v{;,v{;), then using equations (3.3) and (3.17), we have
llj;(xn) = <x£axn - V{1>

K o .
4 <x{,,vf,—u]>

:lfpkﬂ

o P Y ol

> l—pkn( (v, vn) = hj(vn,u ))
ph

01l — 15|12 (3.18)

2(1— phn)]
Now, if x,, # vi, then I} (xn) >0. Asy €T, wehave h;(y',z) > 0forallz€ Q, j=1,2,...N. Also, each h; is pseuedomonotone
on Q, which impies h;(z,y") < 0. Subsequently,

<0. (3.19)

Remark 3.5. Clearly y' € E,, and Ej, is a closed convex subset of a real Hilbert space H.
Theorem 3.6. Let the solution set ﬂyzl EP(h;,Q)N (ﬂiw:l Fix(Sy)) is nonempty and h; for j =1,2,...,N satisfy Assumption
1. Assume that {6F} satisfying the following conditions:
: : 1 _ oo 1 _
(i) r}grolcﬂn =0, and Y (0, = oo,
(i) liminf@? > 1 where n € N,
n—soo
(iii) liminf 6 [T\=) (1 — 6}) > 0 for every k =3,4,....M + 1 and
n—oo =
liminf [T (1 6;) > 0.
Then {t,} converges strongly to y' € ﬂl};l EP(h;,0) N (ML, Fix(Sy)).
Proof. Firstly, we show that the sequence {#,} is bounded. Assume that y’ € ml}’: VEP(h;,0) N (ML, Fix(Sy)). From equation
(3.5) and Lemma (2.7), we have
1y =11 = [1Pg, (n) = ||
< e =112 = 1P, (xa) = x|
< Ja = |I? = d(n, En) (3.20)

< =% (3.21)
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Using equation (3.2), we have

oen =¥l = lltn = Ya(tn — ta—1) =Y
<|ltn =Yl + Yalltn = tn—1 |-

Let

o Ml kel M+1
hn—9yn+Z9H1— Skzyn+H1— )Samyn-

i=2

Using Lemmas (2.10), (2.11), equation (3.21), and conditions (i) and (iii), we have

M+l k=1 . M+1 _
I =Y 1* =1167ya+ Y, 0K [T(1—61)Sk—ova+ [T (1—61)Saryn—y'|I*
k=3 i=2 =2
M+1 —
< 92Hy,, -y H2+ Z ekH 1-6 HSk 2Yn — y/||2

M+1 ' 5
+TL0- 6Dl |

M+1 —

; M+1 .
- 92[ Z ek H (1=6,)[yn _Sk—2)’nH2+ H (1=6,)[[yn —SMynHZ}

i=2

<02y~ + Z GkH 05)(Ivn — Y1 + Me—2llyn — Sk—2vnll*)

M+1

+ H (1= 63) Uy =" +1aa [yn = Spayal®)

) M+1 Pl ) 5
-oi L ol H 00 e Sc-avlP+ T (1= 6)ln — Sl

i=2
M+1 — M+1

[92+Z"kn +H (1= 0) Iy — '

M+1 P k—1 2 5

[ Z 6, H 6:)(87 — Mi—2)|[yn — Sk—2ynll

=2
M+1

+ [T (1= 667 = mus) v = Saaza ]
i=2

M+1 k-1

<lon =3I~ [ X, XTI = 6n)(6 =l =Szl

M+1

+ T1 (=806 )l — U]
i=2

< llyn 7y/||2

< b =12

From equations (3.6) and (3.26), we deduce that

i1 =1l = 1165 9 () + (1= 6, ) — ||
=164 (9(ta) =) + (1= 6;) (hn =)l
< O, 119(ta) =9 O + 6, 19 0') =¥ | + (1= 6;) 17ty — ||
< 6, 8ltw =1+ 6, 00") = Il + (1= 6) [[u = |
< 0, 8lltw =1+ 6, 00") = Il + (1= 6;) (ltn =¥ | + Falltn — tu—11I)

= (1= (1-8)8,)llta—'|+ 6, 196") — +9nl%th —tni]-
n
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As nlgr; % |ltn — t1—1]] = 0, we have % ltn —t,—1]] < K. By using equation (3.27) we find

e+ =¥ < (1= (1= 8)8,;)1tn =[] + 6, (H¢(y') =Yl +K)

K+o0") =Yl
< max{l, — /), IO
K+
< max(Jry —y'), K102 (3.28)
g
Hence the sequence {#,} is bounded. Also, {¢(,)}, {y»} and {x,,} are bounded. Consider
([ _YIHZ = |[ta = Ya(ta — tn—1) _y/”z
= ”tn —y/llz +73th _tn71|| —2% <tn —Ih—1,In _y,>
< ”tn_y,”z'i'%%uln —tn—1ll + 2%lltn = ta—1 1[It _y/H
t 1,
< w32+l — ) Tl
n
< Mlim =1+ Yalltn — a1 1Ko, (3.29)
where Koy = sup{¥:||/tn — ty—1|| + 2]/t —¥'||; n € N}. Now, by equation (3.24), we get
i1 = Y12 = 1638 (tn) + (1 = 63 ) — ||
<0, 119(tn) =1+ (1= 6,) [ =¥ |17
1 ) T e = 2
<6119t =Y I+ lya = —[Z 0 T1 (1= 60)(65 =) = Se-2
M+1 '
+ [T (1= 682 = m)lya = Swnl]- (3.30)
i=2
Using equations (3.21) and (3.29), we get
Ml ke 5 ,
Z 0, H 17 n 9,, )H)’n*Sk—Z)’n”
=3
! i 2 < 012 /112 /112
+ [T (1=60)(67 = m)llyn = Saayall> < 63119 tn) =¥ 11> + lltw = Y1 = w1 =¥ I + Walltn — tn—1]|Ko- (3.31)
i=2
Consider,
st =Y 1> = 11659 (tn) + (1= 6, )y —y'||?
= 1162 (9(tn) = 9(")) + (1 = 6;) (ha =) + 6, (9 ) =)
<1163 (9(tn) = 90)) + (1= 6;) (= )|* +26; (9(') =1 =)
<0, 119(tn) = 9O + (1= ) ln =¥ > +26, (90/) = stws1 =)
< 0,8l =Y+ (1= 6,) ([ltn =¥ 11> + alltn — 10— 111K0) +26, (90') =¥ 141 =)
< (1= (1=8)0,)tn =Y |I* + Walltn — ta—1]Ko +26, (6(/) =3 stur1 =)
K ty —ty— 2
< (1= (1-8)8) >+ (1 - e | e Bl sl 2 o0 -] a3
-5 6 -5
Hence, we get
Gn+1 < (1 _Pn)CIn + Pubn, (3.33)
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where g, = [l =%, pu = (1= 8)8) and b, = 5 et 4 220 (6(4/) =y 101 - ).

Now, we show that ¢, — y'.

Case 1: Assume that there exists a N € N such that {||z, —y'||} is decreasing for n > N. As {||z, —)'||} is bounded and
monotonic and subsequently convergent. From equation (3.2), we get

t, —t,_
) = o). Jelin—n=1)

o = tall = 1| = s = 1 = (334
n
Taking limit n — oo, we get
lim ||z, — x,|| = 0. (3.35)
n—oo
Consider
2 1 N2 S ok TT i
tn 1 —=nll* = 116, @ (vn) + (1= 6,)[67vn + Y 6, [T(1—6,)Sk—20m
k=3 =2
M+1 ' 5
+ H (1= 6,)Smyn] = yull
i=2
| 2, M+1 . k=1 5
<0, [100n) —yul”+ Z 0, H HSk 2Yn = Yl
i=2
M+1 )
+ H (1-9, |SM}’n yall 7] (3.36)
Taking limit n — oo in equation (3.31) and using conditions (i)-(iii), we have
lim ||y, — Sk_oyn|| =0 for 3<k<M+1and lim |y, —Syynl =0. (3.37)
n—yoo n—yo0
Taking limit 7 — oo in equation (3.36). From equation (3.37) and lim, ;e 6, = 0, we have
Jgﬂc||tn+l _)’nH =0. (3.38)
Using equation (3.25), we have
ltnt =Y 12 = 11629 (ta) + (1 = 6, 1w —y'||?
< 0, (10 (t) =y + (1= 6,) [ — |
< 0,10 (ta) =¥ |12+ (1= 6, lyn —¥'[I?
< 0,119 (1) =¥ I7 + Iy =¥ I1%, (3.39)
which implies
—lyn =1 < 6119 (1) =Y I = lltws1 — '] (3.40)
As y, = Pg, (x,) and using Lemma (2.7), we have
1 = yall® + 1% = yall® < [l = Y'I1%, (3.41)
which implies
n = yal® < llen =5 1> =11’ = yull*. (3.42)
Using equations (3.29), (3.40) and (3.42), we have
[en = ynl1* < loen =317 + 82 19.ta) =¥ 17 = [t = |1
th —t—1||Ko
< o=+ 0 2Bt | g ) 1P i -y P (3.43)
Taking limit n — oo in equation (3.43) and using and lim,,_c M =0, lim; o 6 =0, we have
lim ||x, —yu|| = 0. (3.44)
n—soo
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Using equations (3.35), (3.38) (3.44) and by triangular inequality, we estimate
nlij{}onnH *[n” =0. (3.45)
Using Lemma (2.9) and equations (3.15), (3.20) we have
v =Y'I1* < lln =/ II* = d (xn, En)
1
< [lxn _y,HZ - (glé(xn))

pk ¢y

<l =y = (——E—|Ix —ul|?). (3.46)
o = 1P = g s g o= )
Using equations (3.29), (3.39) and (3.46), we have
k,
P j
e+ =3 1* < 6318 (n) =Y I? + lin =Y II? = (Il — un|*)
20(1 — pkn) i)
<ol o2 P ¢y 2 2 _ K 3.4
<6, [1¢(tn) —¥I7 = ( llon = ual| ) + lltw = ¥ 1I” + Yalltn — ta—11| Ko, (3.47)

26(1— pkn) i)

which implies

K
P ¢ j Yalltn — ta—111Ko
POl < 011906~ 1P+t — P ey /P 8} T It
20(1 — p*n) ;) 6,
Taking limit n — oo and using lim;,_e. }/”HI”Q;IZ""H =0 and lim;, 6,11 =0, we have
ko A
lim ”74"] xn — uh||? = 0. (3.49)
n=220(1 — ph)x;)
Hence
lim p** x, — )] =0 forall 1 < j<N. (3.50)
Pl

Let us take two different cases:
Case (i): If lim;_,., p* > 0, then there is a p > 0 and a subsequence {p* } of {p*"} such that for some Iy > 0, {p*= } > p for
all / > ly. Since {x,} and {u,’l} are bounded sequences, there exists subsequence {x,, } and {u{;,} are subsequences of {x, } and

{u{l} Let {x,, } converges weakly to some p’ € Q. This implies
lim ||, —uj,|| =0 forall 1 < j<N, (3.51)

which implies {u{;,} also converges weakly to some p’ as I — 0. Using the definition of u',’;,
uy, = argmin { 2% 1y = 12 + (e, 3) 1y € Q} : (3.52)
]
which gives
0 € Oh;j(xn,,ul,) + Lj(ug, — %) +No(uj) forall 1 < j<N. (3.53)
0

There exists gf;, € dh; (xn,,uf;,) for 1 < j < N such that

<gf;,,y— u£,> + KL/ <uﬁ, —Xn,y — uf;,> >0 forallye Q. (3.54)
iy
As we know that
B y) = (g ufy) > <gi}1,y*u,’;,> forall y € Q. (3.55)
Also
iy =5y =y ) <y =5 Ly = (3:56)
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STRONG CONVERGENCE THEOREM ..... 11
Using equations (3.54), (3.55) and (3.56), we have

hj(xnm}’) _hj(xnnu{u) + Y <u{u _xmay_u£1> >0forallye Q 3.57)
o
and
) 1 . )
hj(xn,,y) fhj(xm,u{,l) + T””{U — X, | ||y7u,/11 ||>0forallyeQ. (3.58)
1y

Letting [ — oo and using the weak continuity of /; and equation (3.51), we have
hj(p',y)fhj(p',p') >0 forall y € Q. (3.59)
Therefore
hj(p',y) >0forally € Q. (3.60)

Hence p’ € ﬂ_l;’zl EP(hj,0).
Case (ii): Assume that lim;,_c. pk”l = 0. Since {u{,} is bounded sequence, there exists a subsequence {u',’;,} of {u{l} Let {ui;,}
converges weakly to some ¢’ € Q. Put y = x,, in equation (3.57), we have
. 1 .
hj(xnm”{u) < _T”"‘iw_xn/Hz- (3.61)
Kin,

Putting k = k;,, and using equation (3.3), we have

_hj(vzjuk 71,14‘,]”) 2 7j||xn1 _M"Ill Hz (3.62)
M 2K
From equations (3.61) and (3.62), we have
j Lo 2 2 j j
hj(xﬂuuﬂ ) < 77”“"1 7xﬂl“ < a(hj(v”hkn,—l 7“"1))' (3.63)
ny
As "zj;,‘k = (1= p*u)xy, +pk"u£;, and pf — 0, x,, — p and u{;, — ¢’ as | — oo, which implies vihk — p'as [ — oo, Also,

{i |4, — X, ||>} is bounded. So, we can assume that lim; . é l|uth, —xn, || exists. Using weak continuity of /z; and taking
1 1

limit / — oo in equation (3.63), we have
1 i 2
hj(p/7ql) < _Ihm 7]””{1111 — Xy Hz < 7hj(plvq/)' (3.64)
% Ky, o1
Hence, h;(p’,q') = 0 and lim;_, e, Huﬁ, — X,|| = 0. Using similar process as in Case (i), we have p’ € ﬂl}lzl EP(h;j,Q). Taking
limit n — oo in equation (3.31) and using conditions (i)-(iii), we have
lim ||yn —Sk_oyn|| =0 for 3<k<M+1 and lim ||y, — Spya| = 0. (3.65)
n—yoo n—yo0

As {x;,, } converges weakly to some p’ € Q and from equation (3.44), we have lim,_e ||X;, — yu|| = 0, which implies {y,,, }
converges weakly to p’. Also, I — Sy, is demiclosed at zero for each k = 1,2, ..., M, therefore p’ € ﬂkM:I Fix(Sy). Subsequently,
P e ML, Fix(Sy) N ﬂl};l EP(hj,Q). Consider a subsequence {f,,} of {t,} and clearly it converges weakly to p’. Also, by

Lemma (2.7), we have
limsup (1, —',0 (') =) < lim (1, =3, 0 (/') =)
n—yoo [—o0
<=y, 00) =)
<0. (3.66)

As Y pn = oo, from equations (3.33), (3.66) and Lemma (2.12) we get ||z, —w'|| — 0. This implies z, — w'.

Case 2: Suppose that there is a subsequence {gy, } of {g, } such that

qn+1 > qn, forall [eN.
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12 R. CHUGH, C. BATRA, R. KUMAR, H.U. REHMAN

Hence, by Lemma 2.8, there is a nondecreasing sequence of natural numbers {n;} C N such that ngy — oo as s — oo, we have

ltn, = Y| < lltngr1 =Yl
and

lltg = Y1l < lltn 41 = ¥'II
Using equation (3.43), we have

[in, =, > < Nlm, =517 4 ¥ lm, = g1 1Ko + O 19 tn,) =Y 1P =m0 =¥ 117

Y lltn, — tn,—1 1Ko

1 1 2
SeftY 91 +9nx‘|¢(tl’lg)7y” .
ns
Taking limit as s — oo and using limy_e w =0and ILm 6] =0, we have
ng S§—yo00 s
lim [1x,, — 3, | =0,

This with equation (3.31) gives

Mil ke - s
Z enA H(l - eli&)(enA - 77)Hyn.; _Sk_zy”xH
k=3 =2

M+1

(3.67)

(3.68)

(3.69)

+ T1 (1= 60)(02 )y, — Sy 1> < O 10n,) 1P+ i, — I~ w1 =312+, — 11K
=2

Yoy lltn, = tn,—111Ko
S e R e
g
Taking limit as s — oo and using lim 6] = 0 and lim;_,. W =0, we have
s—po0 S ns

li_>m lyn, — Sk—2¥n,|| =0, for 3 <k <M+2.

§—ro0
Similarly, we can prove

é}LTJhn.; _xnsH =0and }Lrg|‘tll,;+l _Ynx” =0.
Also,

lim l[tn+1 = tn, ]| = 0.
As in Case 1, we can prove that
}Lr{}o”xns —n,[[ =0
Proceeding similarly as in Case 1, we have
limsup (9 (') =1, +1—)") <0.
s—ro0
From equation (3.33), we have
n,+1 < (1 _Pn:)Qny +Pnsbns-
AS gp,+1 > qn,, We get
Pnyn, < Gn, — Gny+1 1 Pnbn,
< PnsbnJ
Using p,, > 0, we have g, < b, . Subsequently,
K th, — 1ty — 2
12 0 Yalltn, —tn—1|l ’ / ’
th, — < S —V't _
Hl’l; yH = 1=95 enls +l_6<¢(y) Y lng+1 )’>

11 Oct 2023 10:21:07 PDT
230218-Batra Version 2 - Submitted to Rocky Mountain J. Math.

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)



STRONG CONVERGENCE THEOREM ..... 13

As {t,,} is bounded and KU w — 0 as s — co. Hence, from equation (3.75), we obtain ||f,,, —y'[| — 0 as s — eo. This

together with equation (3.77) implies that ||7,, -1 —)'|| = 0 as s — eo. Also from equation (3.68), we have ||t;— || < ||ty 1 =Y ||

for all s € N, which gives #; — )’ as s — oo. The proof is complete.

Remark 3.7. (i) Hieu’s Algorithm [19] requires to solve two strongly convex program at each iteration, whereas our algo-
rithm requires to solve only one strongly convex program.

(i) Theorem 3.6 generalizes the result of Isiogugu et al. [23] from Halpern method to the Line search extragradient method
including viscosity approximation.

(iii) Theorem 3.6 generalizes and extends Ogbuisi and Isiogugu [25] (Theorem 3.1) from a pseudomonotone EP to a common
solution of finite families of pseudomonotone EPs. Ogbuisi and Isiogugu [25] (Algorithm 3) use conditions on control
parameters that 8, > 0, Y12, By =0, L5 | B2 < o0, and Y37, Bx€n = co. We do not require such conditions.

(iv) Jolaoso et al. result [17] use the condition on control parameters that Z 0On,j = 1. We do not assume such condition.

(v) Theorem 3.6 generalizes and extends Hieu’s [26] result from nonexpansive mappings to demicontractive mappings. Fur-
thermore, our result is independent of prior knowledge of the Lipschitz constant and Hieu’s Algorithm requires to solve

two strongly convex program at each iteration.

4. APPLICATIONS

In this section, we will study that how our result can be used to find the common solution of finite families of equilibrium and
various nonlinear analysis problems like variational inequality problems, variational inclusion problems, null point problems,

multiple-sets split feasibility problems and monotone equilibrium problems.

4.1. Variational Inclusion Problem. Suppose that H is a real Hilbert space. Let S : H — 2% be set-valued maximal monotone
operator. Let r be v-ism operator in H. Take 7 € (0,2v). Then, monotone variational inclusion problem is to find y’ € H such

that
0cr(y)+80). “.1

We know that 0 € r(y') +S(y') iff y € Fix(JS(I —tr)), where JS is resolvent operator. Also, if T € (0,2v), then Ji (I—1r)
is averaged mapping, see [27]. We now present a strong convergence theorem for approximating common solution of finite

families of equilibrium and monotone variational inclusion problems.

Theorem 4.1. Let hj: Q; X Q; — R be bifunctions satisfying Assumption I and Sy : H — 28 be set valued maximal monotone
operator. Let ry be Vi-ism operator in H. Set v.=max{v;}. Take T € (0,2Vv). Suppose ﬂ _EP(h;,0)N (N lle(JSk (I—
Tr))) # ¢ and for any ty,t) € H,{t,} is defined by
Xn = tn = Yaltn = tn—1),
= argmin{ Ll P 500) sy € 0.
2K
Vo= (1= p5) + phoud,
B0 n) = 0, o) > 5 o = 3,
E,={tcH: Z_locn n()SO},
Yn = Pg, (xn),
1= 010 (i) + (1= 667y + 15" 05T (11— 61)72 (I — 7o)y
+ T (1= 00)72" (1= o))y,

where ,,01,p € (0,1), {Kn} C [k, K], where 0 < k¥ < K, lJ( )= <xj t— vn>, where xj) € Oh; (vn,vn)for] =1,2,...,N.and ¢

is a 8- contraction operator defined on H. Also {9,],‘} satisfying the following conditions:
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14 R. CHUGH, C. BATRA, R. KUMAR, H.U. REHMAN

(i) Jﬂ@,} =0, )ﬂgfj||tn—zn_,|\ =0 and ¥ 6} =,
(ii) 1inrgi£fe,% > v where n €N,
(iii) 1igi£f9§njf;21 (1—6})> 0 foreveryk=3,4,...M+1and
li,lrrl}igfn?igl(l —6})>0.
Then {t,} converges strongly to y' € mfj\’zl EP(hj, Q)N (ﬂg’lzl Fix(]f" (I—1ry))).

Proof: Let us take S = Jfk (I —try) for all k € N. Therefore, Sy is averaged mapping and thus nonexpansive. Additionally,

I — S is demiclosed at zero. Thus, Theorem 3.6 leads to the conclusion.

Remark 4.2. Cholamjiak [28] Algorithm requires the computation of C, and the projection of xy onto C,;. If the feasible
set is complex, it may be computationally expensive. Theorem 4.1 generalizes and extends Cholamjiak et al. result [28] from
finite family of monotone inclusion problems to a common solution of finite families of monotone inclusion and equilibrium

problems.

4.2. Variational Inequality Problem. Suppose that H is a real Hilbert space. Let r : H — H be an operator. Assume that Q is

nonempty closed and convex subsets of H, then the variational inequality problem is to identify a point y' € Q such that
(r6)y=y)=z0vyeQ. 42)

We denote the solution set of variational inequality problem by VI(Q, r). If r is B-ism operator on H, it is clear that Py (I — 7r)
is nonexpansive for every 7 € (0,2f). Asy' € Fix(Pp(I —tr)) iff y € VI(Q,r), see [27]. We now give a strong convergence

theorem for approximating common solution of finite families of monotone variational inequality and equilibrium problems.

Theorem 4.3. Lethj: Q; x Q;j — R be bifunctions satisfying Assumption 1 and ry be Vy-ism operator in H. Set v = max{vy}.
Take T € (0,2v). Suppose mijzl EP(h;,Q)N( 2’1:1 VIP(ry, Q) # ¢ and for any ty and t) € H, {1, } is defined by

Xn :tn*Yn(tn*tnfl)v

. ) 1
h :argmm{yuy—xnuuh,-(xn,y) ve Q},

;)
= (1= phr)x, + phou

hj(V) %) = (v nk,un>z 2 |l — w12,

E,={teH: Z lan (r) <0},

Yn = P, (xn),

tus1 = 00 (tn) + (1— 0102y, + X215 OXTT) (1 - 6)) Py, , (I — Tri—2)y

T3 (1— 6)) P, (I — Tra)yal,

where ¥, 01,p € (0,1), {Kn} C [k, k], where 0 < k < K, ln( )= <x£,t—v£>, where x£ € 8hj(v£,v£)f0rj: 1,2,...,N and ¢
is a 0-contraction operator defined on H. Also {G,If } satisfying the following conditions:
(i) Jggoeg =0, lim & Lty —t,—1]| =0 and ¥ 6} = oo,
(i) liminf@?2 > v where n € N,
n—oo
(iii) liminf 6K [\2) (1 — 6}) > 0 for every k =3,4,...M + 1 and
n—oo -
liminf[T3" (1 - 6;) > 0.
Then {t,} converges strongly to y' € ﬂl};l EP(hj,0)N (ﬂi”zl VIP(r, Op)).

Proof: Let us take Sy = Py, (I — try) for all k € N. Therefore, Sy is averaged mapping and thus nonexpansive. Additionally,

I— Sy is demiclosed at zero. Thus, Theorem 3.6 leads to the conclusion.

Remark 4.4. Theorem 4.3 generalizes and extends Hieu’s result [19] from a common solution of pseudomonotone EPs to a

common solution finite families of pseudomonotone EPs and monotone VIPs.
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STRONG CONVERGENCE THEOREM ..... 15

4.3. Equilibrium Problem. Suppose that Q is a non empty closed, convex subset of real Hilbert space H and r is a bifunction.
Thus equillibrium problem for r is to find a point y € Q and r(y,p’) > 0 for all p’ € Q. EP(r) denotes the solution set of
equillibrium problem.

Assumption 2: We assume that bifunction r satisfies the following conditions:

1. r(y/,y) >0.
2. ris monotone i.e. r(p’,y") +r(y',p') <0 forany p’,y" € Q.

3. Foreach p',y.q' € Q, 11msupr(sq +(1=s5)p',y) <r(p',y).
—0t
4. Foreach p’' € 0,y — r(p ,¥') is lower semi-continuous and convex.

‘We next present an important lemma for solving the equilibrium problem.

Lemma 4.5 ([29]). Assume that r : Q x Q — R is a bifunction satisfying Assumption 2. Let s > 0 and p' € H, then there is
Yy € Q and
1

r(d.y)+ N (—dq.4d—p')y>0forally € Q.
Further if T (p') = {q' € C: F(¢',y') + 1 (y/ = ¢, — p') > 0 Yy € C}, then following statements hold:
1. T} is single valued.
2. T7 is firmly nonexpansive i.e. for any p',y’ € H

2

I (P") =TT OO < (T (0" =TT ). =)

3. Fix(T7)=EP(r).

4. EP(r) is convex and closed.

The equilibrium problem can be solved as a fixed point problem, as shown by the above lemma. We now present a strong

convergence theorem for estimating a common solution of finite families of equilibrium and monotone equilibrium problems.

Theorem 4.6. Let hj: Q; x Q; — R be bifunctions satisfying Assumption I and ry : Qr x Qr — R be bifunctions satisfying
Assumption 2. Suppose ﬂ _EP(h;,0)N( 2’1:1 EP(ry,Q) # ¢ and for any tg and t; € H,{t,} is defined by

Xn =ty — Y(tn —th—1),
u, = argmin{%Hy—xnﬂz-ﬁ-hj(xn,y) HRAS Q}v
2K
Vik = (1— ")y + prusf,
hj(vik,x,,) hj(v nk’u”) > ¢1 ||xn*MnH2
E,={teH: XY IOCnn()SO]n
Yn = P, (xn),
1 = 03 0(tn) + (1= 6767y + L35 OFTTIZ, (1 - 6) T 2y
ST (1 - 6T,

where ¥,,01,p € (0,1), {x; } C [k, k], where 0 < x < k, ln( )= <x{;,t—v£>, where x{; € th(vﬁ,v;’;)forj: 1,2,...,N. where
¢ is a 8-contraction operator defined on H. Also {G,If } satisfying the following conditions:
(i) lim 6; =0, lim glltn—t,-1]| =0 and ¥ (6, ==,
(i) lirginfe,ﬁ‘nff:—zl (1—6}) >0 forevery k=3,4,...M+1 and
n—oo
1iminfn4i+1 (1—6i)>0.

Then {t,} converges strongly to y' € ﬂ _EP(h;,0)N (ﬂ2/1:1 EP(ri, Q).

Proof: From Lemma 4.5 7} is firmly nonexpansive and thus demicontractive. Hence, one can consider fixed point problem

as equilibrium problem. Subsequently, the conclusion follows from Theorem 3.6 and Lemma 4.5.
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4.4. Multiple-Sets Split Feasiblity Problem. Suppose that D : H; — H, is a bounded linear operator. Let C;(1 <i < N)
and Q;(1 < j < M) be two families of nonempty closed and convex subsets of Hilbert spaces H; and H respectively. Then

multiple-sets split feasibility problem (MSSFP) is to find a point y’ € H; and
M P
Y € () Ciand Dy € () Q;. 4.3)
k=1 =1

As we know that y' € Fix(Pg, (I —nH*(I — P, )H)) iff y' € C where C is convex, closed subset of Hilbert space H. The solution
set of the multiple-sets split feasibility problem is denoted by A. Next, we prove the strong convergence theorem for estimating

common solution of fixed point and multiple-sets split feasibility problems.

Theorem 4.7. Let hj: Q; X Q;j — R be bifunctions satisfying Assumption 1. Suppose ﬂ_]]y:l EP(hj,Q)NA # ¢ and for any
to,t) € H,{t,} is defined by

Xn =ty — Ya(tn —ta1),

ul = argmin {%ny—xnw i) e 0},

;

k = (1—p*)x, + p* i,

(04 o) = o) = 25 o = ]2,
E,={t€eH: Z 1oc,,ln( <0},
yn = P, (Xn),
tns1 = 040 (tn) + (1— 6162y, + X215 XTI, (1 — 6)) P, (I —nH* (I — Py, )H)yn

+IT5 (1 - 6))Pe,, (1= nH* (I — Pg, ) H)yal,

where %, 01,p € (0,1), {Kn} C [k, K], where 0 < kK < K, l/( )= <xj t— v,1>, where xj) € Oh; (vn,vn)for] =1,2,...,N.and ¢
is a 8-contraction operator defined on H. Also {9,’{} satisfying the following conditions:
(i) lim 6, =0, lim Jtlltn—tu1]| =0 and Y576 =e
(ii) 1iminfe2 >V where neN,
(iii) 11m1nf9kH ( —6}) > 0foreveryk=3,4,..M+ 1 and
11m1nf1"[?fz'1( —61)>0.

Then {t,} converges strongly to y' € ﬂ _EP(h;,0)N

Proof: Let us take Sy = Pc, (I — nH*(I — Py, )H) for all k € N. Therefore, Sj, is averaged mapping and thus nonexpansive.

Additionally, / — S, is demiclosed at zero. Thus, Theorem 3.6 leads to the conclusion.
Remark 4.8. Theorem 4.7 extends and generalizes Yao’s result [30] from weak convergence to strong convergence.

4.5. Multiple-Sets Split Common Null Point Problem. Suppose that L: H; — H, is a bounded linear operator. Let Ny : H] —
2H1 and K;:Hy — 282 pe two set valued operators, where H| and H; are two Hilbert spaces and 1 <k <M and 1 </ < P. The

multiple-sets split common null point problem is to find y’ € Hy and

M P
0e ﬂ N¢(y') and p' = Ly solves 0 € ﬂ Ki(p 4.4)

k=1 =1
The solution set is denoted by A. We know that 0 € Aiffy € F ix(Jgk (I—nL*(1— J,II(’ )L)), where JN (I+nN)~! is resolvent
operator. Also, if n > 0, then Jg“ (I—nL*(1 —J,l,(’ )L) is nonexpansive mapping, see [31]. We now present a strong convergence

theorem for approximating common solution of finite family of equilibrium, SCNPP for multiple sets problems.
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Theorem 4.9. Let hj: Q; x Qj — R be bifunctions satisfying Assumption 1 and N : H — 28 be maximal monotone operator.
Suppose m/j‘/:l EP(hj,Q)NA# ¢ and for any to,t; € H,{t,} is defined by

Xn :tnfyn(tnftn—l)v
i . 1
ul =argmm{—J.Hyfanerhj(xn,y) 1y € Q},
2K;
sz,k =1 _pk”)xn +Pk”u£n
(0 o n) = o) = 5 o —
E,={reH: LY alli(r) <0},
Yn :PE,,(xn)a
_ i\ Ne
i1 = 639 (ta) + (1= 662y, + L35 OFTTE, (1— 6))0 (I = nL* (I — Iy ) L)y

TS (1= 6™ (1 = nL* (I = Iy ) L)y

where Y,,91,p € (0,1), {K,{} C [k, k], where 0 < k < K, l,{(t) = < {;,tfv,j;>, where x}, € ahj(v/;,vﬁ)forj: 1,2,....N and ¢
is a 8-contraction operator defined on H. Also {0X} satisfying the following conditions:
(i) nlig}oe,} =0, )iigog—j||tn—tn,1|\ =0 and ¥ 6} = oo,
(ii) linLinfG,% >V wheren €N,
n—oo
(iii) lirginfeff]'[f.‘;zl (1—6}) > 0for every k=3,4,...M+1 and
s
s erTMA] i
llnrrilorclfl'[i:2 (1-6;)>0.

Then {t,} converges strongly to y' € ﬂf}’:l EP(hj,Q)NA.

Proof: Let us take S; = J,I;lk (I—nL*(I— Jﬁ’)L) for all k € N. Therefore, Sj is nonexpansive. Additionally, I — Sy is

demiclosed at zero. Thus, Theorem 3.6 leads to the conclusion.

Remark 4.10. Reich and Tuyen [32] method requires to compute three sets C,,, D,,, W;,, their intersection and projection of xq at
each step, which is expensive and time consuming if the feasible set is complex. We do not require such computation. Theorem
4.9 generalizes and extends Reich and Tuyen result [32] from split null point problem to common solution of multiple-sets split

null point problem and finite family of equilibrium problem.

5. NUMERICAL EXAMPLE

The numerical studies presented in this section show that Algorithm 3.1 is more effective than Wairojjana Alg in [33] and

Jolaoso Alg in [17].

Example 5.1. Suppose that the bifunctions /; : O x Q — R is defined as 4;(x,y) = <ij+ij+qj,y —x> where j = 1,2,
0={xe R3:—4 <xj<4,j= 1,2,3,4,5}, qj € R3 and Pj,Q; € R5*5 are two matrices of order 5 taken same as in [34] and

H =R5. The bifunction hj is Lipschitz-type continuous with constants L = L, = %HQ_,- —P;

, see [11, 34] and satisfy the
Assumption 1. Take Py = P»,01 = 02,91 = q2, ¢; = 0.001, Oc;{ =1/2,y=0.1,1,= niz for j = 1,2 and p = 0.00005. Take
X

M = N = 2, we can choose a contraction mapping p : Q — Q as p(x) = % for all x € Q and two demicontractive mappings

Up: 0 — Qas Ug(x) = % for all x € Q,k = 1,2 where x = (x1,x2,x3,x4,%s5) . Clearly, the solution set is non empty and

0 € M= Fix(Ux) NN EP(1;, Q).
K 49— +13
Let 6, = 51[(nk)2+1] s

following 7y and #; values.

Case 1: 19 = (2,2,2,2,2)7, t; = (5,5,5,5,5)7;

Case 2: 1o = (20,20,20,20,20), #; = (50,50,50,50,50)7;

Case 3: 1o = (200,200,200,200,200)7, #; = (500,500, 500, 500, 500)7;

Case 4: 1y = (2000,2000,2000,2000,2000)7, #; = (5000, 5000,5000, 5000, 5000)7 .

and take ||t,_1 —1,|| < 10~* as stopping criterion. We also provide numerical findings for the
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We also show that Algorithm (Alg) 3.1 is more effective than Wairojjana Alg in [33] and Jolaoso Alg in [17]. We plot the

graphs of number of iterations n with errors ||t,—1 — f,||. Tables 1-2 and Figures 1-2 show the numerical results.
Algorithm Iterations Number Time (Seconds)
Alg 3.1 0.04083
Wairojjana Alg 0.2606
Lateff Alg 0.7235

TABLE 1. Comparison of Alg 3.1 with Wairojjana Alg [33] and Jolaoso Alg [17] when

to=(2,2,2,2,2)", 1, =(5,5,5,5,5)7

Alg3.1
—— Lateff Alg 1
Wairojiana Alg

0 10 20 30

60 70 80 90

Iteration Number (n)

FIGURE 1. Comparison of Alg 3.1 with Wairojjana Alg [33] and Jolaoso Alg [17] when

fo = (272327272)T, = (5557575’5)T

Cases Iteration Number

Time (Seconds)

1 13
2 16
3 18
4 21

0.04083
0.4975
0.5708
0.7905

TABLE 2. Example 5.3: Numerical study of Alg 3.1 for different values of 79 and ¢;.

Caset
045 —Case2| ]
Case3
Case4|

0 5 10 15 20 25
Number of lterations (n)

FIGURE 2. Example 5.3: Numerical study of Alg 3.1 for different values of 7y and 7,

Example 5.2. Suppose that the bifunctions /; : Q x Q — R is defined as h(x,y) = (3 — ||x||) (x,y —x) where j = 1,2, H=1,
be a real Hilbert space with the inner product |.|| : [, — R and (.,.) : [ x [, — R are defined as x| = (¥, |xk|2)% and
(x,y) = Xy xiyk. where x = {x¢ 131, vy = {m}p and @ = {x € H : ||x|]| < 1}. Take M = 2. Let a contraction mapping
p: Q— O be defined as p(x) = % for all x € Q and two demicontractive mappings Uy : K — K be defined as Uy (x) = % for
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all x € 0,k = 1,2 where x = (x1,x2,...,X,...),x¢ € R. Clearly bifunctions /; for j = 1,2 satisfy Assumption 1 and the solution
set is non empty. Also, 0 € (2_, Fix(Uk)ﬂ(]%:l EP(h;,0). Let 6} = % and use [|t,_1 —1,]| < 107* as stopping
criterion. Take y=0.1, 7, = nl—z, ¢ =0.001, o = 1/2 for j = 1,2 and p = 0.00005. We compare the numerical result of Alg
3.1 with Wairojjana Alg [33] and Jolaoso Alg [17]. We also provide numerical findings for the following #y and #; values.
Case 1: 1o = (1,1,1,10,10,0,0,...,...), 1 = (4,4,4,40,40,0,0,...,...);

Case 2: 1p = (10,10, 10, 100, 100,0,0,...,...), #; = (40,40,40,400,400,0,0,...,...);

Case 3: 1p = (1,1,0,0,0,0,0,...,...), f; = (4,4,400,7000,4000,0,0,...,...);

Case 4: 1p = (1,1,0,0,0,0,0,...,...), f; = (4,4,400,40000,4000,0,0,...,...).

We also show that Algorithm (Alg) 3.1 is more effective than Wairojjana Alg in [33] and Jolaoso Alg in [17]. We plot the

graphs of number of iterations n with errors ||t,—; — #,||. Tables 3-4 and Figures 3-4 show the numerical results.

Algorithm number of iterations  Time (Seconds)
Alg 3.1 16 0.1596
Lateef Alg 73 0.9678
Wairojjana Alg 459 1.5156

TABLE 3. Comparison of Alg 3.1 with Wairojjana Alg [33] and Jolaoso Alg [17] when
= (1,1,1,10,10,0,0,...,...), t; = (4,4,4,40,40,0,0,...,...)

Alg 3.1
0.009 Jolaoso Alg ||
Wairojiana Alg

0.008
0.007
0.006 -

0.005 -

[

0.004 -

0.003 -

0.002 -

0.001

0
0 100 200 300 400 500

Number of Iterations (n)

FIGURE 3. Comparison of Alg 3.1 with Wairojjana Alg [33] and Jolaoso Alg [17] when
= (1,1,1,10,10,0,0,...,...), t, = (4,4,4,40,40,0,0,...,...)

Cases number of iterations Execution Time in Seconds

1 16 0.1596
2 17 0.1981
3 19 0.8073
4 21 1.1999

TABLE 4. Example 5.3: Numerical study of Alg 3.1 for different values of 7y and 7.
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Case 1
0.009 Case 2|
=———Case 3
0.008 | ——Case 4|

0.007 -

0.006 -

0.005 -

it -t

0.004 -

0.003 -

0.002 -

0.001 -

10 15 20 25 30 35 40
Number of Iterations (n)

FIGURE 4. Numerical study of Alg 3.1 for different values of 7y and #;.

Example 5.3. Suppose that the bifunctions 4 : O x Q — R is defined as ;(x,y) = ):fzz(yi —x;)|lx|| where j=1,2,0={x¢€
R :x;>—1,x>0,i= 2,3,4,5}. The bifunctions ; is Lipschitz continuous with L = L, = 2; see [35]. Take ¢; = 0.001,
oc,{ =1/2,y=0.1,1,= nl—z for j =1,2 and p = 0.00005. Take M = N =2, we can choose a contraction mapping p : Q — Q
as p(x) = j for all x € Q and two demicontractive mappings Uy : Q — Q as U(x) = ;i"lx for all x € Q,k = 1,2 where
x = (x1,X2,X3,%4,%5) 1. Clearly, the solution set is non empty and 0 € (ﬂ,%zl Fix(Uy)) ﬂ(ﬂ%zl EP(hj,0)).

k _ 49(KP—1)n*+13n
Let 6, = =513

following 7y and #| values.

Case 1: to = (1,1,1,1,1)7, t; = (5,5,5,5,5)7;

Case 2: 1o = (10,10,10,10,10), #; = (50,50,50,50,50)7;

Case 3: 1o = (100,100,100, 100,100)7, #; = (500,500, 500, 500, 500)7;

Case 4: £y = (1000, 1000, 1000, 1000, 1000)7, #; = (5000, 5000,5000, 5000, 5000)7 .

We also show that Algorithm (Alg) 3.1 is more effective than Wairojjana Alg in [33] and Jolaoso Alg in [17]. We plot the

and take ||t,—; —1,|| < 107* as stopping criterion. We also provide numerical findings for the

graphs of number of iterations n with errors ||t,—; — #,||. Tables 5-6 and Figures 5-6 show the numerical results.

Algorithm number of iterations  Time (Seconds)
Alg 3.1 20 0.9995
Lateef Alg 80 1.5690
Wairojjana Alg 183 2.1586

TABLE 5. Comparison of Alg 3.1 with Wairojjana Alg [33] and Jolaoso Alg [17] when
to = (1000, 1000, 1000, 1000, 1000)7, #; = (5000, 5000, 5000, 5000, 5000)"

Alg 3.1
Jolaoso Alg ||
Wirojjana Alg

0.02 1
0.01 1
0 L S

0 50 100 150 200
Number of Iterations(n)

FIGURE 5. Comparison of Alg 3.1 with Wairojjana Alg [33] and Jolaoso Alg [17] when
to = (1000, 1000, 1000, 1000, 1000)”, #; = (5000, 5000, 5000, 5000, 5000)7

11 Oct 2023 10:21:07 PDT
230218-Batra Version 2 - Submitted to Rocky Mountain J. Math.



STRONG CONVERGENCE THEOREM ..... 21

Cases number of iterations Execution Time in Seconds

1 6 0.0706
2 7 0.7990
3 13 0.9976
4 20 0.9995

TABLE 6. Example 5.3: Numerical study of Alg 3.1 for different values of 7y and ¢;.

Caset
0.09 Case2 ||
Case3
0.08 - Case4 | §

8 10 12 14 16 18 20
Number of lterations (n)

FIGURE 6. Numerical study of Alg 3.1 for different values of 7y and #;.
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