
TEST MODULES, WEAKLY REGULAR HOMOMORPHISMS AND COMPLETE

INTERSECTION DIMENSION

EHSAN TAVANFAR

Abstract. We prove that if a local ring admits a (pd-)test module of finite complete intersection dimen-

sion, then it is a complete intersection ring. This answers, positively, a question proposed by Celikbas,

Dao and Takahashi. To this aim, we first investigate another question raised by Celikbas and Sather-

Wagstaff concerning ascent properties of (pd-)test complexes under weakly regular homomorphisms.
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1. Introduction

Complete intersection dimension introduced by Avramov, Gasharov and Peeva in [AGP97], is a homo-

logical invariant lying between the classical projective dimension and the Auslander-Bridger Gorenstein

dimension. Over a complete intersection local ring every finitely generated module has finite complete

intersection dimension. The converse also holds. Namely, a local ring (R,m) is complete intersection if

and only if its residue field R/m has finite complete intersection dimension (see [AGP97]). Thus, in view

of the fact that R/m tests finiteness of projective dimension of finitely generated modules via vanishing of

positive Tor modules TorRi (R/m,−), the following question is proposed by Celikbas, Dao and Takahashi

in 2014.

Question 1.1. ([CDT14, Question 3.5]) Let R be a local ring. Let M be a (pd)-test module with

CI-dimR(M) <∞. Then must R be a complete intersection?

Question 1.1 is also asked in [M21, Question 3.10] for a class of integrally closed ideals primary to the

maximal ideal in local rings with prime characteristic residue field (see also [M21, Remark 3.9 and Lemma
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2 E. Tavanfar

2.4]). The aim of this paper is to answer Question 1.1 in the affirmative, in general (see Theorem 3.4.4).

In order to accomplish this, we study the following question proposed by Celikbas and Sather-Wagstaff

whose module version is strongly connected to Question 1.1.

Question 1.2. ([CS16, Question 3.7]) Let ϕ : (R,m)→ (S, n) be a flat local ring homomorphism and let

M ∈ Dfb (R). Assume that S/mS is regular. If M is a (pd-)test complex over R, then must S ⊗L
RM be a

(pd-)test complex for S?

Celikbas and Sather-Wagstaff answered Question 1.2 affirmatively in the case where ϕ : R → S is

a weakly unramified flat local homomorphism inducing finite field extension on residue fields ([CS16,

Theorem 3.5]). Afterwards, a further step was taken by Sather-Wagstaff ([S21, Theorem 4.8]), where

Question 1.2 was settled affirmatively under the assumption that the induced residue field extension by

ϕ is algebraic. We answer Question 1.2 positively, in the case where R has uncountable residue field.

Moreover, towards answering Question 1.1, we were able to relax this “uncountable condition” on the

residue field of R under another assumption that the test complex M (in the statement of Question

1.2) has finite complete intersection dimension (see Theorem 3.4.2). The main step towards relaxing

the “uncountable condition” is taken in Section 3.2 where we were dealing with purely transcendental

extensions and we applied the finite generation of certain family of Ext-modules ⊕i∈N0ExtiA(−,−) over

the ring of cohomology operators ([AS98]), and then we used some properties of the dualizing complex

and a spectral sequence to obtain a uniform Tor-annihilator from a uniform Ext-annihilator.

Many of the results of this paper use complete tensor product over a coefficient ring of a complete local

ring, which are applied to enable us to pass to a complete local ring with larger residue field or coefficient

ring (in Example 3.4.6, a complete tensor product is appeared that is not concerning enlarging the

coefficient ring). As far as we know, the only reference to complete tensor products and their properties

is Grothendieck’s [GIV64] (for complete tensor products over a field, or more generally over an absolutely

flat ring, see [T20]). In Section 2, we investigate and prove some properties of complete tensor products

over arbitrary local rings that are required in our paper. Although referring to [GIV64, Lemma 19.7.1.2]

would suffice for almost all (but not all) we need in this paper, the author feels that the content of Section

2 is worth paying attention, as the author could not find an easy-to-read and comprehensive reference in

the literature covering the results of Section 2. Some of our results concerning complete tensor products

are new (See Remark 2.2.13).

2. Complete tensor product

In this section, we discuss complete tensor products over an arbitrary local ring Λ. But all complete

tensor products in the subsequent sections of the paper are over a field or over a complete discrete valuation

ring. We begin with a preparatory subsection containing some general notation and conventions that will

be used throughout this paper, as well as an elementary lemma that will be used in this section (or also

later on).

2.1. Preliminaries. All rings are commutative with identity. The set of all maximal ideals of a ring R is

denoted by Max(R). The notation Char(R) stands for the characteristic of the ring R. The fraction field

of an integral domain R is denoted by Frac(R). In this paper by a local ring we mean a Noetherian ring

with a unique maximal ideal, while a quasi-local ring is a (not necessarily Noetherian) ring containing

only one maximal ideal. Given a ring R, an R-module M and submodules N ′ ⊆ N of M , by the natural

epimorphism M/N ′ →M/N we mean the map m+N ′ 7→ m+N .

An R-algebra A is said to be of finite type provided A is a finitely generated R-algebra, and it is

called essentially of finite type provided A is a localization of a finitely generated R-algebra. A field
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Test modules, weakly-regular homomorphisms and complete intersection dimension 3

extension K/K is said to be a finitely generated field extension provided K = Frac(K[κ1, . . . , κn]) for a

finite subset {κ1, . . . , κn} of K. A finitely generated field extension of K can be represented as a finite

algebraic extension of a purely transcendental extension of K with finite transcendence basis.

Convention 2.1.1. For a quasi-local ring, say e.g. R, its maximal ideal (resp. its residue field) will be

denoted by mR (resp. by KR), unless otherwise is stated explicitly. So by a quasi-local ring R a triple

(R,mR,KR) is meant while we often write only R. If R is a (quasi-)local ring then a local R-algebra

A is an R-algebra ϕ : R → A such that A is a local ring and ϕ is a (quasi-)local homomorphism, i.e.

ϕ(mR) ⊆ mA. If R and S are local rings, then an (R,S)-local algebra is a ring A that is an R-local algebra

and an S-local algebra and it is an (R,S)-bimodule with the induced module structures.

Lemma 2.1.2. Suppose that R is a ring and let p ∈ Spec(R). Assume that R = lim
−→
i∈I

Ri for some direct

system {Ri, ϕi,j : Ri → Rj}i,j∈I,i≤j of rings and ring homomorphisms. For each i ∈ I, let ϕi : Ri → R

be the map to the direct limit and set pi := ϕ−1
i (p). Then, Rp

∼= lim
−→
i∈I

Ripi .

Proof. For each i, j ∈ I with i ≤ j we have pi = ϕ−1
i,j (pj). Hence we get the maps Ripi → Rjpj induced

by ϕi,j (also ϕip : Ripi → Rp) in a compatible way such that they induce the ring homomorphism

λ : lim
−→
i∈I

Ripi → Rp (by the universal property of the direct limit). For each fraction r/s ∈ Rp we can

consider some i ∈ I, ri ∈ Ri and si ∈ Ri\pi such that r = ϕi(ri) and s = ϕi(si). Thus r/s = ϕip(ri/si).

This shows that λ maps the image of, ri/si ∈ Ripi , in lim
−→
i∈I

Ripi , to r/s. Thus λ is surjective. The

injectivity also follows similarly, because any relation rs = 0 (r ∈ R and s ∈ R\p) comes from a similar

relation in some Ri (i ∈ I). �

2.2. Complete tensor product. We begin by giving the definition of complete tensor products. We

remind the reader of Convention 2.1.1.

Definition and Notation 2.2.1. Let Λ be a local ring. The complete tensor product of Λ-local algebras

A and B is the inverse limit

A⊗̂ΛB := lim
←−
n∈N

(
(A/mnA)⊗Λ (B/mnB)

)
,

of the inverse system
(

(A/mnA)⊗Λ (B/mnB), ξn

)
n∈N

with the transition homomorphisms

ξn : (A/mn+1
A )⊗Λ (B/mn+1

B )→ (A/mnA)⊗Λ (B/mnB),
(
(a+mn+1

A )⊗(b+mn+1
B )

)
7→
(
(a+mnA)⊗(b+mnB)

)
.

We set MA,Λ,B := mA(A⊗Λ B) +mB(A⊗Λ B) and set Me
A,Λ,B to be the extension of MA,Λ,B under the

natural ring homomorphism

ηA⊗ΛB : A⊗Λ B → A⊗̂ΛB, a⊗ b 7→
(
(a+ mnA)⊗ (b+ mnB)

)
n∈N.

When no confusion is likely, we (often but not always) simplify the notation by writing M (resp. Me) in

place of MA,Λ,B (resp. Me
A,Λ,B). We consider A⊗̂ΛB as an A-algebra (resp. B-algebra) in the natural

way, i.e. via

ηA,A⊗̂ΛB
:= A

a 7→a⊗1−→ A⊗Λ B
ηA⊗ΛB−→ A⊗̂ΛB (resp. ηB,A⊗̂ΛB

:= B
b7→1⊗b→ A⊗Λ B

ηA⊗ΛB−→ A⊗̂ΛB)

Remark 2.2.2. By definition, A⊗̂ΛB ∼= Â⊗̂ΛB̂ and A⊗̂ΛB ∼= B⊗̂ΛA.

Remark 2.2.3. Let Λ be a local ring with an ideal d, and A be a local Λ-algebra. Then we have the

Λ-algebra isomorphism

Â/dA→ (Λ/d)⊗̂ΛA,
(
(an + dA) + (mnA)

)
n∈N 7→

((
(1 + d) + (mnΛ)

)
⊗ (an + mnA)

)
n∈N

.
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4 E. Tavanfar

Namely, mnΛA ⊆ mnA by the local algebra property. Thus we have the isomorphisms of inverse systems(
(A/dA)/(mnA)

)
n∈N
∼=
(
A/(dA+ mnA + mnΛA)

)
n∈N
∼=
((

(Λ/d)/(mnΛ)
)
⊗Λ (A/mnA), ξn

)
n∈N

,

where the transition homomorphisms of the two left-most ones are the natural epimorphisms.

In the statement of Lemma 2.2.4(i), the transition maps of the inverse system corresponding to each

inverse limit are given by the tensor product of the natural epimorphisms.

Lemma 2.2.4. Let A be a ring, and M and N be two A-modules. Suppose that {Mn}n∈N and {M ′n}n∈N
are two decreasing sequences of submodules of M such that for each n ∈ N there is some hn ≥ n with

Mhn ⊆ M ′n ⊆ Mn (thus {Mn}n∈N is cofinal with {M ′n}n∈N). Assume that {Nn}n∈N is a decreasing

sequence of submodules of N . Let πn : M/M ′n →M/Mn be the natural epimorphism for each n ∈ N.

(i) The natural map

(IdN/Nn ⊗ πn)n∈N : lim
←−
n∈N

(
(N/Nn)⊗A (M/M ′n)

)
→ lim
←−
n∈N

(
(N/Nn)⊗A (M/Mn)

)
is an isomorphism

(ii) The natural map (πn)n∈N : lim
←−
n∈N

(M/M ′n)→ lim
←−
n∈N

(M/Mn) is an isomorphism.

Proof. (i) Let δn : Mn/M
′
n →M/M ′n be the inclusion map and set

Kn := ker
((

(N/Nn)⊗A (Mn/M
′
n)
) IdN/Nn⊗δn−→

(
(N/Nn)⊗A (M/M ′n)

))
for each n ∈ N. Then

0→ {
(
(N/Nn)⊗A(Mn/M

′
n)
)
/Kn}

{IdN/Nn⊗δn}−→ {(N/Nn)⊗A(M/M ′n)}
{IdN/Nn⊗πn}−→ {(N/Nn)⊗A(M/Mn)} → 0

is an exact sequence of inverse systems. Moreover, the transition map

(2.1)
(
(N/Nm)⊗A (Mm/M

′
m)
)
/Km →

(
(N/Nn)⊗A (Mn/M

′
n)
)
/Kn

given by
(
(y+Nm)⊗ (x+M ′m)

)
+Km 7→

(
(y+Nn)⊗ (x+M ′n)

)
+Kn is zero for each m ≥ hn (because

Mhn ⊆M ′n by our hypothesis). This, on the one hand shows that the inverse system

{
(
(N/Nn)⊗A (Mn/M

′
n)
)
/Kn}

satisfies the Mittag-Leffler condition whence by [H83, II, Proposition 9.1(b)] we get the exact sequence,

0→ lim
←−
n∈N

((
(N/Nn)⊗A (Mn/M

′
n)
)
/Kn

)
→ lim
←−
n∈N

(
(N/Nn)⊗A (M/M ′n)

)
(2.2)

(IdN/Nn⊗πn)n∈N→ lim
←−
n∈N

(
(N/Nn)⊗A (M/Mn)

)
→ 0.

On the other hand the vanishing of the maps in (2.1) for each n and m ≥ hn shows that

lim
←−
n∈N

((
(N/Nn)⊗A (Mn/M

′
n)
)
/Kn

)
= 0.

Hence the desired conclusion follows from the exact sequence (2.2).

(ii) The desired conclusion follows from part (i) by setting N = A and Nn = 0 for each n ∈ N. �

Proposition 2.2.5. Let Λ be a local ring and let A,B be two Λ-local algebras. Then,

(i) A⊗̂ΛB (via ηA⊗ΛB) is (A⊗Λ B)-algebra isomorphic to the M-adic completion of A⊗Λ B.

(ii) A⊗̂ΛB is Noetherian and Me-adically complete provided (A⊗Λ B)/M is Noetherian.

(iii) If M ∈ Max(A ⊗Λ B), then A⊗̂ΛB is (A ⊗Λ B)-algebra isomorphic to the M(A ⊗Λ B)M-adic

completion of (A⊗Λ B)M.
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Test modules, weakly-regular homomorphisms and complete intersection dimension 5

Proof. (i) The decreasing sequence {mnA(A⊗Λ B) + mnB(A⊗Λ B)}n∈N of ideals of A⊗Λ B is cofinal with

the adic filtration {Mn}n∈N (because M is finitely generated). Thus the M-adic completion of A⊗ΛB is

(A⊗ΛB)-algebra isomorphic to lim
←−
n∈N

(
(A⊗ΛB)/

(
mnA(A⊗ΛB) +mnB(A⊗ΛB)

))
by Lemma 2.2.4(ii). But,

there is an obvious (A⊗ΛB)-algebra isomorphism lim
←−
n∈N

(
(A⊗ΛB)/

(
mnA(A⊗ΛB)+mnB(A⊗ΛB)

)) ∼= A⊗̂ΛB.

(ii) This is immediate in the light of and art of [TSP, Tag 05GH] in conjunction with the previous

part.

(iii) This also follows easily from part (i). Namely, since M is a maximal ideal so the inverse sys-

tems {A ⊗Λ B/Mn}n∈N and {(A ⊗Λ B)M/(M)n} are (A ⊗Λ B)-algebra isomorphic, because the ring

homomorphism

A⊗Λ B/M
n → (A⊗Λ B)M/(M)n, x+ Mn 7→ x/1 + (Mn) (∀ x ∈ A⊗Λ B)

is an isomorphism for each n ∈ N. �

The concept of generalized local rings and some of their properties will be used in the sequel.

Definition and Remark 2.2.6. ([C46, Definition, page 56]) A quasi-local ring R is said to be a gener-

alized local ring if mR is finitely generated and
⋂
n∈N

mnR = 0. By [C46, Theorem 2, page 59] the mR-adic

completion, R̂, of a generalized local ring R is a generalized local ring with maximal ideal mRR̂. Further-

more, R̂ is local (Noetherian) by [C46, Theorem 3, page 61].

Remark 2.2.7. Note that neither M ⊆ A ⊗Λ B nor Me ⊆ A⊗̂ΛB is necessarily a maximal ideal. For

instance, let Λ = F2 be the field with 2 elements and A = B = F2[X]/(X2 +X+ 1) be its field extension.

Then A⊗̂ΛB = A ⊗Λ B ∼=
(
F2[X]/(X2 + X + 1)

)
[Y ]/(Y 2 + Y + 1) has two distinct maximal ideals, as

the polynomial Y 2 + Y + 1 has two distinct roots X and X + 1 over the field F2[X]/(X2 +X + 1).

Proposition 2.2.8. Let Λ be a local ring and A,B be Λ-local algebras. Assume that M ∈ Max(A⊗ΛB).

(i) A⊗̂ΛB is a complete local ring with maximal ideal Me.

(ii) The natural maps A ⊗Λ B/Mn → A⊗̂ΛB/M
en (induced by ηA⊗ΛB : A ⊗Λ B → A⊗̂ΛB) are

isomorphisms for all n ∈ N, and they yield the isomorphism of inverse systems

{(A⊗Λ B)/Mn}n∈N → {(A⊗̂ΛB)/Men}n∈N

whose transition maps are natural epimorphisms.

(iii) Suppose that a and b are ideals of A and B, respectively. Then we have an isomorphism of

(A/a)-algebras (resp. (B/b)-algebras)

(A⊗̂ΛB)/
(
a(A⊗̂ΛB) + b(A⊗̂ΛB)

) ∼= (A/a)⊗̂Λ(B/b),

where the algebra structure of the left-hand side is induced by ηA,A⊗̂B (resp. ηB,A⊗̂ΛB
).

Proof. (i) (A⊗Λ B)M is a quasi-local ring whose maximal ideal is finitely generated. Thus

R := (A⊗Λ B)M/
⋂
n∈N

((
M(A⊗Λ B)M

)n)
is a generalized local ring. The localization map yields the natural isomorphism of inverse systems

{(A ⊗Λ B)/Mn}n∈N ∼= {R/MnR}n∈N, because M ∈ Max(A ⊗Λ B). Thus, A⊗̂ΛB is also (A ⊗Λ B)-

algebra isomorphic to the (MR)-adic completion, R̂, of R by Proposition 2.2.5(i). In view of Definition

and Remark 2.2.6, R̂ is a local ring with maximal ideal mRR̂ = MR̂. Hence, A⊗̂ΛB is a local ring with

maximal ideal Me and it is complete in view of Proposition 2.2.5(ii).
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6 E. Tavanfar

(ii) By Proposition 2.2.5(i) we may, and we do, assume that A⊗̂ΛB is the M-adic completion of

A⊗Λ B. Then the statement is rather well-known, but we include the proof for the sake of the reader’s

convenience. Fix some n ∈ N. If we equip A ⊗Λ B with the M-adic topology, then the completion of

Mn with respect to the induced topology of A ⊗Λ B is lim
←−
m∈N

(
Mn/(Mn ∩Mm)

)
which we denote it by

M̂nin.. By [A69, Corollary 10.3], we already have the natural isomorphism A⊗̂ΛB/M̂nin. → ̂A⊗Λ B/Mn,

while the projection map onto the n-th component yields the isomorphism ̂A⊗Λ B/Mn → A⊗Λ B/M
n.

Let fn : A⊗̂ΛB/M̂nin. → A ⊗Λ B/M
n be the composition of these two isomorphisms, that is given by

(xm + Mm)m∈N + M̂nin. 7→ xn + Mn (xm ∈ A⊗Λ B for each m ∈ N).

Let hn : A ⊗Λ B/Mn → A⊗̂ΛB/M̂nin. be the induced map by the natural map to the M-adic

completion. Clearly fn ◦hn is the identity map, hence hn is isomorphism too. Thus to finish the proof we

only need to show that Mn(A⊗̂ΛB) = M̂nin. for each n ∈ N (it is clear that then the isomorphisms hn

(n ∈ N) provide us with the desired isomorphism of the inverse systems as in the statement). This holds

by [TSP, 05GG(2)], as M is finitely generated and in view of the isomorphism M̂n → M̂nin. (Lemma

2.2.4(ii)).

(iii) By symmetry, it suffices to prove that they are (A/a)-algebra isomorphic. From part (ii) and the

Third Isomorphism Theorem we get the isomorphism

ψ : lim
←−
m∈N

(
(A⊗ΛB)/

(
Mm+a(A⊗ΛB) +b(A⊗ΛB)

))
→ lim
←−
m∈N

(
(A⊗̂ΛB)/

(
Mem+a(A⊗̂ΛB) +b(A⊗̂ΛB)

))
that fits in the commutative diagram

A
a7→
(

(a⊗1)+
(
Mm+(a)+(b)

))
m∈N−−−−−−−−−−−−−−−−−−−−−−→ lim

←−
m∈N

(
(A⊗Λ B)/

(
Mm + a(A⊗Λ B) + b(A⊗Λ B)

))
y(nat. epi.) ◦ ηA,A⊗̂ΛB

∼=
yψ (indu. by ηA⊗ΛB

)

A⊗̂ΛB

a(A⊗̂ΛB)+b(A⊗̂ΛB)

∼=−−−−−−−−−−−−−−−−−→
nat. map to the completion

lim
←−
m∈N

(
(A⊗̂ΛB)/

(
Mem + a(A⊗̂ΛB) + b(A⊗̂ΛB)

))
.

Note that the bottom horizontal map is an isomorphism, because (A⊗̂ΛB)/
(
a(A⊗̂ΛB) + b(A⊗̂ΛB)

)
is a

quotient of the complete local ring A⊗̂ΛB and so it is also complete. It follows that,

(2.3) A⊗̂ΛB/
(
a(A⊗̂ΛB) + b(A⊗̂ΛB)

) ∼= lim
←−
m∈N

(
(A⊗Λ B)/

(
Mm + a(A⊗Λ B) + b(A⊗Λ B)

))
as (A/a)-algebras where the algebra structure of the left-hand side is induced by ηA,A⊗̂ΛB

and the algebra

structure of the right-hand side is induced by the top horizontal map in the diagram.

Also, we have the isomorphism ϕ as the bottom horizontal map of the commutative diagram

A
f := a 7→ (a+a)⊗(1+b)−−−−−−−−−−−−−−−→ (A/a)⊗Λ (B/b)

a7→
(

(a⊗1)+
(
Mm+(a)+(b)

))
m∈N

y g:= nat. map to the completion

y
lim
←−
m∈N

(
(A⊗Λ B)/

(
Mm + a(A⊗Λ B) + b(A⊗Λ B)

)) ∼=−−−−→
ϕ

lim
←−
m∈N

(
(Aa ⊗Λ

B
b )/
(
Mm(Aa ⊗Λ

B
b )
)).

It follows that ϕ is also an isomorphism of (A/a)-algebras, such that the algebra structure of the target

of ϕ is induced by g ◦ f as defined in the commutative diagram. From this, (2.3) and the fact that

(A/a)⊗̂Λ(B/b) is
(
(A/a)⊗Λ (B/b)

)
-algebra isomorphic to the completion of (A/a)⊗Λ (B/b) (Proposition

2.2.5(i)), we deduce the statement. �
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Test modules, weakly-regular homomorphisms and complete intersection dimension 7

The next result concerns the associativity of certain complete tensor products and it will be used in

the next section. Note that by Proposition 2.2.8(i), A⊗̂ΛB (resp. B⊗̂ΓC) is a complete local B-algebra

and thus Γ-algebra (resp. Λ-algebra).

Proposition 2.2.9. Suppose that Λ and Γ are local rings, A is an Λ-local algebra, B is an (Λ,Γ)-local

algebra and C is an Γ-local algebra. If MA,Λ,B ∈ Max(A⊗Λ B) and MB,Γ,C ∈ Max(B ⊗Γ C) then

A⊗̂Λ(B⊗̂ΓC) ∼= (A⊗̂ΛB)⊗̂ΓC

as A-algebras (where the left hand side is an A-algebra via ηA,A⊗̂Λ(B⊗̂ΓC), and the right hand side is an

A-algebra via ηA⊗̂ΛB,(A⊗̂ΛB)⊗̂ΓC
◦ ηA,A⊗̂ΛB

.).

Proof. Note that by our hypothesis B is an (Λ,Γ)-bimodule (Convention 2.1.1). So the string of isomor-

phisms

A⊗̂Λ(B⊗̂ΓC) = lim
←−
n∈N

(
(A/mnA)⊗Λ

(
(B⊗̂ΓC)/(Me

B,Γ,C)n
))

(by definition)

∼= lim
←−
n∈N

(
(A/mnA)⊗Λ

(
(B ⊗Γ C)/(MB,Γ,C)n

))
(Poposition 2.2.8(ii))

∼= lim
←−
n∈N

(
(A/mnA)⊗Λ

(
(B ⊗Γ C)/

(
mnB(B ⊗Γ C) + mnC(B ⊗Γ C)

)))
(Lemma 2.2.4(i))

∼= lim
←−
n∈N

((
(A/mnA)⊗Λ (B/mnB)

)
⊗Γ (C/mnC)

)
([A69, Exercise 2.15])

∼= lim
←−
n∈N

((
(A⊗Λ B)/(MA,Λ,B)n

)
⊗Γ (C/mnC)

)
(Lemma 2.2.4(i))

∼= lim
←−
n∈N

((
(A⊗̂ΛB)/(Me

A,Λ,B)n
)
⊗Γ (C/mnC)

)
(Proposition 2.2.8(ii))

= (A⊗̂ΛB)⊗̂ΓC (by definition)

proves our claim. Note that, by a straightforward verification we can see that the obtained isomorphism

takes
(

(a+ mmA )⊗
(
1B⊗̂ΓC

+ (Me
B,Γ,C)m

))
m∈N

to(((
(a+ mnA)⊗ (1B + mnB)

)
n∈N + (Me

A,Λ,B)m
)
⊗ (1C + mmC )

)
m∈N

for each a ∈ A. Consequently, the obtained isomorphism is an isomorphism of A-algebras with the

mentioned A-algebra structures. �

Remark 2.2.10. It is perhaps worth pointing out that completion of a quasi-local ring is not necessarily a

flat extension, if we drop the Noetherian condition. Namely, in view of Nagata’s example [N50, Appendix

(2), page 69] there exists a non-Noetherian (non-complete) generalized local ring R. In the reference it

is written only that the example R is quasi-local with finitely generated maximal ideal, but R is also

mR-adically separated as it is a subring of k[[x, y]] over which k[[x, y]] is a local algebra. Therefore, R̂

is not flat over R. Because otherwise, the ring homomorphism R → R̂ which maps mR into mR̂ (see

Definition and Remark 2.2.6) is a faithfully flat ring homomorphism by [M89, Theorem 7.2]. Moreover,

R̂ is Noetherian (see Definition and Remark 2.2.6). These two facts in conjunction with [M89, Exercise

7.9, page 53] violate the non-Noetherian property of R and we get a contradiction.

The next proposition provides a sufficient condition for the flatness of A⊗̂ΛB over A⊗Λ B or over A.

In its proof we use the following theorem due to Ogoma.

Theorem 2.2.11. ([O91, Theorem 1]) Let {(Aλ,mλ)} be a filtered inductive system of Noetherian local

rings such that mλAµ = mµ for µ ≥ λ. Then the inductive limit A of the system is Noetherian.
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8 E. Tavanfar

Proposition 2.2.12. Let Λ be a local ring and A,B be Λ-local algebras. Assume that M ∈ Max(A⊗ΛB).

(i) If B is an Artinian ring, then (A⊗Λ B)M is Noetherian. In particular, in this case A⊗̂ΛB is a

flat (A⊗Λ B)-algebra (via ηA⊗ΛB).

(ii) If B is a flat Λ-algebra then A⊗̂ΛB is a flat (local) A-algebra (via ηA,A⊗̂ΛB
).

Proof. (i) We begin by showing that (A⊗Λ B)M is Noetherian. Let us prove our claim first in the case

where B = KB is a field. Note that in this case, M = mA(A⊗Λ B). By our hypothesis

KA ⊗KΛ B
∼= KA ⊗KΛ (KΛ ⊗Λ B) ∼= KA ⊗Λ B ∼= (A⊗Λ B)/M

is a field. Thus, by applying [S77, Theorem 3.1], one can deduce that mA
(
(A/mΛA) ⊗KΛ

L
)
∈

Max
(
(A/mΛA)⊗KΛ

L
)

for any subfield L of B containing KΛ.

Let I be the directed set consisting of all subfields L of B such that L is a finitely generated field

extension of KΛ (I is partially ordered with respect to the inclusion). We have B = lim
−→
L∈I

L. So

(A/mΛA)⊗KΛ
B ∼= lim

−→
L∈I

(
(A/mΛA)⊗KΛ

L
)
, as tensor product commutes with direct limits ([A69, Exercise

20, page 33]). Let,

ϕL : (A/mΛA)⊗KΛ L
Id(A/mΛA)⊗(L↪→B)

−→ (A/mΛA)⊗KΛ B

be the natural KΛ-algebra homomorphism, that is the map to the direct limit (L ∈ I). As mentioned in

the previous paragraph mA
(
(A/mΛA)⊗KΛ L

)
∈ Max

(
(A/mΛA)⊗KΛ L

)
, so we have

mA
(
(A/mΛA)⊗KΛ L

)
= ϕ−1

L

(
mA
(
(A/mΛA)⊗KΛ B

))
.

From this, as well as Lemma 2.1.2 we obtain

(2.4)
(
(A/mΛA)⊗KΛ

B
)
mA

(
(A/mΛA)⊗KΛ

B
) ∼= lim

−→
L∈I

((
(A/mΛA)⊗KΛ

L
)
mA

(
(A/mΛA)⊗KΛ

L
)).

Since each L ∈ I is a finitely generated field extension of KΛ, each
(
(A/mΛA)⊗KΛ

L
)
mA

(
(A/mΛA)⊗KΛ

L
) is

essentially of finite type over the Noetherian ring (A/mΛA), and is therefore Noetherian. From this fact,

(2.4) and Theorem 2.2.11 we conclude that
(
(A/mΛA)⊗KΛ

B
)
mA

(
(A/mΛA)⊗KΛ

B
) is Noetherian. Thus,

(A⊗Λ B)M ∼=
(
(A/mΛA)⊗KΛ

B
)
mA

(
(A/mΛA)⊗KΛ

B
)

is Noetherian, as claimed ((A/mΛA)⊗KΛ B
∼= (A⊗Λ KΛ)⊗KΛ B

∼= A⊗Λ B).

More generally, suppose that B is an Artinian ring, i.e. mB is a nilpotent ideal. By what we have

proved for the case where B is a field

(A⊗Λ B)M/
(
mB(A⊗Λ B)M

) ∼= ((A⊗Λ B)/
(
mB(A⊗Λ B)

))
(mA)

∼= (A⊗Λ KB)mA(A⊗ΛKB)

is Noetherian. From this and the fact that each prime ideal of (A⊗ΛB)M contains the finitely generated

nilpotent ideal mB(A ⊗Λ B)M, we conclude that prime ideals of (A ⊗Λ B)M are all finitely generated.

Consequently, (A⊗Λ B)M is Noetherian by [M89, Theorem 3.4]).

By Proposition 2.2.5(iii), A⊗̂ΛB is (A⊗ΛB)-algebra isomorphic to the
(
M(A⊗ΛB)M

)
-adic completion,

̂(A⊗Λ B)M, of the Noetherian ring (A⊗ΛB)M. But ̂(A⊗Λ B)M is flat over (A⊗ΛB)M by [M89, Theorem

8.14.], so it is a flat (A⊗ΛB)-algebra by the transitivity of flatness. Hence A⊗̂ΛB is a flat (A⊗ΛB)-algebra,

as was to be proved.

(ii) Let n ∈ N. By the previous part, (A/mnA)⊗̂ΛB is flat over (A/mnA) ⊗Λ B while (A/mnA) ⊗Λ B is

flat over A/mnA in view of the flatness of B over Λ. Hence, ηA/mnA,A/mnA⊗̂ΛB
is a flat homomorphism i.e.

(A/mnA)⊗̂ΛB is a flat (A/mnA)-algebra.

Note that A⊗̂ΛB is a local A-algebra via ηA,A⊗̂ΛB
(Proposition 2.2.8(i)). Thus, it is easily seen that

A⊗̂ΛB is an mA-adically ideal-separated A-module in the sense of [M89, Definition, page 174]. Hence,
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in the light of [M89, Theorem 22.3(5)] it suffices to show that (A⊗̂ΛB)/
(
mnA(A⊗̂ΛB)

)
is a flat (A/mnA)-

algebra via the ring homomorphism induced by ηA,A⊗̂ΛB
(for each n ∈ N). But

A⊗̂ΛB/
(
mnA(A⊗̂ΛB)

) ∼= (A/mnA)⊗̂ΛB

as (A/mnA)-algebras by Proposition 2.2.8(iii). So the statement follows from the conclusion of the previous

paragraph. �

Remark 2.2.13. To my knowledge, some of our results in this section are new. For instance, part (ii)

of Proposition 2.2.12 is stated in [GIV64, Lemma 19.7.1.2] but with another condition that the residue

field of one of the Λ-algebras is a finite Λ-module (cf. with the maximality condition in our statement).

Also part (i) of Proposition 2.2.12 as well as Proposition 2.2.9 are new.

3. Two theorems concerning test modules

The main results of this section are Theorem 3.4.2 and Theorem 3.4.4. Theorem 3.4.2 answers positively

Question 1.2, when the residue field KR is uncountable. Theorem 3.4.4 answers affirmatively Question

1.1 for all local rings.

3.1. Preliminaries. We devote the first subsection of this section to definitions and some (rather) ele-

mentary lemmas that will be used in the subsequent subsections.

When X is a set of variables over a domain R, Frac(R[X]) is denoted by R(X). Let R be a Noetherian

ring. The category of finitely generated R-modules is denoted by mod(R). The derived category of R

is denoted by D(R). A complex X of R-modules is said to be a bounded above (resp. bounded below)

complex if Xi = 0 for all i � 0 (resp. i � 0). It is called a bounded complex provided it is bounded

below and bounded above. It is called a homologically bounded above (resp. homologically bounded below)

complex if H(X) is a bounded above (resp. a bounded below) complex. Similarly, X is said to be a

homologically bounded complex provided H(X) is a bounded complex. Finally, a homologically bounded

complex X is said to be homologically finite provided Hi(X) is a finitely generated R-module for all i.

In this paper, by a perfect complex we mean a bounded complex consisting of finitely generated free

modules (we stress that, in contrast to our definition in this paper, in the literature perfect complexes

are considered as bounded complexes consisting of finitely generated projective modules).

The full subcategory of D(R) consisting of homologically bounded complexes is denoted by Db(R),

and the full subcategory of Db(R) consisting of homologically finite complexes is denoted by Dfb (R).

Quasi-isomorphism of complexes are denoted by '.

For the definition of a projective resolution and a flat resolution of a homologically bounded below

complex see parts (F) and (P) of [C00, (A.3.1) Definitions], and for the definition of an injective resolution

of a homologically bounded above complex see [C00, (A.3.1) Definitions(I)]. Moreover, see [C00, (A.3.2)

Theorem (Existence of Resolutions)] for the existence of projective, flat and injective resolutions. Using

projective and injective resolutions, we can define the projective dimension of homologically bounded

below complexes and the injective dimension of homologically bounded above complexes (see [C00, (A.3.9)

Definition] and [C00, (A.3.8) Definition]).

For the definition of the derived tensor product X ⊗L
R Y where X or Y is a homologically bounded

below complex (which is defined using flat resolutions of complexes) we refer to [C00, (A.4.11) Definition],

and in this case we define TorRi (X,Y ) := Hi(X ⊗L
R Y ). Also, for the definition of the derived Hom-

complex RHomR(X,Y ) of two R-complexes X and Y where X is homologically bounded below or Y is

homologically bounded above (which is defined using a projective resolution of X or an injective resolution

of Y ) we refer to [C00, (A.4.2) Definition]. If X is a homologically bounded below complex or Y is a

19 Sep 2022 16:28:59 PDT
220314-Tavanfar Version 2 - Submitted to J. Comm. Alg.



10 E. Tavanfar

homologically bounded above complex we define

ExtiR(X,Y ) := H−i
(
RHomR(X,Y )

)
.

A bounded homologically finite complex D consisting of injective R-modules is said to be a dualizing

complex for R provided the natural homothety map R → RHomR(D,D) is a quasi-isomorphism (see

[CF06, (7.1.2) Definition] for the definition of the homothety map). It follows from the definition that

any shift of a dualizing complex is again a dualizing complex (see [C00, (A.1.3) Shift] for the definition of

a shift of a complex). For any complex of R-modules we define X∨ := HomR(X,D)(' RHomR(X,D)).

Definition 3.1.1. A deformation of a Noetherian ring R is a ring epimorphism π : A� R of Noetherian

rings whose kernel is generated by a regular sequence of A. A quasi-deformation of a local ring R is a

diagram R
g
↪→ S

π
� A of local homomorphisms of local rings, where g is a flat local homomorphism and

π is a deformation of S.

Here we borrow the definition of complete intersection dimension of a homologically finite complex

from [S04], but only over local rings which is sufficient for our purpose in this paper (it is defined

for arbitrary Noetherian rings). The notion of the complete intersection dimension for homologically

finite complexes extends the concept of complete intersection dimension for finitely generated modules

introduced in [AGP97] (by considering a module as a complex concentrated at degree 0).

Definition 3.1.2. Let R be a local ring and X be a homologically finite complex of R-modules, i.e. a

complex X ∈ Dfb (R). The complete intersection dimension of X is defined as,

CI-dimR(X) := inf{pdA(X ⊗R S)− pdA(S) : R ↪→ S � A is a quasi-deformation of R}.

Definition 3.1.3. Let ϕ : R→ S be a local homomorphism of local rings.

(i) ϕ is said to be weakly unramified provided mRS = mS , and in this case we say that S is a weakly

unramified (local) R-algebra.

(ii) ϕ is said to be weakly regular provided it is flat and S/mRS is a regular local ring.

Definition and Remark 3.1.4. ([AFH94]) Let ϕ : R → S be a local homomorphism of local rings.

Let ϕ8 : R
ϕ→ S

s7→(s+mnS)n∈N−→ Ŝ be the induced map to Ŝ. Then a Cohen factorization of ϕ8 : R → Ŝ is a

commutative diagram of local homomorphisms

R′

R Ŝ

ϕ′

ϕ8

ϕ̇

such that ϕ̇ is a weakly regular homomorphism, R′ is a complete local ring and ϕ′ is surjective. By

[AFH94, (1.1) Theorem (Existence of Cohen Factorizations)], we can assign some Cohen factorization of

ϕ8 to every local homomorphism ϕ.

Notation 3.1.5. The notation Meh assigned to a ring homomorphism h : A→ B and an B-module M

means the Abelian group M considered as an A-module by restricting the scalars via h.

Notation 3.1.6. The notation TorR�(M,N) = 0 assigned toR-modulesM andN means TorRi (M,N) = 0

for i� 0.

Definition 3.1.7. Let R be a Noetherian ring and T be a finitely generated R-module. We say that T is

a test module for R, or equivalently a pd-test module, if the following condition holds for all M ∈ mod(R):

If TorR�(T,M) = 0 then pdR(M) <∞.

19 Sep 2022 16:28:59 PDT
220314-Tavanfar Version 2 - Submitted to J. Comm. Alg.
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Definition 3.1.8. Let R be a Noetherian ring. A complex T ∈ Dfb (R) is said to be a test complex

for R, or equivalently a pd-test complex for R, if the following condition holds for all X ∈ Dfb (R): If

TorRi (T,X) = 0 for all i� 0, i.e. if T ⊗L
R X ∈ Db(R), then pdR(X) <∞.

Definition and Remarks 3.1.9. Let R be a quasi-local ring. The integer Char(R/mR) is said to be the

residual characteristic of R (which is either zero or a prime number). When the residual characteristic

of R agrees with Char(R) we say that R is an equicharacteristic ring, otherwise we say that R has mixed

characteristic. It is easily seen that a quasi-local ring is equicharacteristic precisely when it contains

a field. We say that a quasi-local ring R has mixed characteristic (0, p) provided Char(R) = 0 while

Char(KR) = p > 0. A quasi-local ring (R,mR) with residual characteristic p > 0 is said to be unramified

provided p /∈ m2
R. A complete unramified discrete valuation ring of mixed characteristic (0, p) is said to

be a p-ring (thus a p-ring is a 1-dimensional complete regular local ring whose maximal ideal is generated

by its residual characteristic, p > 0).

Remark 3.1.10. Suppose that ϕ : V → V ′ is a ring homomorphism where V and V ′ are both unramified

discrete valuation rings of mixed characteristic (0, p). Thus V and V ′ are regular local rings with mV = pV

and mV ′ = pV ′ (see [M89, Theorem 11.2]). Then ϕ is a weakly unramified local homomorphism, because

indeed ϕ(p) = p. Moreover, ϕ is a flat ring homomorphism because V ′ is a domain thus it is torsion free

(see [M89, Exercise 11.9, page 86]).

The following definition of coefficient rings is similar to [TSP, Tag 0326], but in contrast to it our

coefficient ring is always a domain and it does not need to be a subring of the ambient ring.

Definition 3.1.11. Let R be a complete local ring. In our paper, a coefficient ring of R is a local

homomorphism of local rings λR : C → R such that the induced map λR : C/mC → R/mR is an

isomorphism and

C is a field, if R contains a field

C is a p-ring, if R has mixed characteristic and Char(KR) = p > 0
.

Remark 3.1.12. In view of the Cohen Structure Theorem (see [TSP, Tag 032A]) any complete local

ring admits a coefficient ring (the term “Cohen ring” in the statement of [TSP, Tag 032A] means the

same p-ring as defined in our paper, see [TSP, Tag 0327]).

The following lemmas will be used in the sequel.

Lemma 3.1.13. Suppose that ϕ : A→ B is a faithfully flat ring homomorphism of Noetherian rings and

that x := x1, . . . , xn is a regular sequence on B. If B/xB is also flat over A, then grade(x)(B⊗AM) = n

for any non-zero finitely generated A-module M .

Proof. Consider a non-zero finitely generated A-module M . Then B ⊗A M is a finitely generated B-

module. As x is a regular sequence of B so the Koszul complex K•(x;B) is acyclic ([BH98, Corollary

1.6.14]). Even more, K•(x;B) is an A-flat resolution of B/xB(= H0(x;B)), because B is assumed to

be a flat A-module. In particular, TorA(B/xB,−) can be computed using K•(x;B) ⊗A − (see [R09,

Theorem 7.5]). Therefore,

Hi(x;B ⊗AM) = Hi

(
K•(x;B ⊗AM)

) ∼= Hi

(
K•(x;B)⊗AM

) ∼= TorAi (B/xB,M) = 0

for each i  0, because B/xB is assumed to be flat over A. From this as well as [BH98, Corollary 1.6.17]

we conclude that grade(x)(B ⊗AM) = n (B ⊗AM 6= 0, because ϕ is faithfully flat). �
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Lemma 3.1.14. Suppose that A is a Noetherian ring and M,N are two A-modules such that N is finitely

generated. Let x := x1, . . . , xn be a sequence of elements of A such that grade(x)(N) = n. Assume that

for some a ∈ A and some i ≥ n

∀ i− n ≤ j ≤ i, TorAj (M,N)a = 0.

Then TorAi (M,N/xN)a = 0.

Proof. By induction it is enough to prove the case where n = 1. By [BH98, Exercise 1.2.21] without loss

of generality we may, and we do, assume that x is a regular sequence on N . Suppose that n = 1. Then

applying TorA(M,−) to the exact sequence

0→ N → N → N/x1N → 0

and afterwards applying the exact localization functor (−)a we obtain the exact sequence

TorAi (M,N)a
x1→ TorAi (M,N)a → TorAi (M,N/x1N)a → TorAi−1(M,N)a

implying that TorAi (M,N/x1N)a = 0. �

For the definition of perfect complexes in our paper see the beginning of Preliminaries 3.1.

Lemma 3.1.15. Let A be an Λ-algebra. Let S be a multiplicatively closed subset of A. Suppose that

(F•, ∂
F•
• ) is a perfect complex over S−1(A). Then, there is a perfect complex (G•, ∂

G•
• ) of (finite free)

A-modules and A-homomorphisms such that it fulfills the following properties.

(i) G• ⊗A S−1(A) ∼= F•.

(ii) If Λ is local and the entries of the matrix of ∂F•i belong to mΛS
−1(A) for every i then the entries

of the matrix of ∂G•i belong to mΛA for every i.

Proof. Suppose that

F• := 0→ S−1(A)nu
Hu−→ S−1(A)nu−1

Hu−1−→ · · · H2−→ S−1(A)n1
H1−→ S−1(A)n0 → 0

with differentials given by the matrices Hi (1 ≤ i ≤ u).

Let Hi = [ ial,k/itl,k ] for each 1 ≤ i ≤ u. If the entries of the matrices Hi belong to mΛS
−1(A),

then it is easily seen that we can present Hi as Hi = [ ial,k/itl,k ] with ial,k ∈ mΛA for each l, k. Let

s :=
∏

all possible i,l,k
itl,k and set ia

′
l,k := ial,k(s/itl,k). Then we get Hi = [ ial,k/itl,k ] = [ ia

′
l,k/s ] for each

1 ≤ i ≤ u. Note that if ial,k ∈ mΛA then evidently ia
′
l,k ∈ mΛA. It follows that, we can find a fixed

element s ∈ S such that

(3.1) Hi = [ ia
′
l,k/s ]

so the entries of all Hi’s all have the same denominator s. Moreover, we have ia
′
l,k ∈ mΛA for each l, k

provided the entries of Hi belong to mΛS
−1(A).

Set,

G• := 0→ Anu
Bu−→ Anu−1

Bu−1−→ · · · B2−→ An1
B1−→ An0 → 0

with differentials given by the matrices Bi = [ ia
′
l,k ] (thus sHi = Bi).

At this form G• is not a complex necessarily because we do not have ∂G•i+1 ◦∂
G•
i = 0 necessarily (unless

S is consisting of regular elements of A). Therefore we consider a modification G′• of G• consisting of

the same finite free modules as in G• but with the differentials given by the matrices B′i = [ t. ia
′
l,k ] for

some fixed t ∈ S. Choosing this fixed t appropriately makes G′• a complex, as G• becomes a complex

after localizing at S. More precisely, im(Bi+1 ◦Bi) = 0 for each i after localization at S, thus

im
(
(t.Bi+1) ◦ (t.Bi)

)
= t2.im(Bi+1 ◦Bi) ⊂ t.im(Bi+1 ◦Bi) = 0
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for some t ∈ S.

For each 0 ≤ i ≤ u, let

ψi : Ani ⊗A S−1(A)→ S−1(A)ni , (xj)
ni
j=1 ⊗ (a/t′) 7→

(
(xja)/t′

)ni
j=1

(a, x1, . . . , xni ∈ A, t′ ∈ S)

be the natural isomorphism. Set,

ϕi := (ts)i.ψi, (0 ≤ i ≤ u)

(s is appeared as the unified denominator in (3.1), and t is the fixed element used to define B′i). Then,

it is straightforward to check that

(ϕi)
u
i=0 : G′• ⊗A S−1(A)→ F•

is a chain map and an isomorphism of complexes. This proves part (i), and part (ii) also holds in view

of the previous arguments. �

Lemma 3.1.16. Suppose that R is a complete local ring and λR : C → R is a coefficient ring of R. Let

ϕ : C → C ′ be a local homomorphism that is either an extension of fields or an extension of unramified

discrete valuation rings of mixed characteristic (0, p) (C is indeed a p-ring in the mixed characteristic

case, but we let C ′ to be possibly non-complete).

(i) We have M
by definition

= mR(R⊗C C ′) + mC′(R⊗C C ′) = mR(R⊗C C ′) and M ∈ Max(R⊗C C ′).
(ii) Consider the complete tensor product R⊗̂CC ′ assigned to local C-algebras ϕ and λR. Then the

ring homomorphism

ηR,R⊗̂CC′ : (R,mR)→ (R⊗̂CC ′,Me)

is a weakly unramified flat local extension of complete local rings.

(iii) KR⊗̂CC′ is isomorphic to KC′ as KR-algebras where the former is considered as an KR-algebra

via ηR,R⊗̂CC′ and the latter is considered as an KR-algebra via ϕ ◦ (λR
−1

). In particular, ϕ is

finite algebraic (resp. algebraic) field extension if and only if ηR,R⊗̂CC′ is also a finite algebraic

(resp. algebraic) field extension.

(iv) The natural map λR⊗̂CC′(:= ηC′,R⊗̂CC′) : C ′ → R⊗̂CC ′ is a coefficient ring for R⊗̂CC ′.

Proof. (i) and (iii) Note that, if C (equivalently C ′) is a field then KC = C, KC′ = C ′ and mC = 0 = mC′ .

Since λR : C → R is a coefficient ring so the induced homomorphism λR : KC → KR on residue fields is

an isomorphism. Therefore,

KR ⊗C KC′
∼=
(
KR ⊗C/mC

(
C/mC

))
⊗C KC′

∼= KR ⊗C/mC
((
C/mC

)
⊗C KC′

)
∼= KR ⊗KC KC′

(3.2)

∼= KC′

where the isomorphism is an isomorphism of KR-algebras (with the KR-algebra structure of KC′ men-

tioned in the statement of part (iii) and the natural KR-algebra structure of KR ⊗C KC′ given by

κ ∈ KR 7→ κ⊗ 1). Thus M = mR(R⊗C C ′) + mC′(R⊗C C ′) ∈ Max(R⊗C C ′).
Moreover, KR ⊗C KC′

∼= KR⊗̂CC′ as KR-algebras by Proposition 2.2.8(ii). From this fact as well as

(3.2), we conclude the first statement of part (iii). The second statement of part (iii) is evident, as λR
−1

is an isomorphism.

If C ′ (equivalently C) is a field then mC′ = 0 hence M = mR(R ⊗C C ′). If otherwise C ′ is an

unramified discrete valuation ring of mixed characteristic (0, p) (equivalently C is a p-ring) then R has

mixed characteristic and mC′ = pC ′, so mC′(R⊗C C ′) = p(R⊗C C ′) ⊆ mR(R⊗C C ′) implying that again

M = mR(R⊗C C ′). This completes the proof of part (i).
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14 E. Tavanfar

(ii) The fact that M ∈ Max(R ⊗C C ′) together with M = mR(R ⊗C C ′) shows that ηR,R⊗̂CC′ is a

weakly unramified local homomorphism of complete local rings by Proposition 2.2.8(i). Moreover, from

the maximality of M, Remark 3.1.10 and Proposition 2.2.12(ii) we conclude that ηR,R⊗̂CC′ is a flat

homomorphism (in case C and C ′ are fields, any field extension is evidently flat).

(iv) Note that, by part (ii) (R⊗̂CC ′,Me) is a complete local ring (so a coefficient ring for R⊗̂CC ′

makes sense). We have the commutative diagram

C ′
λR⊗̂CC′

=ηC′,R⊗̂CC′
, c 7→

(
(1+mnR)⊗(c+mn

C′ )

)
n∈N−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ R⊗̂CC ′

surjective

y natural epimorphism

y
KR ⊗C KC′

∼= KR⊗̂CKC′
∼=←−−−−−−−−−−−−−

Proposition 2.2.8(iii)
R⊗̂CC ′/Me

whose left vertical map, given by C ′
natural epimorphism

� KC′
κ→1⊗κ→ KR ⊗C KC′ , is surjective in view of

(3.2). Note that the commutativity of the diagram follows from the fact that the map R⊗̂CC ′/Me →
KR⊗̂CKC′ is an (C ′/mC′)-algebra isomorphism, in particular so an C ′-algebra isomorphism (see Propo-

sition 2.2.8(iii)). Then an easy diagram chasing shows that C ′
ηC′,R⊗̂CC′→ R⊗̂CC ′ � R⊗̂CC ′/Me is also

surjective. Consequently the induced map ηC′,R⊗̂CC′ : KC′ → R⊗̂CC ′/Me is an isomorphism. �

Lemma 3.1.17. Suppose that λR : C → R is a coefficient ring of a complete local ring and h : KR → K
is a field extension. Assume that R has mixed characteristic so C is a p-ring (p = Char(KR)). Then

there is an extension of p-rings ϕ : C → C ′ which its induced residue field extension ϕ fits into the

following commutative diagram of field extensions (in particular ϕ ◦ (λR
−1

) : KR → KC′ is KR-algebra

isomorphic to h : KR → K):

KC

λR
∼=
��

ϕ // KC′

∼= φ

��
KR

ϕ◦(λR
−1

)

33

h
// K

Proof. Considering the p-ring C and the field extension h ◦ λR : KC → K we appeal to [M89, Theorem

29.1] to find an unramified discrete valuation ring V of mixed characteristic (0, p), containing C, such

that KV = K and an extension

γ : C → V

lifting the field extension h ◦ λR : KC → K (i.e. γ = h ◦ λR). Let C ′ be the pV -adic completion of V ,

and let

ϕ := µ ◦ γ : C → C ′

where µ : V → C ′ = V̂ is the natural map to the completion. Let φ := µ −1 : KC′ → K = KV (µ is an

isomorphism, see [M89, (4), page 63]). Then,

φ ◦ ϕ = µ −1 ◦ (µ ◦ γ) = γ = h ◦ λR

as required. �

Lemma 3.1.18. Suppose that R is an integral domain which is an uncountable set. Let n ∈ N. Then for

any at most countable set F := {0 6= fi ∈ R[X1, . . . , Xn]}i∈N consisting of non-zero polynomials, there

exists some (r1, . . . , rn) ∈ Rn with fi(r1, . . . , rn) 6= 0 for all i ∈ N.
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Test modules, weakly-regular homomorphisms and complete intersection dimension 15

Proof. If n = 1 then the statement is easily verified (because any non-zero polynomial of degree m with

coefficients in an integral domain admits at most m roots, thus the union of roots of fi (i ∈ I) is an at most

countable set). So suppose that n > 1 and the statement has been proved for smaller values than n. Let

F ′ be the subset of F consisting of those polynomials fi having at least one monomial wherein Xn appears.

Then, F ′, can be considered as an at most countable set of non-zero polynomials in one indeterminate

Xn and with coefficients in the uncountable domain R[X1, . . . , Xn−1], thus by the base of our induction

there exists some g(X1, . . . , Xn−1) ∈ R[X1, . . . , Xn−1] such that fi(X1, . . . , Xn−1, g) 6= 0 for each fi ∈ F ′.
If fi /∈ F ′, then we use conventions fi(X1, . . . , Xn−1, g) := fi and fi(X1, . . . , Xn−1, g)(r1, . . . , rn−1) :=

fi(r1, . . . , rn−1). Then, {fi(X1, . . . , Xn−1, g)}i∈N is an at most countable set of non-zero polynomials with

coefficients in the uncountable ring R, and supported at (at most) n−1 number of variables X1, . . . , Xn−1.

Hence by our inductive hypothesis there exist r1, . . . , rn−1 with

fi(X1, . . . , Xn−1, Xn)
(
r1, . . . , rn−1, g(r1, . . . , rn−1)

)
= fi(X1, . . . , Xn−1, g)(r1, . . . , rn−1) 6= 0,

for each i ∈ N. Consequently, then
(
r1, . . . , rn−1, g(r1, . . . , rn−1)

)
would be our desired point. �

Lemma 3.1.19. Suppose that A is a complete local ring and K is a subfield of A that is maximal in A

with respect to inclusion. Then K
inclustion
↪→ A

nat. epi.
� KA is an algebraic field extension.

Proof. Consider some a ∈ A whose residue class a + mA does not belong to the image of K in KA. We

claim that there is some 0 6=
n∑
i=0

kia
i ∈ K[a] which is not invertible in A. Namely, if all non-zero elements

n∑
i=0

kia
i (n ∈ N0) are invertible in A then we first conclude that K[a] is an integral domain, and then we

see that the inclusion K[a] ⊆ A induces an injective ring homomorphism of K-algebra

K(a) = Frac(K[a])→ A, (

n∑
i=0

kia
i)/(

m∑
i=0

k′ia
i) 7→ (

n∑
i=0

kia
i)(

m∑
i=0

k′ia
i)−1.

However, then we conclude that there is a subfield of A containing K and the element a, while this

contradicts the maximality of the subfield K of A.

So our claim holds, and there is some 0 6=
n∑
i=0

kia
i which is not invertible in A, equivalently

n∑
i=0

kia
i ∈

mA. But then
n∑
i=0

(ki + mA)(a+ mA)i = 0 in KA implying that a+ mA is algebraic over the image of K

in KA. Since a+ mA was chosen arbitrary, so the statement follows. �

Lemma 3.1.20. Suppose that f : R → S is a flat homomorphism of commutative rings and M is a

finitely generated R-module.

(i) 0 :S (M ⊗R S) = (0 :R M)S.

(ii) If f is faithfully flat then
(
0 :S (M ⊗R S)

)
∩R = 0 :R M .

Proof. (i) The statement is clear provided M is a cyclic module. Suppose that M =
n∑
i=1

Rmi for some

m1, . . . ,mn ∈M . Then 0 :R M = ∩ni=10 :R (Rmi). Consequently,

(0 :R M)S =
(
∩ni=1 0 :R (Rmi)

)
S

[M89, Theorem 7.4]
= ∩ni=1

((
0 :R (Rmi)

)
S
)
Rmi is cyclic

= ∩ni=1

(
0 :S

(
(Rmi)⊗R S

))
= ∩ni=1

(
0 :S

(
(mi ⊗ 1)S

))
= 0 :S (M ⊗R S).

The first equality in the second row holds because the image of the embedding η : Rmi ⊗R S →M ⊗R S
is im(η) = (mi ⊗R 1)S, so Rmi ⊗R S ∼= (mi ⊗ 1)S as S-modules. The second inequality in the second

row holds because M ⊗R S is generated by m1 ⊗ 1, . . . ,mn ⊗ 1.

(ii) The statement follows from [M89, Theorem 7.5(ii)] and the previous part. �
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16 E. Tavanfar

3.2. Test modules and transcendental extensions. In this subsection we show that the test module

property ascends under flat local homomorphism R→ R[X1, . . . , Xn](mR) provided KR is uncountable or

the test module has finite complete intersection dimension (see Proposition 3.2.8). This is the first step

towards answering Question 1.1 and Question 1.2.

Remark 3.2.1. Consider a bounded complex

C• := 0→ Cl → Cl−1 → · · · → Cm+1 → Cm → 0

over some ring R.

(i) Suppose that X• := · · · → Xt+2 → Xt+1 → Xt → 0 is a bounded below complex of R-modules.

Then an easy calculation shows that

∀ i  l − t, HomR(X•, C•)i =
∏
k∈Z

HomR(Xk, Ck+i) = 0.

(ii) Now suppose that the complex X• := 0 → Xs → Xs−1 → · · · → Xt+1 → Xt → 0 in part (i) is

bounded. Then an easy verification shows that

∀ i � m− s, HomR(X•, C•)i =
∏
k∈Z

HomR(Xk, Ck+i) = 0.

This together with part (i) implies that then HomR(X•, C•) is a bounded complex.

The next two lemmas will be used in the proof of Corollary 3.2.4.

Lemma 3.2.2. Suppose that S is a Noetherian ring and Q� S is a deformation. Let M ∈ mod(S) such

that pdQ(M) <∞. Assume that

C• := 0→ C0 → C−1 → C−2 → · · · → C−u → 0

is a bounded homologically finite complex of S-modules and w ∈ N0. Then there is some v ∈ N0 such that

∀ j ≥ w,
( ⋂
w≤i≤w+v+1

0 :S ExtiS(M,C•)
)
⊆ 0 :S ExtjS(M,C•).

Proof. Let F• be the projective resolution of M over Q consisting of finitely generated free Q-modules

which is a bounded complex (pdQ(M) <∞). Since F• and C• are both bounded, so HomQ(F•, C•) is also

a bounded complex implying that ExtiQ(M,C•) = 0 for all but finitely many i ∈ Z (see Remark 3.2.1(ii)).

Also, HomQ(F•, C•) = RHomQ(M,C•) is homologically finite in view of [C00, (A.4.4) Lemma]. It follows

that, Ext∗Q(M,C•) =
⊕
n∈N0

ExtnQ(M,C•) is a finite direct sum of Noetherian S-modules (ExtiQ(M,C•) =

H−i
(
HomQ(F•, C•)

)
= 0 for all i � 0 by Remark 3.2.1(i)). Hence Ext∗Q(M,C•) is a Noetherian S-module

(equivalently Q-module). Consequently, in the light of and beauty of [AS98, Theorem, page 708], over

the graded ring of operators

S := S[X1, . . . ,Xc; deg(Xi) = 2]⊕
i∈N0

ExtiS(M,C•) (which admits a graded S -module structure) is a finitely generated S -module (the

subscript c appeared in the ring of operators is the height of the defining ideal of S as a quotient of Q).

Hence there is some v ∈ N0 such that

Ext0
S(M,C•), . . . ,ExtvS(M,C•)

generates Ext∗S(M,C•) over S (by Remark 3.2.1(i) all negative Ext modules ExtiS(M,C•) vanish).

Set a :=
⋂

w≤i≤w+v+1

0 :S ExtiS(M,C•). It suffices to show that a
(
ExtiS(M,C•)

)
= 0 for each i ≥

v + w + 2. Pick some ei ∈ ExtiS(M,C•) for some i ≥ v + w + 2. Then, ei =
∑
j

hj(X )ej for some
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Test modules, weakly-regular homomorphisms and complete intersection dimension 17

homogeneous elements hj(X ) ∈ S and ej ∈ Ext
kj
S (M,C•) such that 0 ≤ kj ≤ v and deg

(
hj(X )

)
≥ w+1.

It is easily seen that

hj(X ) =
∑

lj,1+···+lj,c=dw/2e

X lj,11 · · · X lj,cc h′j,l(X )

for some elements h′j,l(X ) ∈ S . Then, since each X lj,11 · · · X lj,cc ej ∈
w+v+1⊕
h=w

ExthS(M,C•) so it is killed by

a. It follows that ei is killed by a. �

Lemma 3.2.3. Suppose that R is a ring and C• is an arbitrary complex. Consider another complex

D• := 0→ D0 → D−1 → · · · → D−t+1 → D−t → 0

consisting of injective R-modules. Set a :=
−n⋂

i=−n−t
0 :R Hi(C•) for some n ∈ Z. Then we have

at+1 ⊆ 0 :R Hn

(
HomR(C•, D•)

)
(note that t is the length of the complex D•).

Proof. Since D• is a bounded complex, so we could give a proof in one step by using one spectral sequence

concerning the unbounded complex C• and the bounded complex D•. However to make the proof and

our spectral sequence compatible with the third quadrant spectral sequences in [R09], we break the proof

in three steps.

Step 1: In this step, we consider the case where C• := · · · → Cm → · · ·C1 → C0 → 0 is bounded

below and concentrated in non-negative degrees.

We bear in mind the spectral sequence arising from the third quadrant bicomplex

Mp,q := HomR(C−p, Dq).

We recall that Tot(M) = HomR(C•, D•), and the differentials of the bicomplex are pointing left and

down. We should consider the second filtration that is obtained by restricting the considered rows.

Namely, setting IIF p
(
Tot(M)

)
to be the subcomplex of Tot(M) with IIF p

(
Tot(M)

)
n

:= ⊕j≤pMn−j,j , we

have the filtration

· · · ⊆ IIF−2
(
Tot(M)

)
⊆ IIF−1

(
Tot(M)

)
⊆ IIF 0

(
Tot(M)

)
= Tot(M).

Hence the IIE1 page of the spectral sequence is given by taking the homologies of the rows of the

bicomplex. Thus

(3.3) IIE1
p,q = Hp

(
HomR(C•, Dq)

) Dq is injective∼= HomR

(
H−p(C•), Dq

)
.

Hn

(
Tot(M)

)
has the filtration,

0 = φn−1
(
Hn

(
Tot(M)

))
⊆ φn

(
Hn

(
Tot(M)

))
⊆ · · · ⊆ φ−1

(
Hn

(
Tot(M)

))
⊆ φ0

(
Hn

(
Tot(M)

))(3.4)

= Hn

(
Tot(M)

)
such that

(3.5) φq
(
Hn

(
Tot(M)

))
/φq−1

(
Hn

(
Tot(M)

)) ∼= IIE∞n−q,q

is a subquotient of IIE1
n−q,q

(3.3)∼= HomR

(
Hq−n(C•), Dq

)
.

If q ∈ (−∞,−t − 1) ∪ N then, Dq = 0, so HomR

(
Hq−n(C•), Dq

)
and IIE∞n−q,q vanish. If, otherwise

q ∈ [−t, 0] then −t−n ≤ q−n ≤ −n, so by our hypothesis a ⊆ 0 :R HomR

(
Hq−n(C•), Dq

)
⊆ 0 :R

IIE∞n−q,q.

From this, (3.4) and (3.5) it is easily seen that at+1
(
Hn

(
Tot(M)

))
= 0.
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18 E. Tavanfar

Step 2: Let C• := · · · → Cm → · · · → Cu+1 → Cu → 0 be an arbitrary bounded below complex.

Note that
−u∑
C• satisfies the assumption of the previous step. By our hypothesis, a

(
H−u−n−i(

−u∑
C•)
)

=

a
(
H−n−i(C•)

)
= 0 for each 0 ≤ i ≤ t. So, at+1 ⊆ 0 :R

(
Hu+n

(
HomR(

−u∑
C•, D•)

))
by step 1. But,

Hu+n

(
HomR(

−u∑
C•, D•)

)
= Hu+n

( u∑
HomR(C•, D•)

)
= Hn

(
HomR(C•, D•)

)
. Hence,

at+1 ⊆ 0 :R Hn

(
HomR(C•, D•)

)
as claimed.

Step 3: Let (C•, ∂
C
• ) be an arbitrary complex. Set,

C ′• := 0 −→ C−n−t−2

∂C−n−t−2−→ C−n−t−1

∂C−n−t−1−→ · · · → C−n+1

∂C−n+1−→ C−n+2 −→ 0.

Note that HomR(C•, D•)n±1 =
∏
i∈Z

HomR(Ci−n∓1, Di) =
0⊕

i=−t
HomR(Ci−n∓1, Di) = HomR(C ′•, D•)n±1

implying that Hn

(
HomR(C•, D•)

)
= Hn

(
HomR(C ′•, D•)

)
. By our hypothesis

a
(
H−n−i(C

′
•)
)

= a
(
H−n−i(C•)

)
= 0, ∀ − t ≤ i ≤ 0.

So, Step 2 yields at+1 ⊆ 0 :R Hn

(
HomR(C ′•, D•)

)
= 0 :R Hn

(
HomR(C•, D•)

)
, as was to be proved. �

The next corollary will be used in the proof of Lemma 3.2.7.

Corollary 3.2.4. Suppose that S is a Noetherian ring and Q� S is a deformation. Let M be a finitely

generated S-module with pdQ(M) <∞. Assume that S admits a dualizing complex

D• := 0→ D0 → D−1 → · · · → D−t → 0.

Then for any N ∈ mod(S) and w ≥ t (t is the subscript appeared in the dualizing complex), there exists

v ∈ N0 such that

∀ j ≥ w,
( v+w+1⋂
i=w−t

0 :S TorSi (M,N)
)2t+2

⊆ 0 :S TorSj (M,N).

Proof. Fix some w ≥ t. Let FM• be a free resolution for M over S consisting of finitely generated free

S-modules. Set X• := FM• ⊗S N . Since

X∨• := HomS(X•, D•) = HomS(FM• ⊗S N,D•)
[C00, (A.2.8) Adjointness]∼= HomS

(
FM• ,HomS(N,D•)

)
,

so

(3.6) ∀ i ∈ Z, H−i(X
∨
• ) ∼= ExtiS

(
M,HomS(N,D•)

)
.

Note that by [C00, A.4.4], the bounded complex HomS(N,D•) ' RHomS(N,D•) is homologically finite.

So, as pdQ(M) <∞, from Lemma 3.2.2 we can conclude that there exists v ∈ N0 with

∀ j ≥ w,
( ⋂
w≤i≤w+v+1

0 :S ExtiS
(
M,HomS(N,D•)

))
⊆ 0 :S ExtjS

(
M,HomS(N,D•)

)
.

From this and (3.6) we get the second containment in the following display:

∀ j ≤ −w,
( v+w+1⋂
i=w−t

0 :S Hi(X•)
)t+1 Lemma 3.2.3

⊆
⋂

−w−v−1≤i≤−w

0 :S Hi(X
∨
• ) ⊆ 0 :S Hj(X

∨
• ).

Setting a :=
v+w+1⋂
i=w−t

0 :S Hi(X•), by the above display we have at+1 ⊆
⋂

j≤−w
0 :S Hj(X

∨
• ). Thus, again

from Lemma 3.2.3 we get

(3.7) ∀j ≥ w, a2t+2 ⊆ 0 :S Hj(X
∨∨
• ).
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Since X• is a homologically finite bounded below complex of S-modules and D• is a dualizing complex for

S, so X• ' X∨∨• := HomS

(
HomS(X•, D•), D•

)
by [CF06, (7.2.2) Theorem] (see [CF06, Lists of Symbols]

for the notation used in the statement of [CF06, (7.2.2) Theorem]). From this and (3.7) we deduce that

∀ j ≥ w, a2t+2 ⊆ 0 :S Hj(X•).

Hence, our proof is complete as Hi(X•) = TorSi (M,N) for all i. �

One part of the following fact is stated in [S00, Exercise 2.20], while the regular sequence property of

the generating set of the kernel can also be easily deduced via induction.

Lemma 3.2.5. Let X := X1, . . . , Xn be a sequence of indeterminates over some ring R. Consider the

ring homomorphism ϕn : R[X]→ R given by the rule Xi 7→ ci and r ∈ R 7→ r. Then Ker(ϕn) is generated

by X1 − c1, . . . , Xn − cn which is a regular sequence on R[X].

The following lemma will be used in the proof of Proposition 3.2.8 which is the main result of this

subsection. The lemma shows that the existence of a perfect complex over R[X] satisfying parts (i)-(iv) of

the lemma, with mild conditions, implies that the module T appeared in part (iv) is not a test R-module.

Lemma 3.2.6. Suppose that R is a local ring of depth s and T ∈ mod(R). Let X := X1, . . . , Xn be a

sequence of indeterminates over R. Assume that there is a perfect complex (G•, ∂
G•
• ) ∈ Db(R[X]) with

the following properties:

(i) Gi = 0 if i < 0 and Gi 6= 0 if 0 ≤ i ≤ n + s + 3 where n is the number of indeterminates in X

(s = depth(R)).

(ii) All entries of the matrices of differentials of G• belong to mRR[X].

(iii) There is g ∈ R[X]\mRR[X] such that

g ∈
n+s+2⋂
i=1

0 :R[X] Hi(G•).

(iv) For some u ≥ 1 and for each i ≥ u there is ζi ∈ R[X]\mRR[X] such that

ζi ∈ 0 :R[X]

(
Tor

R[X]
i

(
H0(G•), T ⊗R R[X]

))
.

Finally, assume that there is a sequence c1, . . . , cn of elements of R such that g(c1, . . . , cn) ∈ R\mR and

ζi(c1, . . . , cn) ∈ R\mR for each i ≥ u. Then T is not a test module for R.

Proof. We suppose to the contrary that T is a test R-module, and we get a contradiction.

We define the ring epimorphism

ϕ : R[X]/(Xi − ci)ni=1 → R

that is induced by the rule r 7→ r and Xi 7→ ci for each r ∈ R and 1 ≤ i ≤ n (the elements c1, . . . , cn are

mentioned in the statement). By Lemma 3.2.5 ϕ is an isomorphism and (Xi−ci)ni=1 is a regular sequence

of R[X] which we denote this sequence by the notation y throughout the rest of the proof.

Let

λ : R→ R[X]/(y), r 7→ r + (y).

From ϕ ◦ λ = IdR, we deduce that λ is an isomorphism. In particular, T ⊗R (R[X]/
(
y)
)

is a test module

for R[X]/(y). Consequently since (T ⊗R R[X])/y(T ⊗R R[X]) ∼= T ⊗R (R[X]/
(
y)
)
, so

(T ⊗R R[X])/y(T ⊗R R[X])

is a test module for R[X]/(y). Let

G′• := 0→ Gn+s+3

∂G•n+s+3→ · · · → Gn+1

∂G•n+1→ Gn → 0
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20 E. Tavanfar

be a hard truncation of G•. Note that H0(G′•)/yH0(G′•)
∼= Gn/

(
im(∂G•n+1) + (y)Gn

)
6= 0. Namely,

if otherwise, by projecting Gn = R[X]m (for some m) to any free summand R[X] of it we would get

1 ∈ mRR[X] + (y) (here we are applying the condition (ii) in the statement). Then we would have

1 + (y) ∈ mR
(
R[X]/(y)

)
which contradicts with the fact that λ : R → R[X]/(y) defined above is an

isomorphism.

In order to get our desired contradiction we aim to show that

(3.8) Tor
R[X]/(y)
�

(
H0(G′•)/yH0(G′•), T ⊗R R[X]/y(T ⊗R R[X])

)
= 0.

Let k ≥ u and ζ :=
k+n∏
j=k

ζj so that

(3.9) ∀ k ≤ j ≤ k + n, ζ ∈ 0 :R[X]

(
Tor

R[X]
j

(
H0(G•), T ⊗R R[X]

))
.

By our hypothesis, ϕ(ζj + (y)) = ζj(c1, . . . , cn) ∈ R\mR for each u ≤ j and ϕ(g + (y)) = g(c1, . . . , cn) ∈
R\mR, consequently gζ + (y) is an invertible element of R[X]/(y) (ϕ is an isomorphism). Therefore,

(3.10) H0(G′•)/yH0(G′•)
∼=
(
H0(G′•)/yH0(G′•)

)
gζ+(y)

∼= H0(G′•gζ)/y
(
H0(G′•gζ)

)
.

In view of the condition (iii) mentioned in the statement, the complex

(3.11) 0→ H0(G′•gζ)
∂G•n gζ→ Gn−1gζ

∂G•n−1gζ→ Gn−2gζ

∂G•n−2gζ→ · · ·
∂G•1 gζ→ G0gζ → H0(G•gζ)→ 0

is exact and, by the same arguments as in the proof of [NT20, Lemma 5.1] (using [BH98, Proposition

1.1.5]), we can deduce that y is a regular sequence onH0(G′•gζ) (we remind thatH0(G′•gζ)/y
(
H0(G′•gζ)

)
6=

0 in view of (3.10) and the paragraph before (3.8)). So

Tor
R[x]/(y)
k

(
H0(G′•gζ)/yH0(G′•gζ), T ⊗R R[X]/y(T ⊗R R[X])

) ∼= Tor
R[x]
k

(
H0(G′•gζ), T ⊗R R[X]/y(T ⊗R R[X])

)(3.12)

(3.11)∼= Tor
R[x]
k+n

(
H0(G•gζ), T ⊗R R[X]/y(T ⊗R R[X])

)
∼= Tor

R[x]
k+n

(
H0(G•), T ⊗R R[X]/y(T ⊗R R[X])

)
gζ
.

where the validity of the first isomorphism can be seen by applying [BH98, Proposition 1.1.5] to a free

resolution of H0(G′•gζ).

Setting i := k + n from (3.9) we get Tor
R[x]
j

(
H0(G•), T ⊗R R[X]

)
gζ

= 0 for i − n ≤ j ≤ i. On the

other hand, from Lemma 3.1.13 we get grade(y)(T ⊗R R[X]) = n. Hence Lemma 3.1.14 implies that

Tor
R[x]
k+n

(
H0(G•), T ⊗R R[X]/y(T ⊗R R[X])

)
gζ

= 0, i.e.

Tor
R[x]/(y)
k

(
H0(G′•)/yH0(G′•), T ⊗R R[X]/y(T ⊗R R[X])

)
= 0

by (3.12) in conjunction with (3.10).

As k ≥ u was arbitrary, so our desired vanishing in (3.8) holds. But then

pdR[x]/yR[X]

(
H0(G′•)/yH0(G′•)

) (3.10)∼= pdR[x]/yR[X]

(
H0(G′•gζ)/yH0(G′•gζ)

)
≤ s(3.13)

in view of the Auslander-Buchsbaum formula in conjunction with the fact that T ⊗RR[X]/y(T ⊗RR[X])

is a test module for the depth s local ring R[X]/(y).

But G′•gζ is a part of a flat resolution of H0(G′•gζ) (by condition (iii)) and G′•gζ/y(G′•gζ) is a part of

a free resolution of H0(G′•gζ)/yH0(G′•gζ) by [BH98, Proposition 1.1.5]. However,

G′•gζ/y(G′•gζ)
∼= (G′•/yG

′
•)gζ+(y)

∼= G′•/yG
′
•
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is a part of the minimal free resolution because of the condition (ii) while it has length strictly more than

s in view of condition (i). This contradicts with (3.13). �

The following lemma which will be used in the proof of Proposition 3.2.8, shows that under certain

vanishing of Tor modules over R[X](mR), a perfect complex G• as in the statement of the previous lemma

exists.

Lemma 3.2.7. Let R be a local ring, T ∈ mod(R) and N ∈ mod(R[X](mR)), where X := X1, . . . , Xn is

a sequence of indeterminates over R. Suppose that

Tor
R[X](mR)

�
(
N,T ⊗R R[X](mR)

)
= 0

and pdR[X](mR)
(N) =∞. Then there is a prefect complex G• in Db(R[X]) with the following properties:

(i) G• satisfies the conditions (i)− (iv) of the statement of Lemma 3.2.6.

(ii) If, moreover, T has finite complete intersection dimension then part (iv) of the statement of

Lemma 3.2.6 can be improved and restated as follows:

There is some ς ∈ R[X]\mR[RX] such that

∀ i� 0, ς ∈ 0 :R[X]

(
Tor

R[X]
i

(
H0(G•), T ⊗R R[X]

))
.

Proof. Suppose that s := depth(R) and let

FN• := 0→ FNn+s+3 → FNn+s+2 → · · · → FN0 → 0,

be the length (3 + n + s)-hard truncation of the R[X](mR)-minimal resolution of N (n is the number

of indeterminates in the sequence X). Note that the entries of the matrices of the differentials of FN•

belong to mRR[X](mR), and Fi 6= 0 for 1 ≤ i ≤ n + s + 3 as pdR[X](mR)
(N) = ∞. Applying Lemma

3.1.15 to the complex FN• , we obtain the complex G• of finitely generated free R[X]-modules with

G• ⊗R[X] (R[X](mR)) ∼= FN• (Lemma 3.1.15(i)) and such that G• satisfies condition (ii) of Lemma 3.2.6

(by Lemma 3.1.15(ii)). Furthermore, from G• ⊗R[X] (R[X](mR)) ∼= FN• we conclude that the complex G•

satisfies condition (i) of Lemma 3.2.6. Moreover, since for each 1 ≤ i ≤ n+ s+ 2 we have(
Hi(G•)

)
(mR)

∼= Hi(G•)⊗R[X] (R[X](mR)) ∼= Hi

(
G• ⊗R[X] (R[X](mR))

) ∼= Hi(F
N
• ) = 0

so we may, and we do, find (and fix) some polynomial

(3.14) g ∈
( n+s+2⋂

i=1

0 :R[X] Hi(G•)
)
\mRR[X].

Hence G• satisfies condition (iii) of Lemma 3.2.6. By our hypothesis there is some u ∈ N such that

for each i ≥ u(
Tor

R[X]
i

(
H0(G•), T ⊗R R[X]

))
(mR)

∼=
(

Tor
R[X]
i

(
H0(G•), T ⊗R R[X]

))
⊗R[X] R[X](mR)

∼= Tor
R[X](mR)

i

(
H0(G• ⊗R[X] R[X](mR)), T ⊗R R[X](mR)

)
∼= Tor

R[X](mR)

i

(
N,T ⊗R R[X](mR)

)
= 0,

and whence there is some ζi ∈ R[X]\mRR[X] such that

(3.15) ζi ∈ 0 :R[X]

(
Tor

R[X]
i

(
H0(G•), T ⊗R R[X]

))
.

Consequently, G• also satisfies condition (iv) of Lemma 3.2.6.

It remains to prove that when T has finite complete intersection dimension, we can find a uniform

annihilator ς ∈ R[X]\mRR[X] for all of Tor modules Tor
R[X]
i

(
H0(G•), T ⊗R R[X]

)
with i� 0.
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Let R
g
↪→ R′ � Q be a quasi-deformation of R with pdQ(R′ ⊗R T ) < ∞, in which we can assume

without loss of generality that R′ is a complete local ring ([AGP97, (1.14), second paragraph]). Then,

gX : R[X]
r 7→g(r), Xi 7→Xi−→ R′[X] is a faithfully flat extension and

pdQ[X](T ⊗R R′[X]) = pdQ[X]

(
T ⊗R (R′ ⊗Q Q[X])

)
= pdQ[X]

(
(T ⊗R R′)⊗Q Q[X]

)
(3.16)

Q[X] is Q-flat

≤ pdQ(T ⊗R R′) <∞.

Moreover, from (3.15) and flatness of gX we get

gX(ζi) ∈ 0 :R′[X]

(
Tor

R′[X]
i

(
H0(G•), T ⊗R R[X]

)
⊗R[X] R

′[X]
)

(3.17)

= 0 :R′[X]

(
Tor

R′[X]
i

(
H0(G•)⊗R[X] R

′[X], T ⊗R R′[X]
))

for all i ≥ u. Since R′ is a complete local ring so R′[X] is a homomorphic image of Gorenstein ring of

finite Krull dimension and thus it admits a dualizing complex ([CF06, (7.1.6) Remark]). So by Corollary

3.2.4 and the display (3.16) there is t, v ∈ N0 such that setting w := u+ t we have

∀ j ≥ w,
(w+v+1⋂

i=u

0 :R′[X] Tor
R′[X]
i

(
H0(G•)⊗R[X] R

′[X], T ⊗R R′[X]
))2t+2

⊆

(3.18)

0 :R′[X] Tor
R′[X]
j

(
H0(G•)⊗R[X] R

′[X], T ⊗R R′[X]
)
.

Setting ς := (
v+w+1∏
i=u

ζi)
2t+2, we have ς ∈ R[X]\mRR[X] while

∀ j ≥ w, gX(ς) ∈ 0 :R′[X] Tor
R′[X]
j

(
H0(G•)⊗R[X] R

′[X], T ⊗R R′[X]
)

by (3.17) and (3.18). Consequently, ς ∈ 0 :R[X] Tor
R[X]
j

(
H0(G•), T ⊗R R[X]

)
for all j ≥ w by Lemma

3.1.20(ii) as gX is faithfully flat. �

Now we can deduce the main result of this subsection.

Proposition 3.2.8. Let R be a complete local ring, T be a test module for R and X := X1, . . . , Xn be a

sequence of indeterminates over R. Then T ⊗R R[X](mR) is a test module for R[X](mR) provided one of

the following conditions holds:

(i) There exists a flat local R-algebra R′ such that KR′ is uncountable and T ⊗R R′ is an R′-test

module (evidently, one can set R′ := R provided KR is uncountable).

(ii) CI-dimR(T ) <∞.

Proof. (i) Using our hypothesis we can, without loss of generality, assume that KR is uncountable.

Namely, R[X](mR) → R′[X](mR′ ) is also a faithfully flat ring homomorphism because R[X] → R′[X] is

(faithfully) flat while (mR′R
′[X]) ∩R[X] = mRR[X] (as mR′ ∩R = mR). So setting T ′ := T ⊗R R′, if we

can prove that

T ′ ⊗R′ R′[X](mR′ )
∼= T ⊗R R′[X](mR′ )

∼= (T ⊗R R[X](mR))⊗R[X](mR)
R′[X](mR′ )

is a test module for R′[X](mR′ ) then we can conclude that T ⊗R R[X](mR) is also a test module for

R[X](mR) (see [CS16, Theorem 3.2]).

Suppose to the contrary that T ⊗R (R[X](mR)) is not a test module hence there is N ∈ mod(R[X](mR))

such that pdR[X](mR)
(N) =∞ and Tor

R[X](mR)

� (N,T ⊗R R[X](mR)) = 0. Then by Lemma 3.2.7 there is a

perfect complex G• ∈ Db(R[X]) satisfying the condition (i)-(iv) of Lemma 3.2.6. In view of Lemma 3.2.6,

in order to get our desired contradiction it suffices to find a sequence c1, . . . , cn of elements of R such that

ζj(c1, . . . , cn) ∈ R\mR for any j ≥ u and g(c1, . . . , cn) ∈ R\mR. This is equivalent to find some elements

19 Sep 2022 16:28:59 PDT
220314-Tavanfar Version 2 - Submitted to J. Comm. Alg.



Test modules, weakly-regular homomorphisms and complete intersection dimension 23

k1, . . . , kn ∈ KR such that ζj(k1, . . . , kn) 6= 0 and g(k1, . . . , kn) 6= 0 where ζj (resp. g) is the image of

ζj (resp. g) under the natural ring epimorphism R[X] → KR[X] induced by the natural epimorphism

R � KR. However, such a sequence k1, . . . , kn ∈ KR exists in view of Lemma 3.1.18 because g 6= 0 and

ζj 6= 0 for each j ≥ u (recall that g /∈ mRR[X] and ζj /∈ mRR[X] (j ≥ u)).

(ii) If T = 0, then R (and so R[X](mR)) is a regular local ring and there is nothing to prove. So, we

suppose that T 6= 0.

Arguing as in the proof of the previous part we assume, to the contrary, that T ⊗R R[X](mR) is not a

test module and we arrive at a perfect complex G• ∈ Db(R[X]) satisfying parts (i)-(iv) in Lemma 3.2.6.

Even more, since it is assumed that CI-dimR(T ) <∞ (and T 6= 0) so by Lemma 3.2.7(ii) we can assume

that G• satisfies an improved version of part (iv) in Lemma 3.2.6. Namely, without loss of generality

we can assume, about the elements ζj in part (iv) in Lemma 3.2.6, that ζj = ς for each i ≥ u and for

some (fixed) ς ∈ R[X]\mRR[X]. Hence, for getting our desired contradiction, following the statement

of Lemma 3.2.6 it suffices to find a sequence of elements c1, . . . , cn of R such that ς(c1, . . . , cn) 6= 0 and

g(c1, . . . , cn) 6= 0. If KR is an infinite field then there is k1, . . . , kn ∈ KR such that gς(k1, . . . , kn) 6= 0, so

we set the desired sequence c1, . . . , cn ∈ R to be any lift of k1, . . . , kn. So the statement holds if KR is

an infinite field.

Suppose that KR is a finite field. Then there is a finite algebraic field extension h : KR → K of KR

and a sequence κ1, . . . , κn ∈ K such that gς(κ1, . . . , κn) 6= 0. Since R is a complete local ring so R admits

a coefficient ring λR : C → R which induces the isomorphism λR : KC → KR by definition.

If R is equicharacteristic then C is a field and we set C ′ := K. Afterwards, we consider local C-algebra

ϕ : C → C ′ as the composition of ring homomorphisms C
λR→ R

π
� KR

h−→ K where π is the natural

epimorphism (i.e. ϕ = h ◦ π ◦ λR, and it is a finite algebraic field extension as π ◦ λR is an isomorphism).

If R has mixed characteristic then C is a p-ring where p is the characteristic of KR. Then by Lemma

3.1.17 there is a p-ring C ′ and an extension of p-rings ϕ : C → C ′ such that ϕ ◦ (λR
−1

) : KR → KC′ and

h : KR → K are isomorphic KR-algebras. In particular, KC′ is a finite field extension of KR and there is

a sequence of elements κ′1, . . . , κ
′
n ∈ KC′ such that gς(κ′1, . . . , κ

′
n) 6= 0.

In any case (mixed characteristic or equicharacteristic), using the local C-algebras λR : C → R and

ϕ : C → C ′ and Lemma 3.1.16 we can take into account the complete tensor product R⊗̂CC ′ and the

weakly unramified flat local homomorphism

ηR,R⊗̂CC′ : R→ R⊗̂CC ′

which is a residually finite local homomorphism asKR⊗̂CC′ isKR-algebra isomorphic to the finite algebraic

field extension ϕ ◦ (λR
−1

) : KR → KC′ .

Let us set RK := R⊗̂CC ′ and η := ηR,R⊗̂CC′ . Then, ηX : R[X]
r 7→η(r), Xi 7→Xi−→ RK[X] is also a

faithfully flat ring homomorphism. Since ηX and η are faithfully flat ring homomorphisms so P• :=

G• ⊗R[X] (RK[X]) is a perfect complex in Db(RK[X]) such that it fulfills the following conditions:

(i) Pi = 0 if i < 0 and Pi 6= 0 if 0 ≤ i ≤ n + s + 3 where n is the number of indeterminates in X

(s = depth(R) = depth(RK)).

(ii) All entries of the matrices of the differentials of P• belong to mRRK[X] = mRKRK[X].

(iii) ηX(g) ∈ RK[X]\mRKRK[X] and

ηX(g) ∈
n+s+2⋂
i=1

0 :RK[X] Hi(P•).

(iv) We have ηX(ς) ∈ RK[X]\mRKRK[X] and

∀ i� 0, ηX(ς) ∈ 0 :RK[X]

(
Tor

RK[X]
i

(
H0(P•), (T ⊗R RK)⊗RK RK[X]

))
.
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Hence Lemma 3.2.6 implies that T⊗RRK is not a test module for RK because ηX(g)ηX(ς)(κ′′1 , . . . , κ
′′
n) 6= 0

for some κ′′1 , . . . , κ
′′
n ∈ KRK (again because ηR,R⊗̂CC′ : KR → KRK , ϕ ◦ (λR

−1
) : KR → KC′ and

h : KR → K are all isomorphic KR-algebras). But, this is a contradiction because T ⊗R RK is a test

module for RK by [CS16, Theorem 3.5]. �

3.3. Test modules and flat coefficient ring base changes. In this subsection we generalize the

main result of the previous subsection concerning purely transcendental extensions to the context of flat

coefficient ring base changes, namely to the extensions of the form R⊗̂CC ′ where C is a coefficient ring

for the complete local ring R and C → C ′ is either an arbitrary field extension or a (residually purely

transcendental) extension of unramified discrete valuation rings (see Corollary 3.3.5). We shall begin by

considering residually finitely generated case, but we need first the following lemma which will be used

in the sequel a few times.

Lemma 3.3.1. Suppose that C is a p-ring and ϕ : C → C ′ is an extension of p-rings. Let {κi}i∈I be a

set of elements of C ′ such that the set of residue classes {κi}i∈I ⊆ KC′ is transcendental over ϕ(KC).

Consider the set of indeterminates X := {Xi}i∈I and the ring homomorphism

ϕX : C[X]→ C ′, c 7→ ϕ(c), Xi 7→ κi.

(i) Let C[X]̂ (p)

(p) be the (p)-adic completion of C[X]pC[X]. Then C[X]̂ (p)

(p) is a p-ring.

(ii) ϕX induces the ring homomorphism φ : C[X]̂ (p)

(p) → C ′.

(iii) Let ψ : C → C[X]̂ (p)

(p) be the natural embedding c 7→
(
c/1 + (pn)

)
n∈N. Then φ ◦ ψ = ϕ.

(iv) Let L be the transcendental extension of ϕ(KC) generated by {κi}i∈I . Then there is an isomor-

phism γ : K
C[X]

̂(p)

(p)

→ L that fits into the following commutative diagram:

KC

ψ //

ϕ

��

K
C[X]

̂(p)

(p)

γ∼=
��

φ

tt
KC′ L

inclusion
oo

Proof. (i) This is obvious (C[X]pC[X] is a 1-dimensional regular local domain whose maximal ideal is

generated by p, its residual characteristic).

(ii) and (iii) If we can show that ϕX(g) is invertible in C ′ for each g ∈ C[X]\pC[X], then in view of

the universal property of localization ϕX induces the ring homomorphism C[X]pC[X] → C ′ such that it

takes f/g to ϕX(f)ϕX(g)−1. Afterwards, we get the desired ring homomorphism φ as the composition

C[X]̂ (p)

(p) = lim
←−
n∈N

(
C[X]pC[X]/(p

n)
)
→ lim
←−
n∈N

C ′/pnC ′
∼=→ C ′

because C ′ is complete (lim
←−
n∈N

C ′/pnC ′ → C ′ is the inverse of the natural map C ′ → lim
←−
n∈N

C ′/pnC ′, and

the first map is such that
(
gn/1 + (pn)

)
n∈N 7→

(
ϕX(gn) + (pn)

)
n∈N). Then part (iii) also follows.

Hence to complete the proof it suffices to consider some g ∈ C[X]\pC[X] and then to show that ϕX(g) is

invertible. Note that the residue class of ϕX(g) in KC′ is a polynomial in the transcendental basis {κi}i∈I
with coefficients in ϕ(KC), and with some non-zero coefficient by our assumption that g ∈ C[X]\pC[X].

Therefore, the residue class of ϕX(g) in KC′ is non-zero in view of the transcendental property of {κi}i∈I
over ϕ(KC), i.e. ϕX(g) /∈ pC ′ as was to be proved.

(iv) The commutativity of the upper triangle in the diagram is obvious in view of part (iii). For the

isomorphism γ and the commutativity of the lower triangle, it suffices to notice that L coincides with the
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image of the induced map φ : K
C[X]

̂(p)

(p)

→ KC′ , by φ (note that KC[X](p)
→ K

C[X]
̂(p)

(p)

is an isomorphism,

so to compute the image of φ, it suffices to compute the image of KC[X](p)
→ KC′). �

Lemma 3.3.2. Suppose that R is a complete local ring with a coefficient ring λR : C → R. Assume

that ϕ : C → C ′ is either an extension of fields or an extension of p-rings such that ϕ : KC → KC′ is

a finitely generated field extension. Consider the flat local weakly unramified homomorphism ηR,R⊗̂CC′ :

R → R⊗̂CC ′ where the complete tensor product is assigned to λR and ϕ. If T is a test module for R

and either of the two conditions in the statement of Proposition 3.2.8 holds, then T ⊗R (R⊗̂CC ′) is an

R⊗̂CC ′-test module.

Proof. Since KC′ is a finitely generated field extension of KC by our hypothesis, so there is a subfield

L = ϕ(KC)(κ1, . . . , κn) of KC′ such that {κi}ni=1 ⊆ KC′ is transcendental over ϕ(KC) while KC′ is a

finite algebraic extension of L (κi is the residue class of κi ∈ C ′).
To make the proof more readable we separate the equicharacteristic case of the proof from the mixed

characteristic case. However, both cases follow the same procedure and we could present a structural

proof working for both cases.

Case 1, R has equicharacteristic: So C and C ′ are both fields, KC = C, KC′ = C ′ and κi = κi (1 ≤ i ≤
n). Considering the sequence of indeterminates X := X1, . . . , Xn over C, due to our hypothesis we have

C(X) ∼= L by the map φ(Xi) = κi and φ(c) = ϕ(c). Moreover, it is easily seen that there is an isomorphism

θ : R⊗CC(X)→ S−1(R[X]) ofR-algebras where S is the image of the multiplicatively closed set C[X]\{0}
under the ring homomorphism C[X]

Xi 7→Xi, c 7→λR(c)→ R[X]. In particular, being isomorphism of R-algebras

we have θ(M) = θ
(
mR
(
R⊗CC(X)

))
= mRS

−1(R[X]) while M ∈ Max
(
R⊗CC(X)

)
by Lemma 3.1.16(i).

It follows that
(
R⊗C C(X)

)
M
∼= R[X](mR) as R-algebras. Consequently, T ⊗R (R⊗C C

(
X)
)
M

is a test

module for over (R ⊗C C
(
X)
)
M

by Proposition 3.2.8. So T ⊗R
(
R⊗̂CC(X)

)
is a test module over

R⊗̂CC(X) by [CS16, Theorem 3.5] and Proposition 2.2.5(iii).

Since C ′ is finite and algebraic over its subfield L, so Φ : C(X)
φ(∼=)→ L inclusion→ C ′ is also a finite algebraic

extension of fields. Therefore, considering local C(X)-algebras Φ and ηC(X),R⊗̂CC(X) from parts (ii) and

(iii) of Lemma 3.1.16 we deduce that

η
R⊗̂CC(X),

(
R⊗̂CC(X)

)
⊗̂C(X)C′

: R⊗̂CC(X)→
(
R⊗̂CC(X)

)
⊗̂C(X)C

′

is a residually finite flat weakly unramified extension (note that by Lemma 3.1.16(iv), ηC(X),R⊗̂CC(X)

is a coefficient ring for R⊗̂CC(X)). Thus, applying [CS16, Theorem 3.5] to the residually finite weakly

unramified homomorphism η
R⊗̂CC(X),

(
R⊗̂CC(X)

)
⊗̂C(X)C′

, from the concluding assertion of the previous

paragraph we deduce that(
T ⊗R

(
R⊗̂CC(X)

))
⊗R⊗̂CC(X)

((
R⊗̂CC(X)

)
⊗̂C(X)C

′
)
∼= T ⊗R

((
R⊗̂CC(X)

)
⊗̂C(X)C

′
)

is a test module over
(
R⊗̂CC(X)

)
⊗̂C(X)C

′. However, there is an isomorphism of R-algebras(
R⊗̂CC(X)

)
⊗̂C(X)C

′ Proposition 2.2.9∼= R⊗̂C
(
C(X)⊗̂C(X)C

′) Remark 2.2.3∼= R⊗̂CC ′.

Consequently, T ⊗R (R⊗̂CC ′) is a test module over R⊗̂CC ′ as was to be proved.

Case 2, R has mixed characteristic: We consider the sequence of indeterminates X := X1, . . . , Xn over

C and we denote the
(
p(C[X])pC[X]

)
-adic completion of C[X]pC[X] by CL. In what follows we consider

C[X](p) as an C-algebra in the natural way, and we consider CL also as an C-algebra in the natural way

via the ring homomorphism ψ in Lemma 3.3.1(iii).

Note that C[X](p) is an unramified discrete valuation ring of mixed characteristic (0, p). We have

the isomorphism of R-algebras θ : R ⊗C C[X](p) → S−1(R[X]) where S is the image of C[X]\(p) under
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C[X]
Xi 7→Xi, c 7→λR(c)−→ R[X]. Consequently, we have the R-algebra isomorphism (R ⊗C C[X])(p))M ∼=

R[X](mR) as in the equicharacteristic case, implying that T ⊗R (R ⊗C C[X](p))M is a test module over

(R⊗C C[X](p))M in view of Proposition 3.2.8. Therefore T ⊗R (R⊗̂CC[X](p)) is a test module over

R⊗̂CC[X](p)

by [CS16, Theorem 3.5] and Proposition 2.2.5(iii). Equivalently, T ⊗R (R⊗̂CCL) is a test module over

R⊗̂CCL (see Remark 2.2.2).

Now we can consider the map φ : CL → C ′ as in Lemma 3.3.1(ii). Note that by Lemma 3.3.1(iv) and

the commutative diagram therein, φ is a finite algebraic extension of fields (as so is L → KC′). Moreover,

ηCL,R⊗̂CCL is a coefficient ring for R⊗̂CCL by Lemma 3.1.16(iv). Thus considering the complete tensor

product assigned to to the local homomorphism ηCL,R⊗̂CCL and φ, from parts (ii) and (iii) of Lemma

3.1.16 we conclude that

ηR⊗̂CCL,(R⊗̂CCL)⊗̂CLC
′ : R⊗̂CCL → (R⊗̂CCL)⊗̂CLC ′

is a residually finite weakly unramified flat local homomorphism. Thus [CS16, Theorem 3.5] as well as

the concluding assertion of the previous paragraph implies that T ⊗R
(
(R⊗̂CCL)⊗̂CLC ′

)
is a test module

over (R⊗̂CCL)⊗̂CLC ′. Finally, from the R-algebra isomorphisms

(R⊗̂CCL)⊗̂CLC ′
Proposition 2.2.9∼= R⊗̂C(CL⊗̂CLC ′)

Remark 2.2.2∼= R⊗̂CC ′

the statement follows (the isomorphism CL⊗̂CLC ′ ∼= C ′ is an isomorphism of CL-algebras, hence to get

our desired final result here we are also using the fact that C
ψ→ CL

φ→ C ′ coincides with ϕ : C → C ′, see

Lemma 3.3.1(iii)). �

In the next corollary, we aim to relax the “residually finitely generated condition” in the statement of

Lemma 3.3.2. But, we first give the following two preparatory lemmas.

Lemma 3.3.3. Suppose that R is a local ring and A is a local R-algebra admitting a direct limit presen-

tation A = lim
−→
i∈I

Ai assigned to a direct system (Ai, ϕi,j : Ai → Aj)i,j∈I
i≤j

of local R-algebras and flat local

R-algebra homomorphisms. Assume that T is an R-module such that T ⊗R Ai is an Ai-test module for

each i ∈ I. Then T ⊗R A is a test A-module.

Proof. It is easily seen mA = lim
−→
i∈I

mAi . Moreover, it is easily verified that the ring homomorphism to the

direct limit ϕi : Ai → A is also a flat local homomorphism, because A = lim
−→
j∈I
j≥i

Aj and each Aj is a flat local

Ai-algebra by our hypothesis for each j ≥ i (here we are using the fact that direct limit of flat modules is

again flat). We consider a finitely generated A-module N such that TorA�(N,T ⊗R A) = 0 and we prove

that pdA(N) <∞.

We take into account a presentation An
H→ Am → N → 0 of N where H = [al,k] is a matrix

representing the homomorphism An → Am of finitely generated free modules. For some i ∈ I, there exist

elements αl,k ∈ Ai such that al,k = ϕi(αl,k) for each 1 ≤ l ≤ m and 1 ≤ k ≤ n. Let Hi = [αl,k] be the

matrix corresponding to H (which has entries in Ai by our choice of αl,k) and let Ni be the cokernel

of the homomorphism of finitely generated free modules Ani
Hi→ Ami . Then Ni ⊗Ai A ∼= N . Therefore,

since A is a faithfully flat Ai-algebra we have TorAi� (Ni, T ⊗R Ai) = 0, as TorAij (Ni, T ⊗R Ai) ⊗Ai A ∼=
TorAj (N,T ⊗R A) = 0 for any j � 0. Consequently, pdAi(Ni) < ∞ because T ⊗R Ai is a test module

over Ai by our assumption. But then

pdA(N) = pdA(Ni ⊗Ai A)
ϕi is faithfully flat

= pdAi(Ni) <∞. �
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Lemma 3.3.4. Suppose that R is a complete local ring and λR : C → R is a coefficient ring. Let T be a

test module over R. Assume that either of the two conditions in the statement of Proposition 3.2.8 holds.

(i) Suppose that ϕ : C → C ′ is an extension of fields (thus R has equicharacteristic). Assume

that C ′ = lim
−→
i∈I

Vi (as C-algebras) such that each Vi is a finitely generated field extension of C

via θi : C → Vi and the transitions maps ϕi,j : Vi → Vj satisfy ϕi,j ◦ θi = θj (i.e. ϕi,j is a

homomorphism of C-algebras). Then, T ⊗R (R⊗̂CC ′) is a test module over R⊗̂CC ′.
(ii) Suppose that ϕ : C → C ′ is an extension of mixed characteristic (0, p) unramified discrete valu-

ation rings (thus R has mixed characteristic and KR has prime characteristic p > 0). Assume

that C ′ = lim
−→
i∈I

Vi (as C-algebras) such that each Vi is an unramified discrete valuation ring of

mixed characteristic (0, p) that is an C-algebra via θi : C → Vi. Presume that the transitions

maps ϕi,j : Vi → Vj satisfy ϕi,j ◦ θi = θj and that Vi is essentially of finite type over C (via θi)

(for each i, j ∈ I, i ≤ j). Then T ⊗R (R⊗̂CC ′) is a test module over R⊗̂CC ′.

Proof. The next paragraph works for both cases (i) and (ii) of the proof.

By Lemma 3.1.16(i), M = mR(R⊗CC ′) and it is a maximal ideal of R⊗CC ′. In view of our hypothesis

that the transitions maps ϕi,j are C-algebra homomorphisms, we are given with the transition maps

idR⊗ϕi,j : R⊗C Vi → R⊗C Vj that are both C-algebra and R-algebra homomorphisms. Therefore, since

tensor product commutes with direct limit we have R-algebra isomorphism

(3.19) R⊗C C ′ ∼= lim
−→
i∈I

(R⊗C Vi).

(i) The ideal M(= mR(R⊗CC ′)) is maximal (Lemma 3.1.16(i)), similarly mR(R⊗CVi) ∈ Max(R⊗CVi)
for each i ∈ I by which we get

(
mR(R ⊗C C ′)

)⋂
(R ⊗C Vi) = mR(R ⊗C Vi) for each i ∈ I. This fact in

conjunction with (3.19) and Lemma 2.1.2 yields the direct limit presentation

(3.20) (R⊗C C ′)(mR)
∼= lim
−→
i∈I

(R⊗C Vi)(mR)

of (R⊗C C ′)(mR) assigned to a direct system consisting of weakly unramified flat local homomorphisms.

Namely, it is perhaps necessary to illustrate why (idR ⊗ ϕi,j)(mR) : (R ⊗C Vi)(mR) → (R ⊗C Vj)(mR) is a

flat homomorphism for each i, j ∈ I with i ≤ j. But, indeed R→ (R⊗C Vj)(mR) is a flat homomorphism

as C → Vj is flat and localization is flat. Also, indeed (R ⊗R Vi)(mR)/(mR) → (R ⊗R Vj)(mR)/(mR) is

flat as it is a field extension. Consequently, our desired flatness follows from [TSP, Tag 00MP]. The rest

of the proof of the equicharacteristic case will be given later after the following discussion on the mixed

characteristic case of the lemma.

(ii) The ideal M = mR(R⊗CC ′) is maximal (Lemma 3.1.16(i)), similarly mR(R⊗C Vi) ∈ Max(R⊗C Vi)
for each i ∈ I. Consequently,

(
mR(R ⊗C C ′)

)⋂
(R ⊗C Vi) = mR(R ⊗C Vi) for each i ∈ I. This fact in

conjunction with (3.19) and Lemma 2.1.2 yields the direct limit presentation

(3.21) (R⊗C C ′)(mR)
∼= lim
−→
i∈I

(R⊗C Vi)(mR)

of (R⊗C C ′)(mR) assigned to a direct system consisting of weakly unramified flat local homomorphisms.

It is perhaps necessary to illustrate why (idR ⊗R Vi)(mR) : (R ⊗C Vi)(mR) → (R ⊗C Vj)(mR) is flat for

each i, j ∈ I with i ≤ j. But this flatness, follows by the same argument as in the equicharacteristic in

the previous paragraph, once we recall that any extension of such discrete valuation rings (in particular

C → Vj) is flat (Remark 3.1.10). Note that, for each i ∈ I the field extension KC → KVi is finitely

generated. Namely, we can assume that Vi ∼= (C[X]/a)q for some q ∈ Spec(C[X]/a) (Vi is essentially of
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finite type over C by our hypothesis). Thus, Vi/mVi
∼= Frac(C[X]/q) is a finitely generated field extension

of KC .

Then the remainder of the proof works for both cases (i) and (ii).

By our assumption each Vi is essentially of finite type over C, so (R⊗C Vi)(mR) is essentially of finite

type over R for each i ∈ I. Consequently, (R ⊗C Vi)(mR) is Noetherian for each i ∈ I. Thus, the direct

limit presentation in (3.20) and (3.21) in conjunction with Theorem 2.2.11 implies that (R ⊗C C ′)(mR)

is a Noetherian ring. Therefore, in view of [CS16, Theorem 3.5] as well as Proposition 2.2.5(iii), our

desired test module property in the statement follows from the test module property of T ⊗R (R⊗C C ′)M
over (R ⊗C C ′)M. Thus, in view of Lemma 3.3.3 as well as (3.20) and (3.21) it suffices to show that

T ⊗R (R⊗C Vi)(mR) is a test module for (R⊗C Vi)(mR) for each i ∈ I. But, from Lemma 3.3.2 we deduce

that T ⊗R (R⊗̂CVi) is a test module over R⊗̂CVi (we recall that R⊗̂C V̂i ∼= R⊗̂CVi). Consequently,

T ⊗R (R⊗C Vi)(mR) is a test module over (R⊗C Vi)(mR) by [CS16, Theorem 3.2], as R⊗̂CVi is R-algebra

isomorphic to the
(
mR(R ⊗C Vi)(mR)

)
-adic completion of (R ⊗C Vi)(mR) by Proposition 2.2.5(iii) and

Lemma 3.1.16(i). �

The following corollary is the main result of this subsection.

Corollary 3.3.5. Let T be a test module over a complete local ring R with coefficient ring λR : C → R.

Assume that either of the following conditions holds.

(i) ϕ : C → C ′ is a field extension (thus R has equicharacteristic), or

(ii) C is a p-ring, {X} is an arbitrary set of indeterminates over C, C ′ := C[X](p) and finally

ϕ : C → C ′ is the natural map given by ϕ(c) = c (thus R has mixed characteristic and KR has

prime characteristic p > 0).

If, furthermore, either of the two conditions in the statement of Proposition 3.2.8 holds, then T ⊗R
(R⊗̂CC ′) is a test module for R⊗̂CC ′.

Proof. In the case (i), the statement easily follows from Lemma 3.3.4(i) because C ′ =
⋃

c1,...,cn∈C′
C(c1, . . . , cn).

In the case (ii), we have C[X] =
⋃

X1,...,Xn∈{X}
C[X1, . . . , Xn] and it is clear that

∀ X1, . . . , Xn ∈ {X}, (pC[X]) ∩ C[X1, . . . , Xn] = pC[X1, . . . , Xn].

So C[X](p) ∼= lim
−→

X1,...,Xn∈{X}

C[X1, . . . , Xn](p) (Lemma 2.1.2), and the statement holds (Lemma 3.3.4(ii)). �

3.4. The Celikbas and Sather-Wagstaff question, and, the Celikbas, Dao and Takahashi

question. Applying the results of the previous subsections, we first show that the module version of

Question 1.2 has an affirmative answer in the category of local rings with uncountable residue field. The

following corollary is the only result of our paper where [S21, Theorem 4.8] plays a (crucial) role.

Theorem 3.4.1. Suppose that ϕ : R→ S is a flat local homomorphism such that S/mRS is regular, and

T is a test R-module. If either KR is uncountable or CI-dimR(T ) <∞, then T ⊗R S is a test module for

S.

Proof. Without loss of generality we can assume that R and S are both complete local rings. Namely, Ŝ

is flat over S, thus it is also flat over R by the transitivity of flatness. Thus, by applying [TSP, Tag 00MP]

to R→ R̂→ Ŝ we deduce that the natural map ϕ̂ : R̂→ Ŝ (i.e. given by (r+mnR)n∈N 7→ (ϕ(r)+mnS)n∈N)

is flat, implying that ϕ̂ is weakly regular because Ŝ/mR̂Ŝ = Ŝ/mRŜ ∼= Ŝ/mRS is regular. Moreover,

T ⊗R R̂ is an R̂-test module by virtue of [CS16, Theorem 3.5]. If the statement of the corollary is proved

19 Sep 2022 16:28:59 PDT
220314-Tavanfar Version 2 - Submitted to J. Comm. Alg.



Test modules, weakly-regular homomorphisms and complete intersection dimension 29

for complete local rings, then the test module property of T ⊗R R̂ is preserved under the weakly regular

flat local homomorphism R̂→ Ŝ. So, in view of the isomorphisms

(T ⊗R R̂)⊗R̂ Ŝ ∼= T ⊗R Ŝ ∼= (T ⊗R S)⊗S Ŝ

(T⊗RS)⊗S Ŝ is an Ŝ-test module, implying that T⊗RS is an S-test module by [CS16, Theorem 3.2](here

we are also using the facts that KR̂
∼= KR and CI-dimR(T ) = CI-dimR(T ⊗R R̂), see [AGP97, (1.13)

Proposition(2)]).

Now, assuming that R and S are complete local rings we divide the proof into the following two parts.

Case 1, R contains a field: Let λR : C → R be a coefficient field of R. By Zorn’s lemma, there exists a

maximal subfield C ′ of S containing the field ϕ◦λR(C). Taking into account the complete tensor product

R⊗̂CC ′ assigned to the ring homomorphisms λR : C → R and ϕ ◦ λR : C → C ′, we have the R-algebra

homomorphism

(3.22) ϕC′ : R⊗̂CC ′ = lim
←−
n∈N

(R/mnR ⊗C C ′)→ lim
←−
n∈N

S/mnS = Ŝ
∼=−→ S

where the left R-algebra homomorphism is induced by

R/mnR ⊗C C ′ → S/mnS , (r + mnR)⊗ c′ 7→ ϕ(r)c′ + mnS .

It is clear that then, ϕ factors through ηR,R⊗̂CC′ : R → R⊗̂CC ′ and ϕC′ : R⊗̂CC ′ → S, i.e. ϕ =

ϕC′ ◦ ηR,R⊗̂CC′ .
We have Me = mR(R⊗̂CC ′) ∈ Max(R⊗̂CC ′) in view of parts (i) and (ii) of Lemma 3.1.16, and also

by [W94, Proposition 3.2.9] as well as Proposition 2.2.12(ii)

TorR⊗̂CC
′

i

(
(R⊗̂CC ′)/Me, SeϕC′

) ∼= TorR⊗̂CC
′

i

(
(R/mR)⊗R (R⊗̂CC ′), SeϕC′

)
(3.23)

∼= TorRi (R/mR, SeϕC′◦ηR,R⊗̂CC′ )

= TorRi (R/mR, Seϕ)

= 0

for each i > 0. Thus, it follows from [A74, II, Lemma 57] that ϕC′ : R⊗̂CC ′ → S is also a flat local

homomorphism ((R⊗̂CC ′,Me) is a complete local ring by Lemma 3.1.16(ii)). Moreover, S/MeS =

S/mRS is a regular local ring by our hypothesis, thus ϕC′ is a weakly regular homomorphism.

By Corollary 3.3.5, T ⊗R (R⊗̂CC ′) is a test module for R⊗̂CC ′. Thus, if we can show that ϕC′ is

a residually algebraic (local) ring homomorphism then from [S21, Theorem 4.8] we can conclude that(
T ⊗R (R⊗̂CC ′)

)
⊗R⊗̂CC′ S

∼= T ⊗R S is a test module for S, as was to be proved. But,

C ′
inclusion
↪→ S

nat. epi.−→ KS

is an algebraic filed extension by Lemma 3.1.19 that fits into the commutative diagram of fields and field

extensions:

C ′
ηC′,R⊗̂CC′

, c′ 7→
(

(1+mnR)⊗c′
)
n∈N

+Me

−−−−−−−−−−−−−−−−−−−−−−−−−−→∼=
KR⊗̂CC′

algebraic extension by Lemma 3.1.19

y yΨ

KS ←−−−−
Φ

KŜ

such that Φ ◦ Ψ = ϕC′ (see (3.22), where ϕC′ is introduced). Note that the top row of the diagram

is isomorphism in view of Lemma 3.1.16(iv). Consequently, ϕC′ = Φ ◦ Ψ is an algebraic extension, as

required.

19 Sep 2022 16:28:59 PDT
220314-Tavanfar Version 2 - Submitted to J. Comm. Alg.



30 E. Tavanfar

Case 2, R has mixed characteristic: Let λR : C → R be a coefficient ring of R, thus C is a p-ring where

p = Char(KR). Let {κi}i∈I be a transcendental basis of KS over ϕ(KR) = ϕ ◦ λR(KC) and pick some

lift {ζi}i∈I ⊆ S of {κi}i∈I in S (that is, for every i ∈ I, ζi ∈ S has been chosen such that ζi + mS = κi).

Let {Xi}i∈I be a set of indeterminates over C, so C[X](p) is an unramified discrete valuation ring of

mixed characteristic (0, p). Let CL be the (p)-adic completion of C[X](p). Then T ⊗R (R⊗̂C(C[X](p))

is a test module over R⊗̂C(C[X](p)) in view of Corollary 3.3.5. Equivalently, T ⊗R (R⊗̂CCL) is a test

module over R⊗̂CCL (see Remark 2.2.2).

The natural map γ : C[X]
c7→ϕ◦λR(c), Xi 7→ζi−→ S induces the ring homomorphism γ(p) : C[X](p) → S.

Namely, it suffices to show that γ(f) ∈ S\mS for each f ∈ C[X]\(p) (then the universal property of the

localization shows that γ(p) is induced by γ). Let

f =
∑

i:=i1,...,it∈I, n:=n1,...,nt∈Nt0

ci,nX
n1
i1
. . . Xnt

it
∈ C[X]\(p)

where this formal sum is taken over finitely many distinct monomial in X. So

γ(f) =
∑

i:=i1,...,it∈I, n:=n1,...,nt∈Nt0

ϕ ◦ λR(ci,n)ζn1
i1
. . . ζntit .

If γ(f) ∈ mS then we get

γ(f) =
∑

i:=i1,...,it∈I, n:=n1,...,nt∈Nt0

ϕ ◦ λR(ci,n + pC)κn1
i1
. . . κntit = 0 ∈ KS

implying that ci,n ∈ pC for each i, n (because {κi}i∈I is transcendental over ϕ ◦ λR(KC)). But this

contradicts with f /∈ pC[X], consequently we have γ(f) /∈ mS as required. Now, from γ(p) : C[X](p) → S

we obtain the ring homomorphism

γ̂(p) : CL → Ŝ, (fn/gn + pnC[X](p))n∈N 7→ (γ(fn)γ(gn)−1 + mnS)n∈N.

Let η−1

S,Ŝ
be the isomorphism Ŝ → S that is the inverse to S

s7→(s+mnS)n∈N−→ Ŝ and set

Γ := η−1

S,Ŝ
◦ γ̂(p) : CL → S.

Then ϕ ◦ λR : C → S factors (ϕ ◦ λR = Γ ◦ e)

C
e: c7→(c/1+pnC[X](p))n∈N−→ CL

Γ−→ S.

So, considering the complete tensor product R⊗̂CCL assigned to the ring homomorphisms λR : C → R

and e : C → CL we have the R-algebra local homomorphism

ϕCL : R⊗̂CCL = lim
←−
n∈N

(
(R/mnR)⊗C (CL/p

nCL)
)
→ lim
←−
n∈N

(S/mnS) = Ŝ
∼=→ S

where the first homomorphism is induced by the family of homomorphisms

(R/mnR)⊗C (CL/p
nCL)→ S/mnS , (r + mnR)⊗ (c′ + (p)n) 7→ ϕ(r)Γ(c′) + mnS .

Thus, we can factor R→ S as

R
ηR,R⊗̂CCL−→ R⊗̂CCL

ϕCL−→ S

while T ⊗R (R⊗̂CCL) is a test module over R⊗̂CCL as mentioned in the second paragraph of the mixed

characteristic case of the proof. Hence if we can show that the local R-algebra homomorphism ϕCL is

weakly regular and residually algebraic, then from [S21, Theorem 4.8] we can deduce that(
T ⊗R (R⊗̂CCL)

)
⊗R⊗̂CCL S

∼= T ⊗R S

is an S-test module as was to be proved.
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But exactly by the same argument as in the equicharacteristic case of the proof, the analogue to the

Tor vanishing in (3.23) holds, i.e. TorR⊗̂CCLi

(
(R⊗̂CCL)/Me, SeϕCL

)
= 0 for i > 0 and this implies that

ϕCL is flat by [A74, II, Lemma 57]. Also, again S/MeS = S/mRS (parts (i) and (ii) of Lemma 3.1.16) is

regular by our hypothesis, thus ϕCL is weakly regular.

It remains to show that ϕL is residually algebraic. To this aim, we first show that Γ is residually

algebraic. From Γ
(
(c/1 + (p)n)n∈N

)
= ϕ ◦ λR(c) for each c ∈ C, we deduce that ϕ ◦ λR(KC) ⊆ Γ(KCL).

From Γ
(
(Xi/1 + (p)n)n∈N

)
= ζi for each i ∈ I, we conclude that κi ∈ Γ(KCL) for each i ∈ I. It

follows that Γ(KCL) contains the subfield
(
ϕ ◦ λR(KC)

)
(κi : i ∈ I) of KS . Consequently, KS is algebraic

over Γ(KCL), because {κi}i∈I is a transcendental basis of KS over ϕ ◦ λR(KC). Now, we consider the

commutative diagram

KCL

ηCL,R⊗̂CCL
, c′+pCL 7→

(
(1+mnR)⊗(c′+pnCL)

)
n∈N

+Me

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→∼=
KR⊗̂CCL

Γ

yalgebraic extension

yΨ

KS ←−−−−
Φ

KŜ

where Φ ◦Ψ = ϕCL (see where ϕCL is introduced). Note that the top row of the diagram is isomorphism

in view of Lemma 3.1.16(iv). It follows that ϕCL(= Φ ◦ Ψ) is an algebraic field extension and the proof

is complete. �

Now, to answer Question 1.2 for rings with uncountable residue field we show that the complex case

of Theorem 3.4.1 holds.

Theorem 3.4.2. Suppose that ϕ : R→ S is a flat local homomorphism with regular closed fiber S/mRS,

and T is a test complex for R. If KR is uncountable or CI-dimR(T ) <∞, then T ⊗R S is a test complex

for S.

Proof. First note that T ⊗L
R S = T ⊗R S, as S is flat over R. Suppose that X is a homologically finite

complex of S-modules with X ⊗L
S (T ⊗R S) ∈ Db(S). Let

PX := · · · → PXi → PXi−1 → PXi−2 → · · · → PXt → 0,

be a projective resolution forX consisting of finitely generated free S-modules (such a projective resolution

exists in view of part (L) of [C00, (A.3.2) Theorem (Existence of Resolutions)]), and

PT := · · · → PTi → PTi−1 → · · · → PTs → 0

be a projective resolution of T by finite free R-modules. As X is homologically finite, so there is a hard

truncation

PX≥m := · · · → PXm+1 → PXm → 0

of P which is an acyclic complex, where m ≥ Sup X + 1 is a natural number (Sup X denotes the largest

integer i with Hi(X) 6= 0). Set, CX := Hm(PX≥m), thus some shift of PX≥m forms a projective resolution

of CX and CX is a finitely generated S-module (because PX is consisting of finitely generated free S-

modules). In the same vein, there is a finitely generated R-module CT by taking cokernel of the tail of

some acyclic hard truncation PT≥m of PT (we can pick m so that it works for both of PT and PX).

Note that CT is a test module for R, because TorR�(M,CT ) = 0 if and only if M ⊗R PT≥m ∈ Db(R)

and this is the case where M ⊗R PT = M ⊗L
R T ∈ Db(R), for each finitely generated R-module M . We

have TorS�(CT ⊗R S,CX) = 0. Namely, tensoring the exact sequence

0→ PT≥m → PT → PT<m → 0
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of complexes to S we get the exact sequence of complexes of S-modules

0→ PT≥m ⊗R S → PT ⊗R S → PT<m ⊗R S → 0

where PT<m := 0→ PTm−1 → · · · → PTs → 0.

Then tensoring the resulted exact sequence of complexes to X, we get the exact sequence

0→ (PT≥m ⊗R S)⊗S X → (PT ⊗R S)⊗S X → (PT<m ⊗R S)⊗S X → 0.

This obtained exact sequence shows that (PT≥m ⊗R S)⊗S X ∈ Db(S), because (PT ⊗R S)⊗S X ∈ Db(S)

by our hypothesis while

(PT<m ⊗R S)⊗S X
by definition
' (PT<m ⊗R S)⊗L

S X ∈ Db(S)

by [C00, (A.5.6) FD Corollary] (note that (PT<m ⊗R S) is a bounded complex of projetive S-modules).

Consequently

(PT≥m ⊗R S)⊗S X ' (PT≥m ⊗R S)⊗S PX ∈ Db(S)(3.24)

by [C00, (A.4.1) Presentation of Quasi-Isomorphisms and Equivalences]. Setting

PX<m := 0→ PXm−1 → · · · → PXt → 0

and discussing similarly as above we can conclude that there is an exact sequence

0→ (PT≥m ⊗R S)⊗S PX≥m → (PT≥m ⊗R S)⊗S PX → (PT≥m ⊗R S)⊗S PX<m → 0.

This exact sequence and (3.24) imply that (PT≥m ⊗R S)⊗S PX≥m ∈ Db(S), i.e.

TorS�(CT ⊗R S,CX) = 0.

By Theorem 3.4.1 CT ⊗R S is a test module for S (note that by [S04, Proposition 3.7], CI-dimR CT <∞
provided CI-dimR T <∞). So the above Tor vanishing yields pdS(CX) <∞, thus pdS(X) <∞. �

Remark 3.4.3. In the statement of Theorem 3.4.2, the assumption on the regularity of the closed fiber

S/mRS is necessary, see [CS16, Example 3.6].

As the main result of this paper, we answer Question 1.1 affirmatively.

Theorem 3.4.4. Suppose that R is a local ring possessing a test module T such that CI-dimR(T ) <∞.

Then R is complete intersection.

Proof. If T = 0, then R is regular and we are done. So we suppose that T is non-zero.

There is a quasi-deformation R
g→ R′ � A with pdA(T ⊗R R′) <∞. Furthermore, by virtue of [S08,

Theorem F] we can, without loss of generality, assume that the closed fiber R′/mRR
′ is a Gorenstein

Artinian ring. Afterwards, applying [AGP97, (1.14), second paragraph] we can assume that R′ and A are

all complete local rings (while the Artinian Gorenstein property of R′/mRR
′ is preserved). Since R′ is a

complete local ring, so we have g = µ−1
R′ ◦ ĝ ◦ µR where µR : R → R̂ and µR′ : R′ → R̂′ are natural map

to the completion and ĝ : R̂→ R̂′ is given by the rule (rn +mnR)n∈N 7→ (g(rn) +mnR′)n∈N. Thus, applying

[TSP, Tag 00MP] to the local homomorphisms R
µR→ R̂

µ−1

R′ ◦ĝ→ R′ (µR′ is an isomorphism because R′ is

complete) we conclude that µ−1
R′ ◦ ĝ : R̂→ R′ is a flat local homomorphism. So R̂

µ−1

R′ ◦ĝ−→ R′ � A is a quasi-

deformation of R̂ while pdA
(
(T⊗RR̂)⊗R̂R

′) = pdA(T⊗RR′) <∞, implying that CI-dimR̂(T⊗RR̂) <∞.

Moreover, T ⊗R R̂ is an R̂-test module by virtue of [CS16, Theorem 3.5]. If the statement is true for

complete local rings then we can conclude that R̂, equivalently R, is a complete intersection and the

statement follows in general. It follows that, without loss of generality, we can presume that R, R′ and

A are complete local rings while R′/mRR
′ is Artinian and Gorenstein.
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Set T ′ := T ⊗R R′ and R′ := A/xA where x is a regular sequence of A. In the light of Definition and

Remark 3.1.4, there is a Cohen factorization

R
δ→ B

ρ
� R′

of g : R → R′, i.e. g = ρ ◦ δ, δ is a weakly regular homomorphism of complete local rings and ρ is a

surjective homomorphism. Using Theorem 3.4.1, we know that T ⊗R B is a test module for B (here is

where we are assuming that δ is weakly regular and T has finite complete intersection dimension).

By [CS16, Corollary 3.9] (cf. [CDT14, Corollary 3.4]), we already know that R is Gorenstein. Hence,

since the closed fiber R′/mRR
′ is Gorenstein as discussed in the first paragraph of the proof and since

Gorensteinness deforms so R′ and A are both Gorenstein rings (see [BH98, Corollary 3.3.15] and [M89,

Exercise 18.1, page 152]).

Let Ω be a sufficiently high syzygy of the residue field KA of A (over A), so that x ⊆ A is also an

Ω-regular sequence in view of [NT20, Lemma 5.1]. Then,

TorR�(T,Ω/xΩeg)
[W94, Proposition 3.2.9]∼= TorR

′

� (T ′,Ω/xΩ)
[BH98, Proposition 1.1.5]

= TorA�(T ′,Ω)
pdA(T ′)<∞

= 0.

Thus

TorB�(T ⊗R B,Ω/xΩeρ)
[W94, Proposition 3.2.9]

= TorR�(T,Ω/xΩeρ◦δ) = TorR�(T,Ω/xΩeg) = 0

implying that pdB(Ω/xΩeρ) < ∞ in view of the test module property of the B-module T ⊗R B (note

that Ω/xΩeρ is a finitely generated B-module as ρ is surjective).

Consequently,

TorA�(KR ⊗R R′,Ω)
[BH98, Proposition 1.1.5]∼= TorR

′

� (KR ⊗R R′,Ω/xΩ)
[W94, Proposition 3.2.9]∼= TorR�(KR,Ω/xΩeρ ◦ δ︸︷︷︸

=g

)

[W94, Proposition 3.2.9]∼= TorB�(KR ⊗R B,Ω/xΩeρ)

= 0 (pdB(Ω/xΩeρ) <∞).

But Ω is a syzygy of KA, therefore TorA�(KR ⊗R R′,KA) = 0 in view of the above display. It follows

that, pdA(KR ⊗R R′) <∞ and that CI-dimR(KR) <∞. Now the statement follows from [AGP97, (1.3)

Theorem]. �

We end the paper by two examples.

Example 3.4.5. Let R be any non-complete intersection Gorenstein local ring such that ν(R) ≥ 3

where ν(R) is the invariant defined in [RS14, (4.1.1)] (cf. [KV21, 2.5(b)]) and M be a finitely generated

R-module such that m2M = 0, but mM 6= 0 (for example one can consider mtN for some appropriate

finite length module N and t, however there must be instances of such an M which are not of the form

mtN). Note that we are not imposing any depth condition on M , and R can be an Artinian Gorenstein

local ring. By virtue of [KV21, Theorem 7.1], M is a test module for R and by Theorem 3.4.4 it is of

infinite complete intersection dimension. The author does not know any result in the literature, other

than Theorem 3.4.4, indicating CI-dimR(M) =∞.

Example 3.4.6. Let K be an uncountable field of prime characteristic and R be any F -finite Noetherian

local K-algebra for which the composited map K ↪→ R� KR is an isomorphism. Let S be any complete

regular local K-algebra whose residue filed KS is transcendental over K. Then the map ηR,R⊗̂KS : R→
R⊗̂KS is a flat local homomorphism of local rings (Proposition 2.2.12(ii)) with regular closed fiber S

(by Proposition 2.2.8(iii) and Remark 2.2.3, as K → R � KR is bijective). Thus ηR,R⊗̂KS is a weakly

regular homomorphism. We stress that if we choose K to be an imperfect field, then it is not necessarily
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true in general that S has the form KS [[X1, . . . , Xn]] as an K-algebra, because K may not be a subset of

a coefficient field of S when it is imperfect. By virtue of [KL98, Proposition 2.6], for sufficiently large e,

the Frobenius direct image F e(R) of R is a test R-module (F e(R) is a finitely generated R-module, as R

is F -finite). Thus by Theorem 3.4.1, F e(R)⊗R (R⊗̂KS) is a test R⊗̂KS-module as well. As the induced

residue field extension of ηR,R⊗̂KS is the transcendental extension K → KS , this test module property

of F e(R) ⊗R (R⊗̂KS) follows directly neither by [S21, Theorem 4.8] nor by [CS16, Theorem 3.5]. Here

some remarks are perhaps noteworthy:

(1) First, note that the base change of the Frobenius direct images of R are not Frobenius direct

images of the base change (to see this recall that, e.g. F e(K[[X]]) (respectively, F e(K[[X,Y ]])) is

free of rank pe (respectively, p2e), thus F e(K[[X]])⊗K[[X]]K[[X,Y ]] is not a Frobenius direct image

by rank reasons). Hence, the test module property of F e(R) ⊗R (R⊗̂KS) is not an immediate

fact, as it is not probably a Frobenius direct image of R⊗̂KS.

(2) One can observe that our approach used in the proof of Theorem 3.4.2 was to reduce the general

case of the statement to the situation where the weakly regular homomorphism induces an alge-

braic extension of residue fields, which the latter had been resolved in [S21, Theorem 4.8]. Thus,

although in the above example the test module property of F e(R) ⊗R (R⊗̂KS) does not follow

directly from [S21], but it does so after arguing as discussed in the proofs of lemmas, corollaries

and theorems of the present paper.

(3) In the arXiv version of this paper, alternative proofs (not checked by the referee) are given for

two special cases where either the base ring R in the statement of Theorem 3.4.2 is Cohen-

Macaulay and of equal characteristic, or where the weakly regular homomorphism induces a

separable residue field extension. To make the paper more concise, that section was removed in the

submitted version to the journal. The approach of that section was to reduce the aforementioned

situations to the case of a weakly unramified flat local homomorphism inducing a finite extension

of residue fields (which the latter had been resolved in [CS16, Theorem 3.5]). Such a reduction

was in particular troublesome in the mixed characteristic case.
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