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Abstract

The main purpose of this paper is to investigate some existence results for pseudo S-
asymptotically (w,c)-periodic sequential solutions to a semilinear difference equation of
convolution type and a semilinear Weyl-like fractional difference equation in Banach s-
paces. For this purpose, we first give the definition of the pseudo S-asymptotically (w, ¢)-
periodic sequence and prove the completeness, convolution and superposition theorems for
such a sequence in abstract spaces. We show some existence and uniqueness of pseudo S-
asymptotically (w, c)-periodic sequential solutions under some different Lipschitz type con-
ditions of the nonlinear force term with its second variable. We also consider the existence
of pseudo S-asymptotically (w, ¢)-periodic sequential solutions under a non-Lipschitz growth
condition.
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1 Introduction

In this paper, we mainly consider some existence results for pseudo S-asymptotically (w, c)-
periodic sequential solutions to the following semilinear difference of convolution type

= A Z u(k +1) + Z b(n — k)p(k,u(k)), n € Z, (1.1)

k=—o00 k=—o00

where a(k),b(k) are two suitable scalar-valued sequences to make Eq. () sense, the operator
A is closed and linear on a Banach space X, p : Z x X — X is a function satisfying some
additional growth conditions which will be specified later, and Z denotes the set of all integers.
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2 D.-S. Lin & Y.-K. Chang

Let a(k) = b(k) = % in Eq. (D) with Gamma function I' and arbitrarily nonnegative

integer k, we will have the following semilinear fractional difference equation
A%u(k) = Au(k+ 1) + f(k,u(k)), 0<a <1, keZ, (1.2)

where A% is understood in Weyl-like fractional difference operator, which was primarily intro-
duced in [0, Definition 2.3]. To ensure the solvability of Eq. (IZ2), we here assume that 1 € p(A)
(the resolvent set of A) and ||(I — A)~!|| < 1,1 is the identity operator (see [I, §]).

Here we first recall some known results for the existence of asymptotically sequential solutions
to Eq. () or (I2). Keyantuo, Lizama, Rueda and Warma [I8] initially established the
existence and uniqueness of weighted pseudo S-asymptotically w-periodic and weighted pseudo
almost automorphic mild solutions to Eq. (I) by introducing a discrete resolvent family (see
Definition 22). Chang and Lii [T0] investigated some existence results for weighted pseudo S-
asymptotically w-antiperiodic mild solutions to Eq. (I0). Abadias and Lizama [[] presented
the existence and uniqueness of almost automorphic solutions to Eq. (IZ2) by introducing
an a-resolvent sequence. Alvarez and Lizama [3] considered the existence and uniqueness of
weighted pseudo almost automorphic solutions and S-asymptotically w-periodic solutions to Eq.
(2). Xia and Wang [27] established some sufficient conditions for the existence, uniqueness of
weighted pseudo S-asymptotically w-periodic mild solutions to Eq. (). Cao, Samet and Zhou
[d] showed some existence results for asymptotically almost periodic mild solutions to Eq. (I22).
we notice that asymptotically sequential solutions to Eq. (I) or (I2) in aforementioned works
are considered under the framework of bounded sequences (I°°(Z, X)).

On the other hand, for the following second linear ordinary differential equation

2(t) + q(a(t) = 0, qlt +w) = q(t), w #0, (1.3)

It is known from the Floquet theorem that Eq. (I=3) admits at least one constant ¢ # 0 and one
nontrivial solution x(t) such that z(t +w) = cz(t). The representation x(t +w) = cx(t) includes
some well-known functions such as the periodic function (¢ = 1), antiperiodic function (¢ = —1,
see [23, 24]), Bloch periodic function (¢ = e**, see [, 19]) and some unbounded functions
(le| # 1), and x(t) is called an (w, ¢)-periodic function. The vector-valued (w, ¢)-periodic function
in abstract spaces was presented by Alvarez, Gémez and Pinto in [2]. Some generalized (w, ¢)-
periodic functions in abstract spaces were also introduced via different ergodic forms. For
instance, (w, ¢)-asymptotically periodic functions and (w, ¢)-pseudo periodic functions in abstract
spaces with their applications were studied by Alvarez, Castillo and Pinto in [5, 6]. The pseudo
S-asymptotically (w, c)-periodic function in abstract spaces with applications was considered
by Chang and Zhao in [12]. For more results on (w,c¢)-periodic functions with extensions and
applications, we refer to [I6, 20, 21, 22] and references cited therein. The (w, ¢)-periodic sequence
in abstract spaces was presented by Alvarez, Diaz and Lizam in [[d] as the discrete counterpart
of the (w, ¢)-periodic function in [d]. The existence and uniqueness of (w, ¢)-periodic sequential
solutions to Eq. (IZ24) was established by Alvarez, Diaz and Lizam in [R], and such asymptotically
sequential solutions to Eq. (I"2) may be unbounded. Since the influence of small perturbations
on (w, c)-periodic sequences always exists, we naturally need to consider the generalized (w, c)-
periodic sequences via some ergodic forms.

The first part of this paper is to present the definition and basic properties of the pseudo
S-asymptotically (w, c)-periodic sequence in abstract spaces, which can be seen as the discrete
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 3

counterpart of the pseudo S-asymptotically (w,c)-periodic function in [I7] and an extension of
the (w, c)-periodic sequence in [[d]. Noting that an (w,c)-periodic sequence may be unbound-
d (J¢] # 1), we can not deal with the pseudo S-asymptotically (w,c)-periodic sequence just

under the framework of bounded sequences (I°°(Z,X)). We give the notion of the pseudo
S-asymptotically (w, c)-periodic sequence by constructing a suitable space I°.(Z, X) for given
c € C\0,weZ" (see Section 3). We prove the convolution theorem and the completeness of
the space of such sequences with a suitable norm in lfjfc(Z, X). Some applicable superposition
theorems are also shown for the Nemytskii’s superposition operator of a pseudo S-asymptotically
(w, ¢)-periodic sequence.

The second part of this paper is to discuss some existence results for pseudo S-asymptotically
(w, ¢)-periodic sequential solutions to Eq. (D) and Eq. (I=2). Here we mainly apply the notion
of the pseudo S-asymptotically (w, ¢)-periodic sequence and its properties given in the first part
to Eq. (X). We prove some existence and uniqueness of pseudo S-asymptotically (w, ¢)-periodic
sequential mild solutions to Eq. () under some different globally Lipschitz type conditions.
We also show some existence results for pseudo S-asymptotically (w, ¢)-periodic sequential mild
solutions to Eq. (II) with a local Lipschitz or a non-Lipschitz growth condition respectively.

The remainder of the paper is outlined as follows: Section 2 is Preliminaries which include
some basic notions, lemmas and notations which will be used throughout this paper. Section 3 is
mainly focused the pseudo S-asymptotically (w, ¢)-periodic sequence and its properties. Section
4 is mainly concerned with some existence results for pseudo S-asymptotically (w, c)-periodic
sequential solutions.

2 Preliminaries

Let notations R, ZT(R™), Z, (R;) and C denote the set of all real numbers, positive integers
(real numbers), nonnegative integers (real numbers) and complex numbers respectively. Let X
be a Banach space and [°°(Z, X) denotes the Banach space consists of all bounded sequences
u:Z — X with sup norm ||u|/s = sup ||u(k)||. The space F(Z, X) represents the set formed by

kEZ

all sequences u : Z — X. We denote by B(X) the space of all bounded linear operators from X

to X. Forag1venv:Z(Z+)—>(Cand1<q<oo1f2]v \q<ooZ|v )| < 00), then v

keZ
is called a g-th summable sequence; particularly v is called a summable sequence if g =1. For

other unmentioned notations and definitions, we refer to [2, (4, [g].

Definition 2.1 [@] For given ¢ € C\ {0}, w € Z", a sequence f € F(Z,X) is said to be
(w, ¢)-periodic if f(k +w) = cf(k) for all k € Z. w is called the c-period of f.

We denote by P, .(Z,X) the set of all (w, ¢)-periodic sequences from Z to X. When ¢ =1
(w-periodic case) we write F,(Z, X) instead of P, 1(Z,X). Using the principal branch of the
complex Logarithm, cio is defined as cb = exp(fLog(c)) = (k) and we will use notation

k .
lel(k) = | (k)| = |c~ (see [d]).

Definition 2.2 [IR, Definition 3.2] Let A be a closed linear operator with its domain D(A)
defined on a Banach space X. Assume that a,b are two scalar-valued sequences. An operator-
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valued sequence {S(k)}rez, C B(X) is called a discrete resolvent family generated by A if it
verifies the following conditions:

(1) S(k)(X) C D(A), and S(k)Az = AS(k)x for all x € D(A) and k € Zy;
k
(2) For z € D(A) and k € Zy, S(k)z = b(k)z + A a(k — i)S (k).
=0

For more results on properties and applications of the discrete resolvent family {S(k)}rez, , we
can refer to [0, B, I8, P5, 26] and the references cited therein.

We recall a compactness criterion established in [2] and well-known fixed point theorems.
Let h : Z — R be a function satisfying that h(n) > 1 for all n € Z and h(n) — oo as |n| — cc.
We consider the space

Ch(Z,X):{u:Z—>X lim ] :o},

which is a Banach space endowed with the norm ||u||, = sup [u(m)l
nez h(n)

, see [2] for details.
Lemma 2.1 [?] A subset K C C},(Z, X) is a relatively compact set in Cy(Z, X) if it verifies the
following conditions:

(i) The set Q,(K) = {ZEZ; tu € K} is relatively compact in X for all n € Z.

(ii) K is weighted equiconvergent at +oo, that is for any € > 0, there exists a constant N > 0
such that ||u(n)|| < eh(n) for each |n| > N and all v € K.

Lemma 2.2 [I7, Banach fixed point theorem| Let (Z,d) be a complete metric space and Y :
Z — Z. If there exist constants L € [0,1) and ng € N such that

d(Y™(z), T (y)) < Ed(x, y),for all z,y € Z,

then T has a unique fixed point in Z, where Y2z = Y(Yz), Y3z = YT(Y2z),---, Tz =
T(T"Oflx), .

Lemma 2.3 [, Schaefer fixed point theorem| Let Y be a normed linear space with O C Y
convex and 0 € Q. Assume that T : O — O is a completely continuous operator. If the set

e(T)={x €0:2 =AYz for some X\ € (0,1)}

is bounded, then T has at least one fixed point in O.

20 Oct 2023 02:12:38 PDT
231020-Chang Version 1 - Submitted to J. Integr. Eq. Appl.



Pseudo S-asymptotically (w,c)-periodic sequential solutions 5

3 Pseudo S-asymptotically (w, c)-periodic sequences

In this section, we introduce the notion of the pseudo S-asymptotically (w, c)-periodic se-
quence and establish some of its fundamental properties.
For given ¢ € C\ {0}, w € Z*, we define the following set

22, X) = {f € F(Z,X) : sup | (=m) fn) |} < +oo.

For the set [3.(Z, X), we have the following property.
Proposition 3.1 Let f € F(Z,X). Then f € I3.(Z,X) if and only if f(n) = ¢"(n)u(n),
u€el>®(Z,X).

Proof: It is clear that f € Io°.(Z,X) if f(n) =

(n)u(n) with u € I°°(Z, X). For the inverse
statement, let f € I3°.(Z, X) and if we write u(n) =
(=

c*(—n)f(n), then we have

lulloo = sup le” (=n) f ()] < +o0.

Sou €1®(Z,X) and f(n) = c"(n)u(n).
Theorem 3.1 The set [57.(Z, X) is a Banach space with the norm

112 = sup " (=n) f(n)]-
nez

Proof: It is clear that f1 + f2 € [3°.(Z, X) and kf € I°.(Z, X) for each fi, fo € I7°.(Z, X) and
any k € C. Thus [.(Z, X) forms a vector space. It is also easy to check that || - [|3°. defines
a norm in lgf’c(Z,X) Let {fp}pez. C 5°%(Z, X) be a Cauchy sequence. By Proposition &1, we
can rewrite f,(n) = ¢™(n)u,(n) with u, = 1°°(Z, X'). The relationship [luy, —uglleo = [|fp — folloe
implies that {u,},ez, is also a Cauchy sequence in the Banach space [°°(Z, X), and thus there
exists a sequence u € [°°(Z, X) such that pli_}rgo lup(n) — u(n)|lso = 0. Consequently,

Jim sup [e” (=n)c" (n)up(n) — " (=n)c" (n)u(n)| = 0,

that is, fy(n) = f(n) := ¢(n)u(n) with || - ||, in I5°.(Z, X).
Definition 3.1 A sequence f € [5°.(Z, X) is said to be S-asymptotically (w, ¢)-periodic if

lim _||c"(=n)[f(n+w) —cf(n)]]| =0, ¥n € Z.

In|—o0
The collection of such sequences will be denoted by SAF, .(Z, X).
Lemma 3.1 Let f1, fo, f € SAP, (Z,X). Then the following results hold:
(1) fi + fo € SAP, (Z,X), and kf € SAP, .(Z, X) for any k € C.
(2) The sequence f,(n):= f(n+a) € SAP, (Z,X) for each a € Z.
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Proof: (1) From the Definition BT, for any ¢ > 0, there exists a constant 7, > 0 such that
" (=n)[f(n +w) = cf M < g7, M (=n)lfi(n +w) —cfi(n)]l| < 5, i = 1,2
for each |n| > T.. Hence,

I (=n)[kf (n +w) = ckf ]| < [klllc"(=n)[f(n + w) — cf(n)]]| <,

and
[ (=n)[fi(n +w) + fa(n +w) = c(fi(n) + fo(n))]]
<[ (=n)[fi(n +w) = e(fi()]]| + N (=n)[fa(n + w) = c(fo(n))]]
S% + g =ec.

The above arguments imply f1 + fa, kf € SAP, (Z, X).
(2) By the Definition B, for any € > 0, there exists a constant 7, > 0 such that

e =n)[fn + ) — ef | < oy
for |n| > T.. Thus we can deduce that

I (=n)[f(n+ a +w) — cf(n +a)l]
=lc*(a)c" (=n — a)[f(n+a+w) —cf(n+a)l
=l (@)[lle"(—n — a)[f(n+a+w) —cf(n+a)]| <e

for |n| > T = max{T, — a,T; + a}, which implies that f, € SAP, .(Z, X).
Theorem 3.2 The space (SAP, (Z, X), || - [|.) is a Banach space.

Proof: Lemma BT implies that SAP, .(Z, X) is a vector space. Let {fp}pez, € SAP, (Z,X)
converge to f as p — oo. Then for any € > 0, we can choose suitable constants N > 0 and
T. > 0 such that

1o = FlI5e = sup lle” (=)l fp(n) = £ (n)]
" (=) [fp(n +w) — cfpr(m)]ll < 5
for p > N and |n| > T.. Thus

le™(=n)[f(n +w) —cf(n)]|
=M (=n)[f(n +w) = fp(n +w) + fp(n +w) = cfp(n) + cfp(n) — cf()]

| < —,
3]

Wl m

<lellc (=n = w)[f(n +w) = fy(n +w)]ll + [l (=n)[f (np + w) — cfp(n)]
+ |C|||CA(*TL)[ fp(n) = f()]l|
ELfLf .
-3 3 3
which implies that the SAP, .(Z, X) is a closed sub-space of [3°.(Z, X). Thus it is a Banach
space equipped with || - [|2°,
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 7

Definition 3.2 A sequence f € [5.(Z, X) is called pseudo S-asymptotically (w, c¢)-periodic if it
satisfies

lim
n—oo 2n, + 1

Z N =E)[f(k+w) —cf(k)]| =0, k € Z.

The collection of such functions will be denoted by DPSAR, .(Z, X).
Lemma 3.2 Let f1, fo, f € DPSAP, (Z, X). Then the following results hold:
(1) fi+ fo€ DPSAP, (Z,X), and If € DPSAP,, .(Z,X) for any | € C.

(2) The sequence f,(n):= f(n+a) € DPSAP, ((Z,X) for each a € Z.

Proof: (1)By Definition B, we have for any [ € C and i = 1,2

. 1 .
Jm gt 2 MR ) = ef ()l =0,
: I & A
Jim o D N Rk +w) = efi(R)]I| =0

Hence,

i gty 32 IR )+ k) =6 + A6
< Jim ity 3 1RG0 o)
#lim sl S IR+ 0) — ealb)]
—0; B
Jim o Z [ (=R)Lf G + w) = el f (k)]
< Jim gty 3 IR+ o) el =0

It follows from above arguments that fi + fo,lf € DPSAP, .(Z, X).
(2) By the Definition B2, we have

7}1_{1;02”_’_1 Z [N (—E)[f(k 4+ w) —cf(k)]] =0, k € Z.

k=—n
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Thus for each a € Z

nh_>n;02n+1 Z |N(=k)[f(k+a+w) —cf(k+a)l
- i M=k + @) [F(k + ) — cf k)|

n—oo 2n + 1 it
cim LS ARG - e @l
S Zn Al

. ntlal

< Jo S i, X IR @l ) — )
=0,

which implies that f, € DPSAP, .(Z,X).

Theorem 3.3 The space (DPSAP, (Z,X),]| - ||5.) is a Banach space.

Proof: It follows from Lemma B2 that DPSAP, .(Z, X) is a vector space. Let {fp}pez. C

DPSAP, (Z, X) converge to f as n — oco. Then for any € > 0, we can choose suitable constants
N > 0 and n, such that

o

1fp = FllZe = Sup " (=n) [fp(n) — F()]]

IN
Lo

c|’

_ Z e =Ry + ) = efp(]] <

Wl m

for p > N and n > n.. Thus

1 N
Q”sz_:nyc (k) [f(k+w) —cf(R)]]l

1 SN
=51 k;nyc (k) [f(k + w) — folk +w) + fo(k +w)
—Cfp( )+cfp(k+w)]—cf( i
_2n+1 Z ]l ( w)[f(k+w) = fp(k+w)]ll

b Z e (=R fpll + ) = chy(B)]

+ o +1 Z lellle™ (=k) [fp (k) — f(R)]]

k=—n
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o0 ]' g
<l fp = fllde+ DM =R)[fplk +w) = cfp(k +w)]|
2n + 1 =
+lelllfp = fFlle
<L e C
-3 3 3 7

which implies that the DPSAP, (Z, X) is a closed sub-space of [5°.(Z, X). So it is a Banach
space equipped with || - [|2°..

Lemma 3.3 Let f € [3°.(Z, X). Then the following assertions are equivalent:
. I &
fim g 3 IR +) = efb =0

=—n

(a)

1

F i =

(b) For each € > 0, nlgrolo o+ 1 Z 0, where
k€Mp e (f)

My e(f) ={k € [-n,n]NZ: ||"(=k)[f(k+w) —cf(R)]| = e}
Proof: Since
1 2L A
1 kz [ (=R)[f (k +w) = cf(R)]]l

=—n

1 A
—— 3 (=K [f (k4 w) — cf (k)]

[—nn]\k€My & (f)

+2n1+ S > R w) — ef ()]
k€M (f)

we can verify the assertion(b) if the assertion (a) is true. On the other hand,

1 “L A
1 k;n [ (=R)[f (k 4+ w) = cf (K]

:2n1+ - IR+ w) — ef ()]

ke[—n,n]\Mn,s(f)

+2n1+ = > PRI+ w) - ef (R

keMn,e (f)
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1
S(1_2n+1kZ >5+2 1 Se 2

EMp (f) k€Mn,(f)

thus we can confirm the assertion (a) by the truth of the assertion (b).
We have the following convolution property.

Theorem 3.4 Let {S(n)}nez, C B(X). Assume further that {¢"*(—n)S(n)}nez, is summalbe.
If f e DPSAP, (Z,X), then

_ Zn: S(n—k)f(k) € DPSAP, .(Z, X).

k=—o00

Proof: Since {¢"*(—n)S(n)}nez, is summable and f € DPSAP, .(Z, X ), we have

ZHC k)| < oo, f(n) = c"(n)p(n), p(n) € I*(Z, X).

Hence u(n) = Z S(n—k)f(k) = c"(n) ZCA(—k:)S(k:)p(n —k)
k=—o0 k=0
and

| ZCA(—k)S(k)p(n — k)| <YMl (k) S(k)p(n — k)]
k=0

<|lp[l* Z le"( R < o0,

which hints that Z MN=k)S(k)p(n—k) € I°(Z, X), u(n) € I°,(Z, X). It also follows from the

k=0
Fubini theorem that

2n+1 Z e (=) [u(k + w) — cu(k)]|
1 k4w k
g S AR S St —m)fm) —c S Sk - m)Fm)]]
k=—n m=—o0 m=—o0
n k k
—2n1+1 3N S Sk -misen ) =e 30 (k= mftm)
5 Z (k) 3 SmLS s = m +) = ef = m)l|
<o > S I RSmLS s~ m ) e - m))

k=—nm=0
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 11

=3 e =m)S( HQnHZHc (—k+m) [k —m+w) = ef (k= m)]].

m=0

By f € DPSAP, .(Z,X), Lemma B2(2) and the dominated convergence theorem, we have

1 >l (=k)[ulk + w) - cu(k)]|| = 0.

lim
n—oo 2n + 1 P

Thus u € DPSAP, .(Z, X).
For given ¢ € DPSAP, (Z,X) and f € F(Z x X, X), we define the Nemytskii’s superpo-
sition operator by Nf(¢)(-) := f(-,¢(-)). We present the following superposition theorems for

Ng(9).
Theorem 3.5 Let f € F(Z x X, X) satisfy the following conditions :

(A1) (a) For any bounded subset Q@ C X, sup|c"(—n)f(n,c"(n)x)|| < oo uniformly for z € Q.
nez

N S .
(b) nh—>1202n 1 kz |l (—=k)[f(k +w,cz) — cf(k,x)]|| = 0 uniformly for z € X.

=—n

(A2) There exists a constant L > 0 such that for all z,y € X and n € Z,
1f(n,2) = f(n,y)|| < Lllz —yl|.
Then for each ¢ € DPSAP, .(Z,X), Nt(¢p) € DPSAP, (Z,X).

Proof: For each ¢ € DPSAPF, .(Z,X), we have

nh—>n0102n—|—1 Z | (=K [p(k + w) — co(k)]|| = 0, k € Z.
On the other hand,
_ Z A (k)N (8)( + ) = Ny (@) (]|

s zn: c/\(—k)[f(k—kw,qﬁ(k—irw))—cf(k:,%cﬁ(kﬂrw))
k=—n

T

§2n1+1 znj cA(—k)[f(k+w,¢(k+w))—cf(k,%¢(k:+w))”‘
k=—n

et S e er (b Lotk + ) — esth 0w
k=—n

20 Oct 2023 02:12:38 PDT
231020-Chang Version 1 - Submitted to J. Integr. Eq. Appl.



12 D.-S. Lin & Y.-K. Chang

=I + I>.

By (Al)(b), we have I} — 0 as n — oo. For I, we have

n

MN—k) [cf (k, %(ﬁ(k + w)) —cf(k, ¢<k))} H

lim
n—oo 21, + 1

k=—n

Z 1\ k+w|m (k. ¢k+w))—f(k,¢<k))”)

< lim
w+a>2n—%1

< lim Z Nkt @li[z o +w) — o0

1
L lim o S e k)l + ) — eo(h]] = 0.

k=—n

So lim

Tim 2n+1 Z le'( ($)(k +w) — eNg($)(K)]ll = 0, Le. Ny(¢) € DPSAP, (Z,X).

Theorem 3.6 Let f € F(Z x X, X) satisfy (Al) and the following condition:

(A3) fu(2) := N(—=n)f(n,c(n)z) is uniformly continuous for z in any bounded subset of X
uniformly in n € Z; that is, for any € > 0 and any bounded subset ) C X, there exists ¢
such that z,y € Q and ||z — y|| < ¢ imply that

1fn(z) = fuW)ll = [l (=n)[f (n, N (n)z) — f(n, " (n)y)]l < & n € Z.
Then for each ¢ € DPSAP, (Z, X), N¢(¢) € DPSAP, .(Z, X).

Proof: From (Al)(a), we have f(,¢(-)) € I5°%(Z, X) and there exists a constant M > 0 such
that sup||c (—n) f(n,c(n)z)|| < M for all z € Q. Meanwhile,

i k_Z (k)N @)k + ) = eNp(@) (B
Iyl Z HC“*“ [f<’f+%¢<k+w>>fcf(kéqb(kw))”\
s ZH 0)[ef (k. ol +0) = cf (ko0 |
=1 + I,.

It is obvious that hm I = 0. For I, we choose bounded subset Q = {c(—k)p(k) : k € Z}. If
e/ (=m) 6k +w) — co(k)] < |eld, then
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 13

I (=k = w)d(k +w) — M =k)d(k)|| = Iz (=R)[b(k +w) — co(R)]]| < 4.
By (A3), we have

n

S e e (ks <ok +9)) — stk o) |

=N

el D2 IR A" ok =)otk + )

= f(k, " (k) (=R)o(R))|

et X IR Rk~ )l + )
" ke n M, 5 (6)

— f(k, CA( )" (=k) (k)|
+lel g +1 n%(d))HCA(—k)[f(k,CA(k)CA(—k—w)¢(k+w))
= [k, " (k)" (=k)p (k)]

g(1—2n1+1 3 )yc|s+2M|c\2 — >

kEMn,\cw(d)) kEMn,\cM(@b)

1
2n+1

By ¢ € DPSAP, .(Z,X), Lemma B3 and the arbitrariness of e, we have lim I, = 0. Hence,
n—0o0

n_wo o+ 1 Z | ( (@)(k +w) —cN¢(o)(R)]|| =0, ie. N¢(¢) € DPSAP, (Z,X).
We recall the followmg set.
1 n
g(n) ={v:Z — Ry and h—>1202n+1k; v(k) < oo}.

Theorem 3.7 Let f € F(Z x X, X) satisfy (Al) and the following condition:

(A4) There exists a sequence £(-) € g(n) such that for any ¢ > 0 and any bounded subset
@ C X, there is a constant § > 0 satisfying

[ (=n)[f(n, " (n)z) = f(n, " (n)y)]]l < L(n)e
for all z,y € Q with ||z —y|| < § and n € Z.

Then for each ¢ € DPSAP, (Z, X), N¢(¢) € DPSAP, .(Z, X).

Proof: From (Al)(a), we have f(,¢(-)) € I5°%(Z, X) and there exists a constant M > 0 such
that sup||c (—n) f(n,cN(n)z)|| < M for all z € Q.

On the other hand,

an Z e ( (@) (k +w) — eNp(0) ()]

k=—n
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14 D.-S. Lin & Y.-K. Chang

n

1
S271—4—1 Z

k=—n

ZHc k)[cf (k, ¢(k+w>)—cf(k,¢(k>>m

MN—k) [f(k +w, ok +w) —cf (k %Qﬁ(kﬁ + w))} H

2 +1
=I + Is.
It is clearly that nh_)rgo I; = 0. For I, we choose bounded subset Q = {c"(—k)p(k) : k € Z}. If
[ (=n)[¢(k + w) — cd(k)] < |c|0, then
I (=k = w)o(k + w) = N=k)o(k)|| = Iz (=k)[b(k + w) — co(k)]]| < 6.
By (A4), we have

. Z“C Bef (b, - olk + ) — cf (h, 6]

el 30 MRk ) (—k — )l +)
k=—n
— F B R
Sels Y IR RN @)l + )

ke[—n,n)\M,,|c|5(¢)
— f(k, CA( ) (—=k)p(k))] |
> RSk (RN (—k = w)p(k +w))
M, |c)5(®)
— f(k, (k) (=)o (k)]

n

1 1
< 2
_’C|€2n+ 7 g £(k) + 2M|c| T 1 E
k=—n keM,, 1015(#)

Tlelg, +1

From Lemma B3, £(-) € g(n) and the arbitrariness of ¢, we have li_>m I, = 0, and thus
n—oo

Jim QnH Z le"( (@) (k + w) — eNp(@)(K)]|| = 0, ie. Ni(¢) € DPSAP, (7, X).

Corollary 3.1 Let f € F(Z x X, X) satisfy (A1) and the following condition:
(C1) For any bounded subset @ C X, there exists a sequence £(-) € g(n) such that
I (=n)[f (n, ¢ (n)a) = f(n, " (n)y)lll < L)z —yl|

for all z,y € Q and n € Z.
Then for each ¢ € DPSAP, .(Z,X), N¢(¢p) € DPSAP, (Z,X).
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 15

Proof: It is easy to check that (A4) in Theorem B7 holds if (C1) is satisfied. So the conclusion
is a direct consequence of Theorem B74.

Corollary 3.2 Let f € F(Z x X, X) satisfy (A1) and the following condition:

(C2) For any bounded subset @ C X, there exists a function £(n) € [P(Z, R+)(1< p < o0) such
that

[M(=n)[f (n, " (n)z) — f(n, " (n))]l| < L(n)|lz —y||
for all z,y € Q and n € Z.
Then for each ¢ € DPSAP, .(Z,X), Ni(¢) € DPSAP, (Z, X).

Proof: Since

1 1 -
- 1
on + 1 ;ng(k) 2n+1k;n x L(k)

—2n+1 Z SR 1T

k=—n k=—n
2n + 1]
1 " 1
=— | Z L(k)P]»
(QTL + 1)p k=—n
l
<13 s,
k=—n

we have that £(-) € g(n) if £ € IP(Z,R+)(1 < p < o0). So (C1) in Corollary B holds by (C2)
and the assertion is true.

4 Existence results

In this section,we show some existence results for pseudo S-asymptotically (w, ¢)-periodic se-
quential mild solutions to Eq. ().

Definition 4.1 Let A generate a discrete resolvent family {S(k)}rez, € B(X)andp:ZxX —
X. A sequence u : Z — X is called a mild solution to Eq. () if & — S(n — k)p(k,u(k)) is
summalbe on Z for each n € Z and u verifies

u(n +1) an— u(k)), n € Z.

k=—o00

In what follows, we always assume that ¢ € C\ 0, w € ZT and Q is bounded subset of X. Let
us list the following hypotheses:
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16 D.-S. Lin & Y.-K. Chang

(DA) Let the operator A generate a discrete resolvent family {S(k)}rez, € B(X)and ¢"(—n)S(n)
is summable.

(D1) (1) For any bounded subset @ C X, sup||c"(—n)p(n,c"(n)z)|| < oo uniformly for z € Q.
neZ

Z |l (=k)[p(k + w, cx) — ep(k, )]|| = 0 uniformly for z € X.

Lemma 4.1 Let conditions (DA) and (D1) hold. Assume further that p: Z x X — X satisfies
the following condition:

(D2) There exists a function Ly, : Z4 — Ry such that for each » > 0 and all u, v in any bounded
subset @ of X with |Ju|| <7, ||v]| <,

I (=R)p(k, ¢ (k)u) — p(k, " (k)o)]l| < Ly(r)llu — vll, k € Z.

Then for each u € DPSAP, .(Z, X), Z S(n — ,u(k)) € DPSAP, .(Z, X).

k=—o00

Proof: For each given u € DPSAP, .(Z,X), {c"(—k)u(k)} is bounded and there exists a
bounded subset @ of X such that ¢"(—k)u(k) € Q for all k € Z. It follows from the condition
(D2) that ¢"(—k)p(k,c"(k)u) is uniformly continuous on the bounded subset @ uniformly for
k € Z. Thus we have from Theorem B3 together with conditions (D1) and (D2) that p(-,u(-)) €
DPSAP, (Z,X) if w € DPSAP, .(Z,X). It further follows from the condition (DA) and
Theorem B4 that P(n) € DPSAP, (Z,X) for each u € DPSAP, .(Z, X).

Lemma 4.2 Assume that conditions (DA) and (D1) hold. Let p: Z x X — X be a function
that satisfies the following condition:

(D3) There exists a summable function L,(-) : Z — R4 such that

™ (=) p(k, " (k)u) — p(k, " (R))]]| < Lyp(k)[[u —vl|, Yu,v € Q, k € Z.

n

Then P(n):= »  S(n—k)p(k,u(k)) € DPSAP, (Z,X) whenever u € DPSAP, .(Z, X).

Proof: It follows from Corollary B2 together with conditions (D1) and (D3) that p(-,u(-)) €
DPSAP, (Z,X) for each w € DPSAP, (Z,X). Thus we have from Theorem B4 with the
condition (DA) that P(n) € DPSAP, .(Z,X) whenever u € DPSAP, (Z,X).

Lemma 4.3 Let p:Z x X — X be a function that satisfies assumption (D1). Assume further
that the following conditions hold:

(D4) There exists a ¢-th summable (1 < ¢ < 0o0) function .Z,(-) : Z — R, such that

" (=k)[p(k, " (k)u) — p(k, " (R))]|| < L(k)|lu—vll, Yu,v € Q,k € Z.
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 17

(D5) There exist constants 6 > 0, M > 0 such that ||¢(—=k)S(k)|| < Me™% for all k € Z,.

Then P(n) := > S(n—k)p(k,u(k)) € DPSAP, .(Z, X) whenever u € DPSAP, .(Z, X).

k=—o00

Proof: The condition (D5) implies that the condition (DA) holds. It follows from Corollary
B2 together with conditions (D1) and (D4) that p(-,u(-)) € DPSAP, .(Z,X) for each u €
DPSAP, (Z,X). Thus P(n) € DPSAP, (Z,X) whenever v € DPSAP, .(Z,X) through
Theorem B4.

Lemma 4.4 Let conditions (DA) and (D1) hold. Assume that p € F(Z x X, X) satisfies the
following condition:

(D6) pn(2) := ¢ (—n)p(n,c"(n)z) is uniformly continuous for z in any bounded subset of X
uniformly in n € Z.

Then P(n) := Z S(n —k)p(k,u(k)) € DPSAP, (Z,X) whenever v € DPSAP,, .(Z,X).

k=—o00

Proof: The proof can be conducted directly through Theorems B2 and B together with
conditions (DA), (D1) and (D6).

The following result is concerned with a local Lipschitz growth condition on the function
AMN=k)p(k,c"(k)-) for all k € Z.

Theorem 4.1 Suppose that conditions (DA), (D1) and (D2) are satisfied. Assume further that
the following condition hold:

(D7) Sl>118[|0\7“ —rLp(r)|[Sle] > IISHcilég I (—k)p(k, 0)||, where ||S]lc =" [l (=k)S(k)]].
T k=0

Then Eq.(CT) has a mild solution u € DPSAP,, .(Z, X ), which is unique on an arbitrarily closed
ball B, of the space DPSAP, .(Z,X) with its center at 0 and radius r satisfying the condition
(DT).

Proof: Let the operator P : DPSAP, .(Z,X) - DPSAP, (Z, X) be defined by

n—1

(Pu)(n) = > S(n—1-k)p(k,u(k)). (4.1)

k=—0oc0

We obtain from Lemma B0 that P is well-defined for each v € DPSAP, .(Z,X). We also
deduce from the condition (D7) that there exists a constant r > 0 such that

lelr = rLy(r)[IS]le > HS”CiIGlIZ) I (=k)p(k, 0)]]. (4.2)
Let B = {u € DPSAP, (Z,X) : ||lul[Z, < r}, which is a closed subset of the Banach space
DPSAP, .(Z,X). We show that P(B) C B. For each v € B and all n € Z, we have
l” (=n) (Pu) ()]

20 Oct 2023 02:12:38 PDT
231020-Chang Version 1 - Submitted to J. Integr. Eq. Appl.



18 D.-S. Lin & Y.-K. Chang

n—1
—n)| Z " (k)S(n = 1 = k)|l (—k)p(k, " (k)" (= k)u(k))|

k=—o00

IN

—n+1)S(n—1=k)|llc"(=k)p(k, " (k)" (=k)u(k)) — p(k, 0)]|

=i
M

Z I (k = n+1)S(n — 1 = k)|lllc" (=k)p(k, 0)|

< 1 (52 1 (Rl O + Ly ()] 1S,

from which with (B22) we have [[Pul|Z’. < and thus P(B) C B.
Next it is shown for the contraction of P on the set B. From (E2), we have |c|r—rLy(r)||S]c >

0,i.e. HLy(r)[S]le < 1. Thus for each u,v € B and all n € Z, we have
e (=n)(Pu)(m) - PO = | ,;1 S0 =1~ k) (p(k, ulk)) — pl, (k) |
< X 1800 1= Rtk ulh) = ol (8]
< LISl

which implies ||Pu—Puvl|gF,. < |C| Ly(r)IS|lellu — v[|g5- Thus P is a contraction on B and admits
a unique fixed point u € B, which is also a mild solution v € DPSAP, .(Z,X) to Eq. (IT).

Next we establish some existence and uniqueness of pseudo S-asymptotically (w, ¢)-periodic
sequential mild solutions to Eq. () under global Lipschitz growth conditions on the function
c(=k)p(k,c"(k)-) for all k € Z. The first result is concerned with a Lipschitz constant coefficient
L > 0.

Corollary 4.1 Assume that conditions (DA), (D1) and (D2) hold. If L,(-) = L > 0 with
e LISle < 1, then Eq. () has a unique mild solution u € DPSAR, o(Z, X).

Proof: Since 0 < ﬁLHSHc < 1 and ||S|esup |[c"(—=k)p(k,0)|| < oo, there exists a constant
keZ

[Sllclel supgez ll" (=F)p(k, 0)|
rL||S||e > ||S]|esup || (—k)p(k,0)]|, i.e. (B2) is satisfied for all » > r*. It is inferred from the
k€EZ

proof of Theorem B0 that Eq. (I_T) admits a unique solution u € DPSAP,, .(Z, X )
The second result is involved in the Lipschitz growth condition on ¢(—k)p(k, ¢"(k)-) for all
k € Z with a summable coefficient £, : Z — R .

r* > 0 such that rx >

. Thus for all » > r, we have |c|r —

Theorem 4.2 Let conditions (DA), (D1) and (D3) hold. Then Eq.(I) admits a unique mild
solution w € DPSAP, .(Z,X).
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 19

Proof: Let the operator P be defined by (E0). For each w € DPSAP, .(Z,X), we have from

Lemma B2 that (Pu)(n) € DPSAP, (Z,X). Thus P : DPSAP, (Z, X) - DPSAP, (Z, X)

is well-defined. It is deduced by the condition (DA) that sup || (—n)S(n)|| < M for a suitable
nez

constant M > 0. For each u,v € DPSAPF, .(Z,X) and all n € Z, we have
[ (=) [(Pu)(n) — (Pv)(n)]]
n—1
—n)| Y 1S —1=k)|[lp(k, u(k)) — p(k, v(k))]|

k=—o00

_ ﬁ‘Ei‘W%k+1_m5m_1_kw@N_@@%m%»—p%w%ﬂw

( Z £4(1)) lu = vl
Generally, by [I3, Lemma 3.2.] and mathematical induction, we have

" (=n)[(P™u)(n) = (P™v)(n)]]

IN

n—1
< = Z I (k +1 = n)S(n =1 = k)|l (=) [p(k, (P™ u) (k)
( (7”” o) (k)]
n—1 k—1 m—1
< o [ > 4 W X 4l) -z
j=—o00
< o [e.e]
< C|mm,( Z £, lhu ol
(e Lpll)™
< HT”U_U”w,c?
M
Myponym
which implies that ||[P™u — P[22, < (|C|HP'H)HU — v||2°.. Since W < 1 for a
’ m ’ m

sufficiently large m € Z*, we conclude from the Banach fixed point theorem ('see Lemma 272)
that P has a unique fixed point w € DPSAP,, .(Z,X) which is a mild solution to Eq. ().

The third result is related to the Lipschitz growth condition on ¢"(—k)p(k, " (k)-) for all
k € 7Z with a g-th summable coefficient £}, : Z — R

Theorem 4.3 Suppose that conditions (D1), (D4) and (D5) are satisfied. Then Eq. () has
qé -1/
a unique mild solution u € DPSAP, .(Z, X) provided that ||.Z,||; < |C|(~el) q, where

M\e® —
_ q - AL
i= 2 1%l =( X (20)) L 1<a<eo

j=—00
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20 D.-S. Lin & Y.-K. Chang

Proof: Similarly, consider the operator P defined by (E). It follows from Lemma B=3 that
(Pu)(n) € DPSAP, (Z,X) for each w € DPSAP, .(Z,X). For all n € Z and each u,v €
DPSAP, (Z,X), we have

le(=n)[(Pu)(n) — (Po)(n)]]

n—1
1
=< el Y llel=n+1+k)S(n—1—k)llle(=k)pk u(k)) — p(k, v(k))]]|
k=—oc0
1 n—1
< 1, Z le(=n+k+1)S(n -1 = k)L k) [lu—l[J,
1 o0
= 1 Z R)[Zp(n =1 = F)flu — vl Z
k=
M - —mq 1/q 00
< ’ (Z € q5) ”u - U”w,c
m=0
M e® \1/d -
Gl ()l = ol

Therefore,
M e \1/q
1Pu~Pole < il (=) e = vl

c
which implies that P is a contraction from ||.Z[l, < .|/\/|l
unique mild solution u € DPSAP, .(Z, X).

Finally, we investigate the existence of pseudo S-asymptoticallty (w, c)-periodic mild solu-

tions to Eq. () with non-Lipschitz growth condition on the function ¢(—k)p(k, " (k)-), k € Z.

e \-1/q
(m) . Thus Eq. (IT) has a

Theorem 4.4 Suppose that conditions (DA), (D1) and (D6) are satisfied. Assume further that
the following conditions hold:

(D8) There exists a nondecreasing function W), : R — Ry such that ||p(k,u)|| < Wy(||u||) for
all k € Z and u € X.

n—1
(D9) For each & > 0, ‘ l|im h(ln) > IS — k= 1)[|Wy(én(k)) =
n|—oo ke — o0

(D10) For each € > 0, there exists § > 0 such that for every u,v € Cy(Z, X), ||lu—wvl|;, < implies
that Z IS (n — k)||||lp(k, u(k)) — p(k,v(k))|| < € for all n € Z.

k=—o00

(D11) liminf —= br)

r—00 r

< 1, where 5(r) = sup [h Z [S(n — k) ||[Wy(rh(k))|.

neE”L k—foo
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Pseudo S-asymptotically (w,c)-periodic sequential solutions 21
(D12) For all a,b € Z with a < b and each r > 0, the set {p(k,u) : k € [a,b], ||u|| < r} is relatively
compact in X.

(D13) For each e > 0, there exists § > 0 such that for every u,v € Cy(Z, X), ||lu—wvl|;, < J implies
that || (—k)[p(k,u(k)) — p(k,v(k))]|| < € for all k € Z.

Then Eq. () admits at least one mild solution w € DPASP,, .(Z,X).

Proof: Let B,(Y) be a closed ball with center at 0 and radius r in the space Y. Define the
operator P on Cj(Z, X) in the form (B1). For each u € Cy(Z, X), it follows from the condition

(D8) that
[(Pu)(n)|l < Z 1S (R)[Wp([lu(k Z [SRNWp([lullnh (k).
k=—00 k=—00
[(Pu)(n)]]

Thus we have lim = 0 by the condition (D9), which shows that P : Cy(Z, X) —

Ch(Z, X) is well-defined. We shall prove that P admits a fixed point w € DPSAP,, .(Z, X). For
the sake of convenience, we divide the main proof into the following steps.

Step 1.We show that P is completely continuous. Firstly, we show that P is continuous.
For any € > 0, let § > 0 be chosen in the condition (D10). If u,v € Cy(Z, X) with ||u —v||;, <4,
then we have

n—1

[(Pu)(n) = (Po)()| < D 11S(n —k = Dlllp(k, u(k)) — p(k, v(k))] < e.

k=—o0

Since h(n) > 1, we obtain that H(Pu)(n?}(—n(Pv)(n)H < efor all n € Z. Thus [|[Pu— Pv| <,
which proves the claim.

Secondly, let V' = P(B,(C(Z,X))) be defined by v = Pu for u € B, (C(Z, X)). We show

that Q,(V) := {;}LGi (v € V} is relatively compact in X for each n € Z. From the condition
n
(D9), for any € > 0 we can choose a € Z* such that Z |S(k)||Wp(rh(n —k—1)) <e. For

each v € B,(Cy(Z, X)), we have

a—1

U(n) — L - n — — u\n — -
W = E kzoS(k)p( k—1u(n—k—1))
1 oo
+h(n) kz::aS(k:)p(n —k—1uln—k—-1))
a 1932
— o) [a 2 S(k)p(n—k—1,u(n—k—1))
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22 D.-S. Lin & Y.-K. Chang

1 oo
+h(n)l;S(k)p(n —k—1,u(n—k—1)).

By — h(n) p(n—k—1un—k—1)) H ZHS M[Whp(rh(n—k—1)) < €, we obtain
v(n) a ——— —_—
that — € conv(K) + B¢(X), where conv(K) denotes the convex hull of X and
h(n) — h(n)
a—1
K= {8twie.w) € e —an-1]Z ul < rmaxh(©)}.
k=0
Since Qn (V) C a conv(K) + Be(X) and K is relatively compact from the condition (D12), we

ms\

h(n)
infer that @, (V) is relatively compact in X for all n € Z. On the other hand, it follows from
conditions (D8)-(D9) that

loe)l - 1N g g . n| = 0o
0 <h(n)k:§joors< k— D)Wy (rh(k)) = 0, n] = oo,

and this convergence is independent of u € B, (Cp(Z, X)). Hence by Lemma P, V' is relatively
compact in Cp(Z, X).

Step 2. We show that the set Q := {u : = 77( ) A€ (0,1) } is bounded. Let
u* € Cp(Z, X) be a solution to the equation u* = ( A) for some )\ € (0,1). Then we have
the estimate

n—1
[ < 37 18t~k = DIW,([[u],2(R) < B)B(|[],)-

k=—00

Thus we have
[l
Bllw],)
and together with the condition (D11), we can prove the assertion.

Step 3. We show that P has a fixed point v € DPSAP, .(Z,X). It is known from
Lemma B4 that P(DPSAP, (Z,X)) € DPSAP, .(Z,X). Consequently, we can consider
the operator P : DPSAPMC(Z,X)'LL — DPSAPMC(Z,X)'LL (the closure in Cj(Z,X)) and P
is completely continuous from Steps 1-2. Since Q is bounded, we can obtain that P has a

fixed point u € DPSAP, .(Z, X ) by the Schaefer fixed point theorem (see Lemma P3). Let
{un} € DPSAP, .(Z,X) be such that ||u, — u||, = 0 as n — co. Then we have

1P =l = [P — Pl
< sup le(—n) S 00—k~ Dllplh n(k ) — p(h, u(k)))

k=—o00
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< sup (Z le(=n -+ ks + DS~ k = Dlllle(=R)p(k, un(k)) = plk, ulk))])

nEZ

which implies by the condition (D13) that |[Pu, — ul|. — 0 as n — oo uniformly in Z.
Since u,, € DPSAP, (Z,X), we have w € DPSAP, .(Z,X), i.e. Eq. () admits a pseudo
S-asymptotically (w, ¢)-periodic sequential mild solution.

At the end of this paper, we give some examples to illustrate the validity of our main results.
For more interesting examples and applications corresponding to Eq. (L), we can refer to
[@, B, 8] and references therein.

Example 4.1 Let X := L?[0,1]. Assume that a(n) = (1 — W) and b(n) = 2n+2 We
consider the following differential-difference equation

un+1,z) = Z a(n—k;)a2 u(k+1,2) 4+ Z b(n — k)p(k,u(k,z)),n € Z,z € [0,1]. (4.3)
k=—o00 k=—oc0

Define the operator A := 88—;214 on X with domain D(A) := {u € L?[0,n] : u" € L?[0,1];u(0) =
u(1) = 0}. Thus Eq. (B33) can be converted into Eq. () with u(k) := w(k,-). Moreover,
the operator A generates a bounded analytic Cp-semigroup on X (see [[H, Example 4.8]). It
also follows from [IR, Theorem 3.9] that the operator A with above choices of a,b generates a
summable discrete resolvent family {S(k)}rez, satisfying ||S(k)|| < M, M > 0 for all k € Z.

i 1
Take p(k, u) = sin(u +1)

2] (n > 0) and ¢ = e. Thus we have for all w € Z
e

n
. _k
T Z_ Ip(k 4+ w,u) — cp(k, —u)|le” =

B sin(u + 1 sin(—u+1) _&
o n—>oo 2n—|— 1 Z H el2k| e el2k| He i
n 1 _k _k

. n < e w ce w)
< _ -
< oo kz oIF ok T iR

=—n
< lim

n _k _k n k k
. n € w ce w ew cew _
n—>oc>2n+1[<kzo e2k + e2k >+(k2062k+62k>}_0

. /\ 1
and sup ¢(—n)p(n, ¢"*(n)r) = sup c(—n)nsm(c (g)lx +1)
nez keZ ern

It shows that the condition (D1) holds. On the other hand, we have

(=) ok, (b))  plk, EIE = HC(—k) [ sin(c"(kH)u+1)  sin(c"(k)v + 1)} Hi

oI2K] n oI2K]

IN

le(=k)I? |4k|HSln( Mk)u+1) = sin(c" (k)v + D)%
le(=R)Pn?ll" (k)u — " (k)vll%

IN
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< pllu—vlk

for each u, v € X, k € Z. Hence for n small enough, Eq. (E=3) admits a unique solution
u € DPASP, .(Z, X) via Corollary A

Let a(k) = b(k) = %, A := X\ € C with Re\ < 0. Then we can have the following
scalar-valued difference equation

A%u(n) =Au(n+1)+ f(n), 0<a <1, neZ, (4.4)

where A® is fractional difference in Weyl-like sense, f € [3.(Z,C). It is known from [, Theorem
3.5] that A\ generates a summable discrete resolvent family {Sq(n)}nez, given by

(n)

|s:1

Sa(n) = (=" ((sa - A)_l)

n!

Thus the solution of Eq. (B) can be formulated in the form u(n + 1) = Z Sa(n —k)f(k).

k=—oc0
It follows from Theorem B3 that w € DPSAP, (Z,X) it f € DPSAP, (Z,X). Here we give
numerical simulations for solutions of Eq. (B=) whenever o = 1/2, A = —1/10 and let w = 4. In

Figure O, we have fi(k) = et cos(mk/2) + e M k€ Z for ¢ = e%, whereas in Figure B, we have
fa(k) = eis cos(mk/2) + e "’ k€ 7 for ¢ = ei. The notation denotes values of u at n.

w=4,c=exp(1/2),a=1/2,A=-1/10 | U(n) ¥
3t N
|\
* I\
2% I\ I
I\ * P | %
| % ! |
L
16 8% * [ - T R T
Ko * % * * 4 VR \
* Eol * ¥ * —* — — T
* Y * I n
\ / “ *
1 ¥ b |
A
ol ]
* I
L
3k | |
(!
| \‘
-4 %

Figure 1: Solution u(n) for the case fi on the interval [—16, 16].
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u(n) ¥
w=4,c=exp(1/4),a=1/2,\=-1/10 * A

e ¥ .

Figure 2: Solution u(n) for the case f, on the interval [—16, 16].
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