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ABSTRACT. We extend the results of the Standard
Monomial Theory to the cotangent variety of the Grass-
mannian, T ∗Grass(k, n). We exhibit a standard basis in
terms of triples of tableaux. We are also able to show that
T ∗Grass(k, n) is arithmetically Cohen-Macaulay and normal
in all characteristics. Results on Cohen-Macaulayness and
normality are shown for other algebraic groups and cominus-
cule parabolic subgroups, but only in characteristic zero.

1. Introduction. In the first part of the paper we consider reduc-
tive algebraic groups G. We are interested in the cotangent spaces of
quotients T ∗G/P when P is a maximal parabolic corresponding to a
cominuscule root. In [18] G. Schwarz gave filtrations and associated
graded objects of the sheaves Sym(T ∗G/P ). We show that these fil-
trations are good filtrations and use this to show normality and Cohen-
Macaulayness of T ∗G/P in characteristic zero.

The second part of the paper is an extension of the standard
monomial theory to the cooridnate ring of the cone of the cotangent
bundle of the Grassmannian. The standard monomial theory has
its roots in the work of Hodge [8], [9] who described nice bases
for the homogeneous coordinate rings of Schubert varieties in the
Grassmannian in the Plücker embedding for characteristic zero. This
was extended by Lakshmibai and Seshadri in [14], [13] to Schubert
varieties in parabolic quotients of linear algebraic groups G/Q in
arbitrary characteristic. For the interested reader we recommend the
book by Lakshmibai and Raghavan, [12], especially chapters 4, 6, 7.

In the case of the Grassmannian the standard monomial theory
for the Plücker embedding is best described by Young tableaux and
the shuffle relations. See the book by Weyman [20] for an excellent
exposition. In [19] Strickland computed the coordinate ring of the
variety of projectors in terms of stacked double tableaux. We extend
this theory in the case of the Grasmannian to the cone over the
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2 MARCUS FRIES

cotangent bundle T ∗Ĝ/P = T ∗Grass(l, E) where G = Sln(k) and P is
a maximal parabolic subgroup corresponding to a simple root.

2. Background. In this section we give the notational conventions
we will follow throughout the paper. Throughout the paper we will use
the numbering of weights as given in [1].

We recall a definition.

Definition 1. Let P be a maximal parabolic subgroup of G with
associated simple root α. We say that P is of cominuscule type if
α occurs with coefficient 1 in the highest root of G. The associated
fundamental weight ω is said to be a cominuscule weight.

Through the rest of the paper we will assume P is a parabolic
subgroup associated to a cominuscule fundamental weight ω. The
cominuscule weights for all Dynkin diagrams are classified. We list
only the cominuscule weights for simply laced Dynkin diagrams, as
those are the cases covered in this paper.

Dynkin diagram cominuscule weights
An all fundamental weights ωk
Dn ω1, ωn−1, ωn
E6 ω1, ω6

E7 ω7.

Let P = LPUP be the Levi decomposition of P . Let us then consider
the cotangent bundle T ∗G/P . Our first step is to realize the cotangent
bundle as a vector bundle over G/P associated to some module. Let
W be a P -module. Define a vector bundle over G/P by

(1) E(W ) = G×P W = {(g, w) ∈ G×W | (gp, w) = (g, pw) p ∈ P},

with map π : E(W )→ G/P given by π(g, w) = gP .

Proposition 1 ([17]). Let P be a parabolic associated to a cominuscule
weight. Then UP acts trivially on T ∗G/P . Hence there exists a LP -
module WP such that

T ∗G/P = E(WP ).
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COTANGENT BUNDLES OF MINUSCULE G/P 3

2.1. Weights and Line Bundles. The material of this section will
be used to construct the cotangent bundle of G/P .

Let λ ∈ X(G). Define an action of B on Kλ = K by b · k = λ(b)k.
define a line bundle L(λ) over G/B by

(2) L(λ) = (G×K)/((gb, b · k) = (g, k)).

The structure map p : L(λ) → G/B is given by p(g, k) = p(gb, b · k) =
gB.

Remark 1. When it is necessary to specify the group G we will write
LG(λ).

Let λ = a1ω1 + · · ·+anωn, ai ≥ 0 be a dominant weight. We denote
the Schur module of weight λ by LGλ .

Theorem 2 ([10],p.176-7).

i) dim(LGλ )U = 1;

ii) Every G-submodule of LGλ contains a scalar multiple of the U -
invariant;

iii) LGλ contains a unique irreducible G-module.

2.2. Young Tableaux. Let k and d be positive integers. By (kd) we
mean the partition (k, k, . . . , k) with k appearing d times. As a Young
frame this is the d× k rectangle of d rows with k boxes in each row.

Throughout we will not distinguish between a partition and a Young
frame. We follow the notational conventions of [20]. It is worth
noting that our standard tableaux are row anti-symmetric and column
symmetric.

By the canonical tableau of shape λ we mean the tableau Υλ with
entries
Υλ(i, j) = i. Throughout the paper we will use λ′ to denote the
transposed Young diagram.

Lemma 1 ([3], theorem. 3.3). Let E be a K-vector spaces. Choose
a unipotent subgroup U ⊂ GL(E) of strictly upper triangular matrices
with 1’s on the diagonal. Then given the GL(E) representation LλE
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4 MARCUS FRIES

there is a unique (up to scalar) U invariant given by the canonical
tableau Υλ. The weight of this U invariant is λ′.

Lemma 2. Let M be a rational G-module. Let 0 = M0 ⊂M1 ⊂ · · · ⊂
Ml = M be a filtration such that Mi/Mi−1

∼= LGλi . Assume that µ is a
weight such that µ 6= λi for all i. Then M has no U invariant of weight
µ.

Proof. By lemma 1 we have that Lλ has a U invariant of weight µ
if and only if λ = µ. We proceed by induction on i. The case i = 1
is M1

∼= Lλ1
and since µ 6= λ1 there is no invariant of weight µ. Now

assume that through some j we have that Mj has no U invariants of
weight µ. The piece of the filtration Mj+1 fits into a sequence

(3) Mj
// Mj+1

// LGλj+1
E // 0 .

We know that LGλj+1
has no invariants of weight µ and by induction Mj

has no invariants of weight µ hence Mj+1 has no invariants of weight
µ. ♦

2.3. Description of T ∗G/P for cominuscule weights. Through
out this section we will let ω be a cominuscule weight and P = Pω the
associated maximal parabolic subgroup. We will show that the coordi-
nate ring of T ∗G/P is given by the sections of SymOG/P ((T ∗G/P )∗),
where

OG/P =
⊕
n

L(nω).

We will use this formula in computing sections of SymOG/P ((T ∗G/P )∗).

Remark 2. For the remainder of the paper we will use Sym instead of
SymOG/P .

The Levi factors and modules WP are known for cominuscule
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COTANGENT BUNDLES OF MINUSCULE G/P 5

weights. We list them in the following table [15]

Group weight Levi factor WP

Sln ωk Slk × Sln−k LSlkωk−1
⊗ LSln−kω1

Spin2n ωn−1, ωn Sln LSlnωn−1

E6 ω1, ω6 Spin10 LSpin10
ω5

E7 ω7 E6 LE6
ω6
.

The next step in the description of the coordinate rings of T ∗G/P
is to compute Sym(T ∗G/P ).

Theorem 3 ([18]). The sheaves Sym(T ∗G/P ) for a parabolic asso-
ciated to a cominuscule weight have filtrations giving associated graded
objects as follows:

• An−1 : ωk

gr(Symd(T ∗Sln/Pk)) =

=
⊕

1a1+2a2+···+kak=d

LSlk(a1ω
′
k + · · ·+ akω

′
1)⊗ LSln−k(a1ω

′′
1 + · · ·+ akω

′′
k )

where ω′i are the fundamental weights of Slk and ω′′j are the
fundamental weights of Sln−k, with k ≤ n−k. The Levi factor
in this case can be viewed as Slk × Sln−k. Hence the weights
ω′k and ω′′k are the determinant.
• Dn, ωn−1, ωn: Since Spin2n/Pn−1

∼= Spin2n/Pn we only give
the result for Spin2n/Pn.

gr(Symd(T ∗Spin2n/Pn)) =
⊕

1a1+2a2+···+sas=d

LSln(a1ω
′
n−2+· · ·+asω′n−2s)

where ω′i are the fundamental weights of Sln and s = b(n −
1)/2c.
• E6, ω1, ω6: Note that E6/P1

∼= E6/P6. In characteristic zero
we have

gr(Symd(T ∗E6/P6)) =
⊕

l+2m=d

LSpin10(lω′4 +mω′2),

where ω′2 and ω′4 are fundamental weights of Spin10. Further
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6 MARCUS FRIES

since we are in characteristic zero we may write

Sd(T
∗E6/P6) =

⊕
l+2m=d

LSpin10(lω′4 +mω′2).

• E7, ω7: In characteristic zero we have

gr(Symd(T ∗E7/P7)) =
⊕

k+2l+3m=d

LE6(kω′6 + lω′1)⊗W⊗m,

where ω′1 and ω′6 are fundamental weights of E6 and W is an
invariant of E6. Further since we are in characteristic zero
we may write

Sd(T
∗E7/P7) =

⊕
k+2l+3m=d

LE6(kω′6 + lω′1)⊗W⊗m.

3. Deformation of G Varieties. In order to prove that the cotan-
gent bundles are normal and Cohen-Macaulay varieties we will utilize
the technique of flat deformation. The results of this section come
primarily from [7].

Let A be a commutativeK-algebra with 1 on whichG acts rationally.
Let A0 ⊂ A1 ⊂ · · · ⊂ A be a G invariant filtration such that
Am ·An ⊂ Am+n.

Definition 2. Define a ring D(A) as a subring of A[x] by

D(A) =
⊕
n≥0

xnAn.

Lemma 3 ([7], 15.8, p92). The algebra D(A)/xD(A) is isomorphic to
gr(A) and this isomorphism is G-equivariant.

Theorem 4 ([7], 15.14, p. 93). Let i be the inclusion of K[x] in D(A)
which sends x to x ·1. Then D(A) is flat over K[x]. If M = (x) ⊂ K[x]
then the fiber of i over M is Spec(gr(A)) and if M = (x − a) ⊂ K[x]
with a 6= 0 then the fiber over M is Spec(A).

Definition 3. In the above case we say that the action of G on A is a
deformation of the action of G on gr(A).
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COTANGENT BUNDLES OF MINUSCULE G/P 7

The following definition is fundamental to showing normality and
Cohen-Macaulayness of our varieties.

Definition 4. Let A have a G-invariant filtration A0 ⊂ A1 ⊂ · · · ⊂ A.
We say that this is a good filtration if gr(A) ∼=

⊕
λ L

G
λ .

Lemma 4 ([7], 15.3, p.88). Let A be as above but now assume that
G is reductive. If A has a good filtration, then AU is isomorphic to
(gr(A))U and this isomorphism is T invariant.

Theorem 5 ([7], 18.4, p. 103).

1)If A is normal, then AU is normal.

2)If AU is normal, A is finitely generated over k, and A has a good
filtration, then A is normal.

Lemma 5. Let λ and µ be dominant weights with λ 6= µ. Then

(Lλ ⊕ Lµ)U ∼= LUλ ⊕ LUµ .

Proof. Any U -invariant in Lλ⊕Lµ must be a sum of weight vectors
and by homeogeneity it is a sum of elements from LUλ with elements
from LUµ . �

Proposition 6. Let A be an integral G algebra with good filtration
gr(A) ∼=

⊕
λ L

G
λ such that the weights form a free lattice. Then A is

normal.

Proof. By Theorem 5 it is enough to show that AU is normal. By
Lemma 5 we have

(gr(A))U ∼=
⊕
λ

LUλ .

By Theorem 2 we know that the LUλ are all one dimensional generated
by a single U -invariant of weight λ.. Since the weights form a free
lattice (gr(A))U is isomorphic to a polynomial algebra over our base
field k with variables given by the weights λ. Polynomial algebras over
k are normal. �

4. Cominuscule G/P .
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8 MARCUS FRIES

4.1. Existence of Good Filtrations. Having built the machinery
of good filtrations our next step is to show that such filtrations exist.

Definition 5. Define a sheaf B(G,P ) by

B(G,P ) = Sym(T ∗G/P )⊗ Sym(L(ω)).

Define a ring B(G,P ) by

B(G,P ) = H0(G/B;B(G,P )).

Definition 6. Define an ordering on the dominant weights X(T )+ by
a1ω1+· · ·+anωn >tot b1ω1+· · ·+bnωn if

∑
ai >

∑
bi or if

∑
ai =

∑
bi

then for the smallest i such that ai 6= bi we have ai > bi. We will call
this the total ordering on dominant weights.

Throughout the following proofs we write F≤totλ for F≤totλ(G,P ).

Proposition 7.

Hi(G/P ;F≤totλ(G,P )⊗ Sym(L(ω))) = 0 for i > 0.

Proof. From the fact that we have a total ordering on the weights,
we know given a λ there is a µ such that F≤totµ = F<totλ.

These terms then fit into an exact sequence in homology given by
the exact sequence from the filtration.

Let us now consider the composition of maps

G/B
f // G/P

g // {pt} .

We use the Grothendieck spectral sequence [[4], p.683] with E2 term
given by

Ep,q2 = Rpg∗R
qf∗F≤totλ/F<totλ ⊗ Sym(L(ω))

and converging to

Ep,q∞ = Rp+q(g ◦ f)∗F≤totλ/F<totλ ⊗ Sym(L(ω)).

This last term can be rewritten as

Ep,q∞ = Hp+q(G/B;F≤totλ/F<totλ ⊗ Sym(L(ω)).
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COTANGENT BUNDLES OF MINUSCULE G/P 9

The map f is a fibration with fiber a product of groups associated to
smaller root systems. Hence we induct over the size of the root system
and the weight λ. For the trivial root system A1 the result is clear.

By inducting on the size of the root system and then inducting over
λ using the total ordering on weights we see that

Ep,q2 = 0 for q ≥ 1.

This means all subsequent pages of the spectral sequence are zero, so
the initial page must be what results.

Now since the E∞ term is non-zero only for p = q = 0 by the
Kempf Vanishing theorem, [11], we find that Ep,q2 is zero except when
p = q = 0. �

Theorem 8. The ring B(G,P ) has a good filtration.

Proof. We have a short exact sequence given by the filtration which
gives rise to a long exact sequence in cohomology. By proposition 7
we know this is in fact a short exact sequence of H0. The result then
follows from the definition of LGλ . �

Corollary 1. The following is a complete list of associated graded
objects for B(G,P ), with P cominuscule, in characteristic zero:

• An−1, ωk:

gr(B(Sln, Pk)) =
⊕
d≥0

H0(Symd
OSln/Pk

(TSln/Pk)),

with

H0(Symd
OSln/Pk

(T ∗Sln/Pk)) =⊕
a1+2a2+···+kak=d

b

LSlna1(ω1+ωn−1)+···+ak(ωk+ωn−k)+bωk
.

• Dn, ωn−1, ωn: Since Spin2n/Pn−1
∼= Spin2n/Pn we only write

the result for Spin2n/Pn.

gr(B(Spin2n, Pn)) =
⊕
d≥0

H0(Symd
OSpin(2n)/Pn

(TSpin(2n)/Pn)),
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10 MARCUS FRIES

with

H0(Symd
OSpin(2n)/Pn

(T ∗Spin(2n)/Pn)) =⊕
a1+2a2+···+sas=d

LSpin2n

a1ωn−2+a2ωn−4···+asωn−2s+anωn .

• E6, ω1, ω6: Note that E6/P1
∼= E6/P6.

gr(B(E6, P6)) =
⊕
d≥0

H0(Symd
OE6/P6

(TE6/P6)),

with

H0(Symd
OE6/P6

(T ∗E6/P6)) =
⊕

l+2m=d
n

LE6

lω4+mω2+nω6
.

• E7, ω7:

gr(B(E7, P7)) =
⊕
d≥0

H0(Symd
OE7/P7

(TE7/P7)),

with

H0(Symd
OE7/P7

(T ∗E7/P7)) =
⊕

k+2l+3m=d
n

LE7

kω6+lω1+nω7
⊗W⊗m,

where W is an invariant of E6.

Theorem 9.

a) B(G,P ) is normal.

b) If the characteristic of K is zero, B(G,P ) has rational singularities,
hence it is Cohen-Macaulay.

Proof.

a) This follows from Proposition 6 as the associated graded objects of
the B(G,P ) are generated by fundamental weight submodules, hence
the weights form a free lattice.

b) The ring B(G,P ) has a flat deformation to gr(B(G,P )), which in
characteristic zero is a sum of Schur modules. By theorem 4 of [5]
having rational singularities is an open condition on the total space
of a flat deformation. Since in each case our coordinate ring deforms
to a sum of Schur modules over the lattice span of some fundamental
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COTANGENT BUNDLES OF MINUSCULE G/P 11

weights we know that T ∗G/P deforms to a cone over G′/P ′ with the
weights of G′ and P ′ given by corollary 1. We showed in proposition 7
that the higher cohomology over a G′/P ′ vanishes hence the cone over
G′/P ′ has rational singularities. By openness of rational singularities

along a flat family we know that T̂ ∗G/P has rational singulartities,
hence B(G,P ) is Cohen-Macaulay. �

5. Cotangent Bundles of the Cone over the Grassmannians.
Throughout this section we follow the notation conventions of [20].
Let K be an algebraically closed field of arbitrary characteristic. Let
Grass(l,Kn) be the variety of all l-dimensional subspaces of Kn.

Let λ be a partition. Set Lλ to be the Schur functor associated to
λ. Totally order N× N by (k, l) < (i, j) if k < i or k = i and l < j.

Theorem 10 ([20], p.36). Let {e1, . . . , en} be a basis of E. Then the
standard tableaux of shape λ with entries from {1, . . . , n} form a basis
for Lλ(E).

In this section we make the filtration given in Theorem 8 explicit
for the case An. This allows us to prove Cohen-Macaulayness of
B(G,P ) in arbitrary characteristic. For this section let E be a K
vector space of dimension n. We give a presentation of the coordinate
ring K[T ∗Grass(l, E)] as a quotient of K[Grass(l, E)]⊗Sym((E⊗E)∗).
Picking a basis {e1, . . . , en} for E allows us to make the identification
Sym(E ⊗ E) ∼= K[yi,j ] by letting yi,j be the coefficient of ei ⊗ ej .
Set pI to be the Plücker coordinate on K[Grass(l, E)] associated to
I ⊂ {1, . . . n}.

As Grass(l, E) is isomorphic to Grass(n − l, E∗) we make the as-
sumption that l ≤ n/2.

Let R be the tautological subbundle on Grass(l, E) defined by

(4) R = {(V, v) ∈ Grass(l, E)× E | v ∈ V ⊂ E}.

Let E = Grass(l, E) × E be the trivial bundle with fiber E. Consider
the bundle Q defined by the sequence

(5) 0 // R // E // Q // 0 .
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12 MARCUS FRIES

Proposition 11 ([20] proposition 3.3.5). Let R and Q be as above.
There are isomorphisms

(6) TGrass(l, E) ∼= Hom(R,Q) ∼= R∗ ⊗Q,

and

(7) Ω = T ∗Grass(l, E) ∼= Hom(Q,R) ∼= Q∗ ⊗R.

Corollary 2. Let V ∈ Grass(l, E) be a point of the Grassmannian.
Then

(8) (TGrass(l, E))V ∼= V ∗ ⊗ (E/V ),

and

(9) (T ∗Grass(l, E))V ∼= (E/V )∗ ⊗ V.

5.1. Open Sets. Let I = {i1, . . . , il | 1 ≤ i1 < · · · < il ≤ n}. Fix
I ∈ I, let us consider the set UI ⊂ Grass(l,Kn) such that pI 6= 0.
Since the Grassmannian is projective we may assume that pI = 1. As
a matrix we obtain
(10)

UI =


x1,1 · · · x1,i1−1 1 x1,i1+1 · · · x1,i2−1 0 · · · x1,il−1 0 · · · x1,n

x2,1 · · · x2,i1−1 0 x2,i1+1 · · · x2,i2−1 1 · · · x2,il−1 0 · · · x2,n

...
...

...
...

...
...

...
...

...
xl,1 · · · xl,i1−1 0 xl,i1+1 · · · xl,i2−1 0 · · · xl,il−1 1 · · · xl,n

 .

Remark 3. Consider the set U{1,2,...,l}. For a given I we split I into two
parts I = I1∪I2 by setting I1 to be all entries of I less than or equal to
l and I2 all entries strictly larger than l. Let us consider the evaluation
of pI(U{1,...,l}). From the description in (10) and the definition of the
Plücker coordinate pI we see that up to sign pI(U{1,...,l}) is the minor
of U{1,...,l} with columns given by I2 and rows {1, . . . , l} \ I1.

If V ∈ UI then V has a unique basis and therefore UI ∼= Al(n−l)K .

In each open set UI there is a unique point corollaryresponding to 0

in Al(n−l)K . Denote this point by xI . In matrix form it is MxI = (xi,j)
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COTANGENT BUNDLES OF MINUSCULE G/P 13

where

(11) xi,j =

{
1 if i = s, j = is ∈ I
0 otherwise.

5.2. Affine Chart. To discuss the locally affine structure of T ∗Grass(l, E)
note that Q∗ ⊗ R ⊂ E∗ ⊗ E . Choose a basis for E, say {e1, . . . , en}
and a dual basis for E∗, {f1, . . . , fn}. Define a matrix (bi,j) by let-
ting bi,j be the coordinate of fi ⊗ ej in E∗ ⊗ E. We may then
identify E∗ ⊗ E ∼= Grass(l, E) × (bi,j) as E = Grass(l, E) × E. Let
p : T ∗Grass(l, E) → Grass(l, E) be the projection. Using this identifi-
cation we give a description of (T ∗Grass(l, E))xI := p−1(xI), where xI
is as above.

Let us describe the fiber p−1(xI) over the point xI . To describe
p−1(xI) we need to give a set of matrices mapping E → E such that
E/V is mapped to V . These matrices are not unique, but we can choose
the 0 coset in E/V to arrive at a unique set of matrices. With these
choices we find a set of matrices (yi,j) where yi,j = 0 unless i ∈ I and
j 6∈ I.

The matrices we have identified with the fibers N = (yi,j) have the
property that N2 = 0.

5.3. Projectors. Let M = (xi,j) be an n× n matrix over K. Define
the characteristic polynomial of M by det(M − zI). We let si(M)
denote the coefficient of zi in the characteristic polynomial of M .
With si(M) defined we have the characteristic polynomial pM (z) =∑n
i=0(−1)isi(M)zi. Denote the entry in position i, j of M2 by pi,j =∑n
l=1 xi,lxl,j .

Definition 7. Let µ = (µ1, . . . , µl) be a partition. Let n be a positive
integer. Define a new partition µ̂ by µ̂i = n− µl−i+1.

Let T be a tableaux of shape µ filled with numbers from {1, . . . , n}
with µ1 ≤ 2s. Assume that µ has l rows. We define the dual tableau
T̂ by defining T̂i to be the complement of Tl−i+1 in {1, . . . , n} taken in

increasing order. Note that T̂ is a tableau of shape µ̂.

Example 1. Let 2r = 2, n = 6, and 2s = 4. Let us consider the tableaux

T =
1 2 3
1 5 and S =

2 3 4
3 6 . The dual tableau to T is then T̂ =

2 3 4 6
4 5 6 and
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14 MARCUS FRIES

the stacked tableau becomes

T̂

S
=

2 3 4 6
4 5 6
1 2 3
1 5

.

Let Yh be the set of n × n matrices A over K of rank h such that
A2 = 0.

Theorem 12 ([19] theorem 1.2). Let M be the matrix of variables
(xi,j) from K[xi,j ], 1 ≤ i, j ≤ n. The defining ideal Jh of Yh in K[xi,j ]
is generated by the following polynomials:

(i) the determinants of the (h+ 1)-order minors of M ;
(ii) pi,j;

(iii) si(M), i ≤ h.

Further K[xi,j ]/Jh has a graded-basis given by the standard tableaux of

shapes λ̂
λ with λ1 ≤ h.

Definition 8. Let E and F be K vector spaces. Let µ = (l) be a
partition of one part. Let {e1, . . . , ea} and {f1, . . . , fb} be bases of E

and F respectively. Define a map ρ(l) :
∧l

E ⊗
∧l

F → Sl(E ⊗F ) such
that on basis elements we have

(12) ρ(l)(es1 ∧ . . . ∧ esl ⊗ ft1 ∧ . . . ∧ ftl) =
∑
σ∈Σl

sgn(σ)

l∏
i=1

esi ⊗ ftσ(i) .

Then extend ρ(l) linearly.

Define
∧λ

E =
∧λ1 E ⊗

∧λ2 E ⊗ · · · ⊗
∧λr E.

Let λ = (λ1, . . . , λr) be a partition of r parts. Define a map

ρλ :
∧λ

E ⊗
∧λ

F → S|λ|(E ⊗ F ) by ρλ := ρλ1
· · · ρλr .

From ρλ we define a map

(13) ξ((ld),λ,λ) :

(ld)∧
E ⊗

λ∧
E ⊗

λ∧
E∗ → Sd

(
l∧
E

)
⊗ S|λ|(E ⊗ E∗)

as ξ(ld),λ := p(ld)⊗ ρλ. Here p(ld) is the map of minors of size l and ρλ.
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5.4. Standard Bases for K[ ̂T ∗Grass(l, n)]. Let Bl,n be the sheaf of
rings on Grass(l,Kn) defined by

(14) Bl,n : = Sym(Q⊗R∗)⊗ Sym(

l∧
R∗)

Let B(l, n) be the ring

(15) B(l, n) := H0(Grass(l,Kn),Bl,n).

We will show that B(l, n) is the coordinate ring of the cone over
T ∗Grass(l,Kn).

Lemma 6. The ring B(l, n) has a natural filtration with associated
graded object

(16)
⊕
λ,d
λ1≤l

LλQ⊗ LλR∗ ⊗ L(ld)R∗.

Proof. This follows from the Cauchy Theorem, [20] p. 95 and the
fact that all sheaves have sections by Proposition 7 due to the vanishing
of higher cohomology. �

Definition 9. Let T and U be tableaux of shape λ = (λ1, . . . , λm) and

S a tableau of shape (ld) with λ1 ≤ l. We form a new tableau T̂
S
T

of

shape
λ̂
ld

λ
called the stacked triple tableau of (S, T, U).

Remark 4. Let R be a tableau of shape
λ̂
ld

λ
. In order to view R as a

monomial on T ∗Grass(l, E) we need to keep track of d. This will tell
us how to split up R as a product of Plücker coordinates and minors
of (yi,j). The reason we need to keep track of d is that we can have

partitions λ 6= µ and integers d 6= d′ such that the Young frames
λ̂
ld

λ
and

µ̂

ld
′

µ
are the same.
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Example 2. Let E be a vector space of dimension 5, and λ = (2). Let
T = 1 3 , U = 2 3 and S = 3 4 . Then we have

(17) T̂
S
U

=
2 4 5
3 4
2 3

.

Definition 10. Define an order on triples of shapes ((ld), λ, λ) >part
((le), µ, µ) if d > e or if d = e then either

∑
λi >

∑
µj or λ <lex µ.

Definition 11. Let (S, T, U) be a stacked triple of tableaux of
shape ((ld), λ, λ) and (S′, T ′, U ′) a stacked triple of tableaux of shape
((le), µ, µ). Define an order ≤trip on the set of stacked triples of
tableaux (S, T, U) by (S′, T ′, U ′) <trip (S, T, U) if ((le), µ, µ) <part

((ld), λ, λ) or ((le), µ, µ) = ((ld), λ, λ) and
T̂ ′

S
T ′
≤T̂S
T

as tableaux.

Definition 12. Define a filtration F = {F≤part((ld),λ,λ)} of B(l, n) with
d a positive integer and λ a partition with λ1 ≤ l by

(18) F≤part((ld),λ,λ) =
∑

(le,µ,µ)≤part(ld,λ,λ)

Im ξ((le),µ,µ).

Where ξ((le),µ,µ) is as given in 13.

Theorem 13.

(i) The ring B(l, n) has a standard basis given by stacked tableaux of

shapes
λ̂
ld

λ

(ii) B(l, n) is the coordinate ring of ̂T ∗Grass(l, E).

Proof. We do the proof in three parts:

1) Vanishing of shuffles of stacked triples of tableaux;

2) Generation by stacked triples;

3) Linear independence of stacked triple tableaux.

1) By an abuse of notation we will identify triples of tableaux
(S, T, U) with the corresponding monomials. Given a point (p, η) ∈
T ∗Grass(l, E) by (S, T, U)(p, η) we mean the minors given by S on p
times the minor of η given by ρλ(U, T )(η).
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Let the fiber over the point (Idl | 0) ∈ Grass(l, E) be denoted (p,H ).
By GL(E) equivariance it is enough to show that all shuffles vanish on
the set (p,H).

Let (S, T, U) be a triple of tableaux of shape ((ld), λ, λ). Let us
assume that λ has m rows.

Let us consider a shuffle

. . . ∗ . . .. . . ∗ . . . ∗
∗ . . . ∗ . . . ∗ . . . .

The cases when the shuffle involves only rows from T , U , or S are
covered by theorem 12.

Hence it is enough to show vanishing when our shuffle involves either
T̂m and S1 or Sd and U1.

Let W =
∑
iWi be a shuffle of the form

. . . ∗ . . .. . .∗ . . .∗
∗ . . .∗ . . .∗ . . . with individual

terms Wi = T̂ il
Si1

. If for all i we see that Wi has either some entry of Si1

larger than d or there is some 1 ≤ t ≤ d with t 6∈ T̂ im, then W is zero on
(p,H). Let us then assume that there is some Wi such that all values

1, 2, . . . , d occur in T̂ im and all entries of Si1 are less than or equal to d.
Then there must be some repeated entry among the ∗’s. Hence W is
zero.

Let us now assume that we are considering a shuffle between Sd and
U1. For Sid(p) to be not zero we need that Sid = 1 2 . . .d and all entries

of U1 must be less than or equal to d. Hence if no Wi = Sid
Ui1

satisfies

these conditions we see that W vanishes. If some Wi does satisfy these
conditions we notice that we are shuffling at most d distinct entries
among at least d + 1 boxes. Hence by antisymmetry of the shuffle we
see that W is zero.

2) Generation: Thus far we have shown there is a surjection

L λ̂
(ld)
λ

→ F≤part((ld),λ,λ)/F<part((ld),λ,λ) → 0.

Hence the stacked standard triples of tableaux generate B(l, n).

3) Independence:
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18 MARCUS FRIES

Let Υ λ̂
ld

λ

be the U invariant of weight
λ̂
ld

λ

′
. Let τ =

λ̂
ld

λ
. The correspond-

ing tableau has entries 1, 2, . . . , τi. We see then that the corresponding
triple of tableaux (S, T, U) with entries in S and U being 1, 2, . . . , l or
1, 2 . . . , λi in each row and the entries of T are n, n− 1, . . . , n− λi + 1.
Consider the evaluation of (S, T, U) on the point((

Id 0
)
,

(
0 Id
0 0

))
.

The U invariant Υ λ̂
ld

λ

takes the value 1 on the above set. Hence Υ λ̂
ld

λ

does

not vanish on all of T ∗Grass(l, n).

The associated graded object is

(19) gr(F) =
⊕
d,λ

LλQ⊗ LλR∗ ⊗ L(ld)R∗.

We have shown there is a surjection

(20) L λ̂
ld

λ

E → F≤part((ld),λ,λ)/F<part((ld),λ,λ) → 0.

Let N(d, λ) be the kernel of the map

N(d, λ)→ L λ̂
ld

λ

→ F≤part((ld),λ,λ)/F<part((ld),λ,λ) → 0.

We want to show that N(d, λ) = 0. If N(d, λ) is non-zero then there is

a relation among the standard tableaux of shape
λ̂

(ld)
λ

.

Let us proceed by induction. The base case is similar to those
in the previous proofs. Let us then assume that the standard

tableaux of shapes
µ̂

ld
′

µ
<rev

λ̂
ld

λ
are linearly independent. We know

F≤part((ld),λ,λ)/F<((ld)part,λ,λ) has a U invariant of weight
λ̂
ld

λ

′
. We know

that L λ̂
ld

λ

E has a U invariant of the same weight. By lemma 2 we know

that all weights of N(d, λ) are less than
λ̂
ld

λ

′
. Thus the standard tableaux

are linearly independent.
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�

Corollary 3. The filtration {F≤part((ld),λ,λ)}, defined in equation 18,
is a good filtration.

5.5. Arithmetic Cohen-Macaulayness and Normality of T ∗Grass(l, n)
in arbitrary characteristic.

Theorem 14. For l 6= n/2 the ring B(l, n) is normal.

Proof. The ring B(l, n) has a good filtration by corollary 3. When
l 6= n/2 the weights of the good filtration form a free lattice, hence by
Proposition 6 we have that B(l, n) is normal. �

When l = n/2 there are repeated weights, hence the lattice is not
free.

Definition 13. Let E be an n-dimensional K vector space. By the
partial flag variety Flag(E; a1, a2, . . . , ar) we mean the space of all flags
{0} ⊂ Ea1 ⊂ · · · ⊂ Ear ⊂ E where dimEai = ai.

Theorem 15 ([6]). The coordinate ring of the cone over the incomplete
flag variety Flag(E; a1, . . . , ar) is Cohen-Macaulay.

By theorem 13 we have a SLn filtration of B(l, n) with associated
graded algebra a direct sum of Schur modules.

Theorem 16. For l 6= n/2 the ring B(l, n) is arithmetically Cohen-
Macaulay.

Proof. By theorem 4 there is a flat family with generic fiber iso-
morphic to B(l, n) and special fiber gr(F). The ring gr(F) is isomor-
phic to the coordinate ring on the cone of the incomplete flag variety
Flag(E; 1, 2, . . . , l, n− l, n− l + 1, . . . , n). By theorem 15 we know the
special fiber is Cohen-Macaulay. Hence by [16], p.188, 24.5, we have
that B(l, n) is Cohen-Macaulay. �

25 Oct 2022 14:01:58 PDT
200416-Fries Version 4 - Submitted to J. Comm. Alg.



20 MARCUS FRIES

When l = n/2, i.e. we are considering the coordinate ring to
̂T ∗Grass(l, 2l), whose associated graded object is not an incomplete

flag variety, hence we cannot apply the above result.

6. The Isotropic Grassmannian. In this section we will prove
that the cotangent bundle to the Isotropic Grassmannian is arthimeti-
cally Cohen-Macaulay and normal in all characteristics. We again use
the existence of a good filtration and the flat deformation.

Let E be a vector-space of dimension 2n. Let 〈·, ·〉 : E × E → K be
a symmetric bilinear form with hyperbolic basis {e1, . . . , e2n}. Let F
be the subspace of E spanned by {e1, . . . , en}.

Definition 14. Let IGrass(n) = {V ∈ Grass(E,n) | 〈V, V 〉 ≡ 0}. The
set IGrass(n) is a subvariety of Grass(E,n) given by the vanishing of
the bilinear form. The space IGrass(n) has two connected components.
Let IGrass(n)0 be the component containing the subspace F .

6.1. The Good filtration. Let B(Spin2n, Pωn) be the sheaf of rings
on T ∗IGrass(n)0

(21) B(Spin2n, Pωn) : = Sym(Ω⊗ L(ωn)).

Let B(Spin2n, Pωn) be the ring

(22) B(Spin2n, Pωn) : = H0(IGrass(n)0,B(Spin2n, Pωn)).

Theorem 17. The ring B(Spin2n, Pωn) has a natural filtration with
associated graded object

(23)
⊕

a1,...,as,an

LSpin2n

a1ωn−2+a2ωn−4···+asωn−2s+anωn

where s = b(n− 1)/2c.

Theorem 18 ([2]). The variety Spin2n/B is arithmetically Cohen-
Macaulay.

Theorem 19. The ring B(Spin2n, Pωn) is Cohen-Macaulay and nor-
mal in all characteristics.
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Proof. By Theorem 4 we know that there is a flat deformation from
B(Spin2n, Pωn) to the associated graded object gr(B(Spin2n, Pωn)
in Theorem 17. The ring gr(B(Spin2n, Pωn) is the coordinate ring
of Spin2n/B. By theorem 18 we know that the special fiber of
the deformation is Cohen-Macaulay. Hence by [[16], p.188, 24.5]
B(Spin2n, Pωn) is Cohen-Macaulay.

To see normality we only need to note that gr(B(Spin2n, Pωn)) is
a sum of Schur modules, hence is a good filtration of B(Spin2n, Pωn).
Then applying Theorem 5 we find that B(Spin2n, Pωn) is normal. �
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