NEARLY GORENSTEIN PROJECTIVE MONOMIAL CURVES OF SMALL
CODIMENSION

SORA MIYASHITA

ABSTRACT. In this paper, we characterize nearly Gorenstein projective monomial curves of
codimension 2 and 3.

1. INTRODUCTION

Let k be a field, and let us denote the set of nonnegative integers and the set of integers by N
and Z, respectively. Cohen-Macaulay rings and Gorenstein rings are important properties and
play a crucial role in the theory of commutative algebras. Many kinds of rings are defined for
studying of a new class of local or graded rings which are Cohen-Macaulay but not Gorenstein.
For example, there are nearly Gorenstein rings, almost Gorenstein rings and level rings, and
so on. Let R be a Cohen-Macaulay N-graded k-algebra with canonical module wg. According
to [6], R is called nearly Gorenstein if the trace ideal of the canonical module tr(wg) contains
the maximal graded ideal m of R. Here, let tr(wr) be the ideal generated by the image of wg
through all homomorphism of R-modules into R. In particular, R is non-Gorenstein and nearly
Gorenstein if and only if tr(wg) = m (see [6, Definition 2.2]). On the other hand, according to
[12, Chapter III, Proposition 3.2], R is called level if the degrees of the minimal generators of
wp are the same.

There are characterizations of nearly Gorenstein rings on some concretely graded rings. For
example, it is known on Hibi rings, Stanley-Reisner rings with Krull dimension 2 and numerical
semigroup rings with small embedding dimension, and so on (see [5, 6, 8]). In this paper, we
characterize nearly Gorenstein projective monomial curves of codimension 1, 2 or 3. Let Py be
a projective space over k, and let C' be a monomial curve in P}. We consider its projective
coordinate ring A(C'). In fact, this ring is isomorphic to the affine semigroup ring k[Sa] where

Sa - <(07 an)7 (a17 Ap — a1>7 (a27an - CLQ), Tty (an—lyan - an—l); (an70)>

We can assume 0 < a; < a2 < --- < a, are integers with ged(ay,ag,---,a,) = 1. We call
this semigroup S, the projective monomial curve defined by a. We call S, is Cohen-Macaulay,
Gorenstein, nearly Gorenstein and level if its affine semigroup ring k[Sa] is so, respectively. If
Sa is Cohen-Macaulay, we denote by r(Sa) the Cohen-Macaulay type of k[Sa]. In Proposition
4.1, 4.3 and 4.4, we prove the following result. This is our main result.

Theorem A. Let a=aq, --,a, be a sequence of positive integers with a1 < as < -+ < a, and
ged(ay, -+ an) = 1. Let Sa be the projective monomial curve defined by a. Assume that S, is
Cohen-Macaulay.

o Ifn =23, then the following conditions are equivalent:
(1) Sa is non-Gorenstein and nearly Gorenstein;
(2) a=k,k+1,2k+1 for some k 2 1.
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If this is the case, Sa is level with r(Sa) = 2.
o Ifn =4, then the following conditions are equivalent:
(1) Sa is non-Gorenstein and nearly Gorenstein;
(2) a=1,2,3,4 or Sa = Sok_12k+1,4k6k+1 for some k = 1.
If this is the case, Sa is level with r(Sa) = 3.

In particular, we get the following corollary from Theorem A.

Corollary 1.1. FEvery nearly Gorenstein projective monomial curve of codimension at most 3
1s level.

Remark 1.2. If n = 2, then k[S,] is always Gorenstein because it is hypersurface.

Remark 1.3. It is known that there exists a nearly Gorenstein but not level projective monomial
curve of codimension 4. Indeed, S49 12,1321 is such a example (see [8, Theorem 4.9]).

The structure of this paper is as follows. In Section 2, we prepare some facts and lemmas to
show Theorem A. In Section 3, we discuss nearly Gorensteinness of some concretely projective
monomial curves to prove Theorem A. In Section 4, we prove Theorem A.

Acknowledgement. I am grateful to Professor Akihiro Higashitani for his very helpful com-
ments and instructive discussions. I also thank Tomoya Hikida for his help in implementing the
program to observe projective monomial curves.

2. PRELIMINARIES

2.1. Homogeneous affine semigroup rings. An affine semigroup S is a finitely generated
sub-semigroup of N¢. An affine semigroup S is homogeneous if all its minimal generators lie
on an affine hyperplane not including origin. This is equivalent to the condition that the affine
semigroup ring k[S] is standard graded by assigning degree 1 to all the monomials corresponding
to the minimal generators of S. We denote by ZS the group generated by S. Let S be a Cohen-
Macaulay homogeneous affine semigroup, and let Gg = {aj,---,as} € N" be the minimal
generators of S. Fix the affine semigroup ring R = k[S]. Since S is homogeneous, we can regard
R = Kk[S] = k[x®,---,x®] as standard graded by assigning degx? = 1 for any 1 < i < s. In
this case, the canonical module wg is isomorphic to an ideal Ir of R as an N"-graded module up
to degree shift. Then we can assume the system of minimal generators of Iy is {x¥1,---,x""},
and V(S) = {v1,---, vy} C S is a minimal generating system of the canonical ideal of S. We put
Vinin(S) = {v € V(5);degx¥ < degx¥iforall1 < i <r}and S—V(S):={a€ZS;a+ve
S for all v.e V(5)}. Thus the following holds.

Proposition 2.1 (see [8, Proposition 4.2]). Let S be a Cohen-Macaulay homogeneous affine
semigroup. The following are equivalent:

(1) R =KkI[S] is nearly Gorenstein;

(2) For any a; € Gg, there exist v € Vipin(S) and u € S — V(S) such that a; =u+v.

For any set X, we denote by |X| the cardinality of X. Now we discuss |Vipin(S)| to show
Theorem A.

Theorem 2.2 (see [8, Theorem 4.4]). If R is non-Gorenstein and nearly Gorenstein, then
|Vinin (5) |2 2.

Proposition 2.3. Let S be a Cohen-Macaulay homogeneous affine semigroup, and let Gg =
{a1, --,as} C N" be the minimal generators of S, where s = 2. If R is non-Gorenstein and
nearly Gorenstein, then 2 < |Viyin(S)|S s — 1.
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Proof. |Vimin(S)|2 2 follows from by Theorem 2.2. We show |Vipin (S)|< s—1. Assume |Viyin(5)|2
s. Since R is nearly Gorenstein, there exist vi € Vipin(S) and uy € S — V(S) such that
a; = u; + vi by Proposition 2.1. Since u; € S — V(S5), we get u; + v € S and degx™1 ™V =1
for all v € Viin(S). Thus we obtain |[Viin(S)|= s and {u; + v;;1 £ i < s} = Gg. Then we
have wrp = m. This contradicts to [12, Chapter I, Theorem 12.9]. Therefore, we get |Vinin(S)|<

s —1. O
2.2. Numerical semigroup rings. A semigroup S = (aj,---,a,) with a; € N is called nu-
merical semigroup if ged(ai,---,a,) = 1. We can assume 0 < a; < ag < --- < a,. We call n

embedding dimension of S. There exists s € S such that s +.5 C S. The smallest such integer
c is called conductor of S, and we call S symmetric if the number of elements in S that are less
than c is ¢/2. The Frobenius number of S is denoted by F'(S) and it is the conductor of S minus
one. Moreover, PF(S):={zx ¢ S:x+s €S for anys € S} is called the set of pseudo-Frobenius
numbers of S (see [9]).

Proposition 2.4 (see [10, Corollary 4.11]). Let S be a numerical semigroup. The following are
equivalent:

(1) S is symmetric;

(2) PF(S) ={F(S)};

(3) k[S] is Gorenstein.
Proposition 2.5 (see [10, Proposition 2.13 and Corollary 4.7]). Every numerical semigroup of
embedding dimension two S = (a,b) is symmetric. In this case, F(S) = ab—a —b.

Definition 2.6 (see [2, Definition 2.3]). Let S be a numerical semigroup and let s € S\ {0};
the Apéry set with respect to s of S is the generating set B = {by, ...,bs_1} such that by = s
and, for 7 > 0, b; is the least integer in S having s-residue distinct from those of by, ..., b;_1.

Proposition 2.7 (see [2, Lemma 3.1]). Let S = (ai,...,an) be a numerical semigroup. Let
s € S\{0}, and assume Y. | cia; € Ap(s,S). Theny ;" | d;a; € Ap(s,S) whenever 0 < d; < ¢;.

2.3. Projective monomial curves. Let a = aj1,a9,---,a, be a sequence of positive integers
with ged(ay, a2, --,a,) = 1 and a1 < ag < -+ < a,. Then, we define a homogeneous affine
semigroup

Sa - <(07 an)7 (a17 Ap — a1>7 (a27an - CLQ), Tty (an—lyan - an—l)a (an70)>

We call S, the projective monomial curve defined by a. Moreover, for each i = 1,2, we put
S; = m;(Sa), where m; is the natural projection to the i-th component. Then S; and Sy are
numerical semigroups.

Definition 2.8 (see [2, Definitions 4.4]). Let B; = Ap(an,S;) be the Apéry set with respect
to a, of S; for each i = 1,2. We call Apéry set with respect to a, of S, the generating set
Ap(Sa) = {bo, b1, -, bg, } where by = (0,ay,),bs, = (an,0) and b; = (v4, p;) satisty the following
forany 1 <i<aq, —1:

(i) {an,v1, - Va,—1} = B1;

(ii) p; is the least element of Sy such that (v, u;) € S.
The Apéry set Ap(Sa) is called good if {an, g1, p2, -+, pla, , } = Ba.

Proposition 2.9 (see [2, Lemma 4.6]). The following conditions are equivalent:
(1) Sa is a Cohen-Macaulay;
(2) Ap(Sa) is good.

We recall that r(Sa) denotes the Cohen-Macaulay type of k[Sa].
3
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Proposition 2.10 (see [2, Theorem 4.9]). Assume that k[Sa| is Cohen-Macaulay. Let B be the
Apéry set with respect to a,, of Sa. Then r(Sa) = |B|, where

B=1{be B\{(0,a),(an,0)};b+x ¢ B for all x € B}.

Proposition 2.11 (see [2, Proposition 4.11]). Assume that Sy is Cohen-Macaulay and let B =
{(0,an), (an,0)}U{b; = (i, pi); 1 < i < ay, — 1} be the Apéry set with respect to a, of Sa ordered
so that vy < -+ < vg,—1. Then S is Gorenstein if and only if by, , = b; + bg, —1—; for all

i=1,--.n—2.

Definition 2.12 (see [7, Section 3]). Let a = ay, a2, -+, a, be a sequence of positive integers
with ged(ag,az,---,a,) = 1 and a1 < ag < --- < a,. We define the dual sequence a’ =
Ap — Ap—1,0p — Ap—2," ", dp, — a1, ay. 1t is known that S, and S are isomorphic.

Put F1 = N(a,,0), F» = N(0,a,) and put C; = {w € ZSa ; w+ g ¢ Sa for any g € F;} for
i = 1,2, respectively. Denote by k|wg,] the R-submodule of k[ZS,] generated by {x";v € wg, },
where wg = —(C1 N Cy). By applying [3] to our case, the following is true.

Proposition 2.13 ([3, Theorem 3.8]). Ifk[Sa] is Cohen-Macaulay, then klwg,] is the canonical
module of k[Sa).

Proposition 2.14 ([3, Theorem 2.6]). The following conditions are equivalent:

(1) k[Sa] is not Cohen-Macaulay;
(2) There ezists w € ZSa \ Sa such that w+ (0, ay) € Sa and w + (an,0) € S,.

2.4. Nearly Gorenstein movement of projective monomial curves. Let S, be the pro-
jective monomial curve. Then by using Proposition 2.1, for any a; € G(Sa), there exists
u € S, — V(Sa) such that a; = Viin(Sa) + u. Here Vipin(Sa) +u = {v+u: v € Vpuin(Sa)}-
For all a;€ G(Sa), there exists such a covering Viyin(Sa) + u of minimal generators of canonical
module. Based on this, we introduce Nearly Gorenstein movement to prove Theorem A.

Definition 2.15. Let U C S, — V(Sa), and let m; be the natural projection 7y : N2 &5 N
defined by mi(a,b) = a. We call M = m1(U) a nearly Gorenstein movement of V(S,) if Gg, =
Uuer Vinin(Sa) +u). If M = 71 (U) is a nearly Gorenstein movement of V' (Sa), we define nearly
Gorenstein covering Cy as {m1 (Vimin(Sa) +u) : ue U}.

By Proposition 2.1, the following is true.

Proposition 2.16. Let S, be the projective monomial curve. S, is nearly Gorenstein if and
only if there exists nearly Gorenstein movement of Sy.

Example 2.17. Let a = 1,2,3,4. Since wg, = ((1,3),(2,2),(3,1)), thus V(Sa) = Vinin(Sa) =
{(1,3),(2,2),(3,1)}. If we set U = {(—1,1),(0,0),(1,-1)} C Sa — V(Sa), then M = 7(U) =
{—1,0,1} is a nearly Gorenstein movement of V(S,). Indeed, since Vinin(Sa) + (—1,1)
{(0,2), (1,3), (2,2)} and Vign(Sa) + (1, —1) = {(2,2), (3,1), (4, 0)},

L (Viain(Sa) + 1) = Viuin U (Vinin(Sa) + (=1, 1)) U (Vinin(Sa) + (1, =1)) = G, .

uclU
In this case, nearly Gorenstein covering is Cy; = {{0, 1,2}, {1,2,3},{2,3,4}} and S, is nearly
Gorenstein because there is a nearly Gorenstein movement M = {—1,0,1} of V(Sa). The

following figure represents this covering.

15 Aug 2023 16:47:38 PDT
230406-Miyashita Version 2 - Submitted to J. Comm. Alg.



=)
[an}

Ji=
Ji=

2 D)
/ Q / 3
/ /
(a) {0,1,2} € Oyt (B) {1,2,3} € Oy
0
9
L
/
-+
(c) {2,3,4}

FIGURE 1. nearly Gorenstein covering

Definition 2.18. Let S, be the projective monomial curve defined by a = aq, as, - - -, a, and let
Cwm be a nearly Gorenstein covering of S,. For X, X' € Cy, define X < X’ as min X < min X',
Under this ordering, Cy is totally ordered set. Thus we can write Cyy = {X1, Xo, -+, X;,} with
Xi<Xjforanyl1 <i<j<m. IfX <X, then X' = {z+mnX'—mnX : ze X}
Therefore, Cy; can be written as follows:

min Xp—min X1 X min X3—min X min X, 1 —min X, 2 min X, —min X, 1

Xl mel Xm
In this diagram, for each 1 < 7 < m, arrange natural numbers from 1 to n and represent X; by

underlining only beneath the elements of Xj.

Example 2.19. Let a = 1,2,3,4. Then we observed that C\ = {{0,1,2},{1,2,3},{2,3,4}}
is a nearly Gorenstein covering in Example 2.17. Following Definition 2.18, when represented
graphically, Cy; looks as follows:

0,1,2,3,4 5 0,1,2,3,4 5 0,1,2,3,4

3. PROOF OF LEMMA A
Now let us show the following lemma.

Lemma A. (o) Let a=k,k+ 1,2k + 1 for some k = 1, then S, is non-Gorenstein and nearly
Gorenstein. Moreover, Sy is level with r(Sa) = 2.
(B) Let a = ay,as,a3,a4 be a sequence of positive integers such that a # 1,2,3,4 with
ged(ag,ag,as,a4) =1 and a; < ag < az < aq. Then the following is true.
5
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(i) When a =a,b,a+ b,a+ 2b for some positive integers a < b.
(a) If (a,b) = (k,k + 1) for some k = 1, then S, is Gorenstein.
(b) If (a,b) = (2k — 1,2k + 1) for some k = 1, then Sa is non-Gorenstein and nearly
Gorenstein. In this case, Sa is level with r(Sa) = 3.
(c) In other cases, then Sa is not Cohen-Macaulay.
(i) When a = a,b,a + b,2a + b for some positive integers a < b.
(d) If (a,b) = (k,k+1) (k = 2), then Sa is not nearly Gorenstein.
(e) In other cases, Sa is not Cohen-Macaulay.
(iii) Ifa = a,b,a + b,2b for some positive integers a < b, then S, is not Cohen-Macaulay.
(iv) When a = a,b,2a,a+ b for some positive integers a < b < 2a.
(@) If (a,b) = (2k + 1,4k + 1), (2k, 4k — 1) for some k = 1, then Sa is Gorenstein.
(b) If (a,b) = (2k + 1,4k) for some k = 1, then Sa is non-Gorenstein and nearly
Gorenstein. In this case, Sa is level with r(Sa) = 3.
(¢c) In other cases, Sa is not Cohen-Macaulay.
(v) When a = a,2a,b,a+ b for some positive integers a < 2a < b.
(d) If (a,b) = (k,2k + 1) for some k = 2, then Sa is Cohen-Macaulay but not nearly
Gorenstein.
(e) In other cases, Sa is not Cohen-Macaulay.

Proof. (o) Put a=k,k+ 1,2k + 1 for some k = 1. We show
Sa = ((0,2k+1),(k,k+1),(k+1,k), (2k +1,0))

is non-Gorenstein and nearly Gorenstein. If £k = 1, in the same way as Example 2.17, S,
is nearly Gorenstein and level with r(S,) = 2. Then we can assume k = 2. In this case,
S1 =85y = (k,k+1). Now we put H = (k, k + 1).

First, we show By = Ap(2k + 1, H) is equal to the following set X, where

X={2k+1}U{nk:1<n=k}U{n(k+1):1<n=<k}.

Indeed, since k + (k + 1) = 2k + 1, for any s € H, the remainder of s divided by 2k 4+ 1 can be
written like nk or n(k + 1) for some n = 0. Note that (k+2)k=(k—1)(k+1)+ (2k+1) ¢ B
and (k+1)(k+1) = k> + (2k + 1) ¢ By. So, by Proposition 2.10, we obtain the following:

e nk € By implies 0 S n < korn=k(k+1);

e n(k+1) € By implies n < k.
Then By C X and since |By|= |X|= 2k+1, we get By = X. Therefore, we get Ap(2k+1,51) =
Ap(2k+1,8) = X.

Next, we show Bg, = Ap(2k + 1, Sa) is equal to the following set Y, where

Y = {(2k+1,0),(0,2k + DY U {n(k,k+1);1 Sn < k}U {n(k +1,k):1 < n < k).

It is enough to check that n(k+1)—m(2k+1) ¢ So and nk—m(2k+1) ¢ Sy forany 1 < n < k—1
and m 2 1. Indeed, if n(k+1)—m(2k+1) € So, we can write n(k+1)—m(2k+1) = ak+b(k+1)
for some a,b € N. Then (n—b—m)(k+1) = (a+m)k # 0. Since ged(k,k+1) = 1, we can write
n—>b—m =kl for some 0 <[ € N. Thusn = kl + b+ m > k, as a contradiction. Therefore,
nk+1)—m2k+1) ¢ Sy forany 1 < n < k—1and m = 1. By the same discussion, we
get nk —m(2k +1) ¢ Sp forany 1 < n < k—1 and m = 1. Then we obtain Bg, = Y. Since
Ap(2k +1,53) = ma(Bs,), thus Sy is good, so S, is Cohen-Macaulay by using Proposition 2.12.
Now we show S, is non-Gorenstein and nearly Gorenstein. It is easy to check

Bs, = {k(k,k+1),k(k +1,k)}.
6
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Indeed, it is true if &k = 1. We consider the case of k = 2. Sinc<~3 every degree of element of
B is less than or equal to k, we obtain k(k,k + 1),k(k + 1,k) € Bg,. On the other hand, the
following is true any 1 <n < k — 1.

n(k,k+1)+ (k,k+1) = (n+1)(k, k + 1) € B,

n(k+1,k)+ (k+1,k) = (n+ 1)(k+ 1,k) € Bg,.
Thus Bs, = {k(k,k + 1), k(k + 1, k)}. Therefore, by Proposition 2.13, we get r(Sa) = 2. Recall
wg = —(Cy N Cy), where F1 = N(2k + 1,0), F» = N(0,2k+ 1) and C; = {w € ZSa ; w+ g ¢
Sa for any g € F;} for i = 1,2 (see Proposition 2.16). Next, we show

wsy = ((—(kK* =k = 1), =(k? = 2k — 1)), (=(k* = 2k — 1), =(k* — k — 1))).
Indeed, by Proposition 2.8, F(H) = k? — k — 1. Thus
CiNCy C{(z,y) €ZSa:x<k?®—k—1landy < k?> —k —1}.

Therefore,
ws, € Z:={(z,y) €ZSa:x 2> —(k* —k—1)andy = —(k* —k —1)}. (1)
On the other hand, since k* —k —1=F(H) ¢ S USy and k> —2k — 1= F(H) — k ¢ S; U Sy,
we obtain
(—(k* —k—1),—(k* =2k —1)),(—(K* =2k — 1), - (k> =k —1)) €ws, N Z. (2)

From (1) and (2), (—(k? — k — 1), —(k? — 2k — 1)) and (—(k® — 2k — 1), —(k* — k — 1)) belong
to the system of minimal generators of wg,. Moreover, since r(Sa) = 2, we get
= ((—(k* =k = 1), =(k* = 2k = 1)), (=(k* = 2k — 1), = (K — k = 1))).

Then by Proposition 2.1, S, is non-Gorenstein and nearly Gorenstein. In particular, since every
element of wg has degree —k + 1, Sy is level with r(Sa) = 2.

ws

a

(B) (1) (a) Put a=k,k+1,2k+ 1,3k + 2 for some k = 1. We show
Sa = ((0,3k +2), (k, 2k +2), (k + 1,2k + 1), (2k + 1,k + 1), (3% + 2,0))
is Gorenstein. In this case, S} = (k,k+ 1) and Sy = (k + 1,2k + 1).
e First, we show Bg, = Ap(3k + 2,5]) is equal to the following set X, where
X={3k+2}u{nk:1<n<k}U{nk+1):1Sn<k+1}U{nk+k+1:1<n=<k}.
It is easy to check if £ = 1, then now we assume k = 2. Since k+2(k + 1) = 3k + 2,
for any s € Sp, the remainder of s divided by 3k + 2 can be written like nk or n(k + 1)
or nk + k + 1 for some n = 0. Note that (k + 2)k = (k —2)(k+ 1)+ (3k+2) ¢ Bg,,
(k+2)(k+1) = k*+ (3k+2) ¢ Bg, and (k+2)k+(k+1) = (k—1)(k+1)+3k+2 ¢ Bg,.
So, in the same way as (a), we get Bg, € X. Moreover, it is easy to check that
|Bs, |= | X |= 3k + 2, thus we get Bg, = X.
In the same way as above, we obtain Bg, = Ap(3k+2,S2) is equal to the following set Y, where
Y={8k+2}U{nk+1):1<n=2k}U{nk+1):1=<n=<k+1}.
Next, we show the Apéry set Bg, with respect to 3k 4+ 2 of S, is
Z={Bk+2,0),(0,3k+2)}U{n(k,2k+2): 1 <n=k}tU{n(k+1,2k+1):1<n=<k+1}
U{(n—1)(k,2k+2)+ (2k+1,k+1): 1 Sn<k+1}.
It is easy to check if k = 1. If £k = 2, in the same way as («), we can check that n(2k + 2) —

m(3k +2) ¢ So, n'(2k+1) —mBk+2) ¢ Se and (n' —1)(2k +2)+k+1—m(3k +2) ¢ Sy for
7
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any 1 Sn<k—1,1<n"<kand m2=1. Then we obtain Bg, = Z. Thus S, is good, so Sy is
Cohen-Macaulay by Proposition 2.12. Moreover,
(E+1)(k+1,2k4+1) =n(k,2k+2)+ (k —n)(k, 2k +2) + 2k + 1,k + 1)
=nk+1,2k+1)+(k+1—n)(k+1,2k+1)

for any 1 < n < k. Therefore, S, is Gorenstein by Proposition 2.14.
(b) Put a = 2k — 1,2k + 1,4k, 6k + 1 for some k = 1. We show

Sa = ((0,6k + 1), (2k — 1,4k + 2), (2k + 1,4k), (4k,2k + 1), (6k + 1,0))

is non-Gorenstein and nearly Gorenstein. By the same discussion as above, we get the following.

Ap(6k+1,51) ={6k+1}U{n(2k—-1):1=n=<2k}U{n(2k+1):1<n =2k}

U{n(2k—-1)+2k+1:1=<n < 2k},
Ap(6k +1,59) = {6k +1}U{n(2k+1):1<n <4k} U{n(4k):1 < n = 2k},
B ={(6k+1,0),(0,6k+ 1)} U{n(2k — 1,4k +2): 1 S n <2k} U{n(2k +1,4k) : 1 = n < 2k}
U{(n—1)(2k — 1,4k +2) + (4k,2k + 1) : 1 < n < 2k}.

Here S = (2k—1,2k+1), Sy = (2k+1,4k) and B = Ap(6k+1,.S,). Thus S, is Cohen-Macaulay
by Proposition 2.12. Now we show S, is non-Gorenstein and nearly Gorenstein. In the same
way as («), it is easy to check

B = {2k(2k — 1,4k + 2),2k(2k + 1,4k), (2k — 1)(2k — 1,4k + 2) + (4k, 2k + 1)}.
Therefore, we get r(Sa) = 3 by Proposition 2.13. Next we show wg, = (v1,va,v3), where
v = (—(4k* — 4k — 1), —(8k? — 6k — 1)), vo = (—(4k?® — 6k), —(8k? — 4k — 2)) and v3 =
(—(4k% — 8k — 1), —(8k% — 2k — 1)). Indeed, by Proposition 2.8, F(S;) = 4k* — 4k — 1 and
F(S3) = 8k% — 2k — 1. Thus we obtain the following.

ws, € X :={(2,y) € ZSa:x = —(4k* — 4k — 1) andy = —(8k* — 2k — 1)}. (3)

On the other hand, the following is true.

—71'1(1)1) = F(Sl) Q:L Sl, —71'1(?}2) = F(Sl) — (Qk — 1) §é Sl, —71'1(1)3) = F(Sl) — 4k §é Sl,
—71'2(1)1) = F(SQ) — 4k Qé SQ, —7'('2(’[)2) = F(SQ) — (2]€ + 1) Qé SQ, —7T2(7)3> = F(SQ) §é SQ.
Therefore, we get vy, va,v3 € wg, N Z. From this and (3), v1,v2 and vz are belong to the system
of minimal generators of wg,. Moreover, since r(S,) = 3, we get wg, = (v1,v2,v3). Then by
Proposition 2.1, S, is non-Gorenstein and nearly Gorenstein. In particular, since every element

of wg has degree —2k + 2, S, is level with r(S,) = 3.
(c) Put a=a,b,a+b,a+ 2b where b = a + 3 and ged(a,b) = 1. We show
Sa = ((0,a + 2b), (a,2b), (b,a +b), (a + b,b), (a + 2b,0))

is not Cohen-Macaulay. Put v = (a(b — 1),2b? — a — 4b). Since v + (0,a + 2b) = (b — 1)(a, 2b)
and v + (a + 2b,0) = (b —a — 3)(0,a + 2b) + (a + 2)(b,a + b), it is enough to show v ¢ S, by
Proposition 2.17. Assume that v € S;. Then there exist ¢1,---,c5 € N such that Z?:l cfi =w.
Since 7[‘1(2?:1 cifi) = m(v), we get

(c2 + 3+ 2¢4 + 3c5)a + (C3+C4+205)b: (b—1)a. (4)
Since ged(a,b) = 1, cs+c4+2c5 =0 (mod a). Here, cg+c4+2c5 # 0. Indeed, if c3+c4+2¢5 = 0,
we get c3 = ¢4 = ¢5 = 0. Then ¢ f1 + covy = v. However, since degx” = b—2, m(c1 f1 + cova) =
cea £ (b — 2)a < m(v). This yields a contradiction. Thus we can write ¢z + ¢4 + 2¢5 = al,
where 0 < [ € N, and substitute it into (4), we get ca + ¢4 +¢5 + al + bl = b — 1. Then

0=cot+cg+es+1l(a—1)+b(l—1)=-1<0, as a contradiction.
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(ii) (d) Put a=Fk,k+ 1,2k + 1,3k + 1 for some k = 1. We show
Sa = ((0,3k+1),(k,2k+ 1), (k+ 1,2k), 2k + 1,k), (3k + 1,0))
is not nearly Gorenstein. In the same way as above, we get the following.

Ap(3k+1,51) = {8k+1}U{nk: 1 < n < k}U{n(k+1): 1 <n < k}U{k+n(k+1) : 1 <n < k},
Ap(Bk+1,52) ={3k+1}U{nk:1=n=2k}U{n(2k+1):1=n =k},

B={3Bk+1,0),(0,3k+ 1)} U{n(k,2k+1):1=<n=k}U{n(k+1,2k): 1 <n =k}
U{(n—1)(k+1,2k)+ (2k+1,k): 1 =n = k}.

Here S1 = (k,k + 1),52 = (k,2k) and B = Ap(3k + 1,S,). Thus S, is Cohen-Macaulay by
Proposition 2.12. In the same way as (b), we can check

B = {k(k,2k + 1), k(k +1,2k), (k — 1)(k + 1,2k) + (2k + 1,k)}, ws, = (v1, v2, v3)

where v; = (—(4k* — 4k — 1), —(8k?® — 6k — 1)),v2 = (—(4k?® — 6k), —(8k? — 4k — 2)) and

vy = ((—(4k? — 8k — 1), —(8k? — 2k — 1)). Now we assume S, is nearly Gorenstein. Then by

Proposition 2.1, there exist u € Sa — V(Sa) and v € {v1, v2,v3} such that v +u = (0,3k + 1)

and v+ u € S,. It is easy to check this yields a contradiction, so Sy is not nearly Gorenstein.
(e) Put a =a,b,a+ b,2a + b where b 2 a + 2 and ged(a,b) = 1. Then

Sa = ((0,2a +b), (a,a +b), (b,2a), (a + b,a), (2a + b,0))

is not Cohen-Macaulay. Put v = (a(b—1),b> —2b+ab—3a). Thus v+ (0,2a+0b) = (b—1)(a,a+b)
and v + (2a+b,0) = (b—a —2)(0,2a + b) + a(bh,2a) + (a + b,a). In the same way as (c), we can
check v ¢ S,. Then S, is not Cohen-Macaulay by Proposition 2.17.

(iii) Put a = a,b,a + b, 2b where 0 < a < b, gcd(a,b) =1 and b # 2. We show

Sa = ((0,2b), (a,2b — a), (b,b), (a + b, b — a), (2b,0))

is not Cohen-Macaulay. Put v = (2a,2b — 2a). Then v + (0,2b) = 2(a,2b — a) and v + (2b,0) =
2(a+ b,b — a). In the same way as (c), we can check v ¢ S,. Thus S, is not Cohen-Macaulay
by Proposition 2.17.

(iv) (a) Put a = a,b,2a,a + b for some positive integers a < b < 2a. Then we get a’ =
b1, b2, b1 + bo, b1 4+ 2bo with by < by and ng(bl,bg) =1, here by = b — a,by = a. Since Sy = Sy,
we get (a)’ fron (a). By using such a duality, (b)’,(c)’,(d)" and (e) are also followed from
(b),(c),(d) and (e), respectively. O

Example 3.1. (1) If a = 6,7,13, then S, is non-Gorenstein and nearly Gorenstein by («) of
Lemma A. Since wg, = ((—29, —23), (—23,—-29)), the nearly Gorenstein covering of S, is as
follows: 0,6,7,13 25 0,6,7,13

(2) If a = 6,7,13,20, then S, is Gorenstein by (a) of Lemma A. The nearly Gorenstein
covering of S, is as follows: 0,7,13,20 = 0,7,13,20 % 0,7,13,20 5 0,7, 13, 20

(3) If a =5,7,12,19, then S, is non-Gorenstein and nearly Gorenstein by (b) of Lemma A.
Since wg, = ((—23,—53), (—18,—-58),(—11,—65)), the nearly Gorenstein covering of S, is as
follows: 0,5,7,12,19 % 0,5,7,12,19

(4) If a =7,12,14, 19, then S, is non-Gorenstein and nearly Gorenstein by (b)’ of Lemma A.

Indeed, since a’ = 5,7,12,19, we get Sa = Su. Thus S, is non-Gorenstein and nearly Gorenstein
from (3).
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4. PROOF OF THEOREM A

Let a = ay, - -, a, be a sequence of positive integers with ged(ay, -+, a,) =1 and a1 < ag <

- < ay. First we consider the case of n = 3. The following lemma appears in several papers.
For example, refer to [1, Lemma 4 and Section 4, Example 7], [4, Theorem 3.3] or [11, Corollary
48],

Lemma 4.1. Let a =a,b,a + b, then S, is Cohen-Macaulay if and only if b =a + 1.

Proposition 4.2. Let a = ay,a9,a3. Then the following conditions are equivalent:
(1) Sa is non-Gorenstein and nearly Gorenstein;
(2) a=k,k+1,2k+1 for some k = 1.

If this is the case, Sa is level with r(Sa) = 2.

Proof. We know (2) implies (1) and S, is level with 7(Sa) = 2 from («) of Lemma A. Now we
show (1) implies (2). Assume S, is non-Gorenstein and nearly Gorenstein. Then |Vinin(Sa)|= 2,3
by Proposition 2.3. When |Viyin(Sa)|= 3. Since S, is nearly Gorenstein, there exists nearly
Gorenstein covering of S, as follows.

ai
0,a1,a2,a3 — 0,a1,a2 = 2a1, a3 = 3a1

Since ged(aq, ag,a3) = 1, we get a = (a1, az2,a3) = (a1, 2a1,3a1) = (1,2, 3).
When |Viin(Sa)|= 2. Since S, is nearly Gorenstein, there exists nearly Gorenstein covering of
Sa as one of the following.

a1 al

(a) 0,a1,a2,a3 — 0,a1,a2 = 2a1,a3 — 0, a1,2a1,3a;
as

(b) 0,(11,(12,&3 — 0,(11(12,(13 = a1 + a

(C) Q: ai, az,as a_l> 07@7 az,a3 = a1 + a
In the case of (a), we get a = 1,2, 3. In the case of (b) and (c¢), we get a = ay, a2, a1 + ag. Since
Sa is Cohen-Macaulay, we get a = (k,k+ 1,2k + 1) by Lemma 4.1. Therefore, we conclude that
(1) implies (2). O

Lastly, we consider the case of n = 4.

Proposition 4.3. Let a = a1, a2,as,a4. Then the following conditions are equivalent:
(1) Sa is non-Gorenstein and nearly Gorenstein;
(2) a=1,2,3,4 or Sa = Sop_1,2k+1,4k,6k+1 for some k = 1.

If this is the case, Sa is level with r(Sa) = 3.

Proof. We know (2) implies (1) and S, is level with 7(Sa) = 3 from (b) of Lemma A. Now we
show (1) implies (2). Assume S, is non-Gorenstein and nearly Gorenstein. Then |Viin(Sa)|=
2,3,4 by Proposition 2.3. When |Vi,in(Sa)|= 4, in the same way as Proposition 4.2, we get
(a1,a2,a3,a4) = (1,2,3,4). When |Viuin(Sa)|= 3, since S, is nearly Gorenstein, there exists
nearly Gorenstein covering of S, as one of the following.

al a
(a) 0,a1,a2,a3,a4s — 0,a1,a2 = 2a;, a3 = 3a1,a4 — 0, a1, 2a1, 3a1,4aq

ail
b) 0,a1,az,a3,a4 — 0,a1,az2,a3 = 2a1, a4 = a1 + az

az

(c) 0,a1,a2,a3,a4 — 0,a1,a2,a3 = a1 + ag, ay = 2a3
al

(d) 0,a1,a2,a3,a4 — 0,a1,as = 2a1,a3,a4 = a; + ag

ail
(e) 0,a1,a2,a3,a4 — 0,a1,a2,a3 = a1 + az,aq = 2a1 + as

In the case of (a), we get a = 1,2,3,4. In the case of (b), we get a = a,b,2a,a + b where
(a,b) = (a1,a2). Thus we obtain (a,b) = (2k + 1,4k) for some k£ > 0 from (v) of Lemma
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A. Then Sy = Sy = Sop—12k+1,4k6k+1. In the case of (c), we get a = (a,b,a + b,2b) where
(a,b) = (a1,a2). Thus we obtain a = 1,2, 3,4 from (iii) of Lemma A. In the case of (d), we get
a = (a,2a,b,a + b) where (a,b) = (ai,a3). Then we obtain a = 1,2,3,4 from (v) of Lemma
A. In the case of (e), we get a = (a,b,a + b,a + 2b) where (a,b) = (a1,a2). Thus we obtain
(a,b) = (2k — 1,2k + 1) for some k > 0 from (i) of Lemma A. Then Sa = Sog—1 2k+1 4k 6k+1-
When |Viyin(Sa)|= 2, since S, is nearly Gorenstein, there exists nearly Gorenstein covering of
Sa as one of the following.

a1 al ai
(a) 0,a1,a2,a3,as — 0,a1,a2 = 2a1,a3,as — 0,a1,2a1,a3 = 3a1,as — 0, a1, 2a1,3a1,4a;

ai az—al
(b) 0,a1,a2,a3,as — 0,a1, a2 = 2a1,a3,as — 0,a1,2a1,a3,a4 = a1 + as

b

ag al
(C) 07a17a27a37a4 — 07a17a27a3 = a1 + az, G4 — 07a17a27a1 + asz, g = 2a1 + as
d

(

al az
(e) Qv ai, az,as, a4 — Oaﬂa 2,03 = a1 + a2,a4 — 0,@1,&2,@1 +az,a4 = a1 + 2(12

al az—aq
) Q7a17%7a37a4 ’ 0,%,@27013:(11—’-(12,@4 ? O7a17%7a1+a27a4:2a2

In the case of (a), we get a = 1,2,3,4. In the case of (b), we get a = (a,2a,b,a + b) where
(a,b) = (a1,a3). Thus we obtain a = 1,2,3,4 from (v) of Lemma A. In the case of (c), we
get a = (a,b,a + b,2a + b) where (a,b) = (a1,a2). Then we obtain a = 1,2,3,4 from (ii) of
Lemma A. In the case of (d), we get a = (a,b,a + b, 2b) where (a,b) = (a1, az). Thus we obtain
a = 1,2,3,4 from (iii) of Lemma A. In the case of (e), we get a = (a,b,a + b,a + 2b) where
(a,b) = (a1,a2). Thus we obtain (a,b) = (2k — 1,2k + 1) for some k > 0 from (i) of Lemma A.
Then Sa = Sok—1,2k+1,4k6k+1- Lherefore, we conclude that (1) implies (2). O
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