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1. Introduction

Let S be a commutative semigroup with identity, and let H be a real Hilbert
space with inner product (-, -) and norm || - ||.

We also denote by Z, ZT, R and R the sets of all integers, nonnegative inte-
gers, real numbers and nonnegative real numbers, respectively. Let C' be a subset
of H. Then a mapping T : C — C is called nonezpansive if || Tax — Tyl < ||z —y||
for all 2,y € C. The first nonlinear ergodic theorem for nonexpansive mappings
(in a Hilbert space) was established by Baillon [1]: Let C' be a nonempty closed
convex subset of H and let T' be a nonexpansive mapping of C into itself. If T’
has a fixed point, then the Cesaro means (1/n) ZZ;(% T*x converge weakly as
n — oo to a fixed point y of T In this case, put y = Pz for each x € C. Then P
is a nonexpansive retraction of C onto the set Fix(T) of fixed points of T' such
that PT" = T"P = P for all n € Z*, and Pz € clco{T"z : n € Z"} for each
x € C, where clco A is the closure of the convex hull of A. In [33, 34], Takahashi
proved the existence of such an ergodic retraction for an amenable semigroup of
nonexpansive mappings in a Hilbert space. And also Rodé [30] found a sequence
of means on the semigroup, generalizing the Cesaro means on the positive inte-
gers, such that the corresponding sequence of mappings converges to an ergodic
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retraction onto the set of common fixed points. Recently Takahashi [36] proved a
nonlinear ergodic theorem for an amenable semigroup of nonexpansive mappings
without convexity in a Hilbert space; see also [17]. On the other hand, Bruck [10,
11] and Miyadera and Kobayasi [22] introduced the notion of an almost orbit of
a nonexpansive semigroup on C and studied the weak and strong convergence
theorems of such an almost orbit. Then Rouhani [31, 32] introduced the notions
of almost nonexpansive sequences and curves in a Hilbert space, and proved weak
and strong convergence theorems for such sequences and curves.

This paper is organized as follows: In Section 2, we give some definitions and
elementary results. In Section 3, we introduce the notion of an almost nonexpan-
sive curve over a commutative semigroup S which generalizes the notions given
in [31, 32] and give some examples of such curves. We also define the generalized
fixed point sets F'(u) and F),(u), where u is an almost nonexpansive curve and p
is an invariant mean. Then, using the metric projection P onto F),(u), we prove
(Theorem 3.8) that {Pu(s) : s € S} converges strongly to u(u), where u(p) is
the asymptotic center of u for p. We also know that u(u) is an element of H
such that for any y € H, (u(p),y) = pue(u(t),y). This result is an extension of
Baillon [1], Baillon and Brezis [3], Moroganu [24] and Rouhani [31]. In Section 4,
we prove nonlinear ergodic theorems for almost nonexpansive curves over com-
mutative semigroups. First we prove (Theorem 4.5) that for an asymptotically
invariant net {u, : o € A} of means which generalizes a sequence of Cesaro
means, u(riu,) converges weakly to u(p). Further for a strongly regular net
{ita : @ € A}, we prove (Theorem 4.7) that u(r¥u,) converges weakly to u(pu)
uniformly in s € S. These results generalize the results of Rodé [30], Takahashi
[36] and Rouhani [31]. In Section 5, we find necessary and sufficient conditions
for an almost nonexpansive curve to be weakly convergent.

2. Preliminaries

Let S be a commutative semigroup with identity and let {*°(.S) be the Banach
space of all bounded real-valued functions on S with supremum norm. Then
for each s € S and f € [°°(S), we can define an element r,f in I°°(S) by
(rsf)(t) = f(t+ s) for all t € S. Let X be a subspace of [°°(S) containing the
constant functions on S. Then an element p of X*, where X* is the dual space
of X, is called a mean on X if ||u]| = p(1) = 1. As is known, p is a mean on X
if and only if

inf f(s) < p(f) < sup f(s)

seS s€S

for each f € X. A real-valued function p on X is called a submean on X if the
following conditions are satisfied:
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(i) u(f +9) < p(f) + plg) for every f,g € X;
(ii) p(af) =ap(f) for every f € X and a > 0;

(iii) for f,g € X, f < g implies p(f) < p(g);

(iv) p(c) = ¢ for every constant function c.

Clearly every mean on X is a submean. The notion of a submean was first
introduced by Mizoguchi and Takahashi in [23]; see also [19].

Let X be a subspace of [*°(S) containing the constant functions on S which
is invariant under 75, s € S. A submean (or mean) p on X is invariant if
w(rsf) = p(f) for all s € S and f € X. In the case when S is commutative,
we know that there exists an invariant mean p on [*°(S); see Day [12]. For an
invariant mean g on [*°(S), the restriction of p to X is an invariant mean on X.
Sometimes, the value of a submean (or mean) p at f € X will also be denoted
by p(f) or pus(f(s)). A commutative semigroup S is a directed system when the
binary relation is defined by s < ¢ if and only if {s} U (S +s) D {t} U (S +1).

Throughout this paper, we denote by C' a nonempty subset of a real Hilbert
space H, by S a commutative semigroup with identity, and by X a subspace of
[*°(S) containing the constant functions on S which is invariant under r,, s € S.
Furthermore, an order “<” on S is defined as above. We also denote by Cy(S)
and My, ((RT)™) all bounded continuous functions on a semitopological semigroup
S and all bounded Lebesgue measurable functions on (RT)", respectively. And
also we write z,, — x (or w-limz,, = z) to indicate that the sequence {z,} of
vectors converges weakly to x; similarly xz,, — x and x,, g (or w*-limz,, = x)
will symbolize strong convergence and w*-convergence, respectively. We also
denote by cl A and co A the closure of A and the convex hull of A, respectively.

The following definition which was introduced by Takahashi [33] (see also
Day [13]) is crucial in the nonlinear ergodic theory for abstract semigroups. Let
u be a bounded function from S to H such that (u(-),y) € X for every y € H,
and let p be an element of X*. Then the function g from H into R given by

9(y) = ps(u(s),y)  foreveryy € H

is linear and continuous. So by the Riesz theorem, there exists an element u(u)
in H such that (u(p),y) = ps{u(s),y) for all y € H. Let u be a bounded function
from S to C such that for any z € C, |lu(-) — z||*> € X. Then as in [14, 15, 20],
for a submean p on X, we define the p-asymptotic center p-AC(u,C) of uw in C
as follows:

p-AC(u,C) = {z € C: psllu(s) — «|* = yig(fjusllu(S) —yl*}-

REMARK 2.1. Let u be a bounded function from S to C such that for any
x € C, ||u(-) —x||?> € X. Then it follows that for any z € C, (u(-),z) € X. If
C is closed and convex, we also know that pu-AC(u, C) is nonempty [23].
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We give two results which are used in Sections 3, 4 and 5.
LEMMA 2.2 [34]. Let u be an invariant submean on X. Then
lim f(s) < p(f) < lim f(s)
s s
for every f € X, where lim, f(s) = sup,infi>s f(t) and lim, f(s) =
infg sup,>, f(t).

LEMMA 2.3. Let u be a bounded function from S into H with the property
that |lu(-) — y||* € X for ally € H. Then for any mean p on X, the -
asymptotic center u-AC(u, H) of u in H consists of a single point u(u). If u
is an invariant mean on X, then u(p) € (), cleo{u(t) : t > s}.

PROOF. Since, for each y € H and t € 5,
u(u) = ylI? = ult) = yl* = u(t) = w(w)|* = 2(u(t) - u(p), ulp) - y),

we have

t) = yll* — pellu(t) — w()l* = 2pae(ult) — up), u(p) —y)

t) = yll* = pellu(t) — w(p)|* = 2(u(p) — w(m), u(p) - y)
I2.

= puel|u
= puellu

)
(
(
= puellu(t) = ylI* — pellu(t) — u(p)

This implies that p-AC(u, H) consists of a single point u(u).
Assume u(p) € (g cleof{u(t) : t > s}. Then u(pu) ¢ cleof{u(t) : t > s} for
some s € S. By the separation theorem, there exists a yo in H such that

(u(p), yo) < inf{(z,yo) : z € clco{u(t) : t > s}}.
As

(u(p), yo) < inf{(z,yo) : z € clco{u(t) : t > s}}
< mf(u(s +1),y0) < peuls +1),50) = pe{ul?), yo) = (uln), yo),

we have a contradiction. Therefore u(p) € (1, g cleo{u(t) : t > s}.

3. Almost nonexpansive curves

In this section, we introduce the notion of an almost nonexpansive curve over
a commutative semigroup and prove some results for such curves.

Let uw be a function from S into H. Then u is said to be an almost nonex-
pansive curve if there exists a real-valued function (-, -) on S x S such that

[u(s +h) —u(t + B)[* < [lu(s) —u(@®)]* + e(s,t)
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for every s, t and h in S and lim, ;oo £(s,t) = 0, where lim, ;00 £(s,) = 0
means that, for any § > 0, there exists so € S such that e(s,t) < ¢ for every
s,t € S with s,t > so. In the case when e(s,t) = 0 for every s,t € S, u is said
to be a nonexpansive curve.

REMARK 3.1. Let u be a bounded function from S to H such that
[u(s +h) —u(t + )| < [lu(s) —u®)]| +e1(s,t)

for every s,t and h in S and lim, ;. €1(s,t) = 0. Then it is obvious that u is
an almost nonexpansive curve with £(s, t) = 4(sup,¢g [|u(r)||)e1(s, ) + £1(s, )%

We give some examples of almost nonexpansive curves.

ExaMPLE 3.2. Consider the initial value problem

(%) %(t) + Au(t) 3 f(t), t>0, u(0) = x,

where A is a maximal monotone operator in H, f € L'(0,00; H) and z € cl D(A).
Then it is well known that (%) has a unique integral solution u(t); see [4, 5].

We also know that if v(t) is another integral solution of (%) corresponding to
g € L'(0,00; H) and y € cl D(A), then

[u(tz) = v(t2) || < [lu(ts) —v(t2)]| +/t C1£(6) - 9(6) | o,

whenever 0 < t; < t3 < oo. Putting v(t) = u(t —r +s), g(t) = f(t —r +9),
ty =r and ty = r + h, we get

r+h
[u(r + h) —u(s + h)|| < [lu(r) = u(s)]| +/_ 1£(0 —r+s)—f(0)ldo

< Ju(r) — u(s)] + | TN Ot ) o+ / s o

T T

= Ju(r) — u(s)] + | e / s )] do.

So put 21 (r,5) = [ | £(7) | dr + [ |£(6)]|d6, and e(r, 5) = d(supyes u(t)]) %
e1(r,s) +e1(r, )% If A71(0) # 0, by Remark 3.1, u is a bounded almost nonex-
pansive curve from RT to H.

ExXAMPLE 3.3. Let S be a commutative semitopological semigroup with
identity, i.e. a commutative semigroup with a Hausdorfl topology such that
for each t € S, the mapping s — s+t from S to S is continuous, and let
T ={T(s) : s € S} be a family of nonexpansive mappings from C into itself
such that T'(s +t) = T'(s)T(t) for all s,¢ € S and s — T'(s)z is continuous for
each x € C. Such a family 7 = {T'(s) : s € S} is called a nonezpansive semi-
group on C. We denote by Fix(7) the set of common fixed points of T'(s), s € S.
Assume that (T'(-)z,y) € X for all x € C and y € H. Then for any mean p on
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X, we define a unique element 7 (u)z of C such that (7 (u)x,y) = (T (t)z,y)
for all y € H. A continuous function u : S — C' is said to be an almost orbit of

T={T(s):se St if

limsup ||u(s 4 t) — T'(s)u(t)|| = 0.
t ses

If u is a bounded almost orbit of 7, then we have

[lu(s + h) —u(t + h)||
< lu(s + ) = T(R)u(s)|| + [lu(t + h) = T(h)u®)|| + |T(R)u(s) — T(h)u(t)].

So, putting &1 (s, t) = suppc [[u(s+h)=T(h)u(s)|+supyes [u(t+h) =T (h)u(t)[,
and £(s,t) = 4(sup,¢g ||[u(r)|)e1(s, t) +1(s,t)?, by Remark 3.1, we see that u is
an almost nonexpansive curve from S into C.

EXAMPLE 3.4. Let u : ZT — R be the function given by u(n) = 1/n and
ei(n,m) = 1/n + 1/m. Then by Remark 3.1, u is an almost nonexpansive
curve from ZT to R. More generally, let u(ni,... ,ng) = 1/(ny...ng) and
e1((ny,...,nk),(ma,...,mg)) = 1/(ny...ng) + 1/(my...my), where (nq,...

.,ng) and (my,...,my) are elements of (Z*)*. Then u is an almost nonex-
pansive curve from (Z)* to R.

EXAMPLE 3.5. Let u : RT — R? be the function given by u(s) = (coss +
1/(s + 1),sins) and e1(s,t) = 3(1/(s+ 1) + 1/(t + 1)). Then w is an almost
nonexpansive curve from R to R2. More generally, put

u(s1,... ,8K) = <cos <gsl) +1/f[1(5¢+1), sin <§sz>>

Then u is an almost nonexpansive curve from (R*)* to R? with &1((s;), (t;)) =
k k
3(1/ Ty (si + 1) + 1/ T1i, (¢ + 1)).

Let w be a function from S to H. Then we denote by Fj(u) and F(u) the
subsets of H defined by ¢ € Fy(u) if and only if ||u(t) — ¢|| < ||u(s) — g|| for every
t,s € S with t > s, and ¢ € F(u) if and only if lim,_, ||u(s) — ¢|| exists.

Let u be an almost nonexpansive curve from S to H with (-, -) such that
g(s, ) € X for all s € S. Let p be an invariant mean on X and put e(s) =
ne(s,t), s € S. Then lims_ o e(s) = 0. In fact, for any 6 > 0, there exists sg
such that for any s,t > sg, £(s,t) < 0. Then for any s > sg, €(s) = we(s,t) =
uee(s, so +1) < 6. This implies limg_,o €(s) = 0. So, for an almost nonexpansive
curve u from S to H with (-, -) and an invariant mean p on X, we denote
by F,(u) the subset of H given by ¢ € F,(u) if and only if ||u(t) — ¢||* <
llu(s) — q||> +&(s) for every t, s € S with t > s, where £(s) = ue(s, t).
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LEMMA 3.6. Let u be an almost nonezpansive curve from S to H withe( -, -)
such that ||u(-) —yl||*> and e(s, -) are in X for ally € H and s € S. Let u be an
tnvariant mean on X. Then:

(i) F(u), Fi(u) and F,(u) are closed convex subsets of H;
(ii) Fi(u) C F,(u) C F(u). In particular, u(p) € F,(u).

PROOF. (i) We use the methods of [31] and [32]. Let {¢,} C F(u) and
Gn — ¢. Then, from
| luls) — qll = [lu(t) — gl |
< u(s) = gll = luls) = gnlll + Hluls) = gnll = lu(®) = gull |
+ Hu(®) = gnll = llu(®) —qll|

< 2[lg = gull + Hluls) = gnll = llu(t) = gnlll,
it follows that {||u(s) —¢|| : s € S} is a Cauchy net. So, we have ¢ € F'(u). This
implies F'(u) is closed. Let g1, g2 € F(u). Then, from
lu(s) = (1/2)(q1 +a2)I* = (1/2)llu(s) = a1 |* + (1/2) [u(s) = a2]|* = (1/4) a1 — g2I?,
we have (1/2)(q1 + q2) € F(u) and hence F(u) is convex. Let s € S. Then,
putting

Fy={q€ H:Vt>s, u(t) —ql* < [lu(s) — ql* +£(s)},
we have
Fy={qe H:Vt>s, 2(u(s) —u(t),q) < [u(s)|* = [u(®)]|* +&(s)}.

This implies Fy is closed and convex. Since Fj,(u) = (\,cg Fs, Fl(u) is closed
and convex. Similarly, F'(u) and Fj(u) are closed and convex.

(ii) For any s,t,a € S, we have

2(u(s) — u(t + ), u(a) — u(p))

= Jluls) = w(@)|* = llu(t + 5) = u(E)l® + [Ju(t + s) — u(a)||* — [[u(s) — u(a)|?,
and hence

0= 2(u(s) — u(t +s), u(n) — u(p)) = llu(s) - u(p)l* — llu(t + s) — u(w)|?

+ ttallult + 5) — w(@)|* — pallu(s) — u(a)]*.
On the other hand, since ||u(t + s) — u(t + a)||* < ||u(s) — u(a)||® + (s, a), we
have
pallu(t + s) = w(@)l* = pallu(t + s) —ult + a)lI* < pa(lluls) —u(a)|* + (s, a))
= a(llu(s) — u(a) | +&(s).

Therefore,

[u(t+s) —u(p)l* [lu(s) —u()|* = pallu(t+s)—u(a)||* — pallu(s)—u(a)|* < e(s),
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and hence [|u(t + s) — u(p)[|* < [lu(s) — u(w)|* + &(s). So, u(u) € Fy(u).
Let ¢ € F,,(u). Since lim,_, €(s) = 0, for any € > 0 there exists s such that
for any s > sg and t € S,
lu(t +5) = qll* < u(s) — ql* + <.
So, we get
lim fJu(t) — g < [lu(s) — ql* +e,
and hence
T u(t) — gl* < lim [lu(s) — ql* + .
S
Since € > 0 is arbitrary, lim, [|u(t) — ¢||* must exist. So, F,(u) C F(u).
The following lemma is a modification of [36].
LEMMA 3.7. Let p be an invariant mean on X, and let u be a bounded

almost nonexpansive curve from S to H with e(-, -) such that ||u(-) —y||* and
e(s, ) arein X for ally € H and s € S. Then

T -AC(u, H) = j-AC(u, H) = {u(p)},
where im-AC(u, H) = {z € H : lim, [Ju(s) — z|> = infyey lims Ju(s) — y[|*}.
Consequently, if  and A are invariant means on X, then u(p) = u(X).

PROOF. As in the proof of Lemma 2.3, for any ¢t € S and y € H,

(%) 0 < lu(p) = yll* = pellut) = ylI* — pellu(t) — u(p)ll*.

This implies u-AC(u, H) = {u(p)}. Since u(u) € F(u), by Lemma 2.2 we have
pallu(t) — uw(p)l* = limy Ju(t) — w(p)]? and pllu(t) = y[* < g [lu(t) - y]*.
Then from (x) we get

0 < Jlu(p) — ol < Tim () — g ~ T Ju(t) — u()|.

Therefore lim-AC(u, H) = {u(u)}. So, the first assertion follows. From this, it
is obvious that u(u) = u(\).

The following theorem is an extension of Baillon [1], Baillon and Brezis [3],
Moroganu [24] and Rouhani [32].

THEOREM 3.8. Let u be an almost nonexpansive curve from S to H with
e(+, ) such that ||u(-) — y||* and (s, -) are in X for ally € H and s € S,
and let i be an invariant mean on X. Let P be the metric projection of H onto
F,,(u). Then Pu(s) converges strongly to u(u), which is the p-asymptotic center
of win H.

PROOF. Let & > 0. Then there exists so € S such that for any s > sg, £(s) =
wie(s, t) < e. Put p(s) = ||u(s) — Pu(s)||? for all s € S. Then, for any s > sq, we
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have
p(t +5) = [[u(t + 5) = Pu(t + 5)||* < [|u(t + ) — Pu(s)]*
< lu(s) — Pu(s)||* +e(s) < p(s) +¢,
and hence
limp(t) = limp(t + 5) < o(s) +e.
So, we have

lim p(t) = lim p(s) + .
S

Since € > 0 is arbitrary, we get lim; ¢(¢) < lim, ¢(s). This implies that limg ((s)
exists. Since P is the metric projection of H onto F),(u), we have, for any ¢, s € S,
(u(t+s) — Pu(t+ s), Pu(s) — Pu(t + s)) <0.

Hence, from
|Pu(t 4 s) — Pu(s)|* + ||u(t + s) — Pu(t + s)||*> — ||u(t + s) — Pu(s)]|?
= 2(u(t + s) — Pu(t + s), Pu(s) — Pu(t + s)),

we have
[Pu(t + 5) — Pu(s)[|* < [lu(t + s) — Pu(s)]|* — u(t + 5) — Pu(t + s)||?
< lu(s) — Pu(s)|> +e(s) — lu(t + s) — Pu(t + s)||?
=¢(s) — @(t + s) + e(s).

This implies Pu(s) is a Cauchy net. Let ¢ be a point of H such that Pu(s) — g.
Then we show ¢ = u(p). Since u(p) € F),(u), we have, for any s € S,

(u(s) — Pu(s),u() — Pu(s)) < 0.
Then we obtain
(u(s) = Pu(s), u(p)) — (u(s) = Pu(s), q) < (u(s) — Pu(s), Pu(s) — q)
< Kl|Pu(s) — q|,
where K = sup,cg ||u(s) — Pu(s)]|. So, we have

(u(p) = g u(p)) — (u(p) — ¢,q) < Kllg —q|| = 0.

This implies (u(p) — ¢, u(p) — ¢) < 0 and hence ¢ = u(u). Therefore Pu(s)
converges strongly to u(pu).

REMARK 3.9. Let P be the metric projection of H onto F(u). Then there
is an example that Pu(s) does not converge; see Rouhani [32, Example 3.5].

From Theorem 3.8, we obtain the following two results.



314 O. KADA W. TAKAHASHI

COROLLARY 3.10 [32]. Let {z(n) : n € Z*} be a bounded nonexpansive
sequence in H. Then, for P being the metric projection of H onto Fy(z(-)),
Px(n) converges strongly to the (Iim-)asymptotic center of {x(n)}.

PROOF. Take S = ZT, u = z(-) and X = [*°(Z"). Then F,(z(-)) =
Fy(z(+)), and by Lemma 3.7, p-asymptotic center = lim-asymptotic center. So,
Corollary 3.10 is obvious from Theorem 3.8.

COROLLARY 3.11. Let u: .S — C be a bounded almost orbit of a nonexpan-
sive semigroup T = {T'(s) : s € S} on C, let u be an invariant mean on 1%°(S),
and assume (g cleco{u(t) : t > s} C C. Let P be the metric projection of H
onto Fy,(u). Then Fix(T) # 0, and Pu(s) converges strongly to u(u), which is
the p-asymptotic center of u in C' and also a point of Fix(7T).

PROOF. By Theorem 3.8 and Example 3.3, it is obvious that Pu(s) converges
strongly to u(u), which is an element of C' by Lemma 2.3 and the assumption.
Next, we show p-AC(u,C) is T'(t)-invariant for all ¢t € S. Let y € AC(u, C). For
any ¢ > 0, there exists so such that for any s > sg and t € S,

[ut +5) = T(t)u(s)|| <e.
Then we have
[u(t+5) =TO)yll < lut+s) =T@uls) | + [T E)uls) =T@yl < e+lluls) -yl
Putting K = 2sup,cg ||u(s) — y||, we have
lut +5) = T(@)yl* < Juls) - yll* + Ke + €,
and hence
psllu(s) = TWyII* = psllut + 5) = T@Oyl* < pslluls) —yl* + Ke + .
Since € > 0 is arbitrary, we get
psllu(s) =TI < pslluls) - ylI*.

Thus T(t)y € pu-AC(u,C). This implies p-AC(u,C) is T'(t)-invariant for all
t € S. Since p-AC(u, C) consists of one point u(p), we have u(u) = T'(t)u(u) for
all t € S. Therefore Fix(7) # 0.

4. Nonlinear ergodic theorems

In this section, we prove nonlinear ergodic theorems for almost nonexpansive
curves. Let u be a bounded function from S to H. We define W(u) = the set
of all weak limit points of subnets of the net {u(s) : s € S}. As in the proof of
Bruck [9, Lemma 1.2], we have the following.
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LEMMA 4.1. Let E be a reflexive Banach space and let u be a bounded func-
tion from S to E. Then clco W (u) = [,cg clco{u(s) : s > t}.

Using Lemma 4.1, we have the following.
LEMMA 4.2. Let u be a bounded function from S to H. Then F(u) is
orthogonal to cleco W (u), i.e. for any p1,ps € F(u) and q1,q2 € clco W (u),
(P1 —p2,q1 — q2) = 0.
In particular, F(u)NclecoW (u) consists of at most one point.

PROOF. We use the method of Brezis [6] and Rouhani [31]. Tt is sufficient to
give the proof for ¢1, g2 € W(u). Let u(sq) — ¢1 and u(tg) — ¢o. For any s € S,
[u(s) = p2l* = [lu(s) = prll* + lp1 = p2ll® + (u(s) = p1,p1 — p2).

So, we get
lim [|u(s) — p2* = lim [Ju(s) — p1||* + [lp1 — p2/* + (a1 — pr.p1 — p2)
and
lim [|u(s) — p2|* = lim [Ju(s) — p1[I* + [lp1 = p2l* + (g2 — p1.p1 — pa)-
Therefore, we get (p1 — p2,q¢1 — q2) = 0.
Using Lemmas 4.1 and 4.2, we have the following.

THEOREM 4.3. Let u be an almost nonexpansive curve from S to H with
e(-, ) such that |[u(-) —yl||? and (s, -) are in X for ally € H and s € S, and
let © be an invariant mean on X. Then

F(u)n [ cleo{u(t) : t > s} = {u(p)}.
s€ES

PrOOF. By Lemma 2.3, u(u) € (,cgclco{u(t) : t > s} and by Lemma 3.6,
u(p) € F(u). Thus, by Lemmas 4.1 and 4.2, the proof is complete.

Let {fto : @ € A} be a net of means on X. Then {p, : @ € A} is said to be
asymptotically invariant on X (cf. [30]) if for any s € S and f € X,

ta(f) = palrsf) — 0.

Let {po : @ € A} be a net of continuous linear functionals on X. Then {u, :
a € A} is said to be strongly regular on X (cf. [16]) if the following conditions
are satisfied:

(a) supy [|pall < oo;
(b) limg pa(1) = 1;
(¢) limg ||pta — 7ipta|| = O for every s € S.



316 O. KADA W. TAKAHASHI

We give some examples of asymptotically invariant nets and strongly regular
nets; see Hirano, Kido and Takahashi [16] and Takahashi [35].

EXAMPLE 4.4. (i) Let S = Z* and X = [®(Z") (= CL(Z1)). Put u,(f) =
(1/n) S35 f(k) for f € X. Then {u, : n € ZT \ {0}} is an asymptotically
invariant and strongly regular net.

(i) Let S = ZT and X = [®(Z") (= C(ZT)). Put ps(f) = (1 — s) x
S neo st f(k) for f € X. Then {us : s € (0,1)} is an asymptotically invariant
and strongly regular net.

(iii) Let S = Z* x Z* and X = I®(Z* x Z*) (= C,(Z* x ZT)). Put
un(f) = (1/n2)ZZ;=10f(i,j) for f € X. Then {u, : n € Z* \ {0}} is an
asymptotically invariant and strongly regular net.

(iv) Let S = RT and X = M,(R"), or X = CL(R"). Put ps(f) = (1/s) x
Jo f@)dt for f € X. Then {yus : s € R* \ {0}} is an asymptotically invariant
and strongly regular net.

(v) Let S = R" and X = M,(R"), or X = Cp(RT). Put us(f) =
sfySe st f(t)dt for f € X. Then {us : s € RT \ {0}} is an asymptotically
invariant and strongly regular net.

(vi) Let S = Z* and X = [®°(Z") (= Cu(Z1)). Put u,(f) =
> o dnmf(m) for f € X, where {gnm}nmez+ is a strongly regular matrix.
Then {y, : n € Z} is a strongly regular net. Here {gpm}n mez+ is called a
strongly regular matriz [21] if it satisfies the following conditions:

(8) SUPpez+ Yo [Gnm| < 00;
(b) limp—oo Do Gnum = 1
(C) limy, 0 Zf;:o |Qn,m+1 - Qn,m| =0.
(Vii) Let S = Rt and X = Mp(R"), or Cb(RT). Put ps(f) =
fo t)dt for f € X, where Q(-, -) is a strongly regular kernel. Then
{ps 1 s € R*} is a strongly regular net. Here a function @ : Rt x RT — R is
called a strongly reqular kernel if it satisfies the following conditions:

(8) sup,css [y Qs 1) di < oo

(b) limy—oo [y~ Q(s, 1) dt = 1;

(¢) lims—oo [y 1Q(s,t+h) — Q(s,t)| dt = 0 for every h € RY.

Now we prove a generalized mean convergence theorem for almost nonexpan-

sive curves.

THEOREM 4.5. Let u be an almost nonexpansive curve from S to H with
e(+, ) such that ||[u(-) —y||* and (s, -) are in X for ally € H and s € S, and
let {pa : o € A} be an asymptotically invariant net of means on X. Then for
any s € S, u(ripa) converges weakly to xo € F(u) N (\,cgclecofu(t) : t > s},
where xg = u(p) is the p-asymptotic center of w in H for any invariant mean
won X.
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PrROOF. By Lemma 3.7, we know that if A and p are invariant means on X,
then u(p) = u(A). Let s € S and assume that u(r} o) does not converge weakly
to u(p). Then there exists a subnet {u(ripq,) : 8 € B} of {u(ripa) : a € A}
such that for any subnet {u(ra, ):v €T} of {u(riua,) : B € B},

u(ripag, ) 7 u(p)-
Since {7}pta; : B € B} C B(X*), where B(X*) is the closed unit ball of X*,
there exists a subnet {rjpa, :v €T} of {rjua, : 8 € B} such that

*

% w
Tebas, — A
Then A is an invariant mean on X. Indeed, since it is obvious that u is a mean,

we show that X is invariant. For simplicity, put {ag, : v €T} ={ag: 8 € B} =
{a:ae€ A}. Forany t € S, f € X and € > 0, there exists a € A such that

rspa(ref) = Aref)l <e |ripa(f) = A(f)| < e,
and

|.u(x(rsf) - T:/La(""sf” <e.
Then

IA(ref) = ACS)]
<A f) = ripa(Te ) + i pa(Ts ) = pa(rs ) + |75 pa(f) = Af)] < 3e.

Since € > 0, f € X and t € S are arbitrary, this implies A is an invariant mean

on X. Since 7";‘/1%W 2\, for any y € H,

(u(ripag, ) y) = (repas, )e(u(t), y) — Alu(t),y) = (u(A),y),

which implies u(rjpa, ) — w(A) = u(p) by Lemma 3.7. This is a contradic-
tion. Therefore u(r¥u,) converges weakly to u(p), where {u(u)} = F(u) N
Nsegcleo{u(t) : t > s} = p-AC(u, H) by Theorem 4.3 and Lemma 3.7.

As a direct consequence of Theorem 4.5, we have the following.

COROLLARY 4.6. Let u : Rt — C be a bounded almost orbit of a nonex-
panswe semigroup T = {T(t) : t € R*} on C, and assume () cg cleco{u(t) :
t > s} € C. Then Fix(T) # 0, and for an asymptotically invariant net
{tha : @ € A} on My(R"), where My(RT) is the set of all bounded Lebesgue
measurable functions on RY, for any s € S, u(riu,) converges weakly to x¢ €
Fix(T)N,egclecofu(t) : t > s}, which is the p-asymptotic center of u in C for

any invariant mean p on My (R™).

PRrROOF. Take S = RT and X = M,(R") in Theorem 4.5. Then as u is
continuous, (-, ) € My(RT x R*) by Example 3.3, and u(u) € Fix(7) by
Corollary 3.11. So the assertion follows.
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When {p, : @ € A} is a strongly regular net, the convergence is uniform. For
the proof, we use the method of Hirano, Kido and Takahashi [16, Theorem 2].

THEOREM 4.7. Let u be an almost nonexpansive curve from S to H with
e(+, +) such that ||[u(-) —y|* and (s, -) are in X for ally € H and s € S, and
let {pq : a € A} be a strongly regular net of continuous linear functionals on X.
Then u(r;pa) converges weakly to yo € F(u) N[\ cgcleco{u(t) : t > s} uniformly
in s € S, which is the unique point of the p-asymptotic center of uw in H, where

wis any invariant mean on X.

For the proof, we show the following lemma, which is a partial extension of
Hirano, Kido and Takahashi [16, Theorem 1]. See also Oka [26, Lemma 9.

LEMMA 4.8. Let {\, : a € A} be a net of means on X such that for any
s €8, lim, || Aa — rEXa|| = 0, and let u be an almost nonexpansive curve from
S to H with (-, -) such that |[u(-) — y||* and e(s, -) are in X for ally € H
and s € S. Let X be an invariant mean on X. Then u(ril,) converges weakly

to u(A) uniformly in s € S.

ProOF. We prove that for any net {sz : 3 € B} C 5, u(r;,Aa) = u(A).
Assume this does not hold. Then there exists a subnet {3’} x {a’} of B x A such
that for any subnet {8"”} x {a’'}, u(r;‘ﬁ” Aar) 7 u(A). Since {rfgﬁ, Aar F(8r,ar) 18
bounded, there exists a subnet {8"”} x {a”} of {8’} x {a} such that

*
* w
T‘Sﬁ// Aa” - U

Then p is an invariant mean. Indeed, put {3"} x {a”"} = {#'} x {&¢/} =B x A
for simplicity. For any s € S, f € X and € > 0, there exists (8, a) € B x A such
that

) =Dl e Nl f) — p(raf)] < e,
and
Ao — 72Xl < e.

Then we obtain

l(rs f) — pu(f)] < |u(rsf) — Tzs/\a(mfﬂ + |T:)‘a(rs/3f) - )‘a(TSBf”
+ 15, Aa(f) = n(f)]
Se+Irida = Aallllfl +€ < (2+ [ f[]e.
As e > 0 is arbitrary, for any s € S and f € X, we have u(rsf) = u(f), and

hence p is an invariant mean on X.

Since 350 Ao % p, for any z € H,

(u(rsyn Aar), 2) = (s Aar )t (ul(t), 2) = pe(u(t), z) = (u(p), 2),



NONLINEAR ErRGODIC THEOREMS 319

and hence u(rs,, Aa) — u(p) = u(A) by Lemma 3.7. This is a contradiction.
This completes the proof.

PRrROOF OF THEOREM 4.7. By Day [12] or Namioka [25], we know that there
exists a net {\g : § € B} of finite means such that for any s € S, we have
limg ||Ag — riAg|| = 0. Then clearly limg |[[Ag — r¥Ag|[x+ = 0, so that for any
y € H and € > 0, by Lemma 4.8 there exists § € B such that

sup [(u(ry Ag) — u(p),y)| < e.
tesS

Put A\g = Y., a;6(t;), where aq,...,a, > 0 with > a; = 1 and 6(¢)(f) =
f(t) for all f € X. Then since {u} is strongly regular, there exists ag € A such
that for any a > aq,

1 —pa(1)|<e and  |Jpa —7fpall <e forallie{1,...,n}.
Therefore, for any s € S and a > «y,

(u(r2pa) — u(12),3)
<[ttt + 51.9) - (uan@aiu(ti +i49.0))

" \<ua>t< St i+ 90) - ua<u<u>,y>] T prt32),3) — (1), )

< D ail(pa)efult + 5) = ulti +t + 5), )

+ el ]<Zaiu<ti e u<u>,y>\ T u(12),9) (1 (1) — 1))
< Yl — i e)elutt + 5).)
ol s0p (u(r As) = i) ) + (). )l

< Y aillpa =i pa Kyl + Le + [(u(n) y)le < Kyl + L+ [(u(p), 9)))e,

2

where K = sup,cg ||u(t)|| and L = sup,c4 ||tal|- Ase >0, s € S and y € H are
arbitrary, this implies u(r? ) — u(p) uniformly in s € S.

As direct consequences of Theorem 4.7, we have the following:

COROLLARY 4.9 (Rouhani [31]). Let {z(n) : n € Z*} be a bounded almost
nonezpansive sequence in H. Then (1/n) Z:.:Ol z(i+ k) converges weakly to the

(lim-)asymptotic center of z(-) in H as n — oo, uniformly in k € Z7T.
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COROLLARY 4.10 (Rouhani [31]). Let {u(t) : t € R*} be a bounded con-
tinuous almost nonexpansive curve in H. Then (1/s) [ u(t 4+ h)dt converges
weakly to the the (lim-)asymptotic center of u(-) in H as s — 0o, uniformly in
h e R*.

COROLLARY 4.11. Let T ={T'(s) : s € S} be a nonexpansive semigroup on
C and assume {T(s)zo : s € S} is bounded and (,cgclco{T (t)zo : t > s} C C
for some zg € C. Then Fix(T) # 0, and for a strongly reqular net {j, : o € A}
on X, for each x € C, the net {T (ripq)x : a € A} converges weakly to a point
yo € Fix(7T) uniformly in s € S, where yo = T (u)xo for any invariant mean p
on X.

PrOOF. By Corollary 3.11, taking u = T'(- )z, we obtain u(u) = 7 (u)z €
Fix(T).

From Example 4.4, we also get the following corollaries.

COROLLARY 4.12. Let C be a closed convex subset of a Hilbert space and let

T be a nonexpansive mapping of C into itself. Then:

(i) (Baillon [1]) Assume that {T'zq : i € Z*} is bounded for some zo € C.
Then for each x € C, (1/n) Z;ZOI Tk converges weakly to some point
of Fix(T) as n — oo, uniformly in k € Z™.

(ii) (Rodé [30]) For each z € C, (1 — 1) > ;o r*T" * 2 converges weakly to
some point of Fix(T) as r 1 1, uniformly in k € Z7.

(ili) (Brezis and Browder [7]) Let {qn,m }nmez+ be a strongly reqular matriz.
Then for anyxz € C, Y _, Qn.mT™ k2 converges weakly to some point
of Fix(T) as n — oo, uniformly in k € Z™.

COROLLARY 4.13 (Hirano, Kido and Takahashi [16]). Let C' be a closed
convex subset a Hilbert space, let T and S be nonexpansive mappings of C into
itself with TS = ST and assume {S‘T7xqy : i,j € ZT} is bounded for some
xg € C. Then for any x € C,(1/n?) ZZJ_:lO SHETI+h e converges weakly to an
element of Fix(T)NFix(S) as n — oo, uniformly in k,h € Z+.

COROLLARY 4.14. Let C be a closed convex subset of a Hilbert space and let
T ={T(s) : s € S} be a nonexpansive semigroup on C. Then:

(i) (Baillon [2], Miyadera and Kobayashi [22]) Let v : R™ — C be a bounded
almost orbit of T = {T(t) : t € R*}. Then (1/X) fo/\ u(t + h)dt con-
verges weakly to some point of Fix(T) as A — oo, uniformly in h € RT.
In particular, let A=*(0) # 0, and let u be a solution of (x) in Ezample
3.2. Then (1/)) fOA u(t+h)dt converges weakly to some point of A=1(0)
as A\ — oo, uniformly in h € R*.
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(ii) (Hirano, Kido and Takahashi [16]) Let u be a bounded almost orbit of
T ={T(t): t € RY}. Thenr [ e "tu(t+ h)dt converges weakly to
some point of Fix(T) as r | 0, uniformly in h € R*.

(iii) (Reich [29]) Let w : RT — C be a bounded almost orbit of T =
{T(t ) t E R*}, and let Q(-, ) be a strongly regular kernel. Then
I, Q u(t+h) dt converges weakly to some point of Fix(T) as s — oo,
umformly in h € RT.

PrROOF. We only prove (i). The proofs of (ii) and (iii) are similar. Take
S =Rt X = M,(R") and ux(f) = (1/)) fo u(t + h)dt for f € M,(R").
Then, as in the proof of Corollary 4.6, we get the first assertion. As A~1(0) =
Fix(7), A71(0) # 0 means that limg |ju(s) — y|| exists for y € Fix(7), and this
implies u is bounded. So, the second assertion follows.

5. Weak asymptotic regularity

In this section, we give an extension of Bruck [9, 10] and Takahashi and Park
[37]. See also Browder and Petryshyn [8], Opial [27], Lau [18] and Oka [26].

THEOREM 5.1. Let u be a bounded almost nonexpansive curve from S to H.
Then the following are equivalent:
(i) w-limgu(s) =y for some y € H;
(i) w-lims(u(s +t) —u(s)) =0 uniformly int € S;
(iii) w-limg(u (5 +1t)—u(s)) =0 forallt € S;
(iv) F(u) =

In this case, y = u(u) for any invariant mean p on 1°°(S), which is the u-
asymptotic center of u in H.

PRrROOF. (i)=(ii)=-(iii) is evident. We prove (iii)=(i). Let A be an invariant
mean on [*°(S) and let {\, : & € A} be a net of finite means on S such that for

any s € S, lim, || Aa — 75 Aa|| = 0; see Day [12] or Namioka [25]. Let z € H and
€ > 0. Then by Lemma 4.8, there exists a such that for any s € 5

[{u(riAa) —u(A), 2)] <e.

Put Ao = Y=, a;id(t;), where aq,... ,a, > 0 with Y1 ; a; = 1. Then by (iii),
there exists sg such that for any s > so and ¢ € {1,... ,n},

[{u(s) —uls +1:),2)| <e.
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Therefore, for any s > s,
[(uls) —u(N), 2)| < [(u(s) —u(rida), 2) + [u(rida) — u(A), 2)|
= ’<u(s) — Z aiu(ti + S), Z>
< Zal|(u(s) —u(t; +s),2)| + ¢ < 2e.

+¢€

As e > 0 and z € H are arbitrary, this implies w-lim; u(s) = u(X).
Next we prove (ii)=(iv). Let A be an invariant mean on [*°(S) and let z € H.
Then, for any t,s € S with ¢ > s,

() = 2[1* = flu(s) = =[]
< [ Jlu(t) = u(WII* = uls) — wN)P[ + 2/(u(t) — u(s), 2 — u(N))].

So, using u()\) € F(u) and (ii), it follows that {||u(s) — z||? : s € S} is a Cauchy
net, and hence z € F(u). Therefore F(u) = H.

Finally, we prove (iv)=-(i). Assume u(s) does not converge weakly to u(u).
Then there exists a subnet {u(so)} of {u(s)} such that no subnet {u(sa,)}
converges weakly to u(p). As {u(sq)} is bounded, there exists a subnet {u(sq,)}
which converges weakly to some point yo. From Lemma 4.1, Theorem 4.3 and
(iv), yo = u(p). This is a contradiction.

As direct consequences of Theorem 5.1, we have the following results.

COROLLARY 5.2 (Oka [26]). Let u: S — C be a bounded almost orbit of a
nonexpansive semigroup T = {T(s) : s € S}, and assume that () g cleco{u(t) :
t > s} C C. Then the following are equivalent:

(i) w-limsu(s) =y for some y € H;

(i) w-limg(u(s +t) —u(s)) =0 uniformly int € S;
(iil) w-limg(u(s +1t) —u(s)) =0 for allt € S;
(iv) W(u) C Fix(T);
) W) € P
(vi) F(u) =

In this case, y = u(p), for any invariant mean p on 1°°(S).

Proor. As Fix(T) C F(u), (iv)=(v) is evident, and from Lemma 4.2,
(v)=(i) follows. By Theorem 5.1 and by Corollary 3.11, y = u(u) € Fix(7T).
So, (i)=(iv) follows.

COROLLARY 5.3 (Pazy [28], Bruck [9, 10]). Let T' be a nonexpansive mapping
from C into itself, and assume Fix(T) # () and (\,cgclco{T(t)x : t > s} C C.
Then for any x € C, the following are equivalent:
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(i
(i

) w-lim,, T"z =y for some y € H;
) w-lim, (T *x — T"z) = 0 uniformly in k € Z+;
(iii) w-lim, (T"* 2 — Trz) = 0;
(iv) wy(x) C Fix(T);
)
)

—~

V) wy(z) C F(T);

(vi) F(T)=H;

here wy, () is the set of all weak limit points of subsequences of {T"x :n € Z*},
and F(T) = {q € H : 3lim,, . |T"x — q||}. In this case, y is an element of

Fix(T).
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