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9 ABSTRACT. We model time-harmonic acoustic scattering by an object composed of piece-wise homoge-
o neous parts and an arbitrarily heterogeneous part. We propose and analyze new formulations that couple,
— adopting a Costabel-type approach, boundary integral equations for the homogeneous subdomains with
" volume variational formulations for the heterogeneous subdomain. This is an extension of the Costabel
12 FEM-BEM coupling to a multi-domain configuration, with cross-points allowed, i.e. points where three
13 or more subdomains are adjacent. While generally just the exterior unbounded subdomain is treated
14 with the BEM, here we wish to exploit the advantages of BEM whenever it is applicable, that is, for all
15 the homogeneous parts of the scattering object. Our formulation is based on the multi-trace formalism,
o which initially was introduced for acoustic scattering by piece-wise homogeneous objects. Instead, here
— we allow the wavenumber to vary arbitrarily in a part of the domain. We prove that the bilinear form
v associated with the proposed formulation satisfies a Garding coercivity inequality, which ensures stability
18 of the variational problem if it is uniquely solvable. We identify conditions for injectivity and construct
19 modified versions immune to spurious resonances.
20
21 .
— 1. Introduction
22

23 The efficient simulation of wave propagation problems in time-harmonic regime remains a computa-
24 tional challenge that is still the subject of intensive research effort. Propagation media are generally
25 heterogeneous, which is reflected by arbitrarily varying coefficients in the equations. Classical numeri-
26 cal methods to perform simulations in heterogeneous media usually rely on volume-type discretization
27 schemes such as finite elements. In many situations of practical relevance, material coefficients are
28 piece-wise constant in certain parts of the computational domain, and this feature can be exploited
29 to reformulate the problem by means of boundary integral operators as an equation defined only on
30 the boundary, called Boundary Integral Equation (BIE). Indeed, boundary element methods, which
31 are discretization schemes for BIEs, yield a significant reduction in the number of unknowns, higher
32 accuracy at least away from the boundary, and better robustness to high frequency compared with
33 finite elements. In addition, boundary integral operators can naturally deal with unbounded domains,
34 provided that the boundary is bounded.

35 This is the general idea of Finite Element Method - Boundary Element Method (FEM-BEM)
36 coupling, which aims at taking advantage of the versatility of the finite element method and the
37 computational efficiency of the boundary element method. There already exists a well established
38
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5 FIGURE 1. Example of geometric setting: composite medium, with Qy arbitrarily
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16 literature on the numerical analysis of FEM-BEM coupling, in particular for time-harmonic acoustic
17 problems, with several possible FEM-BEM strategies including the Johnson-Nédélec coupling [15], the
18 Bielak-McCamy coupling [3] or the symmetric Costabel coupling [12, 13] (see e.g. [1] for an overview
19 of the three approaches). Another possible strategy relies on substructuring domain decomposition
20 and FETI-BETI methods [16, 2, 21, 6]. In the present contribution, we wish to focus on the Costabel
21 coupling, which appears interesting from a numerical analysis perspective because it naturally leads to
22 Gérding coercivity estimates.

23 Except for those related to domain decomposition, many of the contributions dedicated to FEM-BEM
24 coupling consider a simple geometric configuration where the computational domain is subdivided into
25 two parts separated by a single interface: one interior heterogeneous part and one exterior homogeneous
26 part. Multi-domain configurations with more than two subdomains are also of interest, and often
27 involve the presence of cross-points, i.e. points where three subdomains or more are adjacent (see for
28 instance the red points in Figure 1). From a numerical standpoint, as was clearly shown in [19, §4] by
29 detailed numerical examples, a careless treatment of cross-points may lead to a lack of consistency
30 of standard linear solvers such as GMRes. At the continuous level, the presence of cross-points is
31 problematic because in that case the interface shared by one subdomain with another can have a
32 boundary (made of cross-points). So, the operators giving the restriction to the interface (between
33 Dirichlet or Neumann trace spaces on the subdomain boundary) are not continuous, see e.g. [9, §6.2].
34 This prevents writing in a proper function space framework the most natural multi-domain formulations
35 that would use restriction operators. To avoid these, in the present contribution, we design and analyze
36 new multi-domain FEM-BEM formulations by means of the Multi-Trace Formalism (MTF), which was
37 introduced in [7, 9, 8] for piece-wise constant coefficients. Indeed, MTF allows for a clean treatment
38 of cross-points from the perspective of function spaces, and proves here to be perfectly fitted to the
39 Costabel coupling. These new formulations satisfy Gérding inequalities, which, in case of injectivity,
40 imply stability and quasi-optimal convergence results of conforming discretization methods.

41 Unfortunately, like the classical Costabel coupling, also its multi-domain versions may be affected
42 by the spurious resonances phenomenon, that is, the associated operator may be not injective, whereas
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1 the corresponding transmission problem is always well-posed. Therefore, we identify conditions
o for injectivity, and then we construct modified versions immune to spurious resonances. This is a
'3 generalization to multi-domain configurations of the strategy studied in [14] for the two-domain case.
4 This article is organized as follows. First, we present the acoustic scattering transmission problem
in Section 2, we recall the definitions of trace spaces and operators in Section 3, and classical results of
potential and boundary integral operator theory in Section 4. Then in Section 5 we introduce a functional
setting suited for the multi-domain configuration. After revisiting the classical Costabel coupling in
Section 6 for two subdomains, in Section 7 we propose a first multi-domain coupling formulation,
called single-trace FEM-BEM formulation, followed by a combined field version in Section 8 that is
10 immune to spurious resonances. The single-trace FEM-BEM formulation is preparatory to the more
11 flexible multi-trace FEM-BEM formulation, which is derived and analyzed in Section 9. Finally, a
12 multi-trace combined field FEM-BEM formulation is designed in Section 10.

13

14

15 Nomenclature

[ofe|~]o]o]s

16 . .
— Geometric setting

o) j Subdomains of R? with homogeneous medium (with £y unbounded)

L Number of bounded homogeneous subdomains

° Qs Subdomain of R? with heterogeneous medium

“ I Homogeneous subdomain boundary dQ;

2y Heterogeneous subdomain boundary dQy

2r The skeleton, that is the union of subdomain interfaces, see (2.3)

= K; Wavenumber in £ (positive constant)

“ Ky Wavenumber in Qy (positive function)

2 Function spaces

. H(0Q) Space of pairs of Dirichlet and Neumann traces on d€, see (3.2)

2 H(T) Multi-trace space: H(I') := H(Tg) x - -+ x H(I},), see (5.1)

= X(T) Single-trace space (subspace of H(T")), see (5.4)

i% X(F) Single-trace space with additional components on £, see (5.9)

- X(Qg,T)  Subspace of H' (Qy) x X(T") with Dirichlet conditions on £, see (5.10)

o XM (Qy,T) Subspace of H!(Qy) x X(I') with generalized Robin conditions on X, see (8.2)
o H;H(F ) Multi-trace space with Neumann traces on ¥ and no components on I, see (9.1)
v IEH(F) Multi-trace space with Dirichlet traces on X and no components on I'y

35 }ﬁl(l“) Multi-trace space with both Dirichlet and Neumann traces on X, and no components on
36 Iy, see (9.3)

57 Duality pairings

38 (*,)9o  Duality pairing between Dirichlet and Neumann traces on dQ
3 | ]oa Self-duality pairing on H(dQ), see (3.3)

20 |-Ir Self-duality pairing on H(T'), see (5.3)

a1 [+ -] Duality pairing between ]ﬁI(F) and H(I), see (9.2)
2 {-,-] Self-duality pairing on ]ﬁI(F), see (9.4)
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ce operators
71512 Interior Dirichlet and Neumann trace operators on dQ, denoted }fé, 7{1 for Q = Q;
)q? Exterior Dirichlet and Neumann trace operators on 02, denoted yﬁ s YI\II cforQ=Q;

Interior and exterior pairs of Dirichlet and Neumann trace operators on €2, denoted 7, }/C’
for Q = Q;

Jump of the interior and exterior trace operators across d<, see (3.7)

Average of the interior and exterior trace operators across d€2, see (3.7)

o Global trace operator defined in (5.2)

ﬁ T,Tp, Ty Traces on X induced by a tuple in X(I'), see Proposition 5.1

19 Other operators

@|~fo|ofs]e]n]-
N33 BBY
e %

m SLS,;2 Single layer potential on dQ (k constant wavenumber), see (4.1), denoted SL{'( for Q=Q;
2 DL‘K2 Double layer potential on dQ (x constant wavenumber), see (4.2), denoted DL{( for
E Q=0 j

% G% Total potential on d (k constant wavenumber), see (4.3), denoted G{( for Q = Q;

. A,% 2 x 2 matrix of boundary integral operators (double layer, single layer, hypersingular and
- adjoint double layer operators), see (4.9), denoted A% for Q = Q j

o é Block diagonal operator A := diag(A?q), AR

19 A Full block operator, see (9.9)

o0 dy Helmholtz bilinear form on Qy, see (6.3)

o1 Fy Linear form for the source term on Qy, see (6.3)

2 6 Operator 0(v,q) = (—v,q), for (v,q) € H(dQ)

23 O Operator O(v) := (0(vg),...,0(v,)), for v = (vy,...,v,) € H(I')

o4

25 2. The transmission problem

z% We start by presenting the problem under study. We consider a non-overlapping domain decomposition
= R

S5 (2.1 R =[] Q;UQy,

30 j=0

31 where each subdomain will only be assumed Lipschitz regular [17, Def. 3.28] and connected, and all
32 subdomains except Q) are bounded. In addition, R? \ Qy will also be assumed connected (so that Qy
33 does not contain any hole). An example of such a configuration is given in Figure 1. We emphasize
34 that in such a geometrical setting the presence of cross-points (red points in Figure 1) is allowed.

35 We consider a propagation medium whose effective wavenumber, described by a function x: RY —
36 R, varies in accordance with the subdomain decomposition in (2.1): we assume that

= K(x)=Kk; VXE€Q;, j=0,....n, withk; € (0,+o0),

39 while in the subdomain Qy the wavenumber is not assumed constant and may vary: k(x) = kg (x),
40 with ks (x) > 0, Vx € Qy.

41 Let the incident field Uiy € Hlloc(]Rd ) satisfy AUjpc + KOZUinC =0in R?, where HllOC (R9) is the set
42 of functions whose restriction to any compact set @ C R¢ belongs to H!(@). Let the source term
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f € L>(R) be supported in Qy. We are interested in solving the following problem modelling an
acoustic wave propagating in a heterogeneous medium
Find U € H}.(R?) such that
(2.2) AU +x(x)’U =—f inR?
U — Uy is Kp-outgoing radiating.

[ o] s fe]o]-

l In this problem, the third condition is the classical Sommerfeld radiation condition, see e.g. [20, §2.6.5]:
— any function V is said to be k-outgoing radiating if limp_ | B, 10pV —1kV|*do, =0, where 1 = /1,
— Bp is the ball centered at the origin of radius p and dj, denotes the radial derivative. By standard results
— of scattering theory, Problem (2.2) admits a unique solution, see e.g. [10, Theorem 8.7].

11 . .

o To solve such a problem, a standard numerical approach would rely on finite elements. The
— computational efficiency could be improved by taking advantage of the piece-wise constant material
3 characteristics in the subdomains ;. In the present contribution, we wish to develop a multi-domain
— FEM-BEM coupling strategy, where the wave equation is treated by means of boundary integral
E operators in those parts of the computational domain where material characteristics are constant.
o Compared to most of the existing literature on FEM-BEM coupling, an important novelty in the present
" contribution lies in providing a rigorous analysis also in the presence of cross-points.

8 ) . . )
—  Let us introduce notations for boundaries and interfaces:
19

20 (2.3) [;:=0Q;),j=0.....n, L:=03Qy, I:i=ULl} (the “skeleton”).

~ Note that X C I" because each point of X belongs also to some I';, j = 0,...,n. The first step toward a
°2_ multi-domain FEM-BEM formulation of problem (2.2) consists in decomposing the wave equation

“9_according to (2.1), and imposing transmission conditions at interfaces:
24

- AU+ E(x)U=—f inQy

26 AU+KU =0 inQ;

27

28 U|rj — U|rk =0

30

3 Ulr;=Ulz =0

33

34 U — Uiy 18 Kp-outgoing radiating.

z% Here, all traces are taken from the interior of subdomains, and n;, j = 0...n (resp. ny) are the unit
— normal vector fields on I'; directed toward the exterior of Q; (resp. £2y). Neumann traces are defined
—by 8,,JU]F =n;- VU\F (resp OnyUls :==nx - VU|x).

39
— 3. Trace spaces and operators

40

41 Discussing transmission conditions requires paying thorough attention to function spaces, trace spaces

42 and operators. In all this section, €2 refers to a generic Lipschitz domain that is either bounded or such
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i that R?\ Q is bounded, and ng is the unit normal vector field on dQ systematically directed toward
> the exterior of Q.

3 First of all, we use classical notations for the following elementary function spaces of volume

4 functions:

5 H'(Q) = {V eL>(Q)|VV eL*(Q)},

% 3.1) H(div,Q) == {v € LX(Q)? | div(v) e L}(Q) },

s H'(A, Q) ::{VEHI(Q)]AVELZ(Q)}.

% They are equipped with their canonical norms HVHH1 HVHiz(Q) + HVVH%Z(Q), Hv”%l(div,g) =
Hv|| ot ||div(v )||L , and HVHH1 AQ) HV|| ot ||AVH2 . With these norms, the spaces

2 (3.1) admit a Hilbert structure. If H(Q) is any of the spaces above we set Hyjoe(Q) :={V | @V €
15 H(Q) Vo € €2°(RY)}, where ¢°(RY) is the space of € functions with compact support.

12 We introduce the interior Dirichlet trace operator ¥s* and the interior Neumann trace operator Y-,
15 defined for smooth functions ¢ € = (R9) by

o % (0)=0laa: K (P)=na Vol

i These definitions are extended by density and continuity to trace operators ¥ : Hi. (Q) — H'/2(0Q),
}/Q H! .(A,Q) — H'/2(9Q), where the Dirichlet trace space H'/?(9Q) is defined as the completion

20 of {9loq, ¢ € ¢ (R?)} with respect to the Slobodeckii norm (see e.g. [17, Chap. 2])

21 2 _ lo(x) — o(y)?
o H‘PHHl/z 0Q) = /39 50 Wdc(x’y)’

2— and the Neumann trace space H~/2(9Q) is the dual space of H'/2(9Q). The corresponding duality
- pairing will be denoted by (p,v)q = (v, p)ag = p(v) for v e H'/2(dQ) and p € H-/2(9Q), and we
o shall take

[(P:v)aql
27 HpHH*]/z(&Q) = sup H ||
o veH!2(aQ)\ {0} IVIIH!/2(9Q)

28
5o as norm for the Neumann trace space We also introduce operators and spaces for pairs of Dirichlet
—— and Neumann traces, defined by y*(V) := (42(V), y2(V)) and

31 7= (y]?,yl?) H'(A,Q) — H(9Q) where

L (32
z% G2 H(9Q) == H'2(9Q) x H/2(9Q).

32 In contrast with Dirichlet and Neumann trace operators ¥5*, 1, the trace operator ¥ is not really
35 standard, but we shall often use it for compact notation in our analysis. The space of pairs of
36 Dirichlet-Neumann traces H(dQ) will be equipped with the Cartesian product norm ||(v,q) HH 29)

37 |v||? H/2000) T q]? H-12(00)" It is put in duality with itself through the following skew-symmetric
% b111near pairing

T (3.3) [(u,p), (V’ Q)]ag = <“74>89 - <p7v>89

‘E for all (u,p),(v,q) € H(dQ). We underline that no complex conjugation comes into play in this
42 definition. Note that throughout the paper Dirichlet traces are denoted by u,v,w and Neumann traces
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1 by p,q,r, while capital letters like U,V are used to indicate scalar functions on volume domains, and
> small bold letters like v, p, q are used for vector fields. In this section and the following one, we use
3 gothic symbols u, b, to to denote pairs of Dirichlet-Neumann traces, that is elements of H(dQ). We
"4 have the inequality |[u,v]50| < [[u]lm@0)lvH@G0) for all u,v € H(Q).

5 Setting 6(v,q) := (—v,q), we state simple identities that will be used several times in the following:
s forallu= (u,p), 0= (v,q9) € H(IQ)

7

?(34) [uae(t’)] = <u7q>3§2+<pav>8§27

5 (39 [, 6(0)]oq — [u,0]90 = 2(p, V)90,

10 (3.6) [u,0(0)]oa + [u,9]50 = 2(u,q) s0-

12 Together with the operators ¥52, <2, Y%, for which traces are taken from the interior of the domain Q,
13 similar operators can be defined for traces taken from the exterior of Q, and will be denoted by

14
- 7 Hb (R Q) — H2(90),

16 Yoo Hib(A R\ Q) — H2(0Q),

% /YQ YQUYQ Hloc A Rd \ Q‘) - H(&Q)

9 'When considering the trace operator }{EC, the normal vector is still directed toward the exterior of Q.

20 Finally, we will also need jump and average traces:
21

22 (3.7) == M =0"+d)2

2i In the context of the multi-domain conﬁguratlon (2.3), for the sake of brevity, we shall write

25 /}’Ié (resp ,}/I{Ja ')/ 7[]) cv/}’I{I ) ’YJ) instead of T ] (resp ’}/N 7/},9 YD ) ’)/N c»% j) We shall adopt a similar
-5 convention for traces on X, writing 7> instead of }/*Q * with * = D, N and so on.

27

28 4. Review of potential and boundary integral operators

% In this section, we recall, using compact notation, classical results about boundary integral formulations
o for the Helmholtz equation in Lipschitz domains. For more details and proofs see for instance [22,
o Chap. 3]. As in the previous section, here € denotes a generic Lipschitz domain, which is either
.. bounded or the complement of a bounded domain.

37 Let the function %: R?\ {0} — C be the x-outgoing radiating fundamental solution or Green
— kernel for the Helmholtz operator —A — k2, for a given constant wavenumber k € (0, +co). In particular
=  for RY = R? we have %(x) = exp(ik]|x|)/(47|x|). For any x € R?\ 9, and any v = (v,q) € H(9Q),
- define potential operators

= SL2@)®) = | _ay) lx—y)do()

40

a4 INote that the choice of sign in the double layer potential differs from the one usually adopted in the literature, in order to
42 maintain symmetry in the definition of G2 (and consequently in the representation formula).
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@) DLEW)() = [ v() maly)- (Vi) (x ~3)do(y)
== [ v0) na(y)-y(x(x=y)) do(y).
“3) G2(0) (x) = DL2(v)(x) + SLL(q) (x).

where the first two operators are called single and double layer potentials. The total potential G maps

continuously H(dQ) into> H] (A, Q) x HL (A, R/\Q) (see [22, Thm. 3.1.16]), so that the traces of
o GSK2 (v) are properly defined. This operator can be used to write a representation formula for the solution
;o to the homogeneous Helmholtz equation in terms of the Dirichlet and Neumann traces of the solution
;1 (see [22, Thm. 3.1.6]):

'“_ Proposition 4.1 (Representation formulas). Let U € Hi. (Q) satisfy —AU — k*U = 0in Q. If Q is
" unbounded, assume in addition that U is K-outgoing radiating. Then we have the representation

14
— formula
15

o (44) GRHU)(x) = Ta(x)U (x)
17
15 Similarly, let V € HL (RI\Q) satisfy —AV — k*V =0 in RI\Q, as well as the Sommerfeld radiation

1o condition if Q is bounded. Then we have

.49 G2(2(V))(x) = ~lga g ()V ().

22 —
-, Here, 1q (resp. le\ﬁ) is the characteristic function of Q (resp. R4 \ Q). In addition to the representation

o, formulas above, the potential operator Gf} satisfies the so-called jump relations [22, Thm. 3.3.1], which
o5 describe the relationship between interior and exterior traces of GSK). Here we express these relations
o6 through the following synthetic identity

27
2 (40) (Y% oG =1d,

29 where Id is the identity map on H(9Q) and the jump [-] is defined in (3.7).

0 Any U = G%(u) for u € H(dQ) is a k-outgoing radiating solution to the homogeneous Helmholtz
91 equation in Q with wavenumber k, hence we can apply to it the representation formula (4.4). Taking
%2_the interior traces of this formula leads to ¥* 0 G2(y? 0 G€(u)) = ¥ 0 G2(u), and since u was chosen

% arbitrarily in H(9Q), this finally rewrites
34

% (4.7) (r?0GR)* = (¥? o Gy)

36

5, Which is a synthetic form of the four classical interior Caldéron identities. The operator 2o G%

55 1s a continuous projector, called the interior Calderdn projector of Q. This actually provides a

5o characterization of traces of solutions to the homogeneous Helmholtz equation, which are called
o Cauchy data (see [22, §3.6]):

41

42 Here we consider that V € H (A, Q) x H},.(A,R?\Q) if and only if V|q € H|, (A, Q) and Vlrag € Hige (A, RN\Q).
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1 Proposition 4.2 (Definition and characterization of Cauchy data). We define the space of Cauchy data

={y}(U) e H(OQ) |U € H|,.(Q), —AU — K*U =0 in Q,
and U is x-outgoing radiating if Q is unbounded }.

Z u € H(dQ) we have Y20 G (1) =u <= u € €(Q).

® Analogous results, obtained by taking exterior traces of the representation formula (4.5), hold for
% exterior Cauchy data.
19 Applying traces to potential operators yields boundary integral operators: in our compact notation

T we will use

s

(4.9 AL = {72} o GE,

E where the average {-} is defined in (3.7). The operator A2 continuously maps H(9Q) into H(dQ). It
15 consists in a 2 X 2 matrix of boundary integral operators (double layer, single layer, hypersingular and

E adjoint double layer operators, see e.g. [22, §3.6]). In this article, we shall not need to refer individually
17_to any of its entries. Simple consequences of the jump relations (4.6) are

% (4.10) Y2oGl=A%11d/2,
S (@1 120Gl =A% —1d/2.

ZZ So, identity (4.7) implies (A%)? = Id/4. The operator AL, for Q = Q, j=0,...,n, will play a pivotal
22 role in our analysis. We now recall a few properties of A%, which are well established in the literature.
23 First, this operator satisfies a generalized Garding inequality:

— Propos1t10n 4.3 (Generalized Garding inequality). Recall the operator 0(v,q) = (—v,q). There exist
— a compact operator % : H(dQ) — H(dQ) and a constant o > 0 such that for all u € H(dQ) we have

27 Re{[(AfﬂLJf)u»@(u)]aQ} > olullfy a0

? Although well known (see for example [23, Thm. 3.9]), the proof of this result is instructive, so we
— include it in Proposition A.1 in the appendix. Next, remarkable symmetry properties were proved in [8,
— Lemma 3.6-3.7]: for any u,v € H(JdQ) we have

32 [A%( )7 ]39 - [A%(U)vubﬁ‘

93 Finally, we recall a useful result about the sign of the imaginary part of the quadratic form u
AR (), g0

z% Proposition 4.4. Assume that either Q C R? is bounded or RY \ Q is bounded. Then for all u € H(9Q),
., we have Im{[AL (1), ]9} > 0.

38 The proof of this result can be deduced for example from the positivity of the capacity operator stated
39 in [20, Thm. 5.3.5]. However, since we are not able to find a definitive proof in the current literature,
40 we provide it in Proposition A.2 in the appendix. _ S
41 Once again, in the context of the multi domain conﬁguration (2.3), we shall write SLJ., DL, GJ., AL

42 (resp. SLE, DLE, GE, AL) instead of SLyy’, DL, Go?, Ay’ (resp. SLZ®, DLY®, G2, AQZ)
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1 5. Trace spaces for multi-domain scattering

— Based on previous contributions about multi-trace formalism [7, 8], we introduce function spaces

3 . . . . . .
o specific to multi-domain configurations. A natural trace space on the skeleton I' (2.3) is the multi-trace
— space defined as the Cartesian product of local trace spaces on the homogeneous subdomains boundary:

E (5.1) H(T) := H(Tp) x --- x H(T,),
’_recalling that in (3.2) we have set H(T';) := H'/2(T";) x H™'/2(T;) (note that no components on ¥ are

8 involved in H(T")). The multi-trace space above is equipped with the Cartesian product norm defined
7 by

10 2 n 2

o o3y = Y. I0jlfr ). foro = (vp.....v,) € H(D).

— j=0

12

— Throughout the paper we use gothic symbols u, b, to to denote tuples of Dirichlet-Neumann traces,

— with a subscript indicating the pair of traces on a certain subdomain boundary. The trace operators ¥/
5 local to subdomains can be bundled to form a global trace operator on the skeleton I

i (5.2) YU) = (U),....Y'U)),

7" which naturally maps continuously onto the multi-trace space y: H' (A, Qo) x --- x H'(A,Q,,) — H(I).

'® Moreover, the multi-trace space (5.1) is naturally equipped with the non-degenerate bilinear pairing
© [, Jr: H(T') x H(T') — C defined by
20

—_ =
E NS

n

21 (5.3) [U,U]r = Z[uj,bj]rj, foru= (u(),...,un),tl = (U(),...,Un) S H(F)

22 j=0

22 We also need to introduce a subspace of (5.1) consisting of tuples of traces that comply with Dirichlet
24 and Neumann transmission conditions through each interface I'; NI: the so-called single-trace space

2 X(I') c H(T) is a closed subspace of H(T") defined as follows

26

- i 1 (md - md
27 (5.4) X(F) = {(uj,pj)j:()’m’n € H(F) ‘ iV € H (R ), q < H(le,R )
28 such thatu; =V|r; and p; =n;-q|r; Vj=0,...,n}.

?° Tn contrast to other articles about multi—trage formalism such as [9, 7], Definition (5.4) for X(I") stems
0 from the decomposition R¢ \Qy = U’}:OQJ‘, which is not a partition of the full space R?, i.e. the
*1 subdomain Qg is assumed non-empty here. Because of this, the single-trace space X(T') obeys a

2 modified polarity identity involving a residual term localized on X, the boundary of the heterogeneous

%3 subdomain Qy, see (2.3). This property, stated in the following proposition, will play a crucial role in

34 .
= our analysis.
35

36 Proposition 5.1 (Modified polarity identity). For any u= (uj,p;)jo,...n € X(I') stemming from the
a7 tracesuj=V|r, and pj=n;-q|r; of someV € H'(RY), g € H(div,R?), define

33 (5.5) T(u) = (V|Z,n2 : qlz).

39

2o Then T(u) does not depend on the particular liftings V, q, and the formula above defines a continuous
o, and surjective operator T: X(I') — H(X) satisfying the modified polarity identity

12 (5.6) [u,0]r = —[T(u), T(v)]z Yu,0eX(D).
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1 This proposition was established in [8, Prop. 3.1 and Prop. 3.2], where Qy represented an impenetrable
> part of the propagation medium. The operator T should be understood as a trace operator on X.
5 Subsequently, we shall decompose the operator T into Dirichlet and Neumann components, setting
o T(u) = (Tp(u), Ty(u)), with Tp: X(I') — H/2(Z) and Ty: X(I') — H '/2(X) continuous. The

5 modified polarity identity leads to a variational characterization of X(I'):

% Lemma 5.2 (Variational characterization of X(I")). For any u € H(T'), we have u € X(T') if and only if
~ [wolr =0 forall v € X(I) satisfying T(v) = 0.

% Proof. First, as a direct application of Proposition 5.1, for any u € X(I') and any v € X(I') with
9 T(v) =0, we have [u,0]r = —[T(u),0]x = 0.

" Reciprocally, take an arbitrary u € H(T"), and assume that [u,v]r = 0 for all v € X(I') satisfying
2 T(v) =0. Consider U; € H!(Q;), p; € H(div,Q;) such that u = (Uj|r;,n; - p,Ir;) j=o,...n> and define
© U eLX(R?\Qx) and p € L*(R?\ Qz)? by Ulg, :=Uj; and plo, = p;.

% We need to prove that U € H!'(R4\ Qx) and p € H(div,R¢\ Q) to conclude. We prove the result
. only for U, since the proof proceeds in a completely analogous manner for p. It suffices to show the
- existence of C > 0 such that

18

- <Cllpllarey VO €67 (RN Qx),

/ U div(e) dx
19 RA\Qx

20 _ _
5, where 2RI\ Qx) = {V € €=(R?) | supp(V) bounded, V = 0in Qs}. Pick @ € €=(R?\ Q)¢
5, arbitrary and set v = (0,n; - @|r;) j~o,.,». By construction we have v € X(I') and T(v) = 0, since
o5 nz-@|z = 0. Next, decomposing the integral according to R4\ Qs = QyU---UQ,, and using the
o, identity [u,v]r =0, we have [pa\q, Udiv(@)dx =Y/, fQj Ujdiv(e)dx = - Y, fQj ¢ -VU;dx,
-5 which leads to the conclusion. 0

26
>~ Let us point out that any tuple (u;, p;) j-o,.... € X(I) satisfies uj = ux and pj = —py on I'; . This

o observation and Lemma 5.2 lead to alternative ways of writing the transmission conditions:

29 Lemma 5.3 (Characterizations of transmission conditions). For any U € L% (RY) such that U|q, €

0 H|.(A,Qy) and U lo; € H| (A, Q)),j=0...,n we have that U satisfies the transmission conditions

°L of Problem (2.4), that is, U € H} (A, RY) if and only if
32

loc

@ (5.7) y(U) €X(IT) and T(1U)) =7"(U),
j% or equivalently

68 [Y(U),o]c+ [Y*(U), T(0)]s =0 forallv e X(T).

g Proof. For characterization (5.7), it is enough to combine the observation above with the definitions of
39 T in (5.5) and of the global trace operator (5.2).

40 Now, we prove that (5.8) is a variational reformulation of (5.7). A direct application of the modified
41 polarity identity (5.6) shows that (5.7) implies (5.8). Conversely, suppose that (5.8) holds true. In
42 particular, if we take v € X(I') with T(v) = 0, then [y(U),v]r = 0 for all v € X(I") with T(v) = 0.
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FIGURE 2. Geometric setting for the classical Costabel coupling.

-
S|

E According to Lemma 5.2, this implies that y(U) € X(I'). Moreover, considering now a generic
14 p e X(T') and applying the polarity identity (5.6) to the first term of (5.8), we get

15

o ~[T(r()), T(0)]z + [¥*(U), T(v)]ls =0 forallv e X(I),

16

17 that yields T(y(U)) = y*(U) because T surjectively maps X(I") onto H(X). O

18 . . . . .. . . . .
_°  This characterization of transmission conditions motivates the introduction of a variant of the

19 single-trace space involving the additional subdomain boundary X:

20 ~

2 (5.9) X(I) ={(u,T(w) [ueX(T)},

22 which stems from the decomposition of the full space RY = Ulo Q;UQy as in [7]. With this space
25 we can rephrase once more: U satisfies the transmission conditions of Problem (2.4) if and only if
2 (Y(U),y(U)) € X(D).

25 ~

s Remark 5.4. A crucial procedure to construct an element of X(I') is the following. Given j and a

>, function V € H] (A,RN\Q;), we set by, = ¥*(V) for k # j, v; = ¥/ (V) and by = T(v) = ¥*(V). Then

ZE(DOV"?UMDZ) EX(F)
*_ We conclude this section by introducing a variational space adapted to the presence of heterogeneities

30 .
— in Qy, namely
31

» (5.10) X(Qg,T) = { (U,u) e H'(Qz) x X(I) | 5 (U) = Tp(w)},

33 i.e. we impose that on X the Dirichlet trace of a “heterogeneous” component U defined in Qy matches
34 the Dirichlet trace Tp(u) of a single-trace tuple u defined on the skeleton I'. This is clearly a closed
% subspace of H'(Qy) x X(I') for the inherited Cartesian product norm given by (U,u) — (||U||2, @g) T
o Il 2

37 mm’ -

z% 6. Review of the classical Costabel coupling

‘E We revisit the classical Costabel symmetric coupling [12, §7][13], writing the formulation in the
41 compact notation introduced in the previous sections. This will also allow the reader to get more

42 acquainted with our notation.
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The classical Costabel coupling gives a symmetric variational formulation of the transmission
problem (2.4) in the case n =0, i.e. RY=QoUQs, ' =Ty =X (see Figure 2), which combines direct
boundary integral equatlons for Qg with a volume variational formulation for Qy. Note that in our
presentation, in contrast to what is usually done in the literature, for Qy we take its own outward-
pointing normal vector ng. This choice is more suitable in view of the extension to the multi-domain
case. In the two-subdomain case of the present section we have X(I') = H(I') = H(I'y) = H(X) and

% (6.1) X(Qe,T) = {(V.(15(V),q)) |V € H'(Qx), g e H'*(E)}

5 so X(Qg,T) is naturally isomorphic to H' (Qy) x H"/2(X), which is the space where the Costabel
10 coupling is usually posed.

11 Now consider U € Hlloc(Rd ) solution to the transmission problem (2.4). We are going to reformulate
1o this problem equivalently in terms of the pair

3.(6.2) (Ulay,u) € X(Qx,T), where u=7y(U).

14

.= Thus, the Dirichlet transmission condition ¥5(U) = ¥3(U) shall be enforced strongly through the choice
g of X(Qy,I") as variational space (recall its definition in (5.10)). To reformulate (2.4) variationally, we
|- first deal with the Helmholtz equation satisfied by U in Qy. Pick an arbitrary test pair (V,v) € X(Qgx,T")
and after multiplying the equation by V, apply Green’s formula in Qy. This leads to a variational

o identity involving a boundary term:

\@\w\b\w\w*

18
19

20 as(U,V) = (K (U), 15 (V))x = F&(V)
5, (6:3) where ax(U,V) = [o (VU -VV — i (x)UV)dx
2 Fp (V)= ny_dex

2 Next, to rewrite the boundary term, we observe that y=(V) = Tp(v) because (V,0) € X(Qy,I), and
® ¥E(U) = Tx(u) by the Neumann transmission condition and (6.2). Hence, recalling the operator
= 0(v,q) == (—v,q), we apply identity (3.5), together with the polarity property (5.6) using u,v € X(I),

" 5o that we obtain
28

2 —<%§<U>,7§(V>>z = —(Txn(w), To(v))x

20 (6.4) —[T(u),6(T(v))]z/2+[T(u),T(0)]zx/2
3 = +[u,0(0)]r/2+[T(u), T(v)]z/2.

2% Therefore, Equation (6.3) becomes

W (65) ax(U,V) + [, 0(0)]r/2+ [T(w), T(v)}x/2 = F (V).

gi Now, we wish to exploit boundary integral operators in g. Since UlnC solves the homogeneous
° Helmholtz equation with wavenumber Ky in Qy = R¥\Qq and ¥°(Up,e) = }/O(Umc) the “exterior”

3— representation formula (4.5) is applicable to Uiy in €2 and yields }/0 GO 70 inc) 70 GO yo inc)) =
0. AsU— Uinc solves the homogeneous Helmholtz equation in Qo and satlsﬁes the associated

o Kp-radiation condition, the representation formula (4.4) is applicable to U — Ujpc in g and yields
40

a4 3A boundary integral equation is of direct type if its unknowns are Dirichlet/Neumann traces of the solution to the related
42 boundary value problem.
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1 (U = Usne) yOGO (Y°(U = Upne)) = yOG?(O()/O(U)). Then, making use of (4.10) and u = y°(U), we
o get

° 66) w/2 = A () + 7 (Une).

4
5 This is a reformulation of the Helmholtz equation satisfied by U in Qg based on both Dirichlet and
6 Neumann traces of the representation formula. Note that, in contrast to the present Costabel coupling,
7 the Johnson-Nédélec coupling would involve just the Dirichlet one. Plugging (6.6) into (6.5), we
8 finally obtain the variational formulation of the Costabel symmetric coupling posed in X(Qx,T):
9

10 find (U,u) € X(Qz,T) such that
%(6-7) ag(U,V)+[A (W), 8(0)]r +[T(w), T(v)]g/2
E = FZ(V) [,},0( 1nc)> 9(0)]1" V(V U) S X(Qz,r)

— Note that all the four classical boundary integral operators, which are the components of the block
1— operator A% , (see (4.9)), are involved in the Costabel coupling. In this two-subdomain configuration,
® Where ' = F() ¥ and ny = —ny, we have T((u, p)) = (4, —p) (see definition (5.5) of T), so that the
" term +[T(u),T(v)]x/2 can be simplified as —[u,v]s/2. Moreover, by the observation in (6.1) and
o recalling the definition of 6, formulation (6.7) can be written more explicitly as:

20 find U € H'(Qs), p € H'/?(Z) such that
s [ U R@UV)d A (O30 BVl ~ [0RU.p), RV a)ls/2
zi = Q fVdx — [ (Une),(—%V,q)ls YV eH'(Qr),gc H /2(2).

25

% Now, let ac: X(Qy,TI') x X(Qg,I") — C designate the bilinear form on the left-hand side of (6.7).
“’_The bilinear form ax (-, -) satisfies a Garding inequality, as well as [A(,)<0 (+),0()]r (see Proposition 4.3).
8 Hence, since Re{[T(v),T(v)]z} = 0, we conclude, as in [14], that ac(-, -) satisfies a Gdrding inequality:

29 there exist a compact bilinear form %" : X(Qg,I') x X(Qy,I’) — C and a constant 8 > 0 such that
30

31 Re{ac((V,0),(V,0)) + 2 ((V,0),(V,0))} = B(IVI[F g + I0/lEzm)

;% for all (V,v) € X(Qy,I'). As a consequence, the operator induced by ac is of Fredholm type with index
5, O (see [17, Theorem 2.33]), 1.e. it is bijective if and only if it is injective.

5 The classical Costabel coupling may be affected by the spurious resonances phenomenon, that is,
5 the formulation fails to possess a unique solution for the wavenumbers Ky whose square is an interior

- -~ Dirichlet eigenvalue of —A on Qg, i.e. for ky belonging to

s S(A,Qs) == {Kx € C|3W € H)(Qx)\{0} such that —AW = k*W inQy } .

39
s0 Example 6.1 (Spurious resonances). Let ky € &(A,Qy) and W € H! (Qx)\{0} such that —AW = kW
41 in Qy and W = 0 on X. In particular y5(W) = y&C(W) = 0. Then, setting U = 0 and u= (W), we have
42 (U,u) € X(Qz,T). Moreover, by the “exterior” representation formula (4.5) we have G (Y2(W)) =0
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1 in ©Q, and together with (4.10) we obtain A?CO()/? (W)) = 0—y2(W)/2. Therefore, by the polarity
> property (5.6) and identity (3.6)

ax(U,V) + [AY, (1), 8(0)]r + [T(w), T(v)]z/2
= 0+ [A% (¥ (W), 8(0)]r — [+ (W), v]r/2
= [ W),0(0)]r/2~ [ (W),0]r/2 =~ (%5 (W), q)r =0

for all (V,0) € X(Qg,T), with v = (v,¢). This indicates that (U, u) is a non-trivial solution to (6.7)
8

—~ with homogeneous right-hand side Fy =0, Uj,c = 0.

9
10 It turns out that Ky € S(A,Qy) is also a necessary condition for the presence of spurious resonances.
11 To prove this, we need the following equivalence result between the Costabel coupling formulation

12 (6.7) and the transmission problem (2.4) with n = 0.

[o o]

© Proposition 6.2 (Equivalence). If Ue Hlloc(Rd) solves (2.4) with n = 0, then the pair (U,u) =
hl (Ulgg,Y°(U)) solves (6.7). Reciprocally, if (U,u) € X(Qgz,T') solves (6.7), then the solution to (2.4)
. with n =0 is given by
17 U(x) =U(x forx € Qy,
" 6 V@)=
8 U(x) = (G, (1) + Uinc) (x)  forx € Q.
19
5o Proof. The first implication stems from the derivation of (6.7), so we only need to examine the other

-, implication. First of all, (U Uin) |, = GY ( ) is Kp-outgoing radiating in Q, see e.g. [11, Theorem

o> 3.2]. Second, U satisfies the Helmholtz equation in € since it is satisfied by Uj,. by definition and
2? also by the potentials, see e.g. [11, §2.4]. If we take (V,0) € H}(Qx) x {0} C X(Qg,T) as test function
24 in (6.7), we obtain ax(U,V) = az(U V) = Fx(V), so U satisfies Helmholtz equation also in Qy, and
25 there only remains to prove that U complies with the transmission conditions of (2.4) through I"' = X.
26 Now, considering a generic (V,b) € X(Qy,I') where V € H!(Qy) (not necessarily V € H}(Qx)),
27 and integrating by parts, we obtain

(69 as(U,V)— (FU, V)= F(V) VVeH (Qr).

30 By (6.8) and (4.10), we have

o (6.10) P(0) = A% () +1/2+ 7 (Une)-

2% Then, plugging (6.9) and (6.10) into (6.7) leads to

34 (KU BV)r+ (AL, 9( e+ [T(w), T(0)]z/2 = ~[1’(Uine), 8 (0)]r
z% (RU BVt 7’0 —u/2,0(0)[r+[T(w), T(0)]z/2=0

5, thatis, by the polarity property (5.6) and identity (3.6) writing u = (u, p), v = (v,q),
® (RUBV)r+[(0), 0(0)]r = [1,0(0)]r/2 + [u,v]r/2

o (RU.BV)r — (w.q)r —[027(0), 0] =

40
‘E Since (U,u) € X(Qy,I') we have u=Tpu)=1(U) =1>(U). Similarly, for the test pair we have
42 (V,0) € X(Qs,T), hence 13(V) = Tp(v) =v. As aconsequence, (YxU, 13V — (u,q)r = —[y*(U),v]r
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1 and, ﬁnally, we obtain [y*(U)+ 60y (U r—Oforalln— (v.q) GHI/Z( )><H '/2(I"). This implies
2 that y*(U) = —6 0¥’ (U), which also rewrltes R(U) = y>(U) and R (U) = —4(0). O

7 Corollary 6.3 (Injectivity condition). Let (U,u) € X(QZ,F), solve (6.7) with Fx = 0 and Uy, = 0.
? Then U = 0. If ko ¢ S(A,Q5x) we also have u = 0 necessarily.

5 Proof. By the equivalence Proposition 6.2, Ue H1 (R) defined by (6.8) satisfies the transmission
" problem (2.4) with n = 0, which is well posed, so U = 0. Since U lo, =U,wegetU =0. Denotlng
° w=(u,p), we then have u = T (1) = }5(U) = 0 because (U, u) € X(Qy,T). Moreover, since U]QO =

9 . . .
o 9?(0 (u), we obta}n GOKO(u) (x) =0, that is SL(,)(0 (p)(x) = 0 for x € Q. Therefore Q/SSL(,)(0 (p) =0, which
- implies p = 0 given ky ¢ &(A,Qsx) (see [22, Theorem 3.9.1]). O

12 We refer to [14] for a combined field integral equation FEM-BEM formulation immune to spurious

13 resonances.
14

15 7. Single-trace FEM-BEM formulation

16
1> In this section we shall revisit the analysis presented in the previous section, this time considering

15 Mmulti-domain configurations (n > 1, with potential cross-points) instead of a simple two-domain setting.
1o This will lead to a first coupling variational formulation for the transmission problem (2.4) in the
5o targeted multi-domain configuration. We combine a volume variational formulation in Qy with the
-, boundary integral formulation on I" called Single-Trace Formulation (STF), first analyzed in [23].
-» The Costabel coupling lends itself well to match the STF since it is based on the full set of Calderén
-, identities, from which the STF arises. In [8, §4] the STF was revisited and adapted to the case with an
-, impenetrable part represented by the subdomain Qy. The present analysis, where Qg is a heterogeneous
-5 part, bears several similarities to the analysis in [8].

o5 Asin the previous section, let us start with a function U that is a unique solution to the transmission
-, problem (2.4). We are going to reformulate this transmission problem in terms of the pair

o Gl EEe D
29 U where u=y(U)= Y U),...,Y'(U)).

30
31 Here, except for the Neumann condition through X that writes ¥ (U) = Tyx(u), the transmission
92 conditions shall be enforced strongly by the choice of X(Qy,I") as variational space. As in Section 6,
33_pick an arbitrary test pair (V,v) € X(Qg,T"), and apply Green’s formula in Qy. Again, we obtain the

3i following classical variational identity:
35

36 az(U,V) = (K (U), 15 (V))z = F&(V)

"3’%(7-2) where az(U,V) Jos (VU VV — k¢ (x)UV)dx

‘E Next, we rewrite the boundary term as in (6.4), except that, before applying the polarity property (5.6)
41 to the term —[T(u),0(T(v))]s, we need to introduce a multi-domain analogue of the operator 6:

42 @(v) := (8(vp),...,0(v,)) for v = (vg,...,v,) € H(T). Noting that 8(T(v)) = T(O(v)), we can
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—(RW), % (V))x = —(Tx(w), To(v))x
(7.3) =—[T(w),0(T(v))]z/24[T(u), T(v)]z/2
= +[w,0(0)]r/2+[T(u), T(v)]z/2.
5 Plugging (7.3) into (7.2) we obtain
% (7.4) ax(U,V)+u,0(0)|r/2+[T(u), T(v)]s/2 = (V).
B Following for Q) the same argumentation as in Section 6, we have Y’ G (Y’ (Uinc)) = Y G (Y2 (Uinc)) =

% 0, and Y(U — Uin) = YOG%O(V()(U = Uinc)) = YOG?@VO(U) Hence Y’(U) = VOG?@VO(U) +7° (Uine)»
- Wwhich by (4.10) also rewrites Y (U)/2 = ALY’ (U) + Y°(Uinc). Moreover, since U verifies the
o Helmholtz equation with constant wavenumber K; in Q;, j = 1,...,n, the representation formula

% (4.4) yields y/(U) = ij{'cj(}/j(U)), that is, by (4.10), /(U)/2 = A{ﬁ}/j(U). With the notation
= u=yU)=("U),...,y(U)), we have obtained

16 u/2 = A(u) +ul"®

17

5 (1.5 where A = dlag(A?CO,...,A’f(n)

19 U = (7(Upne), 0, ..., 0).

= We draw the attention of the reader to the strong analogy between (7.5) and (6.6), the essential
— difference being that we are now dealing with multiple subdomains, i.e. Qy,...,€, instead of only

z% Qo. Now, plugging (7.5) into the second term in the left-hand side of (7.4) leads to the single-trace
o FEM-BEM formulation:

25 Find (U,u) € X(Qy,T") such that
2 (7.6) az(U,V)+[A(u),0(0)]r + [T(u), T(v)]z/2
% =F(V)—[u"™,0()r Y(V,0) € X(Qg,I).

= Noticing the strong the similarities between (7.6) and (6.7), we have just derived a generalization of
o the Costabel coupling (6.7) to multi-domain settings. The expanded expression for (7.6) reads:

32 Find (U,u) € X(Qg,I') such that

- [0V - U ¥ (), 000)r, + T, T(0))2
- z J=0

% = | fVdx —[¥(Une). 0(vo)lr,  ¥(V,0) €X(Qs,T).

?E Note that in this first multi-domain formulation the transmission conditions are imposed in strong form
39 inside the function space X(Qy,I"). Starting from (7.6), a more flexible formulation will be designed
40 in Section 9.

41 The link between the single-trace FEM-BEM formulation (7.6) and the transmission problem (2.4)
42 is examined in the following proposition.
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i Proposition 7.1 (Equivalence). If U € H}. (RY) solves (2.4), then the pair (U,u) = (U|ay,¥(U))
E solves (7.6). If (U,u) € X(Qgx,I') solves (7.6), then the solution to (2.4) is given by

2 Ux)=U(x) forxeQs,
(1) _ ) |

U(x) = Gy, (1) (x) + Uinc (x) 10y (x)  forx € Q;,j=0,....n.
— Proof. We will follow closely the proof of Proposition 6.2 established for the case n = 0, except that
~ We now have multiple subdomains ;. By similar arguments as in the beginning of that proof, it
— remains only to show that U given by (7.7) complies with the transmission conditions of (2.4). For

o that we will use their characterization given by Lemma 5.3.
o Considering an arbitrary test pair (V,v) € X(Qyz,I"), and applying Green’s formula in Qy leads to

~ m‘w

5(78) ax(U,V) = (FU,BV)y = F(V) VYV ecH (Qg).

— On the other hand by applying the trace operator ¥/ on the second line of (7.7) and using (4.10), we
— get YU % (10) +10/2+7°(Uinc) and ¥/ (U U) = AJ](uJ) +uj/2for j=1...n, thatis, in compact
6 7~ notation, }/( ) A(u) +u/2 +u". Now we plug this and (7.8) into (7.6), so we obtain

" 7.9) (RUBV)x + [7(U),0(0)]r = [1,0(0)]r/2+ [T(w), T(0)]5/2 =0

18 (1.

- for all (V,0) € X(Qz,T).

20 By the polarity identity (5.6) and (3.6) we can write

L —[1,0(0)]r/2+[T(u), T(v)]x/2 = [T(w), T(O(v))]5/2+ [T(u), T(v)]z/2
— = (To(u), Tx(0))s

24 S0 (7.9) becomes

2% (BT, 2V u), Tx(0))s + [¥(U),0(0)]r =0 forall (V,0) € X(Qs,T).

>7 Moreover, since (U,u) € X(QZ,F) and U|q, = U, we have Tp (1) = 15(U) = 3 (U), and also 15 (V) =
o5 Tp(b) because (V,0) € X(Qg,T"). Therefore, by (3.4) and 6 o T = T 0 ®, we conclude that

2% [V (0), T(©()]s+ [y(U),0()]r=0 forallve X(I).

31 Thanks to the variational characterization (5.8), since ® is an automorphism, we conclude that U
2o satisfies the transmission conditions of Problem (2.4). Il

Si The bilinear form ax (-, ) satisfies a Garding inequality, as well as [A(-),®(-)]r, see [23, §4.1] and

**_[8, Proposition 4.2]. In addition we have Re{[T(v), T(v)]x} = 0. From these remarks we conclude that
i astr: X(Qy,T') x X(Qg,T") — C defined as the bilinear form on the left-hand side of (7.6) satisfies a

© Gdrding inequality.
37

g Proposition 7.2 (Garding inequality). There exist a compact bilinear form # : X(Qz,I') x X(Qyz,I') —
39 C and a constant § > 0 such that
40

— Re{aSTF((V7U)7 (V76)) +%((V7U)7 (Vvﬁ))} > B (HVHZHI(QE) + ||U||%I(F))

41

42 forall (V,v0) € X(Qg,T).
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1 As a consequence, the operator induced by agtr is of Fredholm type with index O (see [17, Theorem
> 2.33]), that is, formulation (7.6) has a unique solution for all f € L?>(Qs), Upe € HlloC (R) if and
5 only if for Fx =0, u™ = 0 it only has the trivial solution. Other important consequences of the
'+ Garding inequality are, again in the case of injectivity (see [22, Theorems 4.2.9, 4.2.8]): stability of
‘5 the variational formulation (7.6) in the sense of an inf-sup condition; and, for Galerkin equations
s discretizing (7.6), the validity of a discrete inf-sup condition, which implies well-posedness for the
7 Galerkin equations and a quasi-optimal convergence of the Galerkin solutions to the exact solution.

S Spurious resonances. Unfortunately, like the classical Costabel coupling, the single-trace FEM-
o BEM formulation (7.6) may be affected by the spurious resonances phenomenon, that is, the associated
o operator may be not injective, whereas the transmission problem (2.4) is always well-posed. Here we
o examine in which situations the spurious resonances phenomenon occurs. The following proposition
-~ identifies the injectivity condition, which depends on the wavenumbers and on the geometric config-
e uration. This condition turns out to be the same as in [8, Theorem 4.8], which dealt with a partially
- impenetrable composite medium.

E Proposition 7.3 (Injectivity condition). Let (U,u) € X(Q5x,I') solve formulation (7.6) with Fx = 0,
17 u" = 0. Then U = 0. We also have u = 0 if the following additional condition is satisfied:
3(7.10) ¢TI or xj ¢ 6(AQx) forall j=0,...,n.

19
; In the case where Condition (7.10) does not hold, there exists u € X(I') \ {0} such that (0,u) € X(Qgz,T")

— solves (7.6) with Fx = 0, u'"® = (.

2i Proof. By the equivalence Proposition 7.1, the function U defined in (7.7) solves the homogeneous
23 transmission problem (2.4), which is well-posed, so U=0.In particular, U = U loy =0, and Tp(u) =
242U = 0. Employing test functions (V,v) € X(Qy, ") with 13V = T (b) = 0 in formulation (7.6) with
25 Fy =0, " = 0, we obtain that u satisfies

2 [A(u),0(v)] =0, Ve X(I) with Tp(v) =0,

o5 1.e.u e X(T) satisfies Tp(u) =0 and [A(u),b] =0,V € X(I') with Tp(v) = 0, which is exactly the
oo setting of [8, Lemma 4.5, Lemma 4.6]. As a consequence also [8, Corollary 4.7] holds true: if ¥ ¢ I';
30 forall j=0,...,n, then for any choice of k; > 0 we have u = 0. We also obtain that, if ¥ C I'; for
51 aj€{0,...,n}, then x; ¢ S(A,Qy) implies u = 0, thanks to the reasoning in the third bullet in the
5o proof of [8, Theorem 4.8], which relies on [8, Lemma 4.5, Lemma 4.6].

55 Next, assuming that Condition (7.10) does not hold i.e. £ C I'; and k; € S(A,Qy) for a certain
5 i€40,...,n}, we construct u # 0 such that (0,u) solves (7.6) with Fz = 0, u'" = 0. Since £ C I},
55 by the geometric considerations in the first bullet in the proof of [8, Theorem 4.8], we get that Qy is
5 exactly one bounded connected component of R?\Q;, and in particular Qy is completely separated
3; from the other subdomains Q;, j # i

38 _ no_
59 (7.1D) on |J Q=0

o J=0.j#i
41 Since k; € &(A,Qy), there exists W € H' (Qx)\{0} such that —AW — k?W = 01in Qy and W =0 on
42 ¥. We consider U* = 0 € H'(Qs), u; = 0 € H/2(I;), and p; € H™'/2(T;) with p; = 0 on [;\Z and

23 Apr 2024 02:54:46 PDT
230515-Bonazzoli Version 2 - Submitted to J. Integr. Eq. Appl.



Submitted to Journal of Integral Equations and Applications - NOT THE PUBLISHED VERSION

MULTI-DOMAIN FEM-BEM COUPLING FOR ACOUSTIC SCATTERING 20
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FIGURE 3. Situation without spurious resonances.

—_
—_

E pi=—YiW on . We set u} = (u;, p;) and u;‘- = (0,0) for j #1i,j=0,...,n, thus by construction and

13 (7.11), we have u* € X(T') and Tp(u*) = u; = 0 = y2U*, that is (U*,u*) € X(Qy,T). If we evaluate
4 the left-hand side of formulation (7.6) in ( u*) we get: given any (V,v) € X(Qy,I")

15

o (A (), 000)] , ~ §< (), To(0))s =

17

v 76l (). 0(00)], — 3 [, 0(0)]r, — 5 (T ("), To(0)) =

19

2 [7SLi (P, 000y, — 5 (Pivilr, + 5 piovis.

L where we have used (4.10), and (7.11) to write Tp(b) = v;, Tx(u*) = —p;. Now, the last two terms

22
— cancel each other out since by construction p; = 0 on I';\X. For the same reason in ihe first term
o SLi.(pi) = SL% (p;). Moreover, by the representation formula (4.4) on Qy, for x € R?\Qy we have

- 0= G (Y*W)(x) = SLE(BW)(x) = —SLE (pi) (),

2 therefore ¥'S L’;cl, (pi) =0and (U*,u*) is a non-trivial solution to formulation (7.6). O

2E Note that Corollary 6.3 for the classical Costabel coupling is a particular case of the previous
29 proposition, where X C Iy (actually X = I'p). In the multi-domain configuration, surprising situations
30 can arise, as shown in the next example.

z? Example 7.4. Consider the transmission problem (2.4) with n = 1, i.e. R? = QqUQ; UQy, but
— suppose that Ky = k7 so that the interface I'g N1y is “artificial”. In fact, the material configuration is the
— same as in the classical Costabel coupling, which is affected by spurious resonances if xy € S(A,Qy).
. On the contrary, if we assume that the (d — 1)-dimensional Hausdorff measure of XN I'p and XN T is
. strictly positive as in Figure 3, so that ¥ ¢ I'; and X ¢ Iy, then, no matter which is the value of kj, the
p— corresponding single-trace FEM-BEM formulation (7.6) does not have spurious resonances!

Z% 8. Single-trace combined field FEM-BEM formulation
‘E We have shown that the single-trace FEM-BEM formulation (7.6) is affected by spurious resonances
41 when £ C T’ and x; € (A, Qy) for a certain i € {0,...,n}. As a remedy, we modify the boundary

42 integral formulation on I' by adapting the approach of Combined Field Integral Equations (CFIE),

23 Apr 2024 02:54:46 PDT
230515-Bonazzoli Version 2 - Submitted to J. Integr. Eq. Appl.



Submitted to Journal of Integral Equations and Applications - NOT THE PUBLISHED VERSION

MULTI-DOMAIN FEM-BEM COUPLING FOR ACOUSTIC SCATTERING 21

1 first introduced in [5] for direct integral equations. The basic idea behind the CFIE approach is that
> Helmbholtz boundary value problems with Robin (also called impedance) boundary conditions are
5 always uniquely solvable, in contrast to interior pure Dirichlet (or pure Neumann) problems. The
4 classical CFIEs thus rely on complex combinations of Dirichlet and Neumann traces, but neglecting
5 the fact that they belong to different function spaces. Here, we adopt regularized CFIEs (see e.g. [4]),
5 in which suitable compact operators map between Dirichlet and Neumann traces.

7 For the transmission problem (2.4) with n = 0, a variational formulation based on regularized CFIEs
5 and the Costabel coupling was proposed in [14]. Here, to extend to the multi-domain case this coupling
o formulation immune to spurious resonances, we adopt a procedure inspired by [8, §5] (where Qy
10 represented an impenetrable part of the medium).

11

1> 8.1. Regularizing operator and trace transformation operator. The main step to obtain a combined
15 field formulation that fixes (7.6) is to pick test functions satisfying generalized Robin conditions on X.
1. These conditions are based on a linear regularizing operator M: H='/2(£) — H*!/2(L) that satisfies

5
5 (B.1a) M is compact,

7 (8.1b) Im{(Mg.9)s} >0 Vo eH A(Z)\{0}.

18

E For instance, if M is any second order strongly coercive real symmetric surface differential operator on
20 ¥, then M = M matches the two conditions above.

21

o> Example 8.1. A concrete choice for such an operator was proposed in [4, §4]: M = i(—Ay +
23 Ids)~': H7'(X) — H'(X), where Ay denotes the Laplace-Beltrami operator on X. In this case, com-
22 pactness of M : H-'/2(X) — H!/2(Z) follows from the continuity of M: H™!(X) — H'(X) and the
o5 compact embeddings H'/2(Z)  H™!(X) and H!'(X) € H'/2(Z). Note that to avoid evaluations of
o6 M in the resulting combined field formulation (8.7), one can reformulate (8.7) as a mixed variational
o7 formulation with auxiliary variables like in [8, §5.4].

28
o . . 1/2 ~1/2 .. ..
o Invoking the duality of the spaces H /2(£) and H~1/2(X), we can also define the adjoint regularizing

-, operator M*: H™1/2(£) — H/2(Z) by

31

o (M*p,q)s = (Mg, p)y  forall p,qg € H V/*(x).

%> Note that M* satisfies properties (8.1a)-(8.1b) if and only if M does. Now, given a regularizing operator

M, we define the subspace of H' (Q5) x X(I') satisfying generalized Robin conditions on X:
35

© (82) Xu(Qz,T) = { (V,0) € H'(Qx) x X(I) | To(0) = MT(v) + (V) }.

37

g Please note the relationship between the space above and X(Qy,T") defined in (5.10), whose elements
39 satisfy instead Dirichlet conditions on X. In fact, as shown in the lemma below, the space X (Qgz,T) can
40 be obtained as the image of the space X(Qy,I") through a trace transformation operator. Its definition
41_involves the regularizing operator M, and a bounded extension operator Ex: H'/2(Z) — H'(R?) that
42 provides a right inverse of the trace operator 5 (see e.g. [17, Lemma 3.36]). Then, we define the trace
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transformation operator
R: H(Qy) x X(I') = H'(Q5) x X(I)
(8.3) R(V,0) :=(V,0+C(v))

with C(v) := (1§ 0 Ex oMo Ty(v), 0)"_,

-~ where C: X(T') — X(T') inherits compactness from M. Since C> = 0, we have R™!(V,v) = (V,0 —

. C(v)), and R is an isomorphism. We can prove the following lemma, which is a variant of [8, Lemma
— 5.2].
9

E Lemma 8.2 (Trace transformation). R(X(Qg,T")) = Xm(Qx,T).

; Proof. Recalling the definitions of T in (5.5), of v in (5.2), and of Ey above, we have that the operator
— TpoyoEy is the identity on H/2(x (%), hence Tp,C = MTy. Note also that TyC = 0. Therefore, if
—~ (V,0) € X(Qs,I) we have Tp(v+C(v)) = ¥5(V) +MTx(b) = ¥5(V) +MTy(v+C(v)), which shows
- that R(X(Qx,T")) € Xm(Qx,T). Now let (V,0) € Xpm(Qx,T), then Tp(v—C(b)) =MTy(v) —H%(V) -
- MTy(v) = %5(V). Hence R~ (X (Qx.T)) C X(Qg,T). O

7 8.2. The formulation. In order to obtain the new combined field formulation, we proceed in a manner
18 similar to Section 7, this time choosing test pairs (V/ v’) in Xy (Qy,T) instead of X(Qy,T’). Again
E the transmission problem (2.4) with solution U € Hloc (R) will be reformulated as a coupled problem

20 with solution

% (8 4) (U|Q):7u) € X(QE,F)
i where u=7y(U)=(Y(U),...,Y"(U)).

24 For (V',0') € Xm(Qg,T), applying Green’s formula in Q5 leads to ax(U,V') — (¥ (U),v5(V'))x =
2 Fy(V'), as in Section 7. Next, we transform the boundary term following steps similar to (7.3), but
%5 with an extra term since here y5(V') = Tp(b') — MTy(v'):

27

28 (R (U), % (V))z = —(Tu(w), To(0))x + (Tx (), MT(0"))x

29 = [,0(0")]r/2+ [T(w), T(0')]z/2+ (Tx (), MTy(0'))x,

O that is, by the boundary integral representations in the subdomains Q, ..., €, summarized by (7.5),

Cas ROV
w = (A, O()]r + [, O]t + [T (1), T(o)]s/2 + (Ty(a) MTy(0")x.

— Now, according to the parametrization of Xy (Qy,I') in Lemma 8.2, we have (V',v") = R(V,0) =
b — (V,(ld4C)v) for (V,v) € X(Qgx,T’), and this representation can be injected into (8.5):

37 —(R(U), 1 (V)z = [Aw),8(0)]r + [A(1), OC(0)]r + [u™, O(Id+ C)v)]r

. +[T(w), T(0)]z/2+ [T (), TC(v)]/2 4 (Tn(u), ToC(v))s,
39
o where for the last term we have used MTy = TpC and T C = 0. Moreover, by (3.5) and (5.6) we can

., rewrite the sum of the last two terms in the equation above as

42 [T(u), TC(v)]x/24+ (Tx(u), TpC(v))y = [T(1),0TC(b)]x/2 = —[u,OC(v)]|r/2.
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In conclusion, summing up and defining the source term 1" € H(T") and the bilinear form c: X(T) x
X(T)—=C

[, o]p == [u", @(Id + C)v]r,

(8.6)
c(w,v) = [(A—1d/2)1,0Co]r,

we obtain the formulation

[ [~ ]ofofa]e]r]~

Find (U,u) € X(Qg,I") such that
% (8.7) ag(U, V) +[A(u),0(0)]r +c(u,0) + [T(u), T(0)]; /2

o = F(V)—[u™,0r Y(V,0) € X(Qs,T),

% which we dub single-trace combined field FEM-BEM formulation because the test pairs that we have
o considered for its derivation comply with an impedance condition on X, see (8.2).

—  Formulation (8.7) differs from (7.6) by terms involving the operator C only, which is compact.
— Hence, a Garding inequality analogue to Proposition 7.2 also holds for (8.7). The additional benefit
1 of using (8.2) is to eliminate the spurious resonance phenomenon and to yield systematic unique
. solvability. To prove this, we start by establishing an intermediate lemma.

E Lemma 8.3. Let (U,u) € X(Qg,T) solve formulation (8.7) with Fx = 0, " = 0. Then we have
20

o (8.8) (RU) = Tx(W), %B(V)x +[(A=1d/2)u,0(0)]r =0 V(V,0) € Xm(Qy,T).

% Proof. The proof essentially consists in rewinding the derivation of (8.7) in reverse order. First of
o all, observe that for V € H}(Qs) we have (V,0) € X(Qy,I"). With this choice of test pairs we obtain
- ax(U,V)=0forallV e H(l)(Qz), which leads to AU + K%U = 0in Qy. As a consequence we have
o as(U,V) = ($(U),y5(V))x for any V € H' (Qy). Coming back to (8.7) with homogeneous right-hand
- side, we obtain

ZE 0= (W), B(V))s+[AW),0(0)]r +c(u,0) + [T(u), T(v)]y/2 VY(V,0) e X(Qg,T).
29
5o Next plugging the definition of ¢ provided by (8.6) into the expression above, for a given (V,v) €

31 X(Qy,T) we obtain
2%(8.9) 0= (RU), (V)5 +[(A=1d/2)u,0(ld + C)o]r + [, O(v)]p /2 + [T (1), T(0)]5 /2.

34 Next, since 1, v € X(I'), we have [1,®(b)]- = — [T(u), 6T(b)]s. By (3.5), we conclude that [u, ®(v)]+
35 [T(u), T(b)]y = —2(Tx(u), Tp(v))x. In addition, we have Tp(b) = ¥3(V) since (V,0) € X(Qs,T).
36 Plugging this into (8.9) leads to the identity

- 0= (Z(U) — Tu(w), (V)3 + [(A—1d/2)u,0(0d+ C)ulr (V,0) € K(@s,T).

*° To finish the proof there only remains to apply Lemma 8.2 O
40

‘E Proposition 8.4 (Injectivity). Let (U,u) € X(Qy,T") solve formulation (8.7) with Fx = 0, &i"® = 0.
42 ThenU =0, u=0.
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1 Proof. Consider the space Xy (') :={v € X(T') | Tp(v) = MTx(b) } and observe that we have (0,0) €
2 Xm(Qg,I) for any v € X (). As a consequence we can apply Lemma 8.3 above choosing (V,v) =
3 (0,0) with v € Xjy(I'), so we obtain that

[(A=1d/2)u,®(v)]r=0 VoveXwu().

Let us denote tv := (A —Id/2)u. Considering any v € X(I") such that T(v) = 0, we have ®(v) € X(T)
7 with T(®(v)) =0so that ®(v) € Xy (I") and [ro, v]r = [(A—1d/2)u,®0O(b)|r = 0. Applying Lemma
'3 5.2, we conclude that v € X(I'). So, by (5.6), [T(),0T(v)]x = 0 Vo € Xy(I), that is (Tp () +
9 M*Ty(w), Tx(p))x = 0 Vo € X (T), which implies Tp(tv) = —M*Ty(tv), as Ty is surjective. From

10 this and by (8.1b) we conclude that

" 0 < 2Im{(M"Ty (1), Ty(10))x }

12 _

o = —2Im{(Tp(tw), Tx(0))x}

14 = —Im{[T (), T(w)]x} = Im{[ro, ®]r}.

° Moreover, by construction, since A> = Id/4, we have (A+1d/2)tw = (A+1d/2)(A—1d/2)u =0, so
" we can write [t,10]r/2 = —[A(tv), w]r. Therefore, we deduce that 0 < Im{(M*Ty(t), Ty(Ww))s} =
% —Im[A(w), ] <0 by applying Proposition 4.4 for the last inequality. Hence Im{(M* Ty (1), Tx(10))s =
o 0. Next (8.1b) yields Tx(tw) = 0 and, since Tp(1w) = —M*Ty(tv), we finally obtain T () = 0. This
2% implies that [ro,®(v)]r = —[T(tv), 8T (v)]x = 0 Vo € X(I'), which rewrites

21 [(A=1d/2)u,0]r=0 VoveX(T).

4
5
6

2% Therefore, the second term in (8.8) vanishes for all (V,v) € X (Qx,I'), and by Lemma 8.3 we conclude
o that ¥ (U) = Tx(u), which implies ¥*(U) = T(u) since (U,u) € X(Qy,I') by assumption. On the
o other hand we have

s 0=[(A—=1d/2)u,v]r = [(A+1d/2)u,b]r — [u,b]r

27 = [(A+1d/2)w, 0]r + [T(w), T(0)]s = [(A+1d/2)u, v]r

%8 for all v € X(I') such that T(v) =0.
29

5o From this last equality, applying Lemma 5.2, we obtain that (A +1d/2)u € X(I'). Moreover, since we
5, established that T(u) = y*(U) and T(w) = T((A —1d/2)u) = 0, we obtain

2 T((A+1d/2)u) = T(r) + T(u) = y¥*(U).

Z% Finally, let us define U € L2 .(RY) by U (x) = U (x) for x € Qy, and U (x) = G{;j (uj)(x) forx € Q;, j =
35 0,...,n. By construction we have

- AU+ K20 =0 inQg

2% AU+KU=0 inQ;Vj=0...n

3E Uis Kp-outgoing radiating.

40
41 Let us prove that U satisfies the Neumann and Dirichlet transmission conditions through the skeleton
‘E of the subdomain partition. Using (4.10), we have established that y(U) = (¥/Gx. (1)) j=0.. =
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FIGURE 4. Illustration of the gap idea (the gap is highlighted in orange).

—
IS

(A+1d/2)u € X(T") on the one hand, and

15

- T(HT)) = T(A+1d/2)u) = P(U) = ¥*(0).

" Hence, by Lemma 5.3 we see that U is solution to the transmission problem (2.4) with zero right-
% hand side. Since this boundary value problem admits a unique solution U = 0, we get U = 0,
" T(u) =y*(U) =0and (A+Id/2)u = 0, which implies in particular

20

o ue X(T) with T(u) =0

22 and [A(u),v]r =0V € X(T).

zi— According to [23, Thm. 4.1] or [7, Prop. A.1], the homogeneous formulation above has a unique
. solution, hence finally u = 0. U

26

p— 9. Multi-trace FEM-BEM formulation

28 Single-trace formulations are not very flexible because the spaces X(Qy,I") and X(T") contain the
29 transmission conditions in strong form, which constitutes an obstacle to operator preconditioning [9].
30 Multi-trace formulations are designed to tackle this issue.

31 Asin[7, §5] and [8, §6], the heuristic idea is to act as if the single-trace FEM-BEM formulation (7.6)
32 were applied to gap configurations with vanishing gap, see Figure 4: the subdomains Qy, Q;, j =
33 1,...,n, are torn apart and an (infinitely) thin gap, filled with the same propagation medium as €,
34 is introduced, so that all bounded subdomains are isolated from each other. Although the geometric
35 limit process can not be rigorously described, the gap idea is useful to get a first insight about the
36 properties satisfied by the multi-trace formulation based on those of the single-trace formulation (like
37 Propositions 9.3 and 9.4).

38 In the gap setting (Figure 4, right), the boundary of Q( can be partitioned as I'y = U;lel“ UL, and

%% the sigle-trace space X(Qy,T") is isomorphic to the space H' (Qy) x ]ﬁl(l") where the multi-trace space

“ H(T"), introduced in [8, §6.11, is defined as
41

2 (9.1) H(T) :== H(I'y) x --- x H(T,) x H'/2(%).
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1 The isomorphism is given by the map s: (U,u) — (U, (u,...,u,, Tx(1t))), whose inverse, in the gap
o setting, isthe map ¢: (U, ({iy,...,0,, px)) — (U, (lig, 11y, ..,{i,)), where

fio(x) = {‘P(ﬁf)(")’ XELji=heot it 0 (u, p) = (u,—p).

The multi-trace space ]ﬁl(r) differs from the multi-trace space H(I") defined in (5.1) since it does not
g contain any contribution on I'y. Instead, it includes Neumann traces on X. It will enter the functional

9 framework for the global multi-trace formulation, also for general geometrical settings, such as in

10 Figure 4, left. Note that the unknown traces are doubled on each interface that separates two (bounded)

11 subdomains, hence the attribute multi-trace. We equip the space ﬁ(f‘ ) with the standard norm of the

12 Cartesian product:

13

" ZHU/HH yFlaslfpgy,  ford=(b1,....6u,qx) € H(D).
15

16 I -
7 The dual space of H(I) is the space H(I') := H(I';) x --- x H(I',) x H'/2(Z), with respect to the

1g duality pairing

[~Jo o]

9
20 (9.2)
21

f,'_‘(
'3)

n
Z 1,0, (uz,qs)s ,

22 ~ ~
o, forii=(lty,... i, uy) € H(T), 8= (61,...,0,,9x) € H(I).

7 For notational convenience it is useful to introduce also a multi-trace space that includes both

o Dirichlet and Neumann traces on X, but no components on I'o:

xR

“ 93 (D) = H(TY) x - x H(Ty) x H(E),
¢ with the skew-symmetric duality pairing

29

04 fa,0) :== Y [0/, + [fz, bx]x
o =1

- j

3 forfi = (fiy,..., 4, 0x), 6= (b1,...,0,,05) € HT)

BE 9.1. Derivation of the formulation. The multi-trace FEM-BEM formulation can be seen as the single-
36 trace FEM-BEM formulation (7.6) applied to gap configurations with vanishing gap. However, it is
37 difficult to study the vanishing gap limit with a rigorous mathematical argument. Following the idea
38 in [7, §8], the multi-trace formulation is rather obtained by trying to eliminate from the single-trace
39 formulation (7.6) all the contributions on I'y. Essentially this is achieved by exploiting repeatedly the
40 modified polarity identity (5.6) and the variational characterization of transmission conditions (5.8).

41 We first reshape the right-hand side of formulation (7.6), more precisely the term —[u'™, ®(v)]r,
42 where u" = (YU, 0,...,0). Since Uy € Hioe(A,R?), we can apply (5.8) to write, for v € X(I')
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1 (from which O(v) € X( ))
% —[u",0(0)]r = ~[Y’Uinc, 6 + [1(Uine), ©(0)]r + [V Uine, T(O(0))]x
— 9.5 L
4 ©-> Z Y Uine, 0(0)]r; + [V Uine, 6T(0)] ;..
5 j=1
E Next, we focus on the left-hand side of formulation (7.6). By (5.6) we write
% [A(),®(0)]r = [A(u),0(0)]r + ([u,0(0)]r + [T(w), T(O(v))]x) /2
9 IV, .
" 96 ; [(Ak; +1d/2)u;,6(0;)]r; + [T(w), T(O(v))]z/2
11 n .
12 = [1°GR, (10), 8(00)]r, + Y [(A%; +1d/2)u;, 6(0)]r; + [T (), T(O(v))]x/2,
13 J=1

E where we have brought out the term with contributions on I'y that needs to be rewritten, and applied
15 (4.10). Now, since (u,T(u)) € X(I') (see definition (5.9)), [7, Lemma 8.1] yields

16

17 ZGJ u;j)( —f—GZ( (u)(x) =0 forx e Qo,

18
19 thus, taking interior traces on I'y and testing against 0 (vg), we get

20
o O [Y°G%, (10), 6 (00)]r, Z (Gl (1)), — [Y’Gx, (T(w)), 8(v0)]r,

22

>3 We wish to examine each term on the right-hand side of (9.7). To this purpose, take an arbitrary
o, j=1,...,nand follow the procedure described in Remark 5.4 to construct the element v = (v, tvy) =
25 (g,...,10,,10yx) € X(T') defined as

ii W, =116k () ifg#j,  wj=YGh ),  wri=T(w) = yGg (u)).

7
o5 S0, by (5.6) we have, for v € X(I'), [ro,®(0)]r + [tox, T(O(v))]x = 0, that is, after splitting,

n

29 ;

o [?’OG{co(uj): 6(vo)]r, = — Z [WGKO (u;),0(0 q)]l“q

o q=1,9#j

(g - [ CJ‘G{C()( YZGKO u] ))]27

33 and in a similar way, using again the construction in Remark 5.4, we obtain

34 n

35 (G ( 8(vo)lry = — Y [¥/Gy, (T(w)), 8(vg)]r, — [12Gig, (T(w)), T(©(v))]s.

36 =1

37 Then, substituting the last two expressions in (9.7) we get

38 n n

S e )60 = ) ( Y 76k (), 000l + 76l (u). T(O()):

o J=1 N\g=1,g7]

— n

;% + ) VG, (T(w) Z ¥ Gl (1)), 0(0))]r; + [ G, (T(w)), T(O(0))].
q=1 j=1
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1 Finally, we plug the equation above into the initial rewriting (9.6) and, recalling that by (4.11)
2 YGl, = Ax, —1d/2, we obtain

< AW, = 1 (A +1d/2)u7,6(0)lr, + [T(w). T(O()) /2

5 j=1

: LA ~14/20u70(0, ], + (A5, ~14/2)T(w), T(@(0)):
D 2 (B 1okt 000, + PGk ). TO):)
10 =1 \g=1,g#j

n
- + Y [PG(T(w), 00,
& -
14 that is, simplifying,

16 [A(u) [(AL. +AK0 uj,0(0))]r; + [AG T(u),0T(0)]x

(5 rhu).otoq), + 76l (u). 0T

q=1,9#]j

r= L
5 (9.8) +)
j=1
L

[V/G, (T(w)), 8(0g)]r,

22 —

-, To sum up, if we define the continuous linear operator A: ﬁ(F) — ﬁ(F) as

25 Fal 1 12 1cn 12 T
26 A +1AK(J 2}/ GKOz yzGKO Yngo
- . ,}/ZGK‘O AKZ +AK0 ’y G’;lCo ’y GKO
—9.9) A= : :

2 YG,  7Gy, At A Y'G,
30 | ¥Gy,  YGy - YGy AL

°__ and for compact notation we set
32

35 = (ug,...,u (yZU Ta(w)), b= (01,...,0,,,(}%V,TN(U))),

- Fi= (Y'Uines 7" Une, V-Uine),

3? using the transformed expressions (9.8) and (9.5), where we additionally replace Tp(u) = BU,
37 Tp(o = Y2V, we have found that the single-trace FEM-BEM formulation (7.6) is equivalent to

:% find (U,u) € X(Qgx,I") such that

a ax(U,V) + IA®), 00)) + 5 (AU, Tuw) . (V. Tu(0)];

2 =FEWV)+{§,06)] VY(V,v)€X(Qs,T).
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i This new expression does not have any contributions on I'y, except for Ty (1), Ty(b) € H"1/2(Z) that
"2 in particular depend on pg,qo. In the spirit of [7, §9] and the discussion at the beginning of this section,
"5 we now replace the function space X(Qy,T') by the space with decoupled traces H! (Qg) x H(I'), which
"4 is a more flexible functional setting. In particular, we replace Ty (), Tx(v) by some py,gs € H™'/2(X).
‘5 Then, we define the global multi-trace FEM-BEM formulation

7 find (U,0) € H'(Qg) x ﬁ(r),a (fi1,..., 0, px), such that

8 A~ . 1

r} ag(U,V)+ {[A(u),0(0) ) + 5 [(BU.pz), (BVias)]s

SO =Fz<V>+ﬂ?,®<6>1} ¥(V,6) € H'(2) D). 6 = (Br.....5,.q5)
12 where {i := (ﬁla"wﬁn?(’yngpZ))? 6 (6 ﬁnv( Dvan))v

3 ? = (71 Uinc; ceey YnUinm }):Uinc)-

14

— Note that A defined in (9.9), is a full-matrix operator with off-diagonal terms y? GL . YZGKO, Y GZ that
7 couple all subdomains with all other subdomains, hence the attribute global. The attribute multi- trace
-, comes from the fact that the unknown traces are doubled on each interface that separates two (bounded)
o subdomains.

—  The expanded expression for the multi-trace FEM-BEM formulation (9.10) reads: find (U,{i) €
— HY(Qg) x H(T), fi = (ft,...,Qi,, px), such that

22 n
2 + Ll (A +Ak)05,0(8))]r; + [AT, (BU.px) .6 (15V.4x)]

24 =1

2 +z( Y [FGh (). 66,)]r, + [7Gl (@) (Mg])

2%(9.11) - q=1.9#] 1
2 + L G, (15U.x) 000)]r, +5 [(60.p2). (V-2
?E =F(V)+ i[)/ Ulncae(t)] [YzUlnCae (%KQZ)]Z

31 -

RN Ji

2 _

33 forall (V,6) € H'(Qx) x H(T), 6 = (61,...,0,,9x).

34

55 Remark 9.1. Note that in the case n = 0 of a single (heterogeneous) scatterer the multi-trace formulation
3 (9 10) reduces to the Costabel coupling (6.7), just as the single-trace formulation (7.6). Indeed, in this
o, case RY = QyUQ;y and ]HI(F) H~!/2(Z). Then the expanded expression (9.11) simply becomes: find

2 (U,px) € H'(Qy) x H/2(Z) such that

39

0 as(UY)+ [ (BU.ps) s (RV.gs)]y 5 (08U pr) (BV.g5)5 =

41

" F (V) + [V Uine, (—%V,QZ)}Z V(V,qx) € H'(Qz) x H2(2).

23 Apr 2024 02:54:46 PDT
230515-Bonazzoli Version 2 - Submitted to J. Integr. Eq. Appl.



Submitted to Journal of Integral Equations and Applications - NOT THE PUBLISHED VERSION

MULTI-DOMAIN FEM-BEM COUPLING FOR ACOUSTIC SCATTERING 30

1 Moreover, set u = (ug, po) = (}/ZU pz) and v = (v, ) (15V,—qx), so that (U,u) € X(Qg,T)
> and (V,0) € X(Qg,T). Note that T(u) = (U, px), T(v) = (¥3V,gs), and P*Ujp. = ygUinC, —PUine).
3 We can also write

- AL, (%, ps) = A% (0, —po) = ({1}, —{W}) o (G, (10, p0)) = ({1}, {W}) 0 Gy, (u

so we get: find (U,u) € X(Qg,T") such that

as(U,V)+ (081 D) 0 G (), (—vo, —a0)]+ 5 [T(w), T(0)]s =
(V) + [(YgUinca _ﬁUinc) (= Vo, _QO)]F V(V,0) € X(Q5,T),

" and also the signs turn out to agree with those in formulation (6.7).
12

-
=[ele|e|~]o o]

E 9.2. Properties of the multi-trace FEM-BEM formulation. The relationship between the multi-
14 trace FEM-BEM formulation (9.10) and the transmission problem (2.4) is examined in the following

15 proposition.

16

17 Proposition 9.2 (Link with the transmission problem). If (U, 1) € H!(Qy) xH(T), it = (i, ..., {i,, ps) €
18 H(T), solve (9.10), then the solution to (2.4) is given by

;% Ux):=U(x) forxeQsy,

%(9-12) U(x) = <Uinc_G Upz ZG >x forx € Q,
= lN](x)::G{(j(ﬁj)(x) forxeQjj=1,....n

24

> Proof. Firstof all, (U — Uinc)|a, = —G%O(ygU,pz) =Y G{;O (11;) is Kp-outgoing radiating in Qo, see
2 e.g. [11, Theorem 3.2]. It is also clear that U satisfies the Helmholtz equation in Q;, j=1,...,n
o since it is satisfied by the potentials (see e.g. [11, §2.4]), and in Q since it is also sagisﬁed by Ulinc
o, by definition. By testing (9.10) with V € H)(Qx), 6 =0, we get ax(U,V) =ax(U,V) = F(V),

oo so U satisfies the Helmholtz equation also in Qy. The property that remains to be verified is the

5, transmission conditions: by characterization (5.8) it is sufficient to show that for all v € X(T") we have
— [y(U),0]r+[¥*(U), T(v)]x =0, i.e., by definition of U,

32

33
0 9.13) [YUine — Gy, (%U, px) Zyocf (i;),v0 +Z yJGKJ (1), 0,]r;, + [¥"U, T(v)]g =0.
RE Ip j=I

% We fix an arbitrary v € X(I') and denote v, := (by,...,0,, Tx(v)) € H(T). Since Ulg, = U satisfies

37 the Helmholtz equation in Qy, integrating by parts we get
38
o (9.14) as(U,V) — = (RU,%V)y VVecH (Qy).

9" Moreover, by (4.10)-(4.11), we have
41

2 (9.15) A+ AL = VGl +1iGh, j=1,...,n, A% =7Gy +1d/2.
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Thus, if we test formulation (9.10) (or its expanded form (9.11)) with V satisfying }%V = Tp(v) and
with b = b,, using (9.14)-(9.15), we obtain

0= (KU, To(v +Z [Y/GY; (), 6(0)]r; + [¥/ Gy (1), 6(0))]r;)

+ 6% (B px) ,T<®<n>>}z+; [(0RU.px) T(O()],
( li YqG] i q)]rq+[};G{;o(ﬁj)vT(G(t)))]Z)

poy
P, (U pr) . 0(v,)] q"‘%[(%U’pZ)’T(U)]Z
(v

(9.16)

e
[R[=[3]ele|~]o]a]a]e]r]-

—
w

14

X
i
i Umc: F - [YEUmm ]Za

° that is, gathering terms conveniently, 0 = ¢; +1, 413 +t4 +t5, where

16
— n

% = ;[YJG{},-(%% 6(v))Ir;

; L= ‘<%§U,TD(U>>E+; (02U, ps) TO@)] 5 + 5 [(U.p5) TO)],

n =Z([ 6L (8). 600, +q:§#jbﬂGJ (0,000, + [FGh(0). TOW): )
=[Gk (RUp) T, z PG, (U.px) 600,

- 5 = Ji[y Uine, 8(0))]r; = [V Uine, T(O(0))] .-

ZE First of all, note that the term ¢, simplifies into [y*U, T(®(b))]x, which is exactly the last term of the
30 sought equation (9.13), but with v replaced by ®(v). In order to treat the other terms we will employ
31 the polarity identity (5.6) and the procedure described in Remark 5.4 three times. First, for a given

32 j=1,...,n, we have yOG] (), y’G] (4),. ,}I”GKO {i;) )/ZG,(O ii;)) € X(I), thus
34 VGl (@), 000)Ir,+ Y [V1Gh (1)), (Uq)]rq+[J;Gﬁo(ﬁj)aT(@)(U))]z
35 (9.17) q=1,g%]

r;’% YOGKO ﬁj )]FO‘

38 55 Second, we have yOG ,}’ZU pZ 7}’16%0(’)%:(]7[72)7,}’CZG%()(’}%:vaf.)) € X(F), thus
0 Z [V'Gx, (%U.px)  0(09)] 1, + [1 G, (%U, ) , T(O(0))]

o (9.18) g=1

‘E = - [YOGKO (%U>p2) ae(oo)]ro
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Third, we have (YPUinc, - - - , ¥'Uine, Y~Une) € X(I'), thus

n
9.19) Z 4 Ull’lC79 U] [YZUmcaT ®( ) L: = _[yoUinCae(UO)]Fo

Now, use (9.17) summed over j =1,...,n, (9.18), (9.19) to replace respectively 3,14,1s, therefore
(9.16) becomes

0= Z '}/jG] ﬁj i KO ﬁ] (00)]1“0 - D’OG% ('}%U,PZ) 76(00)] Iy

Jj=
+ [Y°Uine, 6( J’ZU T(®

T that is exactly the sought equation (9.13), but with v replaced by ®(b), which is not a problem since ®
'2_is an automorphism. O

[efe|~]ofofs]e]n]-

—_
o

—_

13
1. Assuggested by the gap idea, also the multi-trace FEM-BEM formulation (9.10) satisfies a Gdrding

15 inequality:

15 Proposition 9.3 (Gérding inequality). Let ayrr : (H' (Qg) x H(I')) x (H! (Qy) x H(I')) — C designate
" the bilinear form on the left-hand side of (9.10). There exist a compact bilinear form ¢ (H1 (Qyx) x
" H()) x (HY(Qs) x H(T')) — C and a constant B > 0 such that

19 ~ = = A~

20 Re{anmre((V.9), (V.6)) +2((V.6).(V.8))} = BUIV If qq) + 1815 1)

21 .
o, forall (V,6) € H'(Qx) x H(T).

23 Proof. We need to examine
24

- avirr ((V.9), (7, 6)) as(V, V) + (A®),00)) + 3 [(BV.ar) . (BV 22)],

2 where 0 := (61,...,0,,(¥5V,qx)). As already mentioned, ay satisfies a Garding inequality as in [18,
— Lemma 3.2], and

. Re{[(nV.az),(BV,8x)]s} = 0.

30 For the remaining term {IX(G), (n) [}, we proceed exactly as in the proof of [8, Proposition 6.3], except
51 that 6,,1 := (15V,qgx) in the present case. Indeed, note that the ﬁrst concise equality at the beginning

= of the proof of [8, Proposition 6.3] fits exactly the expression of A Thus, we obtain that, for the case

3i Ko = --- = K, =1, there exists § > 0 such that

z% N 7 " A 2

. ReJA(E). )1 = B Y, 16 e = 5 (1813 ) + 198V 1225 )

*"_ which leads to the desired conclusion since a change of the wavenumbers Ky, ..., K, only induces a
38

— compact perturbation of the integral operators appearing in A (see e.g. [22, Lemma 3.9.8]). 0

g Again, in the case of injectivity all the nice consequences recalled below Proposition 7.2 would
41 follow from the Garding inequality. Hence, in the following proposition we examine the injectivity
42 condition for the multi-trace FEM-BEM formulation (9.10). Note that the gap configuration falls
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1 exactly within the case ¥ C I'p, in which spurious resonances affect the single-trace FEM-BEM
? formulation (7.6) if kg € &(A,Qy) (recall Proposition 7.3), so the following result is not surprising.

— Proposmon 9.4 (Injectivity condition). Let (U,{i) € H'(Q5) x ]HI(F) solves formulation (9.10) with
— F); =0, f— 0. Then U = 0. We also have it =0 if ko ¢ S(A,Qx). If Ko € S(A,Qx), there exists
6 e H( )\ {0} such that (0,{) € H'(Qy) x H( ) solves (9.10) with Fx =0, f 0.

— Proof By Proposition 9.2, the function U defined in (9.12) solves the homogeneous transmis-
° sion problem (2.4), which is well-posed, so U = 0. In particular, U = Ul|q, = 0 and wU = 0.

9
— Therefore if we test formulation (9.10) with Fy = 0, f = 0 using test functions V € H/ 0(Qx) (and
L 0=(01,...,0,,qx) € ]HI( )), we obtain

E {[/X(ﬁ),e(é)]} =0, withfi = (Qiy,...,0,,(0,px)), 0= (b1,...,0,,(0,gx)),

13
14 which reduces to [A(i),®(5)] = 0, where A is the operator defined in [8, Equation (6.3)]. Then
E i € ker(A) and, by [8, Proposition 6.4], if kp ¢ G(A,Qx) we get it = 0.

16 Now we show that kp ¢ &(A,Qy) is also a necessary condition. If ky € &(A,Qy), by [22, Theorem
17 3.9.1] we know that ker(15SLy, ) # {0}, and we consider p € ker(¥5SLy )\{0}. As 15SLy (p) =0,
18 by jump relations (4.6) we have }%}CS L%O (p) =0, and, since the exterior Helmholtz boundary value
9 problem is well-posed, we get SL%0 (p)(x) = 0 for x € R/\Qy. Therefore, WSL%O (p) =0 for all

 g=1,...,nand }%‘CSLEO (p) = 0. In particular, using (4.11),
21 ’

22 A%, (0,p) = 7=SLy (p) +(0,p) /2=(0,p/2).

i% Then, if we evaluate the left-hand side of formulation (9.10) in U* =0, &* = (0,...,0, p) we have

25 < (6 1

2? Zl /quLZ Uq)]rq+ [(Oap/2)7 (_/J%V;QZ)]Z‘FE [(07p>> (YSV,QZ)]ZZO,

= q=

27 R

os forall (V,6) € H'(Qs) x H(T), and we have found a non-trivial solution. O

29 . o .o : . . .
—  Comparing the injectivity conditions in Propositon 7.3 and Proposition 9.4, we see that in the

Y case X C I'o, if the single-trace formulation (7.6) suffer from spurious resonances then so does the
" multi-trace formulation (9.10). On the other hand, in the case X ¢ I'y, there are wavenumbers Ky for
*°_ Which the multi-trace formulation (9.10) breaks down, while the single-trace formulation (7.6) remains
Zi injective. If the single-trace formulation (7.6) fails to be injective because ¥ C I' and k; € &(A,Qy),
o but kp ¢ S(A,Qy), the multi-trace formulation (9.10) is instead well-posed. Note that we could write
Sl multi-trace formulation based on another subdomain than o, say €;, loosely speaking by filling the
S, &ap with the same medium as ;.

Z% 10. Multi-trace combined field FEM-BEM formulation
‘E We have shown that the multi-trace FEM-BEM formulation (9.10) is affected by spurious resonances
41 when kp € &(A,Qy). Again, as a remedy, we adapt the approach of combined field integral equations.

42 More precisely, as the standard multi-trace FEM-BEM formulation (9.10) was obtained by manipulating
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1 the standard single-trace FEM-BEM formulation (7.6), similarly we will obtain a combined field multi-
> trace FEM-BEM formulation by manipulating the combined field single-trace FEM-BEM formulation
5 (8.7). Since the difference between (7.6) and (8.7) lies only in the compact bilinear form c and in the
", right-hand side with %" defined in (8.6), we just need to elaborate these terms.

5 Asin[8, §6.4] we first derive the formulation in the gap setting, and we look for

S (H'(Q) x HI))? = C suchthat ¢((U,#),(V,5)) = c(u,v)

"5 where (U, 1), (V,8) € H'(Qz) x H(T) correspond respectively to (U, u), (V,b) € X(Qg,I) under the
"5 isomorphism defined at the beginning of §9. Observe that in the gap setting, where ¥ C 9, the
10 extension operator Ey can be picked to map into functions whose support is inside Qg UQy, so that
11 YL oEs =0 for j # 0 and the operator C in (8.3), essentially, maps into H'/2(X). Then, applying also
12 (4.11),

13 n

c(u,0) = Y |76k (), 0(Co);| = [1Gk, (o). 6(Co]

j=0 J

14

- <%§G >z7

16 where we have used the definition of C, ¥ . = =R, ¥ = 15, % o Ex = Id. Moreover, since (U,u) €
17 X(Qg,TI'), in the gap setting 19 equals ¢ (u;) oneach I';, j=1,...,n, and equals O(VSU, Ty(1))
18 X, that reflects exactly the isomorphism defined at the beginning of §9. This implies G?Co(uo)
19 —G, (%U, Tn(u) — X1, Gk, (). Therefore, for fi = (1., 0y, px) € H(T), 6 = (61,...,6,,q5) €
2% H(T), we get

0

),MTx(0

on

22

= A(U,8),(v,6)) = (MG Rl (8).4x),

o (BU.p)as)y + X (M
J:
24

e Now, summing the term in (9.10) that derives from [A(u),®(v)|r we write

2 (AH),0(6) ) +T((U, 1), (V,8)) = (Au(B),0(5))

27

2?where

2? ﬁ: ul, un, ’)/ZU pz 6 = (61,...,6n,(7§V,q2)), and
% _ A,1<12+1A o 2)/ G%Oz y;GglCO Y;GEKO

C’i y GK‘O AK‘2 +AK‘0 Y G’}i‘o ’}/ GKTO

> = : :

© Y'Gy, Y'Gy, Al + A Y'Gy,

il MR By BAMRY n M* 3¢

= (P MGy (P MG, ("7 )G A ( ) GE

% Note that XM differs from X only in the Dirichlet traces on ¥ in the last line.
%7 In a similar way, for the right-hand side — 1", v]r = —[ui", @(Id + C)(v)]r, we get

[ ine ,OC(v F— YOUmc; CU)O]FO - 'YI\ZJUinc;MTN(U»Z =" M ’YNZUinC’TN(U»Z

38
40_and combining with the term in (9.10) that derives from —[u", ®(v)]r we write

41 N
E fM = (Yl Uinm- . '7ynUinCa (y§+y’\§ }%) 1nc> .

39
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In conclusion, we define the global multi-trace combined field FEM-BEM formulation

find (U,1) € H'(Qg) x H(I), fi = (fty,...,fip, px), such that
1

+ 5 [(')/[%vax) ) (?%VaQE)]Z
=FEV)+{jm,06)) ¥(V,6) e H'(Qx) x H(T),6 = (61,...,64,qx)
where {i := (iy,..., 1, (BU, ps)), 6:=(b1,...,00,(13V,qx))

9 Even if we have derived this formulation in the gap setting, it is still valid in a general geometric
E configuration such as Figure 4, left. This will be justified in what follows. We first show which is
11 the relationship of its solutions with the solutions to the standard multi-trace FEM-BEM formulation
2 (9.10).

13
1, Proposition 10.1. A solution to the combined field multi-trace FEM-BEM formulation (10.1) is also a

= solution to the standard multi-trace FEM-BEM formulation (9.10).

6 Proof. Let (U,1i) be a solution to formulation (10.1). Then, if we take test functions V =0, b =

17 (0,...,0,g5) with some gs € H™'/2(Z) (thus ¥V =0, 6 = (0,...,0,(0,gx))), it yields
18

(10.1) as(U,V)+ {Au(11),0(v) |}

[ [~ ]ofofs]e]r]-

n

;% <Z(Y§+M*Y§)G{;0(ﬁj)+({y§}+M*y§)G£O(yEU,pZ),qZ> +;<V§Uv‘12>z

=1

o b

21

22 = <(’Y]§ + M*%}\%)Uinmq2>2 VQE € Hil/z(z)v
25 and, since

24 1

e ({w}Gy, (KU, px) ax)y = (WG, (WU, px) ax)y — 5 (HUdx)y»

26 we obtain

27

28 <(y§ M) <Uinc — Y Gl (1)) — G, (ygu,pz)> ,q2> =0 VgzeH '2(x).
& = z

30 Therefore, if we introduce

3l n

2 (10.2) W= Usne — Y, G (1) — G, (15U, ps)

33 =1

54 this means y5W = —M*y:W. Moreover, W solves —AW — kW = 0 in Qg, so by Green’s formula
35

. | (VWP =W P)dx = — (WM EW),.
37 =

a5 and taking the imaginary part, since kyp € R, we obtain 0 = —Im{(MyEZW,yXW )y}, that implies
3? =W = 0 by property (8.1b) of M. As a consequence oW = —M*¥EW = 0. The conclusion YW =0

40 finishes the proof because, looking at the definition of W, this corresponds exactly to the equation in

41 formulation (9.10) associated with the Dirichlet component of the last line of A and f which represents
42 the only difference between formulations (9.10) and (10.1). O
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A corollary of this proposition is that if (U, i) satisfies formulation (10.1), then the unique solution

o the transmission problem (2.4) is given by U in (9.12). This justifies considering formulation (10.1)
for general geometric settings. A A

Moreover, by the compactness of M, the block operator KM is a compact perturbation of A, so a
Garding inequality analogue to Proposition 9.3 still holds, and the induced operator is of Fredholm type
with index 0. Therefore, in the case of injectivity, all the good properties recalled below Proposition 7.2
follow. As desired, the combined field formulation (10.1) is immune to spurious resonances for any
choice of the positive wavenumbers «;:

\w\*\m\w\b\ww%

9
., Proposition 10.2 (Injectivity). Lez (U,6) € H'(Q5) x ]HI(F) solve formulation (10.1) with Fx = 0,
;fM 0. Then U =0, i = 0.

2 Proof. Since ?M = 0 we have Uj,c = 0. As a consequence proceeding as in the beginning of the proof

% of Proposition 10.1 leads to considering W := —Y"_, G/ (ﬁ j G%O(}%U , px) and, following '[/}\16 same
— argumentation as above, this function satisfies yﬁ = 0. According to the definition of Ay, this
. implies

- A+M(ﬁ) = A(ﬁ) =A_m (ﬁ)

E since the terms involving M* in the last row of the definition of XM vanish. Next, by Proposition 10.1,
19 (U, 11) solves also formulation (9. 10) so by Proposition 9.4 we get U = 0 and 15U = 0. Now, if we test

20 formulation (10.1) (w1th F =0, fM = 0) using test functions V € H} 0(Qx) (and b = (b1,...,0,,95) €
?!_H(T)), we obtain {IAM( ),0(0) ) = 0 hence

22

2% (A m(d),0)) =0

24 with fi = (f41,...,fin, (0, pg)), 6 = (61,...,6,, (0,45)). Note that this reduces to [Ay (1), (8)] = 0 for
2 allbe H(F), where Ay is defined in [8, Equation (6.21)] and is injective by [8, Proposition 6.7]. Then
% f4=0. O
27

28

29 Appendix A. Properties of the block boundary integral operator A%

%Y. We prove here two useful properties of the boundary integral operator A% in (4.9) since we could not

" find detailed proofs in the literature.
32

5, Proposition A.1 (Generalized Garding inequality). Set 0(v,q) = (—v,q). Let Q be a generic Lipschitz
5, domain that is either bounded or such that R4 \ Q is bounded. Then, there exist a compact operator
4 H H(dQ) — H(dQ) and a constant & > 0 such that for all u € H(JdQ) we have

- Re { [(AZ+ 4 )u, 6(@)]aa | = alul} a0

g Proof. Since a change of the wavenumber k only induces a compact perturbation of A$ [22, Lemma
39 3.9. 8] it suffices to prove the result for the case k =z, where 1 = /—1. Set W := G¥(u), then we write
20 AL(u) = {7} v and by the jump relations (4.6) we have u = [y**] y. Therefore

41

7y [Ai?(u),e(ﬁ)}m: [P en] =3 [P w60 ] =mtm
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where

[WwﬁWﬂ
[Wwﬁﬁﬂ

[Wwﬁﬁv
[Wwﬁﬁ?

N\’—l\)\
l\)\r—‘N\

We have Re(m;) = 0, indeed

Re { v 07" Wloq | = Re {1V, 07°¥)q } = Re{ (12,07 o0 | = Re{[1*v. 0% Wlan }

E where the last equality is an application of the property [u, 0(v)]9q = [0, 0(1t)]yq for u,0 € H(dQ). To
11 deal with Re(m; ), observe that we have Re {[v,0(0)]sq} =Re{(+,q) 50+ (V,9) 50} =2Re{(v,§) 50}
12 for v = (v,q) € H(JdQ). Thus

3

o ore{ [P0 W] —Re{ 0w 8T} =Re{ [ (VWP vaTIdxp = [WlRuq

15

6 where we integrated by parts and lastly used the fact that y is a solution to the Helmholtz equation

7 with k¥ =1, so that Ay = y. Similarly, we get
18

9 ——Re{[ygy/, 7’9 ] }:HWHZHI(Rd\Q)’

20
21 therefore

ole|~fofals|e]|r]-

—_

—_

2] Re{ [AR(w). 0] 1= 1wl @)+ 115 gy

23
>4 Now, note that

25

- 11 gy = 112 0y + 1AV IR0y = 11 ) + W20y < 211 g

27 and by the continuity of the trace operators, there exists C > 0 such that

28
2? ||’}’QV||H1/2 Q) + ||'}’QV||H 1/2 (0Q) < CHVHHI (A,Q) vV e HI(A,Q)’

o 1Y s+ IRV I a0 < CIV sz ¥V € H'(ARNQ).
CETherefore

33 .

5 Re{ [A2w),0®)] .} = Iwiluq + Wl

35 1

:g > 7C (H/}/QWHHI/z Q) + H’);) WHH1/2 Q) + H,};N)WHIZ.I—I/Z(QQ) + Hyé%CWHIZ.I—I/Z(aQ))

37 1 2

3E = 4C( (1 — ')’Q l//”H1/2 a0) T (% — 7’Q )‘/’HH 1/2 39)) = RHuHH(aQ)v

*° where we used the triangular inequality and the jump relations (4.6). O

40
‘E Proposition A.2. Assume that either Q C R? is bounded or R\ Q is bounded. Then for all u € H(dQ),
42 we have In{[A2(u), 1]y} > 0.
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i Proof. Assume first that R? \ Q is bounded, pick an arbitrary u € H(dQ) and set y(x) := G2 (u)(x).
> We have [y*(y)] = u according to the jump formula (4.6) and, on the other hand, {y*(y)} = A% (u)

"5 according to definition (4.9). As a consequence, developing the expression 2[A% (1), 1] y0 = [YQ(III) +

o 13 W), W) — 12 (W)lag. yields

— 2(A2(w). Wag = [ (). P2 (Woa — 12 (W), 2 (W)laa

Z(A D + 12 (W), 72 (Wlaa — [ (), 12 (W)]oa

= =[P (v), Y*(@)oa — (W), 72 (W)]on

9

o +2Re{[12(¥), Y (¥)]aa)-

11 Next observe that each of the first two terms in the right-hand side above takes the form [v,9]yq
2 and satisfies [,0]yq = [0,0]90 = —[v,0]9q Which means that they are pure imaginary numbers,
8 ie.1b,0]yq € R. As a consequence

14

5 (A2) 2Im{[AZ (u),Wao} =+ (W), 72 (W)]oa — (12 (W), 2 (W)]oa-

6 'We examine each term in the right-hand side of this identity. Both y and ¥ satisfy a homogeneous

7 Helmholtz equation in R? \ Q and, since it is a bounded domain, we can apply Green’s formula in

18 R4 \ﬁ. This implies that the second term in the right-hand side of (A.2) vanishes:
19

) W)Wl = [ W)~ W) (W)do

21

22 = YAV + K*Y) — YAy + K y)dx = 0.
o RAN\Q

ZZ To study the first term in (A.2) choose p > 0 large enough to have RY\ Q C B p» Where B, is the open

25 ball of center 0 and radius p. Applying Green’s formula in QB gives
26

7 PP Pla= [ BWRW - R WEE) do

28

29 = VAV + K°Y) — W (Ay + kP y) dx + / V¥ — yd, Y do,
5 QNB, dBp
a1 where dp ¥ is the Neumann trace on dB,, and do), is the surface measure on dB,. The volume terms

s2 vanish because Ay + x>y = 0 in Q. Multiplying this identity by —:k then leads to

33

w _lK[VQ(W>7YQ<W)]8Q:/aB lK‘I/ap‘I/ﬂK‘I’ap‘/’dGPZZRe{/aB IKY op Y do}
= ’ j

- —— [ 1oy —ixyPdo+ [ 13,9+ lyPdo

38 > v —ikyl|’do.

= =z /aBp| by — iKY

‘E Since this inequality must hold for any p > 0 large enough, we can pass to the limit p — +oo and, by the
41 Sommerfeld radiation condition satisfied by y = G2(u), we finally conclude that Im{[AL(1),1]yq} =

2 —[y2(y), 72 (W)]aq/2 € [0, +oo).
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To conclude the proof, let us consider the case where Q is bounded, and denote Q¢ := R4 \ﬁ.

Because ngc = —ng, we conclude that ¥ =—00y2, ¥ = —00y? and G¥ = G0 0, and hence
A2 =_—0o A%L o 0. The domain Q¢ is unbounded, so we can apply the first part of the present proof,
which finally yields

Im{[AZ (0), W50} = —Im{[0 0 AT 0 O(u), W0} = +Im{[AZ 06 (1),6(u)]s0} > 0.
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