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Abstract. The Riccati equation method is used to establish a new comparison theorem
for systems of two linear first order ordinary differential equation. This result is based on
the concept of "null-classes”, and is a generalization of Sturm’s comparison theorem.
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1. Introduction. Let p;(t), ¢;(t), 7 = 1,2 be real-valued continuous functions on
the interval [a,b]. Consider the second order linear ordinary differential equations

(p;()¢) +q;(t)p =0, j=1,2. (1.15)
Definition 1.1. Eq. (1.13) is called a Sturm majorant for Eq. (1.11) on |a,b] if
pi(t) = pa(t) >0 and qi(t) < g2t), ¢ € [a,b]. (1.2)
If in addition q1(t) < q2(t) or

pi(t) > pa(t) >0 and ga(t) # 0

for some t € [a,b], then Eq. (1.15) is called a strict Sturm magjorant for Eq. (1.11) on
[a,b]. The Sturm’s famous comparison theorem states (see [1], p. 334)

Theorem 1.1 (Sturm). Let (1.15) be a Sturm magjorant for (1.11) and let ¢ =
o1(t) # 0 be a solution of Eq. (1.11) having exactly n(n > 1) zeroest =t; <ty < ... <1,
on (to,t°]. Let ¢ = ¢o(t) # 0 be a solution of Eq. (1.15) satisfying

p1(t)d1(t)  palt)gs(t)
¢1(1) P2(t)

att = to (the expression on the right [or left] of (1.3) is considered to be +00 if po(ty) =0
[or ¢1(to) = 0/; in particular, (1.3) holds at t =ty if ¢1(to) = 0). Then ¢o(t) has at least n

>

(1.3)

1

27 Jul 2022 01:53:33 PDT
211125-Grigorian Version 2 - Submitted to Rocky Mountain J. Math.



zeroes on (tg, t,]. Furthermore ¢o(t) has at least n zeroes on (to, t°) if either the inequality
(1.8) holds at t =ty or (1.13) is a strict Sturm magjorant for Eq. (1.11) on [to, t,)].

Note that if p;(t) # 0, j = 1,2, t € [a,b], then the equations (1.1;), j = 1,2 are
equivalent (reducible) to the systems

s 1
o =na?
(1.45)
w/ = _QJ(t)¢7 S [CL, b]
7 =1,2. They are particular cases of more general systems
¢ = fi(),
(1.55)

Y= —g;(t)g, te€lab]

j = 1,2, where f;(t), g;(t), j= 1,2 are real-valued continuous functions on [a, b]. On the
other hand obviously the systems (1.5;), j = 1,2 are reducible to the systems (1.1;), j =
1,2 respectively if in particular f;(t) # 0, t € [a,b], j = 1,2. In this case we can
reformulate Theorem 1.1 for the systems (1.5;), j = 1,2 as follows.
Definition1.2. The system (1.52) is called a Shturm majorant for the system (1.51)
on la,b], if
B> Fi(t) >0, and g2(t) > :(0), ¢ € [ab] (16)

If in addition go(t) > g1(t) or

for some t € [a,b], then the system (1.55) is called a strict Sturm majorant for the system
(1.51) on [a,b)].

Theorem 1.2. Let the system (1.59) be a Sturm majorant for the system (1.51) and
let (¢1(t),U1(t)) be a solution of (1.51) such that ¢1(t) has exactly n (n > 1) zeroes
t=1t1 <..<t, on (to,t°]. Let (¢a(t),o(t)) be a solution of (1.53) such that

Y1 (to) _ a(to)
1(to) ~ Galto)

(the expression in the right [or left] of (1.7) is considered to be 400, if ¢o(ty) = 0 [or
oo2(to) = 0f; in particular (1.7) holds if ¢1(to) = 0). Then ¢o(t) has at least n zeroes on
(to,tn]. Furthermore ¢o(t) has at least n zeroes on (to,t°) if either inequality (1.7) holds
or (1.53) is a strict Sturm majorant for (1.51) on [to,t,].

(1.7)
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Here arises the following question. Does Theorem 1.2 remain valid if we weaken the
conditions (1.6) up to the following ones?

fa(t) = fi(t) 20 and  go(t) =2 1(t),  t € [a,b]. (1.8)

Before answering this question let us make some observations. Let p(t), q(t), r(t), P(t),
Q(t), R(t) and S(t) be real valued continuous functions on [ty, +00) and let p(t) > 0,
t > to. Consider the general second order linear equation

(p()8) +q(t)¢' +r(t)p =0, t>t, (1.9)

and the general linear homogeneous system of two equations

¢' = P(t)p+ Q)¢;

(1.10)
W = R()p+ S, t >t
The substitution p(t)¢’ = ¢ in (1.9) reduces it to the system
_ 1
¢/ - m¢7
, (1.11)
= —r(t)p — Lyt >t
7/} 7”( )¢ p(t)d)a — 40
which is a particular case of the system (1.10), and the substitutions
t t
o — ¢exp{/P(7)dT}, P — wexp{/S(T)dT}, (1.12)
to to
in (1.10) reduces it to its simpler form
¢ = Q1)
(1.13)

W' = R(t)o, t>to,

t

where Q(t) = exp{ [[S(r) - P(T)}df}, R(t)
to
Therefore Eq. (1.9) is reducible to its simpler form

(P()d) +qt)p=0, t=>t. (1.14)

exp{ft[P(T) — S(r)}dT}, t > .

to
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Further, for brevity, by a zero of any solution (¢(t),%(t)) of the system (1.10) we mean
any zero of the function ¢(t).

Definition 1.3. The system (1.10) is called oscillatory if every its solution has arbitrarily
large zeroes.

Definition 1.4. The system (1.10) is called non-oscillatory if for its arbitrary nontrivial
solution (¢(t),¥(t)) there exists T =Ty, > to such that ¢(t) #0, t > T.

Let us compare the system (1.10) with Eq. (1.9) (or, which is the same, with the
system (1.11)) from the point of view of mutual displacement and richness (the quantity
and density on any finite interval) of zeroes of their solutions. From Theorem 1.1 it follows
that the classic definitions of oscillation and non-oscillation of Eq. (1.9) are equivalent to
Definitions 1.3 and 1.4 respectively. From Theorem 1.1 it follows also that the following
statements are valid (due to mentioned above connections between equations (1.9) and
(1.14) and the systems (1.11), (1.13))

1) The system (1.11) is either oscillatory or non-oscillatory,

2) Between two arbitrary two zeroes of any nontrivial solution (¢(t),1(t)) of the system
(1.11) there exists at least one zero of any solution of that system, linearly independent
of (6(1), ().

Note that the statement 1) does not hold for the general system (1.10) (see [2]).
Therefore, there is no comparison theorem for general systems (1.10), similar to
Theorem 1.1 (otherwise the statement 1) will be true for the general system (1.10)).
The following example shows that assertion 2) is also false for the general system (1.10).

0, tel0,m),
Example 1.1. Set: f(t) = g(t) =1, tel0,2n]. Consider the
sin?t, t € [m, 27,
system
¢ = )Y,

(1.15)
v =g(t)e, tel0,2n].

It is not difficult to verify that for the non trivial solution (¢(t),v(t)) of this system with
#(0) =0, ¥(0) =1 the function ¢(t) is identically zero on [0, 7], whereas for all solutions
(P1(t),11(t)) of this system with $1(0) # O the function ¢1(t) does not vanish on [0, ].
Therefore between two zeroes t1 = 0 and ty = w of the solution (¢(t),1(t)) there is no
zero of (¢(t),(t)).

Thus the statement 2) for the system (1.15) does not hold. This means that the
answer on the posed above question is negative. Moreover, this example shows that some
solutions of the general system (1.10) may have infinitely (in the case of the system (1.15)
continuum) number of zeroes on any finite interval, but some others only finite ones,
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whereas it is well known that any solution of Eq. (1.9) (hence of the system (1.11)) can
have at most finite number of zeroes on any finite interval. However, despite this, the
posed question can be answered positively if in the formulation of Theorem 1 2 the word
"zeros" we replace by the word "zero-classes" (a concept, which is introduced in [3]
and has the property, that for every solution (¢(t),1(t)) of the system (1.5;) the function
o(t) (¢(t)) has no more than finite numbed of null-classes on on [a,b], see below) and
the ordering symbol < is replaced by another symbol <, ordering the null-classes (see
below). It turns out that for any solution (¢(t),1(¢)) of the system (1.4;), each zero-class
of the function ¢(¢) coincides with one of its zeros and each zero of ¢(t) is its a zero-class.
Therefore, the solution of the above question with the indicated changes: "zeroes"— "null-
classes”, < — < gives a generalization of Sturm’s theorem.
In this paper we use the Riccati equation method to obtain a generalization of Sturm’s
comparison theorem (Theorem 1.1), which is based on the concept of "null-classes".
2. Auxiliary propositions. Along with the systems (1.5;), j = 1,2 consider the
Riccati equations
y,+fj(t)y2+gj(t):()’ te [a’b]v J=12, (2'1j)

and the differential inequalities
0+ 00 +g;(t) >0, t€ab], j=1,2. (2.2))

Remark 2.1. Every solution of Eq. (2.12) on an interval [t1,t3) (C [a,b]) is also a
solution of the inequality (2.25) on [t1,t2),
Remark 2.2. If fi(t) > 0, t € [t1,t2), then for every A € (—o0,+00) the function
¢

mt) =X — [qi(r)dr, t € [t1,72) is a solution to the inequality (2.21) on [t,t2).
t1
The following comparison theorem plays a crucial role in the proof of the main result.

Theorem 2.1. Let y5(t) be a solution of Eq. (2.13) on [to,70) (C [a,b]) and let n,(t)
and ny(t) be solutions of the inequalities (2.21) and (2.25) respectively on [ty, T9), moreover
suppose that yo(to) < n;(to), j=1,2. In addition let the following conditions be satisfied

Al 2 0, t € ftom): v — valto) + fexp{fﬁ(s)(m(s) +772(s))dsH(fz(T) -

to to

FHLNYE(T) + gao(T) — gl(T)] dr > 0, t € [to,70), for some yoy € [y2(to), m(to)]. Then

Eq. (2.11) has a solution y, (t) with the initial condition y,(to) > y(0), on [to, To
y1<t) > yg(t), t e [to,T(]).

See the proof in [4].

Besides of Theorem 2.1 for the proof of the main result we need also in the following
three lemmas.

(
)

, moreover
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Lemma 2.1. Let fi(t) > 0,

t € [to,m0), and let (t1,t2) be the mazimum ezistence
interval for a solution y(t) of Fq. (2.1

1), where ty <t <ty < 7., Then

t_lgioy(t) = —00, t_l)ltrlr}ro = +00. (2.3)
See the proof in [4].

Remark 2.3. The first equality of (2.8) remains valid also in the case when (ty,ts)
is not the mazimum existence interval, but y(t) is not continuable to the right from the
point to.

Lemma 2.2. Let f1(t) >0, t € [to,7), and let (tig, tor)(C [to, T0)) be the the mazimum
existence interval for a solution yx(t) of Eq. (2.11), k= 1,2. In addition let y,(t1) > ya(t1)
for some ty € (t11,t21) N (t12,t22). Then t1; > t1o and tog > too.

See the proof in [4].

Lemma 2.3. Let fi(t) > 0, t € [ty, 7o), let yo(t) be a solution of Eq. (2.11) on [to, 7o),
and let no(t) be a solution of the inequality (2.21) on [to, T0); moreover let yo(to) < no(to).
Then yo(t) < no(t), t € [to, 7o)

See the proof in [4].

3. Main result. On the set 2% of subsets of real numbers R define the order relation
<, assuming = < y if and only if for every ¢, € z € 2%, t, € y € 2% the inequality
t, < t,is valid. Let (¢(t),1(t)) be a nontrivial solution of the system (1.51). Since ¢(¢) is
a continuous function on [a, b] thats zeroes form a closed set.

Definition 3.1. A connected component of zeroes of the function ¢(t) of a solution
(p(t), (1)) of the system (1.51) is called a null-element of ¢(t).

Let z(t) be a solution of Eq. (2.1y) with z(a) = 4. Then z(t) exists on [a,b] and
y(t) =Imz(t) >0, t € [a,b] and

\/%Sif(/t fl(T)y(T)dT+9), t € [a,b], (3.1)

where p and 6 are some real constants (see [3]). Let n(¢) be a null-element of the function
4(1). By (3.1

¢(t) =

/f1<7'>y(7')d7' + 0 =rmky, te N(p), ko€ Z. (3.2)

Hereafter by [t1,t2] we mean the set of all points of R lying between t; and ¢, including
themselves.
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Definition 3.2. Null-elements N1(¢) and No(¢) of the function ¢(t) are called congene-

rous, if for every t; € N(¢), j=1,2 the inequality

<m, tE€ [tl,tg]

] / fu(r)y(r)dr

15 valid.

It was shown in [3] that the congeniality relation between null-elements N;(¢) and
Ny (¢) is an equivalence relation.

Definition 3.3. An equivalence class of congenerous null-elements N(¢) of the function
of a solution (¢(t),v(t)) of the system (1.51) is called a null-class of ¢(t).

Remark 3.1. It follows from (3.1) and (3.2) that if f1(t) > 0, t € [a,b], then every
null-class consists of only one null-element.

It was shown in [3] that for every solution (¢(t),(t)) of the system (1.5;) the function
¢(t) has a finite number of null-classes, and these null-classes are linearly ordered by <.

Let (¢;(t),1;(t)) be a solution of the system (1.5;), j = 1,2, and let Ny(¢p2) = [t1, 71] <
No(¢po) = [ta, 7o) < ... < Np(p2) = [tn, 7] be all of the null-classes of the function ¢,(t) on
[to, %], t° € (to,70).

Definition 3.4. The quarter (¢1,%1, f1,91) is called a majorant of the quarter
(2,9, fo, go) on [to, t°] if the following conditions are satisfied

1. 1(t0) /1 (to) < a(to)/p2(to) (The expression on the left hand [respectively on the
right hand] side of the inequality is considered to be equal +00 if ¢1(tg) = 0 [respectively,
if p2(to) = 0] in particular this is in the case if ¢a(ty) =0);

2. filt) > fo(t) 20, T € [to, 1"];

3. there exists & € (T, tgr1) (K =0,...,n — 1) such that

(31) g1(t) > go(t), t € [, & (K=0,...,n—1)

(32) any solutions n;x(t) of the inequalities (2.1;) (j = 1,2) on [&, ter1] such that
Nik(€k) > V2(&k)/P2(&k) (such solutions always exist by condition 2 and Remark 2.2)
satisfy the inequalities

/exp{gk/ fa(s) [nl,k(5)+772,k(5>]d3} {91(7)—92(7)} dr >0, t € [§tera], K=0,..,n—1

&k

In addition, suppose that fo(t) >0, t € [to,t°] and either the strict inequality takes place
in condition 1 or at least one of the following conditions is satisfied:
1. fi(t") > fo(t') and g1 (') # 0 for some t' € [to, "],

7
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n—1

2. g1 (t") > go(t) for some t' € | [k, &,

k=1
tr4+1
3. f exp{f fa(s [771k )+7”]2]€(8)}d8} [91(7)—92(7)}(17 > 0 for some k € {0, ...,n—1}.
&k
Then the quarter (1,41, f1,91) is called a strict majorant of the quarter (¢a, s, f2, go)
on [tg,tY].

Theorem 3.1 (main result). Let (¢o(t),12(t)) be a solution of the system (1.53),
let Ni(¢2) = [t1,71] < ... < Np(d2) = [tn, Tn] be all of the null-classes of ¢o(t) on [to,1°]
(t° € (to,70)) and let (¢1(t),¥1(t)) be a solution of the system (1.51). If (¢1, 1, f1,91) is
a majorant for (¢a,s, fa,g2) on [to,t°], then the function ¢1(t) has at least one null-class
in (Tg, Ter1] for each k =0, ...,n— 1. In addition, if (¢1,vn, f1,01) is a strict majorant for
(2,1, f2,92) on [to,t°], then the function ¢1(t) has at least n null-classes on (to,t°).

Proof. Suppose that the function ¢,(t) has no zeroes on |7y, tx,+1] for some k.

Then the function 1(t)/¢1(t) exists on (Tgy, Thor1], fo€ some Ty 11 > tg,41 and is a
solution of Eq. (2.1;) there. At first consider the case when kg # 0. In this case (7, , tko+1)
is the maximal existence interval for the solution () = ¥2(t)/¢2(t) of Eq. (2.13). Let
Niko(t) (4 = 1,2) be solutions of the respective inequalities (2.2;) on [£,, tyo+1] with the
initial conditions 7; x, (&ky) > Y2(&k,)s 7 = 1,2 (in virtue of condition 1 and Remark 2.2
these solutions exist always). Let y2(f) be a solution of Eq. (2.15) such that ys(&,) <
Uo(Ery) < min{nj ko (€xo )} and let (f4,, tr,+1) be the maximum existence interval for 7 (t).

By Lemma 2.2 it follows from the inequality ya(§k,) < Y2(Sk,) that 73, < th, and ty4q <
tko+1 We assume that y2(&y,) is close enough to ya(&x,) to ensure that thy € (thys &) and
thor1 € (tho, Thot1)- Since ty, is the left endpoint of the maximum existence interval of
7>(t) by Lemma 2.1 we have g»(ty, + 0) = +oo and since 7 (t,) < 400 [because of the
inclusion ty, € (Thy, ko] We have

yl(gko) < gQ(Cko)v (35)

for some Cko € (?kmgko)' Let (¢17¢17f1)gl> be a majorant for (¢27¢2af2792)' Then by
virtue of Theorem 2.1 it follows from (3.5) that

Y1 (ko) < Y2(Eko) (3.6)

and since fa(€,) < min {15, (&)}, we have
]: 9

Y1 (éko) < T,kq (fko), g2(§ko) < 112,kq (gko)'
By Lemma 2.3 from here it follows that

() < mige(t),  Talt) < Mor(t) €€ [Erys trorn)-
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Therefore 7 (tg,41 — 0) > 41 (try41) > —o0. Then by virtue of Lemma 2.1 (y,, tx,41) is not
the maximum existence interval for 75(¢). The obtained contradiction shows that ¢, (¢) has
at least one zero ly on (7g,, tg,=1], which belongs to a null-element of the function ¢ (t).
Hence, according to Remark 3.1 [y belongs to a null-class N(¢;) of the function ¢;(t). By
(3.1) from condition 2 it follows that if N(¢1) N Ny, (¢2) # 0. Then N(¢1) C N, (é2), and,
therefore, N(¢1) C (Tky, Tko+1)- Now consider the case when ko = 0. If ¢o(tg) = 0, then the
existence of a null-class of ¢1(t) in (to, t1] can be proved by analogy with the proof in the
preceding case. Suppose ¢s(ty) # 0. Then by condition 1 we have also ¢;(ty) # 0. Show
that ¢1(¢) has at least one zero on (tg,t1]. Suppose ¢1(t) # 0, t € (tg,t1]. Then yi(t) =
1(t)/1(t) is defined at least on [tg, 1] and is a solution of Eq. (2.1;) on that interval. The
function ya(t) = 109(t)/do(t) is a solution of Eq. (2.15) on [tg, t1), in virtue of Remark 2.3
y2(t; — 0) = —oo. But on the other hand since ys(tg) > y1(to) and (¢1, 91, f1,91) is a
majorant for (¢o, 9, fa, g2) it follows from Theorem 2.1 that yo(t; — 0) > y1 (1) > —oc.
The obtained contradiction shows that ¢;(t) has at least one zero on (to,t1]. Then ¢ (t)
has at least one null-class in [tg, 71]. The first part of the theorem is proved. The second
(last) part of the theorem can be proved by analogy of the proof of the second part of
Theorem 4.1 from |3], as far as the strict majorant condition implies the reducibility of
the systems (1.5;), j = 1,2 to the second order linear ordinary differential equations like
(1.1;), j =1,2 respectively. The theorem is proved.

Definition 3.5. The system (1.51) is called a magorant of the system (1.53) on [to, t°]
(C [a, b)) if the following conditions are satisfied

1) fi(t) = fo(t) > 0, t € [t, 1],

2). g1(t) > ga(t), t € [to,t"].

In addition suppose that fo(t) > 0, t € [to,t°] and at least one of the following
conditions is satisfied

1) f1(¢') > fo(t') and g1 (') # 0 for some t' € [to,t"];

2°) g1 (') > go(t') for some t' € [to,1°].

Then the system (1.51) is called a strict majorant of the system (1.5).

From Theorem 3.1 we immediately get.

Corollary 3.1. Let the system (1.51) be a majorant for the system (1.5). Let
(p2(t),1a(t)) be a nontrivial solution of the system (1.52) and let ¢o(t) have exactly n(> 1)
null-classes Ni(¢2) < ... < Np(¢2) on [to,t°]. Let (¢1(t),v1(t)) be a nontrivial solution of
the system (1.51) satisfying

Va(to) > Y1(to)
¢2(to) — d1(to)
(The expression on the right [or left] of (3.7) is considered to be 400, if ¢1(ty) = 0 [or
oo2(to) = 0f; in particular, (3.7) holds if ¢p2(ty) = 0). Then ¢1(t) has at least n null-classes

(3.7)
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in (to,tn), where N,(¢a) = [tn, Tnl, if either the strict inequality (3.7) holds or (1.51) is a
strict majorant for (1.55) on [to,t,].
O

Remark 3.2. Corollary 3.1 is a generalization of Theorem 1.1.

Remark 3.3. It may happen that the null classes of the components ¢(t) of the
solutions (¢(t),1(t)) of the systems (1.5), k = 1,2 consist of only one element (one
point). This can happen, for example, in the case when the functions fi(t), k= 1,2 have
only finite number of zeroes on [ty, t°]. For this case Corollary 3.1 provides satisfiability of
Theorem 1.2 wit replacement (1.6) by (1.8), i. e. Theorem 1.2 with mentioned replacement
remains valid under the mild additional restriction that the solutions of the systems
(1.54), k= 1,2 have no more than finite number of zeroes on [ty,t°].

Definition 3.6. The system (1.10) is called strict oscillatory if for every its nontrivial
solution (¢(t),(t)) the function ¢(t) has infinite number of null-classes, otherwise it is
called strict non-Oscillatory.

Due to the connection (1.12) between the system (1.10) with the system (1.13) from
Theorem 3.1 we obtain immediately the following generalization of statement 1).

Corollary 3.2. Assume Q(t) does not change sign on [T, +00) for some T > to. Then
the system (1.10) is either strict oscillatory or strict non-oscillatory.

Remark 3.4. From the strict oscillation (strict non-oscillation) of the system (1.10)
it follows its oscillation (non-oscillation), but the opposite is not true (see [3]).
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