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ESTIMATION OF THE SECOND DERIVATIVES
FOR SURFACES EVOLVING UNDER THE
ACTION OF THEIR PRINCIPAL CURVATURES

N. IVOCHKINA — O. LADYZHENSKAYA

Dedicated to Louis Nirenberg

1. Introduction

In our paper [8], we have formulated some results on global unique solvability
of the first initial-boundary value problem for equations of the form

Ut

(1) M[u]:—\/ﬁ—&—f(k(u)):g inQ=Qx(0,T) CR™,
(2) u—p=0 ondQ=09"QuUQ0),

where 8"Q = 0Q x [0,T], Q0) = {z = (z,t) : x € Q, t =0}, and Q is a domain
in R™ with a smooth boundary, which only for the sake of simplicity we assumed
to be bounded. In (1), (2), g and ¢ are smooth known functions of z, defined on
Q, and k(u) = (k1(u), ..., kn(u)), where k;(u)(z) are the principal curvatures of
the graph 7;:
o = u(x,t), x€Q,

of the sought function u(-,t): Q — R for fixed ¢ € [0, 7.
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266 N. IVOCHKINA O. LADYZHENSKAYA

In [8] we studied the cases
Fk) = fn(k) = S(R)/™, SRy = D7 iy o,
1< .. <0y
with m = 2,...,n. Contrary to the case m = 1, considered by many authors,

equation (1) with f = f,,, m > 1, is non-totally parabolic. Its main domain of
parabolicity is the cone

Dpp={k:keR", Si(k)>0,1=1,...,m}C I :{k:Sl(k)=Zki>O}
=1

(for the properties of f,, on I',,, see [1], [4]).
Here we recall the principal result of [8]. To formulate it let us include
problem (1), (2) in the family of problems
Mu"l=¢" inQ,
(W = ¢Nlorg =0, (" =¢")lao =0, 7€(0,1],
where ¢°(x,1) = ¢(x,0), o7 = T+ (1-7)¢" g7 = 79+ (1 —-7)g" and ¢°(, 1) =

fm (k(e(2,0))).
For 7 = 1, problem (3.) coincides with problem (1), (2) and for 7 = 0 it has

(3+)

the solution u°(x,t) = p(x,0).

We call a function u” an admissible solution of (3;) if u™ € C*Y(Q), u™
satisfies (3,) and for any 2 € Q, k(u”)(z) belongs to T'y,.

The following theorem holds:

THEOREM 1. Any of the problems (3.;) with f = fm, m > 1, 7 € [0,1],
including the problem (1), (2) with f = fm, has a unique admissible solution u”
belonging to HAt*:2+2/2(Q) if the following conditions are satisfied:

(a) 9Q € TN HAT, g € HF14e2(Q), o € HAT2402(Q), k(¢°)(x) €
L., for x € Q, ¢ and g satisfy on 9Q(0) the compatibility conditions up
to the second order;

b infg >0, infu;+infg=wv; >0, <0 n@Q,

(b) nfg Infu, +infg =11 gt Q

(c) there is a common minorant ¢ for Ou™/On, i.e.,

T

> c.

inf inf
7'611&)71] égQ on

Here HET!+8(Q) are Holder spaces with a, 3 € (0,1). The symbol 9/dn
in (c) is the derivative in the direction of the inner normal to 992. The inclusion
0N € Ty, for m < n means that for w(xq,...,x,-1) defining 02 in local cartesian
coordinates, (k1 (w),...,kn—1(w)) € I',, C R, and 9Q € I, for m = n means

that € is strictly convex!.

IThe first part of the hypothesis b) in Theorem 1 of [8] can be eliminated for T' < co.



ESTIMATION OF THE SECOND DERIVATIVES 267

The core of the proof of Theorem 1 consists in getting a priori estimates for
the norms of u” in the spaces H2+#1+8/2(Q) with a 3 > 0. The conditions under
which this was done for problem (1), (2) are satisfied for any of the problems
(37), 7 € [0,1], and majorants could be chosen to be independent of 7. This
is why in what follows we speak only about problem (1), (2) and its admissible
solutions.

In this paper we estimate sup, |tuze|, supposing that the estimates

(4) Sup |Uw‘ < Ml and Sup ‘ua:a:‘ < M2
Q 0'Q

are known. We will do that for a class of symmetric functions f (this means that
f is invariant with respect to transpositions of the arguments ki, ..., k,) which
are defined on a domain D C R" containing the values of k(u)(z), z € Q, for
the solution u(z) under consideration. One of the conditions imposed on f is its

ellipticity on D, i.e.,

of (k)
ki

(5) fik) = >0, i=1,...,n, keD.
Other conditions on f will be formulated in Sec. 3. All of them are satisfied for
f=fm,m=2,...,n.

It is known (see [3]) that any real-valued smooth symmetric function f can
be represented as a smooth function F' of symmetric matrices which is invariant
under the transformations A — BAB* with any orthogonal matrix B. Let us
write this in the form

(6) F(AM(A)) = F(A),

where \;(A), i =1,... ,n, are the eigenvalues of A. The properties (5) guarantee
the inequalities

ij

where A;; are the elements of A, and ¢ is any vector from R” with |¢| = 1. Here
and later, a double repeated index implies summation from 1 up to n.

The principal curvatures k;(u) of the surface 7; for = € Q are the eigenvalues
of the matrix

2 o)V =
(8) ’Y(u)g( a:) mmg( x) = ’Y(U) (zx)>

calculated at the point z = (z,t) € Q. Here and in the sequel we use the
notations: y(u) = /14 u2, Uy, is the Hessian of u with the elements u;; = g, 4,
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g(uz) is the metric tensor of the surface 7y, its elements are g;;(u,) = (5? + uiuy,
where u; = ug,. From this and (6) we have

1
9 k(u)) =F| —Uzz) | = F(tg, Ugz)-
o) F00) = F( st ) = Fluruze)
The property (7) implies the inequalities
(10) W@@ >0 for all € with €] = 1.
ij

2. Estimation of wu;

First, we estimate supy, |u¢| for the equations

Ut
1+u2

(2.1) +f(uzauzm) :g(x,t)

with an arbitrary smooth function F satisfying only the inequalities (10) on
the solution u. Let us differentiate (2.1) with respect to t. The result can be
represented as a linear equation for w = uy:

(22) —aw; + aijwij + bzwz = Gt-
Its coeflicients are bounded functions, and a > 0 and a;; satisfy

OF (Ug Uy
(2.3) a;j&i&; = %fzﬁj >0, [£]=1
Ui
A standard reasoning, based on the maximum principle for parabolic equa-
tions, yields

(2.4) w(z) > Ig/iélut =vy ifg <0inQ@,
(2.5) u(z) < max g = fiy if g > 0in Q.

Let us also find a majorant for u; without the hypothesis that g; > 0. For
this purpose we introduce the function v = we=**, A > 0. By (2.2),

1
(2.6) — (v + \V) + a;v;; + bjv; = gre M.

V1+u
If v attains its maximum on @ at (2°,#°) € Q then at this point we have
vy > 0 and a;;v;; + bjv; < 0, which, together with (2.6), leads to

40
Mo(z0,1%) < —e M g /1 + u?g’(x(),to)v
and then

1
wey s s e T g b @ =ax 0.
(y,7)€EQ:
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If the point (2°,¢°) of the maximum of v on @ happens to lie on &'Q, then
v(z,t) < v(2t°) for any (x,t) and

up(z,t) < e sup {ur(y,7)e M}
(y,7)€0’ Q¢
So for both cases, using the arbitrariness of A > 0, we get

1
. < i At _ —AT 2
7)) < fuf { M max | s (=501 0.

sup <u7<y,7>e-”>} } = 1s(t),
(y,7)€0'Q¢

for all z € Q and t € [0, 7).
We sum up these conclusions in the following theorem.

THEOREM 2. Let u be a smooth solution of (2.1) with smooth F and g, and
F satisfying (2.3). Then:

(a) vo = minue < w(e,t) <maxu =, () € Q,
Zf gt = 0;‘

(b) vo =minu < u(2,t) < pt), (2,1) € Q,
with psa(t) from (2.7), if g <O0.

For a complete investigation of the problem (1), (2), we need to have some
bounds for the values of f(k(u))(z), 2 € Q. In virtue of (1), the equality
f(k(w)) = ue/+/1 +u2 + g and Theorem 2 with F(uy, uz,) = f(k(u)) we come
to the following conclusions.

If infg g >0, 1 > 0 and g, <0 in Q, then

1
(2.8) f(k(u) = i +g92 (2 +inf g)
V1+u2 V1+u2 Q
Vlu U

2 = s,

V1+ M
with M; from (4) of Sec. 1. Under the same hypothesis about g the majorant
u2(t) in (2.7) is nonnegative and therefore

Uy

(2.9)  f(k(u) = == +9 < p2(t) +supg < sup ps(t) +supg = ps.
V1+us Q te[0,T] Q

So, if infg g > 0, v1 > 0 and ¢, < 0 we have
(2.10) 0 <wvs < f(k(u)(z) < ps.

Note that if o = mingg u; > 0 then instead of (2.8) there is another mino-
rant for f that does not require the condition infg g > 0, namely,
(2.11) fk(u)) =

9]

——— +infg=v3 if v9 =minu; > 0.
1+M12 QQ 3 2 50 t
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Under the conditions of Theorem 1, we have thus found some positive bounds
vy and pg for f(k(u))(2). The inequality f(k(u))(z) > v3 > 0 guarantees that
k(u)(z) in the course of evolution never leaves the cone I',, of ellipticity for

f = fm~
In the next section we will make use of

(2.12) vy < fk(u) < pg, z€Q,

for the solution u(z).

3. Bounds for second derivatives

Let u be a smooth admissible solution of (1) with f satisfying (5), and let
the majorants M in (4) and constants vy, g in (2.12) be known. We require
additionally that

.) S = 3"k > B(7(R), ke,

with a nondecreasing continuous function ® : R! — R'. This and (2.12) imply

(3.2) S1(k(u)(2) > ®(ny) =1, 2z€Q.
If we find a majorant ¢y in

(3.3) sup ki(u)(z) <c2, i=1,...,n,
zZ€Q

then we can conclude from (3.2) and (3.3) that

(3.4) —ki(u)(2) < Zk‘](u)(z) —c1 < (n—=1ea| +|e1], i=1,...,n.
i

Now a majorant ¢ in

(35) sup |Uxx| <c
Q

is calculated elementarily.

To find ¢z in (3.3), we use the invariance of the left-hand side of (1) with
respect to the choice of cartesian coordinates in the space E"+! of variables
(z,20). As above, we consider ¢ in u(z,t) as a parameter and associate with
u( -, t) the surface 7; in E"*! determined by the equation

xo = u(x,t), x €.

Fix a point P° € 7,0 in E"™! with coordinates (z°,u® = wu(z%,t")), 2° € Q,
t% € (0,77, and denote by v/ the unit normal to Z;0 at P° directed according to
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increasing zo, i.e.,

n
0 0 —Ug, 0 40 1 0 40
v =v(Tp)(P°) = ()(m 1) e; + <) (z°,t")eo.
; 1+ u2 ’ V914 u2 ’
Here €1, ..., ey, o is the orthogonal basis in E**! corresponding to the coordi-
nates x1, ..., Tn,Zo. Choose another orthogonal basis &1, ..., &y, & with & = 1V,

The matrix B = (bog) with bag = (€4,€8), a, 8 =1,...,n,0, is orthogonal and
its elements bog = (g9,e5) = (1°,ep) are fixed. Later we will define the other
rows of B in a proper way, always keeping the orthogonality of B. For now they
are taken arbitrary.

Denote by (y1,...,%n,%0) the cartesian coordinates in E"*! corresponding
to &1,...,&n, &, so that we have in E™t! the relation
n n
(3.6) D (@i —a)es + (zo —u®)eo = > yii + yobo-
i=1 i=1

The surface 7; with ¢ near t° can be represented near P° by the equation

(371) Yo :v(y,t), Yy= (yla"'vyn),

where the function v is determined by the identity

n

(3.72) Z(% —a7)e; + (ul(a,t) —u)eo = Zyifi + (Y, t)So-

i=1 i=1

In fact, it follows from (3.72) that

(3.81) T — ) = Zn: bjiy; + boiv(y,t), i=1,...,n,

j=1
(3.82) u(z,t) —u’ = En: bioyi + boov(y, t),

i=1
and
(3.91) yi = ibij(J?j — zg) + bio(u(z, t) —u®), i=1,...,n,
j=1

(3.92) v(y,t) = i boj(z; — l’?) + boo (u(z, t) — u°).

j=1

Relations (3.9;) determine the functions

(3.10) Yi(z,t) = Z bij(z; — x?) +bio(u(x,t) —u?), i=1,...,n,

j=1
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if we consider v : Q — R! as a given function, and they also determine the
functions X; such that

(3.114) yi = by (X;(y, t) — x9) + bio[u(X (y,),1) —u’], i=1,...,n,

for all y and ¢ near y = 0, t = t°. The function v from (3.7;) is determined by
the equality

(3.112) v(y, 1) = bo; [X;(y. 1) — 25] + boo [u(X (y, 1), 1) — u”)].

By the orthogonality of B, from (3.111), (3.115), we get the equalities

n
(3.114) Xi(y,t) —JZ? Zijiyj—FbOiU(y,t), 1=1,...,n,
j=1
n
(3.122) w(X(y,t),t) —u’ = Z bioyi + boov(y, 1),
i=1

which are identities near y = 0 and ¢t = t°. We can consider them also as the

identities
(3.131) v — a2l =Y bpYj(a,t) + bov(Y (2, 1), 1),
j=1
(3.13,) u(a,t) —u® = bigYi(x,t) + boov(Y (x,t), 1)
=1

with respect to (z,t) near (z°t°), since the vector-valued function Y =
(Y1,...,Y,)(z,t) is inverse to X = (X1,...,X,)(y, ).

So, for t close to t°, the surface 7;, near P° = (2°,u°), has the equation

(3.14) Yo = v(y, 1),

where v is determined by (3.113). Note that the new variables y and v depend
on 2Y, but we will choose z° at a step and will not change it after that. Therefore,
we do not indicate explicitly the dependence of the new variables on 2.

The quotient u;/ m is invariant with respect to the change of variables

(%, u,t) = (y,v,1), L.e,,

(7 (%7
(3.151 — L (2,t) = ————(y, 1)
) VEE AR )
for the corresponding (x,t) <> (y,t), since both sides of (3.151) give the velocity

of the shift of 7; in the direction of the normal v(7;) to 7;. This will also follow
from our subsequent calculations.
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The analytical expressions for the principal curvatures k;(7;) of 7; in variables
(z, ) and (y,yo) also coincide, so we have

(3.152) f(k(u)(z,t) = f(k(v))(y,1).
But g(x,t) in the new variables will depend on v, namely,
(3.16) g(z1,...,%n,1t)
= g2} +bj1y; +borv(y, 1), - 2 + bjnyj + bonv(y, 1), 1) = gly, 1, v).
So, equation (1) in the new variables has the form
vy, t)
_ m

Later, we will have to differentiate (3.17) with respect to y,, and twice with

(317) + f(k(’l)))(y, t) = §(y, L, U)'

respect to y;. For this purpose, let us calculate these derivatives for g:

N ox;
(3-181) Gy = gaciayil = Gz, (bmz + Uym,b0i>
and
(3'182) g’ylyl = Yz;xz; (blj + Uy, boj)(bli + Uy, bOl) + 9a; Vy1 boi-

Using (3.10), we also calculate the relations between u; = u,, and v; = vy,.

From (3.132), it follows that
aY; oY
uj; = bio%j + bOOUi%; = (bjo + boovi) (bij + ujbio),

and from this and orthogonality of B we get
i (1 —biobio — boobiovs) = w;(boo — biovi)boo = biobij +boobsjvi = (—bo; + bsivi)boo
and therefore
B —boj + bij’Ui

Nl ;
(3.19) Ui boo — biov;

j=1...,n.

Introducing the vector fields

i 1
(3.20) v(v) = — v g + €0,
Ji+v 1+
we rewrite (3.19) in the form

(v(v),¢;)

(3.21) e TONAL

j=1...,n.
From (3.21), it follows that

(3.227) L+u2 = (v(v),e0) 2
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and
1 1

Tu% = (l/(’l}),@()) = 7@

For v, we have from (3.113),

(3.225) (boo — bjovy).

et A boo (uj (9;;' + ut) = (bo; + boow;)bo;ve + boous
= (1 = bjo + booboju;)ve + boous.

After reduction of similar terms this gives

ur = (boo — boju;)ve

and from this and (3.21) we get

(v(v),20)
(v(v); €o)

Using this relation, (3.222) and (3.20), we find

ur(v(v),e9) =

Uy = Vt.

Ut Ut

——— = u(v(v),80) = ——,
V1tug \/1+02

ie. (3.15).
Now we start to calculate the majorant co in (3.3). Let 20 = (2°,¢°) be a
point of @ where the maximum M of all functions

(3.234) h(mk;(u)(z), i=1,...,n,z€Q,

is realized. Here h(-) is a smooth function of

1
O NERT

It will be chosen later and defined on the interval
1
VI M
It is sufficient to consider the case when 2° € @, since for 2 € 9’QQ a majorant
for h(n)k;(u), and therefore for k;(u), is given by (4).
So, let 20 = (2°,1%) lie in Q. We now use the new variables y, ¢, v described

above, choosing for the origin of coordinates (y, o) the point P° = (2% u° =

(3.23,)

(3.233) [b1,1], b =

u(29,1%)) of E"*! and as ¢ the unit normal

n 0 1
Z Ui = g, (2°,1°),

€0,
\/1+u2 \/1—#&%
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to Tpo C E™*1 at the point P°. We direct the other basis vectors e1,...,¢&, in
E™+! along the lines of the principal curvatures of T;o at P°, and enumerate
them in such a way that kq(u)(2°) > k;(u)(2°), i =2,...,n.

It is sufficient to consider the case when

(3.24) k1 (u)(2%) = vy,4,(0,8°) > 0.

In the new variables the functions from (3.23;) have the form

(3.25)

1 .
h((boo—bjovj))ki(’l))(y,t), 1= 1,...7’[1.
\/ 1+ 02
They are defined in the vicinity

Q- ={(y.0): [yl <e, te[t” —et']}

of 29 «— (y = 0,t =t°) = 2" and have their local maximum at z".

The same local maximum M > 0 and also at the same z° is realized by the

function

V11
3.26 Uy, t) = [h(n)— | (y,t — /1402
(3:261) 0:0) = )= | 00 ) = 103
where
(3.26) =L (oo — biovy) = —
2 TE Tz T T e

and, as above, v; = vy,, vij = vy,,,. In contrast to k;(v), the smoothness of ¥
depends only on the smoothness of v, and therefore at the maximum point z° of
¥ we have

(3.27) (n¥),, =0, (In¥);>0 and (In¥),,, <O.
Let us calculate (3.27) at 2°, keeping in mind that at 2 we have

(3.28) v; = O, k;l(v) = Vs, Uiy = Uii6§.

First, we calculate

Uk Uk 1 Vg Uk
Oy, (v) = Oy, == )
L O IR R O
(3.291) _
_ L Uk 1
i =My, = OE (boo — bjov;) — 7’7<v)bj017j1’~

From these equalities, it follows that at z°,

1
(3.297) Oy, y(v) =0, 8yim =0, aiyi’y(v) =k, m = —biovii
and also

— 2 —
(3.293) Nis = Ny,ys = —Viiboo — bjovjii, where vy = Vy;yiyi-
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Now, computing (3.27) and bearing in mind (3.29;), we obtain at z° the

relations
h' VI UkUki 201014
3.30 Inv), — —p 4 2% ZE7R -0
( 1) (H )yz hn’t_'_ v11 1—‘1-’05 1_’_7)% 9
W WY 5 v vy
3.30 0> (nW),. , = —ni ) 2 i P11
(3.302) > (0 W)y, = +<h)m+vu -
_ 22:1 ”ii . 2”%
1+ v2 1403’
n V11t
(3303) 0< (hl \Il)t = —n — —.
h V11

These relations and (3.28) give us

V114 h/ hl
31 — = ——n;i = 7-biovi;,
(3.314) o W 7 o ov
v _ W R\ (N
(3.312) ;7111 < E(”i‘boo + bjovijii) — [(h) - (h> ]bfovizi + v + 20,

X AN A W
= U?Z{booh —bio Kh> - (h) } + 1} + o bjovjii + 203;

N

and
v n
(3.313) —ﬁ S _ﬁbjo’ujt-

Let us now make use of the equation (3.17) for v and the representation

(3.32) f(k(v)) = F(A(v)),
where )
A(v) = W”(yy)7 1) = /14y,
and
(3.33) U(yy) = g(vy)71/2”1/1/9(”@/)71/2

(see the end of Sec. 1). The numbers k;(v)(y, t) are the eigenvalues of the matrix
A(v)(y,t). The elements of the matrix g(v,)~'/? have the form

T VA L B
)0 =0 = Sa )

and the elements v(;;) of the matrix v(,,, are

— s — ViV Uk . VUV Vi ViV Vg U1 Vg1 .
B34 i) =% = ST @) A1 @) T B )P

It is also known that (a) convexity of f(k) with respect to k implies convexity
of F(A) with respect to A, and (b) at a point A € MX™ with A diagonal, the

sym
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matrix 0F(A)/0A is diagonal with elements 0F(A)/0A;;. (These facts have
been noticed and used, for example, in [1], [2].)
At z° we have

V11 0
y(v)=1, A(v)= V(yy) = Uyy = . , ki =y,
(3.35) 0 Unn

Let us introduce the notation

(3.36) Fi=

Below, we also use

Dy, v(ij) = Vijk,

(3.37) ) ) B o
iy Vi) = Viill — 201011015 = Vi — 207,07 at 27,
_ g4
where vijkt = Oy, gy, V-

We rewrite equation (3.17) in the form

1 ~
(3.39) 2 0F (st ) =00 ()
and differentiate it with respect to y,,:
OF(A 1 N
339 250, (Lo ) + 0007 =0, @),
ij

where A = »y(lv)”(yy)' At 29 (3.39) has the form

(340) —Vtm + FirU(ii)m = aymg
Now we differentiate (3.39) for m = 1 with respect to y; and write the result
at 20, keeping in mind (3.28) and (3.35):

82F(U(yy))

3.41)  — 1 + Flogng + ———— Wi/
(345 " COIT G0y Ov )

ViVt + 111 (F — Flog)
2~ o~
= 0y, 9 + 911
Here we have used the notations
Vi = O vy, vapn = Oy vy, = 95,7,

and later we will take into account that v1; = v?; > 0 at 2°. By concavity of
F(A), (3.41) implies the inequality

(342) jl = —v1 + Fi’l)(ii)ll + U%l (F — FZU“) Z 8517!1@\4- g’t}%l = j2.
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By (3.31%) and (3.18;,),

(3.434) 8y§(30) = bm-gi(zo)7 where g; = 0., 9,

and

(3.432) o = gi;(2°)brib1j + i (2°)boiv11 (Z0) + g(2°)v1; (29),
where g;; = 0?

iz, 9-

So, (3.40) gives the equality
(344) —Vtm + Fz’l)(“)m = b,mgl(zo) at /Z\O

Using (3.313) and (3.37), we deduce from (3.42) that

) . ' i i
J2<J1 < _ijOthvll + F'(vi11 — 203,6}) + v}y (F — Flvy)
i

= 7Ebj0’ujt’[}11 + Fi’l}iill — 2Flvi’1 + U%l (F — FZUu)

From this, (3.312) and F? > 0 we get the inequality

/

. h
ﬁbjovjtvn + FZU?Z»’UH <b00h + 1)

Sranaf(§)-(5)

h’ A ,
+ ﬁbjovlle’Uj“‘ + ”U%l (F — FZ’U“')

/

. _ B
= ﬁbjovn(—l)jt + FZ’UJ'“‘) + FZU?Z»’UH (booh + 1)

—ZFZU 01102, [(Z/)/ (Z) ]+v11(F Flug).

Using (3.44) and (3.37), we exclude from (3.45) the terms with v, and vj; and
obtain an inequality containing only the space derivatives of v of the first and

(3.45) jo < —

second orders. Namely,

(3.46) j2 = gijb1ibi; + giboivin + gviy
n / 2
< %/bjovllgibji =Y Flojonby [(Z) - (Z) ]
i=1
— HoF'vgviy + 03y (F — Fluy),
where
(3.471) H=H() = —bo fn)

h(n)
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and
(3475) Ho=H(), n°=n(E") = ——— e [bi,1), b= ——.
1+ u2(29) 1+ M3
We choose for h(n) the solution
1
(348) h(77) = mv be (Oabl)a

of the equation (h'/h)" — (h'/h)? = 0 (precisely this function h was used in [2]
for the estimation of second derivatives of solutions to the stationary problem
(1), (2)). Such an h is positive on [b1, 1],

0 b b

>
—1-0

>0

3
=)
I
S8
3
=)
|
S8
=3
=)
I
>

as boo = (g0,e0) = 1/4/1+ &i =1, and, in addition,
W) _ 1 1
hP) | 0 =b = by b
By all this, we obtain from (3.46) the relations

(3.49)  v%,(g — F + Flvy; + HoF'v2op)h)
1
< —g5ib1ib1; — gibosvin + mvll‘bjogibjil
< ec3(1+wvi),

with a ¢3 = ¢3(b) under control. Let us introduce the functions

(350) ok, ) = —F (k) + F (ks + s PR
and
(351) Ja(0,0) = 9(=") + k() e, D).

We consider them for b € (0,b;) and for
(3.52) kel =T(vy, )
:{k:keF, I/4§f(k') S,LL47 kl Z 1,]€1 Sk“ iil,...,n},

where T is a domain of ellipticity of f, i.e. where (5) of Sec. 1 is satisfied.

If we can guarantee a positive minorant vs in
(3.53) Ja(2°,0) > v5 >0
for some b € (0,b1) and all 2% € @, then we obtain from (3.49) the estimate

244
(3.54) B (20) < g, oy = BTV T A0SV

4V5
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Let us define the following characteristic of f:

V6(b) = inf;jg,(k, b), be (0, bl)
kel

If
(3.55) igfg +vs(b) =v7r >0,
then (3.53) holds with v5 = v7. If f(k) is a 1-homogeneous function of k, then

(3.561) js(k,b) = ﬁJ“( K2k >0, kel
and
ve(b) = inf f*(k)k7ki
1 —bgep

Thus, the inequality (3.55) will be satisfied if

(3.562) i%fg > 0.

For f(k) = fm(k) = Sm(k)Y/™, m > 1, we have the estimate
Ohnlk) 1 funlh)

81@1 - m fl(k)

which is easily derived from the consequence S,,(k)/S1(k) < Ok, Sm (k) of the
fact that the ratio S,,(k)/S1(k) is an increasing function of any k; ([9]). Using

(3.57) fi(k) = for all k € Ty,

it and )

Zj kj -1 1

ki > —

>oik n
we obtain the estimates
(3.581)  j3(k,b) = Lfi B2kt > b Lf (k) > b

R SR = I R = T ™ = T2

for k in
(3582) Fm(l/4,,u4) = {If ke Fm, vy < fm(k) < /J4}.

Under the hypothesis of Theorem 1, we have proved the positivity of v4, and
therefore condition (3.53) for f = f,,, will be satisfied if

b
(3.59) 1nfg—|—1_b mf_y8>0'
Let us mention that in the stationary case
(3.60) f(k)(@) =g(x), uloa=¢, z€QCR"

we have

) b ) )
ja=g=fk)+ f{k)ki + 7= fFRRZRT = f(R)kiy k€T, ky >0,
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and the hypothesis
(3.61) fH(R)ki > co >0

for k € T(vg,pug) ={k: k €T, vy < f(k) < pa} just corresponds to hypothesis
(8) from Introduction of [2]. It guarantees (3.53) with vs = co.
Finally, let us show how to calculate a majorant co in (3.3), having (3.54) at

hand. If
ki(u)
sup —_— =
2€Q,i=1,...n T — b
is achieved at a point 2% € @, then we have found the estimate (3.54) and hence

M= W) = (k) (") < 2.

In this case, for all z € Q and any i = 1,...,n,

‘ K\ k()()
oz oz (B > RS,

In the other case, when the supremum M is achieved at 9’Q, it does not exceed a
constant cs, determined by majorants M; and My of sup, [u.| and supy ¢ [tz
which we suppose in this work to be known. Hence

ki(u)(z) < es(1 —b).

Thus, in any case we have

(3.62) sup  ki(u)(2) <= (1 —b)maxd — 2 ¢5b.
2€Q,1=1,...,n bl —-b

So we have proved the following theorem:

THEOREM 3. Let u be an admissible solution of (1), for which constants
vy and g in (2.12) and majorants My and Ma for supq |uz| and supyq [tz
respectively are known. If we also know a positive minorant vs in (3.53), then

we can calculate a magorant c for supg |Uze|-
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