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Abstract

Based on the principle of maximum entropy and piecewise linear basis function-

s, a numerical method for approximating a non-negative solution of Volterra

integral equations is proposed. Then a discrete form of the maximum entropy

method is given to reduce the cost. The error analysis and the convergence rate

are provided. Numerical experiment results are consistent with the theoretical

analysis of errors and the convergence rate.
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1. Introduction

Consider the linear Volterra integral equations of the second kind

u(x)−
∫ x

a

k(x, s)u(s)ds = f(x), a 6 x 6 b, (1)

where the function f and the kernel function k are given. We want to approxi-

mate the solution u of the integral equation numerically.

So far, many numerical methods have been proposed to solve equation (1),

for example, the spectral method [5, 16, 19], the Runge-Kutta method [15], the5

linear multi-step method [1, 21], and the wavelets method [20], etc.

∗Congming Jin
Email address: jincm@zstu.edu.cn (Congming Jin)

Preprint submitted to Journal of LATEX Templates November 21, 2022

20 Nov 2022 19:08:16 PST
220717-CongmingJin Version 2 - Submitted to J. Integr. Eq. Appl.



The maximum entropy method is a density-based method proposed by Jaynes

in 1957 [10], which has been widely used for various problems, including species

geographic distributions [18], natural language processing [2, 6], short sequence

motifs [22], stationary density of dynamical systems [8, 9, 12], solving differen-10

tial equations with boundary conditions [13] and Fredholm integral equations

[11], etc.

So far the maximum entropy method is applied to the stationary problems

or problems with boundary conditions. For example, the Fredholm integral e-

quations behave like a boundary value problem. However the Volterra integral15

equations behave like an initial value problem. In this paper, a piecewise lin-

ear maximum entropy method is proposed for solving linear Volterra integral

equations of the second kind with a positive solution. The proposed method can

preserve the positivity of the solution since the solution of the maximum entropy

method has a form of an exponential function. And for a type of weakly singular20

Volterra integral equations, the piecewise linear maximum entropy method can

avoid computing singular integral, which makes the numerical method easy.

The paper is organized as follows. In Section 2 we propose the piecewise

linear maximum entropy method to solve the Volterra integral equations. In

Section 3 we show how to efficiently discretize the piecewise linear maximum25

entropy method. In section 4 we carry out the error analysis and convergence

rate estimation. In Section 5, some numerical experiments are given to show

the efficiency of the numerical method. The conclusion is given in Section 6.

2. A Piecewise Linear Maximum Entropy Method for Solving Volter-

ra Integral Equations30

Let L1(a, b) be the Banach space of all real-valued Lebesgue integrable

functions defined on [a, b] ⊂ R. The norm on L1(a, b) is defined as ‖u‖1 =∫ b
a
|u(x)| dx for u ∈ L1(a, b). The dual space of L1(a, b) is L∞(a, b) with the L∞-

norm ‖φ‖∞ = esssupx∈[a,b]|φ(x)|. Let K be a linear Volterra integral operator

2
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from L1(a, b) to itself defined as

(Ku)(x) =

∫ x

a

k(x, s)u(s)ds,

where the kernel function k is measurable and bounded on its square domain

[a, b]×[a, b]. Let f ∈ L1(a, b), and denote I the identity operator. Then equation

(1) can be written as

(I −K)u = f. (2)

Lemma 2.1. [11] A sufficient condition for the existence of a non-negative

solution of (2) is that f is a non-negative function and K is a positive operator

such that ‖K‖1 < 1, where ‖K‖1 is the operator norm of K.

In fact, under the above condition, the inverse operator (I−K)−1 exists and

is positive from the Neumann series

(I −K)−1 = I +K +K2 + · · · .

Suppose u∗ ∈ L1(a, b) is the unique non-negative solution of (2), that is

(I −K)u∗ = f. (3)

For any u ∈ L1(a, b) and φ ∈ L∞(a, b), denote

〈u, φ〉 =

∫ b

a

u(x)φ(x)dx.

Let K ′ : L∞(a, b)→ L∞(a, b) be the dual operator of K, defined by

〈Ku, φ〉 = 〈u,K
′
φ〉

for all u ∈ L1(a, b) and φ ∈ L∞(a, b). Then

(K
′
φ)(s) =

∫ b

s

k(x, s)φ(x)dx.

Let φ0, . . . , φn ∈ L∞(a, b) be a set of linearly independent functions. Multiplying

the both sides of equation (3) by φi and integrating on [a, b], we get

〈(I −K)u∗, φi〉 = 〈u∗, (I −K
′
)φi〉 = 〈f, φi〉 , i = 0, . . . , n. (4)

3
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Denote gi = (I −K ′)φi and mi = 〈f, φi〉 for each i. Then equation (4) can be

written as the moment conditions

〈u∗, gi〉 = mi, i = 0, . . . , n, (5)

where gi(x) are called the moment functions. So we can see that the unique

solution u∗ of the Volterra equation (3) satisfies equation (5). If an infinite

sequence of the functions {gi} is chosen such that the sequence {gi} is dense in

Lq(a, b), then the system of the moment conditions

〈u, gi〉 = mi, i = 0, 1, 2, . . .

has a unique solution u∗ ∈ Lp(a, b) with 1/p + 1/q = 1. Next we will solve

equation (5) with the maximum entropy principle to approximate the solution35

of the Volterra equation (3).

For the convenience of notation and analysis, a modified Boltzmann entropy

is defined as

H(u) = −
∫ b

a

u(x) lnu(x)dx+

∫ b

a

u(x)dx , ∀ u ∈ L1(a, b), u > 0.

The modified Boltzmann entropy H(u) has the following properties:

(1) H(u) is either finite or −∞ for any non-negative function u ∈ L1(a, b).

(2) H is proper, upper-semicontinuous, and concave, and is strictly concave

on its effective domain consisting of all non-negative functions u ∈ L1(a, b)40

with H(u) > −∞.

(3) The upper level sets {u ∈ L1(a, b) : u > 0, H(u) > α} are weakly compact

in L1(a, b) for all numbers α > −∞.

These properties can be proved similarly as in [14, 3].

We need to consider a constrained optimization problem of the type

max

{
H(u) : u ∈ L1(a, b), u > 0,

∫ b

a

u(x)gi(x)dx = mi, i = 0, 1, . . . , n

}
, (6)

where g0, . . . , gn ∈ L∞(a, b), and m0, . . . ,mn are fixed constants.45

The next lemma is a basis for solving the above maximization problem.

4
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Lemma 2.2. Given any two non-negative functions u, v ∈ L1(a, b),∫ b

a

u(x)dx−
∫ b

a

u(x) lnu(x)dx 6
∫ b

a

v(x)dx−
∫ b

a

u(x) ln v(x)dx.

Proof. Let u, v ≥ 0. Integrating the both sides of the Gibbs inequality,

u(x)− u(x) lnu(x) 6 v(x)− u(x) ln v(x),∀ x ∈ [a, b]

over [a, b], we obtain the result. �

Theorem 2.1. The unique solution of the optimization problem (6) is

un(x) = e

n∑
i=0

λigi(x)
,

where the constants λ0, . . . , λn satisfy the given constraints∫ b

a

e

n∑
i=0

λigi(x)
gj(x)dx = mj , j = 0, . . . , n. (7)

Proof. Let u ∈ L1(a, b) be non-negative and satisfy the moment constraints∫ b

a

u(x)gj(x)dx = mj , j = 0, . . . , n.

Then

H(u) = −
∫ b

a

u(x) lnu(x)dx+

∫ b

a

u(x)dx

6
∫ b

a

un(x)dx−
∫ b

a

u(x) lnun(x)dx

=

∫ b

a

un(x)dx−
n∑
i=0

λi

∫ b

a

u(x)gi(x)dx

=

∫ b

a

un(x)dx−
n∑
i=0

λimi

=

∫ b

a

un(x)dx−
∫ b

a

un(x)

n∑
i=0

λigi(x)dx

=

∫ b

a

un(x)dx−
∫ b

a

un(x) lnun(x)dx = H(un).

The uniqueness of the solution is from the fact that H is strictly concave. �

Next we will solve numerically the maximum entropy problem (6) based on

piecewise linear functions.50
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Divide the interval [a, b] into n equal subintervals [xi−1, xi], where xi =

a+ i ∗ h and h = (b− a)/n is the length of each subinterval. Let φ0, φ1, . . . , φn

be a set of piecewise linear basis functions defined on [a, b] such that φi(xi) = 1

and φi(xj) = 0 for j 6= i. Then φi can be written as

φi(x) = w

(
x− xi
h

)
, i = 0, 1, . . . , n, (8)

where

w(x) =


1 + x, − 1 6 x 6 0,

1− x, 0 < x 6 1,

0, x /∈ [−1, 1]

is the standard piecewise linear basis function. Denote 4n the set of all the

continuous piecewise linear functions defined on I, which can be written as

linear combinations of the basis functions φ0, φ1, . . . , φn.

Let suppφi be the support of φi, which is the closure of the set of all x

satisfying φi(x) 6= 0. Obviously suppφ0 = [x0, x1], suppφn = [xn−1, xn], and55

suppφi = [xi−1, xi+1] for i = 1, 2, . . . , n− 1.

In equation (4), let {φi} be the piecewise linear basis functions defined in

(8). Then an approximate solution of the Volterra integral equation (1) can

be given by Theorem 1. So to solve (1) numerically via the maximum entropy

principle, we solve the nonlinear equation∫ b

a

e

n∑
i=0

λigi(x)
gj(x)dx = mj , j = 0, . . . , n. (9)

for λ0, λ1, . . . , λn, using well-established numerical methods such as the Broyden

quasi-Newton method.

3. A discrete form of the maximum entropy method

To solve the piecewise linear maximum entropy method efficiently, we will60

give a discrete form of the nonlinear equation (9) in this section.

The ith moment

mi =

∫ b

a

f(x)φi(x)dx =

∫
supp φi

f(x)φi(x)dx

6
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can be evaluated by numerical integration.

Given initial values of λ0, λ1, . . . , λn, the left side of equation (9) can also be

approximated by using numerical integration. Denote

ḡi(s) = (K ′φi)(s) =

∫ b

s

k(x, s)φi(x)dx. (10)

Then we get the moment function gi = φi − ḡi. In consideration of the support

set of each basis function φi, there are four cases to evaluate ḡi(s):

(i) s 6 xi−1. Then

ḡi(s) =

∫ b

s

k(x, s)φi(x)dx

=

∫ xi

xi−1

k(x, s)φi(x)dx+

∫ xi+1

xi

k(x, s)φi(x)dx.

(ii) xi−1 < s 6 xi. Then

ḡi(s) =

∫ b

s

k(x, s)φi(x)dx

=

∫ xi

s

k(x, s)φi(x)dx+

∫ xi+1

xi

k(x, s)φi(x)dx.

(iii) xi < s 6 xi+1. Then

ḡi(s) =

∫ b

s

k(x, s)φi(x)dx

=

∫ xi+1

s

k(x, s)φi(x)dx.

(iv) s > xi+1. Then

ḡi(s) = 0.

So we only need to evaluate the integral on the left side of equation (9) on the65

interval [a, xi+1] by numerical integration. However, we need to evaluate double

integral on the left side of equation (9) at each iteration for solving the nonlinear

equation. Here we give a discrete form of equation (9) to reduce the cost to a

single integral.

Divide the interval [a, b] into n equal subintervals [xi−1, xi], where xi =

a + i ∗ h and h = (b − a)/n is the length of each subinterval. To give a more

7
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accurate evaluation of the integral, divide each subinterval [xi−1, xi] intom equal

intervals [xi,j , xi,j+1], j = 1, 2, · · · ,m, where xi,j = xi−1 + (j−1)∗hh and hh =

(xi − xi−1)/m. And we use a six-point Guass-Legendre quadrature to evaluate

ḡi and the integral in equation (9) on each interval [xi,j , xi,j+1], where the six

points are denoted as xi,j,k, k = 1, 2, · · · , 6. Denote the row vector X consisting

of all the points xi,j,k, i = 0, 1, · · · , n− 1, j = 1, 2, · · · ,m, k = 1, 2, · · · , 6 sorted

increasingly, that is

X = (x0,1,1, x0,1,2, · · · , x0,1,6, x0,2,1, x0,2,2, · · · , x0,2,6, · · · ,

x0,m,1, x0,m,2, · · · , x0,m,6, · · · , xn−1,m,1, xn−1,m,2, · · · , x0n−1,m,6).

For simplicity, we denote

X = (x̄1, x̄2, · · · , x̄M ),

where M = n ∗m ∗ 6. The (n+ 1)×M matrix G is defined as

Gij = gi−1(x̄j), i = 1, 2, · · · , n+ 1, j = 1, 2, · · · ,M.

Denote the row vector

λ = (λ0, λ1, · · · , λn),

and we can get the row vector

γ = λG.

Then we can obtain the row vector U where for i = 1, 2, · · · ,M ,

Ui = eγi

represents the approximate solution un at x̄i. So we can get a discrete form of

the nonlinear equation (9)

(U,Gj) = mi, i = 0, 1, 2, · · · , n, (11)

where Gj is the jth column of the matrix G, and (U,Gj) denotes the inner70

product. It is easy to prove that equation (11) is equivalent to that obtained

by numerically integration of the left side of equation (9) using six-point Guass-

Legendre quadrature on each interval [xi,j , xi,j+1]. During the iteration for

8
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solving the nonlinear equation, the matrix G does not change at all, so we can

restore it to avoid evaluating it repeatedly. When the vector λ is updated, we75

only need to update the vectors γ and U , whose cost is equivalent to a single

integral, but not double integral.

4. Convergence Analysis

In this section, the convergence of the piecewise linear maximum en-

tropy method for solving Volterra integral equations is proved using the general80

convergence theory [3], and the convergence rate is estimated.

Let F : L1(a, b)→ [−∞,∞) be a nonlinear functional with weakly compact

upper level sets. Let {Dr} ⊂ L1(a, b) be a decreasing sequence of closed subsets,

such that Dr+1 ⊂ Dr for all integer r. Consider the optimization problem

max {F (u) : u ∈ Dr} (12)

and the limit problem

max

{
F (u) : u ∈

∞⋂
r=1

Dr

}
. (13)

Let {ur} be a sequence of solutions of (12) and u∗ be the unique solution of

(13).

Theorem 4.1. [4] If F : L1(a, b) → [−∞,∞) is strongly convex and the opti-

mal value of (13) is finite, then (13) and (12) have unique solutions u∗ and ur85

respectively, and lim
r→∞

‖ur − u∗‖1 = 0.

The strong convexity of Boltzmann entropy has been proved in [4]. Now a

nested partition of [a, b] makes the feasible set of moment constraint (6) mono-

tonically decreasing. Divide [a, b] into 2r equal subintervals, where r = 2, 3, . . . .

Denote by ur the corresponding numerical solution of the piecewise linear max-90

imum entropy method. Then from Theorem 4.1, we can get the following con-

vergence theorem for {ur}.

Theorem 4.2. Suppose H(u∗) >∞. Then lim
r→∞

‖ur − u∗‖1 = 0.

9
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According to Theorem 4.7 in [4], the convergence rate of the maximum

entropy method depends on the minimum distance

dr = inf

{∥∥∥∥∥lnu∗ −
2r∑
i=0

λigi

∥∥∥∥∥
∞

: ∀ λ0, λ1, . . . , λ2r
}

from the function lnu∗ to the linear subspace generated by all gi. Since

lnu∗ −
2r∑
i=0

λigi = lnu∗ −
2r∑
i=0

λi(I −K
′
)φi

= (I −K
′
)

[
(I −K

′
)−1 lnu∗ −

2r∑
i=0

λiφi

]
,

we can give an upper bound for dr as

dr 6 ‖I −K
′
‖∞ inf

{∥∥∥∥∥(I −K
′
)−1 lnu∗ −

2r∑
i=0

λiφi

∥∥∥∥∥
∞

: ∀ λ0, λ1, . . . , λ2r
}
.

In order to make the theoretical analysis more rigorous, we assume that the

operator I − K
′

is invertible and lnu∗ ∈ R(I − K
′
). Then following Theo-95

rem 4.7 in [4], the error estimates are obtained through a standard pointwise

approximation result for continuous piecewise linear functions.

Theorem 4.3. Suppose that u∗(x) > c on [a, b] for some c > 0 and (I−K ′)−1u∗

is twice continuously differentiable on [a, b]. Then

‖ur − u∗‖1 = O(h2) = O

(
1

4r

)
,

where h = (b− a)/2r is the length of the 2r subintervals of [a, b].

Proof. From Theorem 4.7 in [4], we know that

‖ur − u∗‖1 6 dre
dr
2 = O(dr).

Denote v = (I−K ′)−1 lnu∗ and let vr ∈ 42r be the continuous piecewise linear

interpolation of v, that is,

vr(x) = v(xi), ∀ i = 0, 1, . . . , 2r.

According to the interpolation theory [7], ‖v − vr‖∞ = O(h2). Then

dr‖I −K
′
‖∞‖v − vr‖∞ = O(h2).

�
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5. Numerical Experiments100

To test the effectiveness of the piecewise linear maximum entropy method

for solving the Volterra integral equations, several examples are given in this

section. In our numerical experiments, the number of intervals n are listed in

the tables 1 to 4. We divide each interval [xi−1, xi] to m = 10 subintervals

and use the six-point Guass-Legendre quadrature on each subinterval to solve105

equation (11). We also compute the convergence rates of the errors based on

the formula Rr = log2

(
‖ur−1−u∗‖
‖ur−u∗‖

)
, r = 3, 4, ..., 9 and list them in the tables

alongside the errors. The numerical results are consistent with the error analysis

and convergence rates estimation in section 4.

Example 1. Consider the Volterra integral equation

u(x) +

∫ x

0

(x− s)u(s)ds = 4ex + 3x− 4, x ∈ [0, 1] .

The exact solution is u∗(x) = 2ex − 2 cosx + 5 sinx. The errors and the con-110

vergence rates are shown in table 1 when there are n equal subintervals on

[0, 1].

Table 1: The errors and convergence rates of Example 1

L1-norm L∞-norm

n error rate error rate

4 6.5× 10−2 2.6× 10−1

8 1.9× 10−2 1.77 1.3× 10−1 1.00

16 5.3× 10−3 1.84 6.3× 10−2 1.05

32 1.5× 10−3 1.82 2.9× 10−2 1.12

64 4.1× 10−4 1.87 1.2× 10−2 1.27

128 1.1× 10−4 1.90 5.8× 10−3 1.05

256 3.0× 10−5 1.87 2.9× 10−3 1.00

512 8.2× 10−6 1.87 1.5× 10−3 0.95

11
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Example 2. Consider the Volterra integral equation

u(x) +

∫ x

−1
exsu(s)ds = e4x + (ex(x+4) − e−(x+4))/(x+ 4), x ∈ [−1, 1] .

The exact solution is u∗(x) = e4x. The errors and the convergence rates are

shown in table 2.

Table 2: The errors and convergence rates of Example 2

L1-norm L∞-norm

n error rate error rate

8 7.7× 10−1 9.5× 100

16 2.0× 10−1 1.94 3.3× 100 1.53

32 4.9× 10−2 2.10 9.0× 10−1 1.87

64 1.2× 10−2 2.10 2.3× 10−1 1.96

128 3.0× 10−3 2.0 6.9× 10−2 1.73

256 7.6× 10−4 1.98 1.9× 10−2 1.86

512 1.9× 10−4 2 4.8× 10−3 1.98

Example 3. Consider the Volterra integral equation

u(x) +

∫ x

0

xsu(s)ds = x
1
2 + 2x

3
2 +

1

2
x+

2

5
x

7
2 +

4

7
x

9
2 +

1

6
x4, x ∈ [0, 1].

The exact solution is u∗(x) = x
1
2 + 2x

3
2 + 1

2x. The errors and the convergence115

rates are shown in table 3.

Example 4. Consider the linear Volterra integral equations of the second

kind with weakly singular kernels

u(x)−
∫ x

0

(x− s)−αu(s)ds = f(x) (14)

where α ∈ (0, 1), x ∈ [0, b]. In this example, the weakly singular kernel function

k(x, s) = (x − s)−α makes the integral equation difficult to be solved. But

using the maximum entropy method, we can avoid computing integral with

12
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Table 3: The errors and convergence rates of Example 3

L1-norm L∞-norm

n error rate error rate

4 2.3× 10−2 1.8× 10−1

8 7.1× 10−3 1.70 1.1× 10−1 0.66

16 2.3× 10−3 1.63 6.4× 10−2 0.78

32 7.7× 10−4 1.58 3.6× 10−2 0.83

64 2.6× 10−4 1.57 1.7× 10−2 1.02

128 8.8× 10−5 1.56 8.1× 10−3 1.06

256 3.0× 10−5 1.55 5.7× 10−3 0.50

512 1.0× 10−5 1.58 4.0× 10−3 0.51

singular kernel. In fact, we can give the analytic representation of the moment120

function gi(s). Then we also avoid the double integral in the maximum entropy

method. From equation (10), we know the moment function gi = φi− ḡi, where

ḡi =
∫ b
s
k(x, s)φi(x)dx. For fixed number s, define two definite integrals with

variable lower bounds of integration, that is

Is(t) =

∫ xi

t

k(x, s)φi(x)dx

=

∫ xi

t

(x− s)−αx− xi−1
h

dx

=

∫ xi

t

(
x− s

h(x− s)α
+

s− xi−1
h(x− s)α

)
dx

=

(
1

h(2− α)
(x− s)2−α +

s− xi−1
h(1− α)

(x− s)1−α
) ∣∣∣∣∣

xi

t

, t ∈ [xi−1, xi),

13
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and125

IIs(t) =

∫ xi+1

t

k(x, s)φi(x)dx

=

∫ xi+1

t

(x− s)−αxi+1 − x
h

dx

=

∫ xi+1

t

(
xi+1 − s
h(x− s)α

− x− s
h(x− s)α

)
dx

=

(
xi+1 − s
h(1− α)

(x− s)1−α +
1

h(2− α)
(x− s)2−α

) ∣∣∣∣∣
xi+1

t

, t ∈ [xi, xi+1),

where h = (b− a)/n.

So now we can analytically represent ḡi(s) and the moment function gi(x).

Here we still have four cases.

(i) s 6 xi−1. Then

ḡi(s) =

∫ b

s

k(x, s)φi(x)dx

=

∫ xi

xi−1

k(x, s)φi(x)dx+

∫ xi+1

xi

k(x, s)φi(x)dx

= Is(xi−1) + IIs(xi).

(ii) xi−1 < s 6 xi. Then

ḡi(s) =

∫ b

s

k(x, s)φi(x)dx

=

∫ xi

s

k(x, s)φi(x)dx+

∫ xi+1

xi

k(x, s)φi(x)dx

= Is(s) + IIs(xi)

(iii) xi < s 6 xi+1. Then

ḡi(s) =

∫ b

s

k(x, s)φi(x)dx

=

∫ xi+1

s

k(x, s)φi(x)dx

= IIs(s)

(iv) s > xi+1. Then

ḡi(s) = 0.
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In equation (14), if the function f(x) = xn+β+xn+1+β−αB(n+1+β, 1−α),

where 0 ≤ β ≤ 1, and B(·, ·) is the Beta function defined by

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt,

then the exact solution is u∗(x) = xn+β .

In our numerical experiments, we choose α = 0.35, n = 3 and β = 0.6. The130

exact solution is u∗(x) = x3.6. We solve the integral equation on the interval

[0, 1]. The errors and the convergence rates are shown in table 4.

Table 4: The errors and convergence rates of Example 4

L1-norm L∞-norm

n error rate error rate

4 1.5× 10−3 1.5× 10−2

8 4.7× 10−4 1.65 7.2× 10−3 1.01

16 1.1× 10−4 2.04 2.8× 10−3 1.38

32 2.9× 10−5 1.97 9.0× 10−4 1.60

64 7.4× 10−6 1.98 2.4× 10−4 1.88

128 1.9× 10−6 1.99 7.9× 10−5 1.63

256 4.7× 10−7 1.98 2.7× 10−5 1.53

512 1.2× 10−7 2.00 9.2× 10−6 1.57

From the results in tables 1 to 4, we can see the L1-norm errors for the

four examples converge approximately with a rate 2. The L∞-norm errors for

example 2 and example 4 converge approximately with a rate 2, and the L∞-

norm errors for example 1 and example 3 converge approximately with a rate

1. The errors for example 2 seem large, but the relative errors are small. For

example, when n = 8, the relative errors are

‖un − u∗‖1
‖u∗‖1

=
56

1000
,
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and
‖un − u∗‖∞
‖u∗‖∞

=
177

1000
.

6. Discussion and Conclusions

In this paper, we proposed a piecewise linear maximum entropy method

for solving the linear Volterra integral equations of the second kind and gave135

the error analysis and the convergence rate, which are also verified by some

numerical experiments. This method can preserve the positivity of the solution.

It is especially efficient for a type of Volterra integral equations with weakly

singular kernels. In the future, we will try to solve linear Volterra integral

equations with other singular kernels and nonlinear Volterra integral equations140

based on maximum entropy method.
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