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Abstract. Let (R,m) be a local ring, Z a specialization closed subset
of SpecR and X an R-complex with finitely generated homology and
finite dimension. We show that

AttRH
dimX
Z (X) = {p ∈ SuppRX | cd(Z, R/p)− inf Xp = dimRX}.

We also represent a generalization of Lichtenbaum-Hartshorne Vanishing
Theorem for complexes of R-modules.

1. Introduction

Throughout this paper, we assume that R is a commutative Noetherian
ring with nonzero identity and Z is a specialization closed subset of SpecR.
In [12], Macdonald and Sharp said that a non-zero R-module N is secondary

if for each x ∈ R the endomorphism N
.x→ N given by multiplication by x

is either surjective or nilpotent. If N is secondary, then the ideal p :=√
AnnRN is a prime ideal and N is called p-secondary. An R-module M

is said to be representable if there are finitely many secondary submodules
M1,M2, . . . ,Mn of M such that M = M1 + M2 + · · · + Mn. A secondary
representation of an R-module M is called minimal if the prime ideals pi =√

AnnRMi, i = 1, 2, . . . , n are all distinct and none of Mi is redundant.
The existence of a secondary decomposition implies existence of a minimal
one. The set {p1, p2, . . . , pn} does not depend on the choice of a minimal
secondary decomposition of M. This set is called the set of attached prime
ideals of M and denoted by AttRM.

In [14] or [16], authors gave another definition of attached prime ideals.
Let M be an R-module (not necessarily admitting a secondary representa-
tion), a prime ideal p of R is said to be an attached prime ideal of M if
p = AnnR(M/T ) for some submodule T of M. This definition agrees with
the preceding one of attached prime if M admits a secondary representation.

Let M be an R-module and i an integer. The i-th local cohomology mod-
ule of M with respect to ideal I is denoted by H i

I(M). The attached primes
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of top local cohomology modules with respect to an ideal have been studied
by Macdonald and Sharp [12], Dibaei and Yassemi [5] and Hellus [7]. The
local cohomology modules with respect to a specialization closed subset of
SpecR which were introduced in [6] is an extension of the local cohomology
modules of Grothendieck. The authors of [6] also provided a criterion for
vanishing of these modules. Recently, there are many works have studied
the local cohomology modules in the derived category. Hatamkhani and
Divaani-Aazar [11] studied the Hartshorne-Lichtenbaum Vanishing Theo-
rem. Jalali and et al. [8] showed some properties relating to cohomological
dimension. In [15], Zagar investigated the Bass numbers of derived local
cohomology.

In this paper, we extend [5, Theorem A] of Dibaei, Yassemi and [7, The-
orem 2.1] of Hellus by representing the attached primes of top local coho-
mology modules in the derived category. First, we need Theorem 3.5 which
shows that if M is a non-zero finitely generated R-module of finite dimension
d and Z is a specialization closed subset of Spec, then

AttRH
d
Z(M) = {p ∈ AssR M | cd(Z, R/p) = d}.

The main result of this paper is Theorem 3.10 which describes the at-
tached primes of top local cohomology module in derived category. Let

(R,m) be a local ring, Z a specialization closed subset and X ∈ Df
�(R), X 6'

0 with d := dimX <∞. Assume that Hd
Z(X) 6= 0. We shall prove that

AttRH
d
Z(X) = {p ∈ SuppRX | cd(Z, R/p)− inf Xp = d}.

A generalization of Lichtenbaum-Hartshorne Vanishing Theorem for com-
plexes of R-modules will be shown in Theorem 3.12, which says that if
(R,m) is a local ring such that the going-up theorem holds for the extension

R ⊆ R̂ and X ∈ Df
�(R) of finite dimension d, then the following statements

are equivalent:

(i) Hd
Z(X) = 0;

(ii) There is an ideal a ∈ F (Z) such that dimR/(a + p) > 0 for any
prime ideal p ∈ AsshRX.

2. Preliminaries

First, we recall some facts on derived category. The theory of derived
category are well-known, information on it can be found in [9] and [10].
The derived category of R-modules is denoted by D(R). We denote the full
subcategory of homologically left bounded complexes by D@(R). Also, we
denote the full subcategory of complexes with finitely generated homology

modules that are homologically bounded by Df
�(R). Let

X : · · · −→ Xi+1 −→ Xi −→ Xi−1 −→ · · ·
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Attached primes of local cohomology modules of complexes 3

be an R-complex. If Xi = 0 for all i 6= 0, then we can identify X with
the module at degree 0, and any R-module M is considered as a complex
0→M → 0 with M at degree 0.

Definition 2.1. The support of an R-complex X is defined as follows

SuppRX := {p ∈ SpecR | Xp 6' 0}.

We see at once that

SuppRX =
⋃
i∈Z

SuppRHi(X).

Definition 2.2. The dimension of an R-complex X is defined as follows

dimRX := sup{dimR/p− inf Xp | p ∈ SpecR}.

It follows from [10, Proposition 3.5] that

dimRX = sup{dimHi(X)− i | i ∈ Z}
for all X ∈ D@(R). Let X ∈ D(R) and q ∈ SpecR, one has

dimRqXq + dimR/q ≤ dimRX.

Note that, both the equality and inequality can be undefined if the Krull
dimension of R is not finite and the prime is not in the support.

Definition 2.3. A subset Z of SpecR is said to be specialization closed if
for any p ∈ Z we have V (p) ⊆ Z. We denote

F (Z) := {a | a is an ideal of R and V (a) ⊆ Z}.

An easy computation shows that

Z = SuppR(
⊕

a∈F (Z)

R/a).

Let Z be a specialization closed subset of SpecR and M,N two R-modules.
We let

ΓZ(M) = {x ∈M | SuppR(Rx) ⊆ Z}
and ΓZ(f) := f |ΓZ(M) for an R-homomorphism f : M → N. The functor
ΓZ which is from the category of R-modules to itself is called Z-torsion
functor. The right derived functor of the functor ΓZ exists in D(R) and the
complex RΓZ(X) is defined by RΓZ(X) := ΓZ(I) where I is any injective
resolution of X. Let i be an integer, the i-th local cohomology module of X
with respect to Z is defined H i

Z(X) := H−i(RΓZ(X)). For any R-module
M and any R-complex X, we have

ΓZ(M) =
⋃

a∈F (Z)

Γa(M)

and
H i
Z(X) ∼= lim−→

a∈F (Z)

H i
a(X)
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for any integer i. In view of [10, Corollary 3.7] we see that

sup{i | H i
a(X) 6= 0} ≤ dimRX

for any complex X ∈ Df
�(R). Consequently, H i

Z(X) = 0 for all i > dimRX.

The first item in [11, Remark 2.12.] showed that HdimX
Z (X) is not Artinian

in general. However, [11, Proposition 2.3] showed that it is an Artinian R-

module provided that R is a local ring and X ∈ Df
�(R) with finite dimension.

Note that, if Z = V (a) for some ideal a of R, then H i
Z(M) = H i

a(M) for
any R-module M.

3. Main results

In this section, we give the formula for the attached primes of the top
local cohomology module HdimM

Z (M) and HdimX
Z (X), where M is a finitely

generated R-module and X ∈ Df
�(R) is a finitely dimensional R-complex.

First, we recall the notion of cohomological dimension in the categories of
R-modules and R-complexes.

Definition 3.1. Let Z be a specialization closed subset of SpecR and M
an R-module. The cohomological dimension cd(Z,M) of M with respect to
Z is defined as

cd(Z,M) := sup{i | H i
Z(M) 6= 0},

if this supremum exists, otherwise, we define it −∞.
Let X ∈ D(R) be a complex of R-modules. The cohomological dimension

cd(Z, X) of X with respect to Z is defined as

cd(Z, X) := sup{cd(Z, Hl(X))− l | l ∈ Z},
if this supremum exists, otherwise, we define it −∞.

In the case where Z = V (a), we see that cd(Z,M) coincides with cd(a,M)
which is the cohomological dimension of M with respect to an ideal a. By
the isomorphism

H i
Z(M) ∼= lim−→

a∈F (Z)

H i
a(M),

one can claim that cd(Z,M) ≤ sup{cd(a,M) | a ∈ F (Z)} and cd(Z,M) ≤
dimM.

Before generalizing Dibaei and Yassemi’s [5, Theorem A] on the attached
primes, we recall the concept of attached prime ideals which were introduced
by Ooshi [14] or Zöschinger [16].

Definition 3.2 (See [14, 16]). Let M be an R-module. A prime ideal p of
SpecR is called attached to M if there is a submodule N of M such that
p = AnnR(M/N).

The set of attached prime ideals of M is denoted by AttRM. In the case,
where M is a representable R-module, this definition coincides with the one
of Macdonald and Sharp [12].
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Attached primes of local cohomology modules of complexes 5

The following properties of the attached prime sets are useful for proving
our main results.

Lemma 3.3 (See [2, 14]). The following statements hold true.

(i) If 0→ A→ B → C → 0 is an exact sequence of R-modules, then

AttRC ⊆ AttRB ⊆ AttRC ∪AttRA.

(ii) If N is a finitely generated R-module, then

AttR(M ⊗R N) = AttRM ∩ SuppRN

for all R-module M.

Proposition 3.4. Let Z be a specialization closed subset and M a non-
zero finitely generated R-module of finite cohomological dimension c :=
cd(Z,M) <∞. Then

AttRH
c
Z(M) ⊆ {p ∈ SuppRM | cd(Z, R/p) = c}.

Proof. Let R = R/AnnRM and [8, Proposition 4.2] now leads to cd(Z, R) =
c. Consider the ring homomorphism f : R→ R, and so by [15, Lemma 3.2],
there is the following isomorphism

Hc
Z(M) ∼= Hc

Zf (M),

where Zf = {p ∈ SpecR | f−1(p) ∈ Z}. On the other hand

Hc
Zf (M) ∼= Hc

Zf (R⊗R M)

∼= Hc
Zf (R)⊗R M

since Hc
Zf (−) is a right exact functor, then we conclude from Lemma 3.3(ii)

that

AttRH
c
Zf (M) = AttRH

c
Zf (R) ∩ SuppRM = AttRH

c
Zf (R).

Now let q ∈ AttRH
c
Zf (R), one has

0 6= Hc
Zf (R)/qHc

Zf (R) ∼= Hc
Zf (R/q).

Therefore, we can assert that

AttRH
c
Zf (R) ⊆ {q ∈ SpecR | cd(Zf , R/q) = c}.

Consequently, one gets

AttRH
c
Z(M) ⊆ {p ∈ SuppRM | cd(Z, R/p) = c},

and the proof is complete. �

The following result is a generalization of [5, Theorem A] where R is not
necessarily a local ring.

Theorem 3.5. Let Z be a specialization closed subset and M a non-zero
finitely generated R-module of finite dimension d. Then

AttRH
d
Z(M) = {p ∈ AssR M | cd(Z, R/p) = d}.
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6 Nguyen Minh Tri

Proof. It follows from Proposition 3.4 that

AttRH
d
Z(M) ⊆ {p ∈ SuppRM | cd(Z, R/p) = d}.

Let p ∈ SuppRM such that cd(Z, R/p) = d, this implies that dimR/p = d.
Therefore p ∈ AssR M and

AttRH
d
Z(M) ⊆ {p ∈ AssR M | cd(Z, R/p) = d}.

Let q ∈ AssR M such that cd(Z, R/q) = d. There exists a submodule K
of M such that K is q-primary and AssR(M/K) = {q}. It follows from [8,
Corollary 4.4] that cd(Z,M/K) = cd(Z, R/q) = d. By the above argument,
we see that

AttRH
d
Z(M/K) ⊆ {p ∈ AssR M/K | cd(Z, R/p) = d} = {q}.

Now the short exact sequence

0→ K →M →M/K → 0

yields the following exact sequence

Hd
Z(M)→ Hd

Z(M/K)→ 0.

Consequently, we deduce by Lemma 3.3(i) that AttRH
d
Z(M/K) ⊆ AttRH

d
Z(M)

and then q ∈ AttRH
d
Z(M), this completes the proof. �

We denote by MinRM the set of minimal elements in AssR M.

Corollary 3.6. Let Z be a specialization closed subset and M a non-zero
finitely generated R-module of finite dimension d. Then

AttR(Hd
Z(M)) = {p ∈ MinRM | cd(Z, R/p) = d}.

Proof. Let p ∈ AssR M such that cd(Z, R/p) = dimM. It is easy to see that
dimR/p = dimM and then p ∈ MinRM.

Now, let p ∈ MinRM such that cd(Z, R/p) = d. It is clear that dimR/p =
d. In view of Theorem 3.5 one gets that

AttRH
d
Z(M/pM) = {q ∈ AssR M/pM | cd(Z, R/q) = d} = {p},

where the second equality is obtained by p ∈ MinM. The short exact se-
quence

0→ pM →M →M/pM → 0

induces the following exact sequence

Hd
Z(M)→ Hd

Z(M/pM)→ 0.

Lemma 3.3(i) shows that AttRH
d
Z(M/pM) ⊆ AttRH

d
Z(M) and then p ∈

AttRH
d
Z(M). �

Corollary 3.7. Let Z be a specialization closed subset and M a non-zero
finitely generated R-module of dimension d. Assume that Hd

Z(M) 6= 0. Then

(i) There exists a submodule T of M such that dimM/T = d,
(ii) AssR(M/T ) = {p ∈ AssR M | cd(Z, R/p) = d},
(iii) AttRH

d
Z(M) = AssR(M/T ).
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Proof. According to Theorem 3.5, we have AttRH
d
Z(M) ⊆ AssR M. It fol-

lows from [4, IV. §1.2 Proposition 4] that there is a submodule T of M such
that AssR M/T = AttRH

d
Z(M) and AssR T = AssR M \ AttRH

d
Z(M). We

check at once that dimM/T = d, and the proof is complete. �

Corollary 3.8. [5, Theorem A] Let M be a non-zero finitely generated R-
module of finite dimension d and a an ideal of R. Then

AttR(Hd
a (M)) = {p ∈ AssR M | cd(a, R/p) = d}.

Next, we shall prove the following lemma which is needed to prove the
next main result.

Lemma 3.9. Let Z be a specialization closed subset and X ∈ Df
�(R), X 6' 0

with d := dimR X < ∞. Assume that p ∈ SpecR such that cd(Z, R/p) −
inf Xp = dimR X. Then

(i) cd(Z, R/p) = dimR/p,

(ii) p ∈ AttRH
d+inf Xp

Z (Hinf Xp(X)).

Proof. (i) We obviously have cd(Z, R/p) ≤ dimR/p. By the definition of
dimX

dimRX = sup{dimR/q− inf Xq | q ∈ SuppRX},
we imply from the assumption that

cd(Z, R/p)− inf Xp = dimRX ≥ dimR/p− inf Xp.

Hence, one gets cd(Z, R/p) ≥ dimR/p and the claim (i) follows.
(ii) Let r = inf Xp, it yields that p ∈ SuppRHr(X) and

d ≥ dimHr(X)− r ≥ dimR/p− inf Xp = d.

Therefore, one can claim that

dimR/p = dimHr(X) = d + r

and cd(Z, R/p) = dimHr(X). Theorem 3.5 shows that p ∈ AttRH
d+r
Z (Hr(X)),

as required. �

It should be mentioned the notation AsshRX (see [11])

AsshRX = {p ∈ SuppRX | dimR/p− inf Xp = dimRX}

= {p ∈ AsshRHi(X) | for all i such that dimHi(X) = dimRX + i}
which will be used in the proof of the following theorem. We are going to
state and prove that main result of this paper.

Theorem 3.10. Let (R,m) be a local ring, Z a specialization closed subset

and X ∈ Df
�(R), X 6' 0 with d := dimX < ∞. Assume that Hd

Z(X) 6= 0.
Then

AttRH
d
Z(X) = {p ∈ SuppRX | cd(Z, R/p)− inf Xp = d}.
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Proof. Let R̂ denote the completion of R with respect to the m-adic topology.

Let Q ∈ Spec R̂ and q := Q ∩ R. If M is an R-module, then Mq ⊗Rq R̂Q
∼=

(M ⊗R R̂)Q. Since the homomorphism Rq → R̂Q is faithfully flat, we see

that Mq = 0 if and only if (M ⊗R R̂)Q = 0. This induces that inf Xq =

inf(X ⊗R R̂)Q and dimR X = dim
R̂

(X ⊗R R̂).
On the other hand, it was shown in [11, Theorem 2.8] that

Att
R̂
Hd
Z(X) = {P ∈ Assh

R̂
(X ⊗R R̂) | dim R̂/(qR̂ + P ) = 0 for all q ∈ Z}.

This implies that

AttRH
d
Z(X) = {P ∩R |P ∈ Assh

R̂
(X ⊗R R̂),dim R̂/(qR̂ + P ) = 0 for all q ∈ Z}.

Therefore, the proof is complete by showing the following equality

{P ∩R | P ∈ Assh
R̂

(X ⊗R R̂),dim R̂/(qR̂ + P ) = 0 for all q ∈ Z}
= {p ∈ SuppRX | cd(Z, R/p)− inf Xp = dimRX}.

Let P ∈ Assh
R̂

(X ⊗R R̂) such that dim R̂/(qR̂ + P ) = 0 for all q ∈ Z. Let
p := P ∩R, then we have

dim
R̂

(X ⊗R R̂) = dim R̂/P − inf(X ⊗R R̂)P ≤ dimR/p− inf Xp ≤ dimRX.

Since dimR X = dim
R̂

(X⊗RR̂), one gets dim R̂/P = dimR/p and dimR/p−
inf Xp = dimR X. On the other hand, it is clear that P ∈ Supp

R̂
(R/p⊗R R̂)

and dim R̂/(qR̂+P ) = 0 for all q ∈ Z. It follows from [11, Corollary 2.9] that

H
dimR/p
Z (R/p) 6= 0. This implies that cd(Z, R/p) = dimR/p = dimR X +

inf Xp. Thus, we can claim that p ∈ SuppRX satisfying cd(Z, R/p)−inf Xp =
dimR X.

Next, let p ∈ SuppRX such that cd(Z, R/p) − inf Xp = dimR X. By

Lemma 3.9, one has cd(Z, R/p) = dimR/p and H
dimR/p
Z (R/p) 6= 0. It fol-

lows from [11, Corollary 2.9] that there exists a prime ideal P ∈ Assh
R̂

(R/p⊗R

R̂) such that dim R̂/(qR̂ + P ) = 0 for all q ∈ Z. We will show p = P ∩ R

and P ∈ Assh
R̂

(X ⊗R R̂). Note that dim R̂/P = dimR/p = dim R̂/pR̂ and

pR̂ ⊆ P. This implies that P is a minimal prime over pR̂ and P ∩R is a mini-
mal prime over p. Hence, we can conclude that p = P ∩R. By the arguments

in the first paragraph of this proof, it is clear that P ∈ Assh
R̂

(X⊗R R̂), and
the proof is complete. �

Corollary 3.11. Let (R,m) be a local ring, Z a specialization closed subset

and X ∈ Df
�(R), X 6' 0 with d := dimR X < ∞. Assume that Hd

Z(X) 6= 0.
Then

AttRH
d
Z(X) =

⋃
i

AttRH
d+i
Z (Hi(X)).

Proof. Let p ∈ AttRH
d
Z(X). It follows from Theorem 3.10 that cd(Z, R/p)−

inf Xp = d. By Lemma 3.9, we see that p ∈ AttRH
d+inf Xp

Z (Hinf Xp(X)).
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Attached primes of local cohomology modules of complexes 9

Now suppose conversely that we have a prime ideal p ∈ AttRH
d+i
Z (Hi(X))

for some i. Since Hd+i
Z (Hi(X)) 6= 0, one gets that dimHi(X) ≥ d + i. The

equality dimHi(X) = d+i holds by dimHi(X)−i ≤ dimR X. It follows from
Theorem 3.5 that p ∈ SuppRHi(X) and cd(Z, R/p) = d + i. Furthermore,
one can see that inf Xp ≤ i and then

d = cd(Z, R/p)− i ≤ cd(Z, R/p)− inf Xp ≤ dimR/p− inf Xp ≤ d.

Consequently, we can conclude that p ∈ SuppRX and cd(Z, R/p)− inf Xp =
d and by Theorem 3.10 the proof is complete. �

The sufficient and necessary condition for the vanishing of top local coho-
mology modules by means of some conditions on the completion of the ring
are shown in the well-known Lichtenbaum-Hartshorne Vanishing Theorem.

Recently, many authors have tried to improve the conditions on R̂ by similar

conditions. We can see [1, Theorem 2.3] for the case where R̂ is integral over

R or [3, Theorem 3.2] for the case where the extension R ⊆ R̂ satisfies the

going-up theorem. The extension R ⊆ R̂ satisfies the going-up theorem if

for any prime p ⊆ q of R and for any prime P of R̂ with P ∩ R = p, there

exists a prime Q of R̂ such that Q∩R = q and P ⊆ Q. The characterizations
of these rings can be found in [3] and [17]. It is worth to be mentioned that
if the Noetherian local ring (R,m) satisfies the condition ”the going-up the-

orem holds for the extension R ⊆ R̂”, then each quotient ring of R satisfies
the same condition.

Now we improve the [11, Theorem 2.8 and Corollary 2.9]. The follow-
ing theorem is a generalization of the Lichtenbaum-Hartshorne Vanishing
Theorem for complexes.

Theorem 3.12. Let (R,m) be a local ring such that the going-up theorem

holds for the extension R ⊆ R̂. Assume that Z is a specialization closed

subset and X ∈ Df
�(R) of finite dimension d. Then the following statements

are equivalent:

(i) Hd
Z(X) = 0;

(ii) There is an ideal a ∈ F (Z) such that dimR/(a + p) > 0 for any
prime ideal p ∈ AsshRX.

Proof. It follows from [11, Remark 2.12(3)] that Hd
Z(X) = 0 if and only if

Hd
a (X) = 0 for some ideal a ∈ F (Z) if and only if by Corollary 3.11 we have

Hd+i
a (Hi(X)) = 0 for all i such that dimHi(X) = d+ i. By [13, Theorem 1],

the above facts are equivalent to dimR/(a+q) > 0 for all q ∈ AsshR(Hi(X))
for all i such that dimHi(X) = d + i. Consequently, for all q ∈ AsshRX we
have dimR/(a + q) > 0, and the proof is complete. �

Corollary 3.13. Let (R,m) be a local ring such that the going-up theorem

holds for the extension R ⊆ R̂. Assume that Z is a specialization closed

subset and X ∈ Df
�(R) of finite dimension d. Then

AttRH
d
Z(X) = {p ∈ AsshRX |

√
a + p = m for all a ∈ F (Z)}.
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10 Nguyen Minh Tri

Corollary 3.14. Let (R,m) be a local domain such that the going-up the-

orem holds for the extension R ⊆ R̂. Assume that Z is a specialization
closed subset and there is an ideal a ∈ F (Z) which is not m-primary. Then
HdimR
Z (R) = 0.
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