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A NEW COHOMOLOGY FOR THE MORSE
THEORY OF STRONGLY INDEFINITE
FUNCTIONALS ON HILBERT SPACES

ALBERTO ABBONDANDOLO

A generalized cohomology, similar to Szulkin’s cohomology but with more
general functorial properties, is constructed. This theory is used to define a
relative Morse index and to prove relative Morse relations for strongly indefinite
functionals on Hilbert spaces.

Introduction

Take a C? function f : M — R on a complete Hilbert manifold which satisfies
the Palais—Smale condition. Assume that it is a Morse function, meaning that
the second order differential d?f(z) is non-degenerate at every critical point x.
Recall that the Morse index m(x, f) of a critical point x is the dimension of the
maximal subspace on which d?f(x) is negative definite.

Then the basic result of Morse theory, as generalized by Palais [14], is the
following: if ¢ € ]a, b[ is the only critical level in [a, b] and xg is the only critical
point at level ¢, then the set f° = {z € M | f(z) <b} can be continuously
deformed onto f® U B, (4 f), Wwhere By, 5) is an m(x, f)-dimensional closed
ball, attached to f® by its boundary. This local result is used to prove the well
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known Morse relations, which can be written in the form

(0.1) Yoo D =P )+ 1+ 0Q()

a< f(xz)<b
x critical point

where @ is a polynomial with non-negative integer coefficients and P is the
Poincaré polynomial of the pair (f?, f):
P(f*,f%) =Y dim Hy(f*, f*) 1.
q20
Here H, denotes the singular homology theory, with coefficients in a given field.

If a critical point has infinite Morse index, then the corresponding ball which
has to be attached is infinite-dimensional. Since every infinite-dimensional ball
can be continuously deformed onto its boundary (see, for example, [2]), attaching
such a ball does not change the homotopy type, and therefore the homology, of
the sublevels. As a consequence, critical points with infinite Morse index are
not detected by formula (0.1), which still makes sense with the convention that
t>*° =0.

The problem is relevant, because there are many variational problems in
which all the solutions are critical points with infinite Morse index of some
functional. This happens, for example, in the study of Hamiltonian systems,
of symplectic geometry, of wave equations, of minimal submanifolds in semi-
Riemannian geometries, of Dirac-type equations. Such functionals are called
strongly indefinite.

In this paper we consider the case in which the domain of the functional
is a Hilbert space H. In most applications one notes that, although infinite-
dimensional, the negative eigenspace of d?f(z) has a finite relative dimension
with respect to a fixed subspace of H. To be more precise, there exists a fixed
orthogonal splitting H = E® E~L such that, for every critical point x, the positive
eigenspace V,, of d? f(x) is commensurable with F, while the negative eigenspace
W, is commensurable with E+ (two closed subspaces F and E’ are said to be
commensurable if the projections E — H/E' and E' — H/E are compact).

In this case it seems reasonable to define the relative dimension of W, which
may be called E-dimension, as

E-dimW, = dimW, N E — dim W} N E*+ = dim W, N E — codim(W,, + E).

By the commensurability condition, this is a finite integer. The FE-Morse
index mg(x, f) of a critical point  can be defined as the E-dimension of the
negative eigenspace of d?f(x).

The next step is to build a suitable generalized cohomology theory HJ,, which
may be called E-cohomology theory (a generalized cohomology theory is a the-
ory which satisfies all the Eilenberg—Steenrod axioms, [9], except the dimension
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axiom; moreover, the functoriality and the homotopy invariance may hold for a
restricted class of continuous maps and homotopies). We require that Hj, de-
tects infinite-dimensional spheres and distinguishes between them, according to
the E-dimension. More precisely, we require that HZ(B,,,dB,,) = A, A being
the coefficient ring, if ¢ = m, and 0 otherwise; here B,, is a closed ball in a
subspace of E-dimension m.

Then our goal will be to prove that, for f in a certain class of functionals,
the following generalized Morse relations hold:

(0.2) > @) = P(ff ) + (1+1)Q()

a< f(xz)<b
x critical point

where Pg is the E-Poincaré polynomial of the pair (f?, f%):

Pe(f*, %) = dim HE(f*, f*) .
qEZ
We emphasize that, since the E-dimension can be also negative, Pr and @ are
actually Laurent polynomials.

The idea of constructing a generalized cohomology to have a Morse theory
for strongly indefinite functionals is due to Szulkin [17]. His construction was
later modified and applied successfully in the study of Hamiltonian systems and
wave equations in [12].

In Szulkin’s approach, one fixes a flag of finite-dimensional linear subspaces
of B+ and defines the generalized cohomology of a set taking a direct limit of
the usual cohomology over this flag. This construction, in a more complex way,
was introduced by Geba and Granas in a different framework [10].

Although the construction is quite simple, Szulkin’s cohomology has some
disadvantages. First of all it is functorial and homotopy invariant with respect to
a very restricted class of maps and homotopies, essentially those which preserve
the given flag.

Because of this fact, it is not even clear if Szulkin’s cohomology is invariant
with respect to arbitrary translations. What is more relevant, the gradient flow
of the functional f is not an admissible homotopy. Since such a flow is essential to
deform the sublevels of f, one has to approximate it with admissible homotopies.

Moreover, the dependence on the particular flag chosen makes it difficult to
give a reasonable definition of the relative dimension and of the relative Morse
index, such as the one we gave above. Finally, a theory which depends only
on the subspace E should carry useful Alexander type duality properties and it
could be a first step towards the extension of such a theory to Hilbert manifolds.

The material of this paper is arranged in the following way: in the first part
we define our E-cohomology theory. We endow H with the product topology
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{weak on E}x{strong on E+}. We call this topology 7z. We define the E-
cohomology theory of bounded 7g-closed subsets of H, following more closely
the Geba—Granas original construction. For unbounded sets, we have to assume
a nasty technical condition, which we call E-local compactness.

Then we show the functoriality of Hj, with respect to 7g-continuous maps
of the form

O(z) =+ K(z)
where K maps bounded sets into 7g-precompact sets. These maps are called E-
compact morphisms. The homotopy invariance with respect to analogous maps
and all the other Eilenberg—Steenrod axioms are proved.

Notice that, since the 7g-topology is weaker than the strong one, maps of
the form Identity + Completely Continuous are admissible. Therefore the class
of F-compact morphisms looks quite natural and it is analogous, for example,
to the Leray—Schauder class of infinite-dimensional degree theory. It turns out
that Hj, coincides with Gegba and Granas’ cohomology theory when E = {0}.
When E = H, it coincides with the Alexander—Spanier cohomology theory with
compact supports on the weak topology of H.

The typical functional one would like to study has the form

(0.3) f(2) = H{La,x) + b(x)

where L is self-adjoint and Vb has some compactness property. Since its gradient
flow has the form
O(z,t) = e o+ K(x,t)
where K has some compactness property, the class of E-compact morphisms is
not large enough to include it.
Therefore in the second part of the paper we prove the functoriality of HF,
with respect to maps of the form

®(x) = Mz + K(x)

where M is a linear invertible operator such that M E = F and K is as before.
Such maps are called E-morphisms.

Notice that the group GL(E) @ GL(E") is contained in the class of E-
morphisms and it is connected when both E and E* are infinite-dimensional
(see [13]). For this reason we can prove the functoriality with respect to E-
morphisms only taking Zs as coefficient ring. This reminds a well known phe-
nomenon: the same problem arises, for example, when one wants to generalize
the Leray—Schauder degree theory to Fredholm maps; one defines actually only
a Zg-valued degree (see [4]).

However, to prove the Morse relations we just need the functoriality with
respect to maps of the form ®(z) = Mx + K (), where M = e~'L is a positive
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operator. In this particular case we can still work with arbitrary coefficients and
so we will be able to prove the Morse relations with coefficients in any field.

The only difficult thing to prove in this second part is the homotopy invari-
ance with respect to homotopies of the form

O(z,t) = Mz + K(z,t)

where both the linear part and the non-linear one are allowed to vary. To get
the main idea surrounded by less technicalities, see Proposition 7.4, where a
particular case is treated. This problem had already been solved in the simpler
case of the Geba—Granas cohomology theory in [1].

The reader who wants to avoid all the details of the construction of the
E-cohomology theory can skip directly to the last part, reading only the very
beginning of Parts 1 and 2, where the results are stated. This last part is devoted
to Morse theory. First the concept of E-dimension is analyzed. The effect of
replacing E by a commensurable space is also discussed.

Then the generalized Morse relations (0.2) are proved. In order to avoid
excessive technicalities, useless at this level, we feel free to make rather strong
assumptions on f. For example, we assume that the field V f is globally inte-
grable, which is false in general, unless V f is globally Lipschitz.

Then we come back to the functionals of the form (0.3) and we see which
assumptions on the function b are necessary to make our Morse theory work. The
only unnatural hypothesis seems to be the E-local compactness of the sublevels,
which involves a lower bound for the functional. We do not know how to avoid
this condition.

Some final remarks and hints for developing this theory in more difficult
situations conclude the paper.

I would like to express my gratitude to Vieri Benci who introduced me to this
subject and encouraged me during the preparation of this paper. My gratitude
goes also to Joseph Bernstein and Pietro Majer for many interesting discussions
and useful suggestions.

1. The E-cohomology theory

Let E be a closed linear subspace of the Hilbert space H and let 7 : H — H/FE
be the projection onto the quotient space. H/FE is a Hilbert space with the

quotient norm
]/ = inf [yl
y€E(x]
We endow H with the weakest topology such that 7 and all the bounded linear

functionals are continuous. This topology will be denoted by 7g. Obviously 7
is stronger than the weak topology, but weaker than the Hilbert topology.
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If F is a closed complement of £ in H,ie. ENF =0and F+ F = H,
then 7 restricted to F' is an isomorphism of Hilbert spaces (also an isometry if
F' is the orthogonal complement of F). The topology 7g can be described in the
following way: put the strong topology on F' and the weak one on E and endow
H = E & F with the product topology.

The topology 7 will be the only one used in Parts 1 and 2: closed sets, open
sets, compact sets, continuous maps, compact maps will always be considered
with respect to this topology.

A pair (X, A) is a couple of subsets of H such that A C X. A pair (X, A)
is said to be closed if both X and A are closed in H. A pair (X, A) is called
bounded if X (and therefore A) is bounded.

By @ : (X, A) — (Y, B) we denote a map from X to Y which takes A into B.

DEFINITION 0.1. A continuous map @ : (X,A) — (Y, B) is an E-compact
morphism if:
(1) it has the form
O(x) =a+ K(x)
where K : X — H maps bounded sets into precompact sets;
(2) ®~(U) is bounded for every bounded U.

The next proposition characterizes the linear E-compact morphisms:

PrOPOSITION 0.1. A bounded linear operator T : H — H is an E-compact
morphism if and only if T is one-to-one, has closed rank and has the form

T=I+K

where wo K is compact. If T is invertible, then also its inverse is an E-compact

morphism.

PROOF. Assume that T = I+ K is an E-compact morphism. Since 77*(0) is
bounded, T is one-to-one. For the same reason the linear operator T-! : T(H) —
H is bounded, and therefore continuous. Thus T'(H) is isomorphic to H and it
must be closed. Let B be the unit ball in H. Then K(B) is 7g-precompact.
Since 7w : H — H/FE is Tg-continuous, 7 o K (B) is precompact.

Now assume that T' = I 4+ K is one-to-one, has closed range and 7 o K is
compact. By the latter assumption, wo K must be 7g-continuous. Therefore also
K, and thus T, are Tg-continuous. By the open map theorem, 71 : T(H) — H
is bounded, and therefore T~1(U) is bounded for every bounded U.

If T is invertible, then its inverse must have the form T~! = I + H where
H=—-KoT ! Therefore mo H=—mo0K oT~!is compact. O

Of course, if T' is considered as a map from a bounded domain, one does not

need the conditions on the rank and the injectivity.
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Now consider the product space H X [0, 1], endowed with the product topol-
ogy. A subset I' of H x [0, 1] is called bounded if {z | (x,t) € T for some ¢ € [0, 1]}
is bounded in H.

DEFINITION 0.2. A continuous map ¥ : (X x [0,1],4 x [0,1]) — (Y, B) is
an F-compact homotopy if:

(1) it has the form
Uy(x) = U(z,t) =a+ K(z,t)

where K : X x [0,1] — H maps bounded sets into precompact sets;
(2) ¥=1(U) is bounded for every bounded U.

Two E-compact morphisms &y and ®; from (X, A) to (Y, B) are called E-
compactly homotopic if there exists an E-compact homotopy ¥ : (X x [0,1], A x
[0,1]) — (Y, B) such that ¥(-,0) = &g and ¥(-,1) = P;.

DEFINITION 0.3. A closed set X C H is E-locally compact if X N7~ 1(a) is
locally compact for every finite-dimensional linear subspace « of H/E.

For example, every closed bounded set is FE-locally compact, because H in-
duces the weak topology on 7~ !(a). If E is infinite-dimensional, then H is not
FE-locally compact.

DEFINITION 0.4. A pair (X, A) of subsets of H is an E-pair if it is closed
and X is E-locally compact.

The aim of this first part is to construct a generalized cohomology theory
which acts on the FE-pairs and on the FE-compact morphisms between them.
More precisely, we will prove the following:

THEOREM 0.2. Let A be a ring. There exists a generalized cohomology the-
ory H},, with coefficients in A, such that:

(1) (Contravariant functoriality) If T : (X,A) — (X,A) is the identity
map, then Hj(I) is the identity homomorphism on Hy(X,A). If @ :
(X,A) — (Y,B) and @' : (Y,B) — (Z,C) are E-compact morphisms,
then Hi(® o ®) = HE(®) o Hi (D).

(2) (Homotopy invariance) If two E-compact morphisms ® and ®' are E-
compactly homotopic, then Hp(®) = Hp(D').

(3) (Strong excision) If X and Y are closed E-locally compact subsets of
Handi: (X, XNY)— (XUY,Y) is the inclusion map, then H}(i)
s an isomorphism.

(4) (Naturality of the coboundary) For each E-pair (X, A) there exists a
coboundary homomorphism §L(X, A) : HL(A) — HL™ (X, A). If ® :
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(X, A) — (Y, B) is an E-compact morphism, then the following diagram

commutes:

HL(®
Hy(B) 25 HE(A)
5%(Y,B)l 0L (X,A)

HE™ (@)
e ——

HEFN(Y, B) HET (X, A)

(5) (Long exact sequence) Given an E-pair (X, A) in H, let i : A — X and
Jj: X < (X, A) be the inclusion maps. Then the following sequence of
homomorphisms is exact:

HL(i 54 HI (5
o HL(X) TED gy 2 geet oy, a) T gt x) -

(6) (Dimension property) If F is any closed linear complement of E and

S is the unit sphere in F, then

HL(S)=0 VYq€Z, g#—1, H,'(S)=A.

The theory HF, will be called E-cohomology.

REMARK 0.1. In Section 3 we will show, as a partial result, that Hj, is
functorial and homotopy invariant with respect to a class of maps called E-radial
morphisms. This class is neither larger nor smaller than the class of F-compact
morphisms. Functoriality and homotopy invariance with respect to this class
will be useful in Part 3.

1. Alexander—Spanier cohomology with compact supports. In this
section we review some useful properties of two ordinary cohomology theories.
Chapter 6 of [16] is the standard reference for these topics.

By H* we denote the Alexander—Spanier cohomology theory. By H} we
denote the Alexander—Spanier cohomology theory with compact supports. These
theories coincide on topological pairs (X, A) such that X \ A has compact closure
in X.

H* satisfies the Eilenberg—Steenrod axioms and moreover it has a strong
excision property (see the more general Theorem 6.6.5 of [16]):

ProOPOSITION 1.1. Let X and Y be two closed sets in a paracompact Haus-
dorff space. Leti: (Y, XNY)— (X UY,X) be the inclusion map. Then

H*(i): H*(XUY,X) = H*(Y,XNY)

is an isomorphism.
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HY satisfies the Eilenberg—Steenrod axioms in the following modified form
(see Section 6.6 of [16]):

PROPOSITION 1.2. H} acts on arbitrary topological pairs and on proper maps
between them. The following properties hold:
(1) (Contravariant functoriality) If I : (X,A) — (X,A) is the identity
map, then HX(I) is the identity homomorphism on HX(X,A). If ® :
(X,A) — (,B) and ® : (Y,B) — (Z,C) are proper maps, then
H* (@ o ®) = H*(®) o HX (D).
(2) (Homotopy invariance) If two proper maps ® and ®' are homotopic via
a proper homotopy, then H(®) = HX(d').
(3) (Excision) Let (X, A) be a topological pair and let U be open in X with
UcA Ifi:(X\UA\U) < (X, A) is the inclusion map, then H? (i)
s an isomorphism.
(4) (Naturality of the coboundary) If A is closed in X, then there exists
a coboundary homomorphism 63(X, A) : HI(A) — HITYH X, A). If & :
(X, A) — (Y, B) is a proper map, then the following diagram commutes:

HI(®|a)

HI(B) ———=% HIA)
53(Y’B)J, lag(x,A)
+1
Herl(y, B) 2@, gari(x, a)

(5) (Long exact sequence) Let A be closed in X and let i : A — X and
Jj: X — (X, A) be the inclusion maps. Then the following sequence of
homomorphisms is exact:

q(; q q+1(;
o X)) T gaa) & ogerix, ) LY gerix) S

(6) (Dimension property) H?({point}) = A and Hd({point}) = 0 for q # 0.
Moreover, H; has the following continuity property:

PROPOSITION 1.3. Let {(X™, A™)}, m € N, be a sequence of compact Haus-

dorff pairs in some space, downward directed by inclusion, and let
X=[()x" A=[)A™
meN meN
The inclusion maps i"™ : (X, A) — (X™, A™) induce an isomorphism
lig (™) : iy HZ (X", A™) — HZ (X, A).
meN meN

In fact, the same property holds for the Alexander—Spanier cohomology the-
ory (Theorem 6.6.6 of [16]), and the two theories coincide on compact pairs.
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The following property is peculiar of cohomology theories with compact sup-
ports:

PRrOPOSITION 1.4. Let X be a paracompact, locally compact Hausdorff space
and let A C X be closed. Let

S(X,A)={U|AcCUCcCX,U is closed, X \ U is compact}.

Then S(X, A) is downward directed by inclusion. The inclusion maps induce an
isomorphism

(L1) lim  HI(X,U) = HZ(X, A).
UES(X,A)

PROOF. Since X is paracompact, for every closed subset U,

HY(X,U)= lim H*(X,V)
UCV open

by Corollary 6.6.3 of [16]. Therefore,

(1.2) iy HY(XU)= lm Ly HY(X,V).

UeS(X,A) UeS(X,A) UCV open
Since X is a locally compact Hausdorff space, by Theorem 6.6.16 of [16],

(13) g HY(X,V) = H (X, A).
ACV open
X\V compact

Now (1.2) and (1.3) imply the assertion if we can prove that for every open
neighborhood V' of A such that X \ V' is compact, there exists a set U € S(X, A)
such that U C V.

X is locally compact and Hausdorff, X \ V' is compact and X \ A is open. By
Theorem 5.18 of [11] there exists an open neighborhood € of X \ V such that
QC X\ Aand Q is compact. Therefore U = X \ Qis in S(X,A) and U C V.0

With some assumptions on the topological spaces, also H} has the strong
excision property:

PROPOSITION 1.5. Let X and Y be two closed subsets of a paracompact,
locally compact Hausdorff space. Ifi: (Y, X NY) — (X UY, X) is the inclusion
map, then H (i) is an isomorphism.

PRrOOF. Take U € S(X UY,X). Then UNY is in S(Y, X NY). Let
iv: (Y,UNY)— (XUY,U)

be the inclusion map. Since X UY = UUY, H*(iy) is an isomorphism, by
Proposition 1.1. But HX(iyy) = HZ (iy), because the theories H* and H coincide
on pairs (X, A) where X \ A is compact.
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Notice that the family {UNY | U € S(X UY, X)} is cofinal in S(Y, X NY).
Therefore, by Proposition 1.4,

Hi(i)=  lim  HI(iv)
UeS(XUY,X)
and it must be an isomorphism, being the direct limit of isomorphisms. O

If a cohomology theory has the strong excision property, then a purely alge-
braic argument implies the existence of the Mayer—Vietoris homomorphism and
the corresponding exact sequence (see Corollary 5.4.9 of [16] and Section IV.1 of
[10]):

PROPOSITION 1.6. Let (X1, A1) and (X2, As) be two closed pairs in a para-
compact, locally compact, Hausdorff space. Then there exists a homomorphism
AY: HI(X1 N Xg, A; N Ag) — HITL (X, U Xo, Aj U Ag) such that the following
sequence is exact:

Ml d Hg(XhAl) @ch(XQ,AQ) — Hg(Xl ﬂXQ,Al ﬂAg) &
— HITY (XU X9, Ay U Ay) — HITH(X ), A)) @ HITH(X,, Ag) — ...

Moreover, A? is functorial with respect to proper maps.

Finally, the Mayer—Vietoris homomorphism has the following property (see
Section IV.1 of [10]):

PRrROPOSITION 1.7. If (X1, A1) and (Xa, A3) are two closed pairs in a para-
compact locally compact Hausdorff space, then the following diagram is commu-
tative:

HI Y (A N Ag) —2 HI(X, N Xo, Ay 0 Ay)

st | [

q+1
Hg(Al UA2) 66—> Hg+1(X1 UXQ,Al,AQ)

2. The FE-cohomology of an FE-pair. The F-locally compact sets have
the following property:

PrOPOSITION 2.1. If the closed set X C H is E-locally compact, then X N
7Y (a) is paracompact for every finite-dimensional linear subspace o of H/E.

In fact, the topology of H induces the weak topology on 7~ !(a). Therefore
X Na~Y(a) is a countable union of compact sets and, being locally compact, it
must be paracompact.

So all the properties of the Alexander—Spanier cohomology theory with com-
pact supports, found in the previous section, hold for X N 7~!(a) whenever X
is an FE-locally compact closed set.
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Let V be the set of all finite-dimensional linear subspaces of H/E. Then V
is partially ordered by inclusion. Since for each o« and (3 in V there exists v € V
such that o C v and 8 C v, (V,C) is a directed set.

The dimension of a € V will be denoted by d(«).

Choose arbitrarily an orientation for each o € V. If & C (3 and d(8) =
d(a) + 1, then « divides § in two half spaces. The orientations of o and [ allow
us to denote them uniquely as 87 and 3;. They satisfy

BaUBy =P, Binpy =a
If X € H, and a and 3 are as above, define
Xo=XN7rNa), Xg=Xnm'(B8)), X;o=Xnr'(6).
As before,
Xﬁ(‘f UXB{;:XQ, Xﬁj‘ ﬂXﬁ(::Xa.
Let (X, A) be an E-pair in H. By Proposition 1.6, for each ¢ € Z we have
the relative Mayer—Vietoris homomorphism
AZB(Xa A): Hngd(a) (Xa, Aa) — Hg+d(ﬁ)(XﬁaAﬁ)-
Ifa=a) Ca C...Ca,=0areinV and d(a;+1) = d(a;) + 1 for
1=0,...,k—1, define
AZB(X, A) =A% L (X, A)o...0AL (X, A).
PrOPOSITION 2.2. The definition of Aqaﬁ(X, A) does not depend on the

choice of o, i=1,...,k—1.

The proof is completely analogous to the proof of Lemma IV.3.1 of [10].
Therefore {Hg+d(°‘)(Xa,Aa);Aiﬁ(X, A)} is a direct system of A-modules
over the directed set V.

DEFINITION 2.1. Let g € Z; the E-cohomology module of the E-pair (X, A)
of index ¢ is the direct limit

H?E(Xv A) = h—Ir‘>1}{Hg+d(a)(XavAa)§ Aiﬁ(Xa A)}
ac

As usual, Hj,(X) = H(X,0).
ExAMPLE 2.1. Let W be a closed subspace of H such that
dmWNE=s<oo, codimyg(W+FE)=r < oo.

Set
S={zeW||z| =1}
Since W N E is finite-dimensional, the topology chosen for H induces the
strong topology on W and S is closed.
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Let R be an r-dimensional complement of W+ F in H. Then 7 is one-to-one
on R and ¢ = 7(R) has dimension r. Set

Vo={a€eV|poCa}l

Then V, is a cofinal subset of V, meaning that it is a directed subset such that
for each o € V there exists § € V, such that o C .

Since the limit of a direct system over a directed set is naturally isomorphic
to the limit of the same direct system restricted to any cofinal subset, we get

HE(S) = iy {HIH(S0); AL (5))

Let a € V,. It is easy to prove that the restriction of 7 from W Nw~1(a) to
« has kernel W N E and image complementary to ¢ in «. Thus

dimW N7 Y(a) =dima(W N7l (a)) + dimW N E = d(a) —r + s.

Therefore S, is the unit sphere in a Euclidean space of dimension d(a) — r + s.
So

A ifg+d(a)=d(a) —r+s—1or ¢+ d(a) =0,

HEH(S,) =
0 otherwise.

Taking the direct limit, H5(S) =0if g #s—7r— 1.

If o« C §arein V, and d(8) = d(a) + 1, then the Mayer—Vietoris homo-
morphism Aizf_l(S) is an isomorphism. Therefore H3 "~!(S) = A. To sum
up,

A ifg=s—r—1,
-

0 otherwise.

The above example proves the dimension axiom (6) of Theorem 0.2.

ExAMPLE 2.2. With W as in the above example, let V' be a closed comple-
ment of W in H. Denote by By (o) the open ball in W of radius g, centered at
0, and by 0By (p) its relative boundary in W. Set

Q= Q(04+,0-) = Bv(o+) ® Bw(o-), OwQ = By(04+)® IBw(o-).

Both @ and dw @ are closed. Arguing as in the previous example, it is easy to
show that
A ifg=s—r,

0 otherwise.
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3. E-radial morphisms and E-finite morphisms

DEFINITION 3.1. A continuous map ¢ : (X, A) — (Y,B) is an E-radial
morphism if ®~1(U) is bounded for every bounded U and there exists ag € V
such that:

(1) ®(X,) C 7 () for every a € V with ag C ;
(2) ®(Xgy) C 7 1(B]) and ®(X ) C 7 1(B;) for each o C § € V with
ap C o and d(f) = d(a) + 1.

We then say that ® is an F-radial morphism with respect to ay.

The composition of two E-radial morphisms is again an F-radial morphism.
Therefore we have a category whose objects are the F-pairs in H and whose
morphisms are the F-radial morphisms. The purpose of this section is to extend
the definition of H}, to the E-radial morphisms, so to construct a contravariant
functor on this category.

Let @ : (X, A) — (Y, B) be an E-radial morphism with respect to ag between
E-pairs. Set

Voo ={B€V|ag C B}
Let 8 € Vq,. By property (1) of Definition 3.1, we can define

g = Plx, : (Xp, Ag) — (Y, Bga).

Let ¢ € Z. Since (Xg, Ag) is a closed pair, ®3 is a proper map and thus it

induces homomorphisms
HIH O () : HIT (Y, Bg) — HITD (X5, Ap).

Now let oo C 8 be in V,,,, with d(§) = d(a)+1. By property (2) of Definition
3.1, ®3 maps X+ into Y+ and X into Y-

By the functoriality of the Mayer—Vietoris homomorphism, stated in Propo-
sition 1.6, the homomorphisms {Hf;ﬁd(ﬁ )(Qg)} form a direct system of homo-
morphisms from the direct system

{HEHO (Y5, Bg); AL (Y, B)}
of A-modules to the direct system
{HID (X5, Ap); AL5(X, A)}

of A-modules over the directed set V,,. Therefore we can define H}(®) as the

direct limit of this system:

Hp(®) = Bﬁ_g,l HIH PN (@) - HY(Y, B) — HE(X, A).
€Vay

We now study the functorial properties of H.
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PROPOSITION 3.1. Assume that ® : (X,A) — (Y,B) and ®' : (Y,B) —
(Z,C) are E-radial morphisms of E-pairs. Then:
(1) if I : (X, A) — (X, A) is the identity map, then H%(I) is the identity
homomorphism on Hy(X, A) for each q € Z;
(2) Hy(®' o ®) = Hj,(®) o Hy,(P').

PROOF. Assertion (1) is trivial.

Assume that ® is an F-radial morphism with respect to oy and that ®’ is an
E-radial morphism with respect to o). Set vo = g+ Theset V,, = {y € V|
Yo C 7} is a cofinal subset of both Vo, and Vy. If v € V,,, then ®(X,) C Y,
and ®'(Y,) C Z,. Therefore ® o ® is an E-radial morphism with respect to 7o
and

HIFIO) (@ 0 @),) = HEFO) (@ 0 ) = HEO)(@.) 0 HIFO) (@),
Taking the direct limit over V., we get (2). O

DEFINITION 3.2. A continuous map ¥ : (X x [0,1], A% [0,1]) — (Y, B) is an
E-radial homotopy if ¥~1(U) is bounded for every bounded U and there exists
ag € V such that:

(1) ¥(X, x [0,1]) C 7~ (a) for every a € V with g C o;
(2) ¥(X4 x [0,1]) € 7 1(BF) and W(X,- x [0,1]) C 7~ 1(3;) for each
a C eV with ay C a and d(8) = d(a) + 1.
Two E-radial morphisms @y and ®; from (X, A) to (Y, B) are called E-radially
homotopic if there exists an F-radial homotopy ¥ : (X x[0, 1], Ax[0,1]) — (Y, B)
such that ¥(-,0) = ®y and U(-,1) = P;.

PROPOSITION 3.2. If the E-radial morphisms @y, 1 : (X, A) — (Y, B) of
E-pairs are E-radially homotopic, then Hp(®o) = Hi(P1).

PrROOF. Let ¥ : (X x [0,1], A x [0,1]) — (Y, B) be an E-radial homotopy
with respect to o such that ¥(-,0) = &g and ¥(-,1) = ®;. Set Vo, = {6 € V|
g C ﬂ}

If 3 € Va,, then ;53 = Uy |x, maps (X3, Ag) into (Y, Bg) for each t € [0,1].
Then the continuous maps ®oz and @14 are homotopic via a proper homotopy
and

HIT O (@) = HIT O (15).

Taking the direct limit over V,,, we find HZ(®g) = HL(P1). O

An interesting class of E-radial morphisms is formed by the FE-finite mor-
phisms:
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DEFINITION 3.3. A map @ : (X, A) — (Y, B) is an E-finite morphism if it
is an F-compact morphism of the form

®(z) =z + R(x)
where mo R(X) C oy, with ag a finite-dimensional linear subspace of H/E.

DEFINITION 3.4. A map ¥ : (X x [0,1], A x [0,1]) — (Y, B) is an E-finite
homotopy if it is an E-compact homotopy of the form

Ui(x) = ¥(z,t) = v+ R(z,t)

where moR(X x [0, 1]) C ag, with ag a finite-dimensional linear subspace of H/E.
Two E-finite morphisms @y and ®; from (X, A) to (Y, B) are called E-finitely
homotopic if there exists an E-finite homotopy ¥ : (X x[0,1], Ax[0,1]) — (Y, B)
such that ¥(-,0) = g and U(-,1) = D;.

Notice that every inclusion map is an F-finite morphism.

We can now prove the strong excision property for Hj,, which is assertion

(3) of Theorem 0.2:

ProproOSITION 3.3. Let X and Y be two closed E-locally compact sets. Let
i (X, XNY)—= (XUY,Y) be the inclusion map. Then

Hp(1): Hp(XUY)Y) - Hp(X, XNY)
is an isomorphism.

PRrROOF. By Proposition 2.1, X,UY,, is a paracompact locally compact Haus-
dorff space; by Proposition 1.5,

(3.1) H(ig) : Hf (X UYa, Xo) — HY (Yo, Xo NYa)

is an isomorphism. Therefore Hj(7) is an isomorphism, being the direct limit of
isomorphisms. O

4. Approximation features. Arguing as in [10], we will define the ho-
momorphisms induced by an FE-compact morphism by approximating it with
E-finite morphisms. In order to do this, we must prove some continuity prop-
erty for Hp,.

DEFINITION 4.1. Let (X, A) be a bounded closed pair. An approzimating
sequence for (X, A) is a sequence { (U™, V™)} of bounded closed pairs such that:

() Um cU™and V™ C V™ if n < m;

(2) Mypen U™ = X and ), V™ = A.
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If F is a closed complement of F and Bp(r) is the open ball in F, centered
at 0, of radius r, then

{(X + Br(1/m), A+ Br(1/m))}

is an approximating sequence for the bounded closed pair (X, A): let Y™ =
X+ Bp(l/m);lety e, Y™, y = Zm + fm, with 2, € X and f,, € Bp(1/m);
since f,, — 0, it follows that x,, — y and y must belong to X. Therefore
N,,X+Br(1/m)=N,,Y"=N,,Y"=X=X.

Given an approximating sequence {(U™,V"™)} for a bounded closed pair
(X, A), consider the inclusion maps

(X, A) = (U™ V™), (U™, V™) < (U, V) ifn < m.

Since every inclusion map is an E-finite morphism, we can consider the induced
homomorphisms

Hp(i™) : Hy(U™, V™) — Hp(X, A),
Hy(j™") : Hp(U™, V") — Hp(U™, V™) if n <m.
By the functoriality of H,, {H}(i"™)} is a direct system of homomorphisms from

the direct system {H5(U™,V™); Hy,(7™™)} of groups to the group Hp (X, A).
The following continuity property holds:

PROPOSITION 4.1. Let (X, A) be a bounded closed pair. Then the direct limit

li_mNHE(im) : li_m&{HE(Um,Vm);HE(jm’”)} — Hp(X, A)
me me

of the above system is an isomorphism.

PROOF. Let v € V and let i : (X4, Ao) — (UM, V) and jivm . (U, V™)
— (U2, V™), for n < m, be the inclusion maps.

Since « is finite-dimensional, the topology induced on 7~ !(a) coincides with
the weak topology. UJ', V', X, and A, are weakly closed and bounded and
therefore compact. By the continuity property of H} stated in Proposition 1.3,
the following homomorphism is an isomorphism:

limy H; (i) -

meN
lim {HHO U, V) HEHH (i) — HEP (X, Aa).
meN

By Lemma IV.5.2 of [10], direct limits of abelian groups commute; therefore

lim H7(i™) = lim lim A7) = lim lim 7O 67).
meN meN aeV acV meN

Thus lim, . H3(i™) is an isomorphism, being a direct limit of isomorphisms.(]
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Now assume that (X, A) is any E-pair and set
T(X,A)={S|AcCScX, Sisclosed, X\ S is bounded}.

Then 7 (X, A) is downward directed by inclusion. If ig : (X, A) — (X,S5) is
the inclusion map, then Hj,(ig) is a direct system of homomorphisms from the
direct system {H 5 (X, S)} of groups to H (X, A), over the directed set 7 (X, A).

PROPOSITION 4.2. Assume that (X, A) is an E-pair. Then the direct limit

i Hp(is): lim  Hp(X.5) - Hp(X, A)
SET(X,A) SET(X,A)

of the above system is an isomorphism.

PRrOOF. This follows immediately from Proposition 1.4 and from the possi-
bility of changing the order of two direct limits. O

A pair (X, A) will be called cobounding if X \ A is bounded.

DEFINITION 4.2. Let (X, A) and (Y, B) be two cobounding closed pairs. Let
®:(X,A) — (Y, B) be an E-compact morphism. An approzimating system for
® is given by:

(a) two bounded closed sets U, V such that:

(al) X\ACUCX,Y\BCVCCY;
(a2) ®(U) C V;

(b) an approximating sequence {(Y™, B™)} for (V, BNV); denote by i"™ :
(V,BNV) < (Y™, B™) and j7" : (Y™, B™) — (Y™, B"), for n < m,
the inclusion maps;

(c) a sequence of E-finite morphisms

™ (U, ANU) — (Y™, B™), meN,

such that, if ® = &y anw) : (U, ANU) — (V,BNV), then:
(c1) @™ is E-compactly homotopic to i" o P;
(c2) ®™ is E-finitely homotopic to j™™ o ™.

Denote by Pg the orthogonal projection onto F and let E+ be the orthog-
onal complement of . We need a lemma in order to prove the existence of
approximating systems:

LEMMA 4.3. Assume that ® and ®' are E-compact morphisms (resp. E-
finite morphisms) from (X, A) to (Y, B) such that:

(1) PEOq) :PEO(I)/;

(2) ||®(x) — @' (2)| < dist(®(z), (H\Y)N(®(z) + EL)), Vo € X;

(3) [9(z) — ¥'(2)] < dist(®(x), (H \ B) N (D(x) + EL)) Va € A.
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Then ® and ®' are E-compactly (resp. E-finitely) homotopic by means of an
E-compact (resp. E-finite) homotopy ¥ : (X x [0,1], A x [0,1]) — (Y, B) such
that
Ppo¥(zr,t) = Pro®(z) = Ppo®'(z), VreX, Vtel0,1].
PROOF. Set
U(z,t) =td'(x) + (1 — t)®(x).
By hypothesis, if z € X and ¢ € [0,1], then ¥(z,t) € ®(x) + E+ and

19, ) — B(a)| = &' (2) — B(a)| < ¢ - dist((x), (H\ Y) O (@(x) + EL).

Thus ¥(z,t) must lie in Y. In the same way, U(z,t) € B if x € A. Therefore ¥
is the required E-compact (resp. E-finite) homotopy between ® and &’. O

PROPOSITION 4.4. Let (X, A) and (Y,B) be two cobounding closed pairs.
Let

e (X x[0,1], A x [0,1]) — (Y, B)
be an E-compact homotopy. Let U, V be two bounded closed sets such that:

(1) X\ACcUCX and Y\BCV CY;
(2) ¥(U x[0,1)) C V.

Then for each m € N there exists an E-finite homotopy

U™ (U % [0,1], (ANU) x [0,1]) — (Y™, B™),
Y™ =V 1 Bp.(1/m), B™=(BnV)+ Bp.(1/m),

such that {U™(-,t)} is an approximating system for ¥(-,t) for every t € [0,1].
Moreover,

O™ (z,t) — ¥(z,t)|| < 1/(3m), V(z,t) €U x[0,1],

(4.1)
PgoU™(z,t) = Ppo¥(x,t), V(z,t) €U x|[0,1].

PrROOF. Assume that U(z,t) =z + K(z,t). Set Kgp = Pgo K and Kg. =

Pgi o K, so that
K(z,t) = Kg(x,t) + Kgi (z,t).

Remember that 7z induces the strong topology on E+ and that Kp. is a
compact map.

We are going to show that there exists a sequence of continuous maps K7, :
U x [0,1] — W,,, where W,, is a finite-dimensional linear subspace of £+, such
that

(4.2) 1K™, (2,t) — Ko (z,8)]| < 1/(3m), Y(z,) € U x [0, 1],
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Since K1 (U x [0,1]) is precompact in the complete metric space E*, it is

totally bounded and there exist z1,...,Zn(m) in E+ such that
N(m)

(4.3) Kpr(Ux[0,1]) € | Bpe (@i 1/(3m)).
i=1

Let W,,, be the linear space generated by {z1,...,Zn@m)}. Let Pp : B — W,
be the orthogonal projection onto W,,. Set

iz, t) = Py o Kg(z,t), K™(z,t) = Kg(z,t)+ K5 (z,t).

Let (z,t) € U x [0,1]. By (4.3) there exists j < N(m) such that Kz (z,t) €
Bg.1(z;,1/(3m)). Therefore,

[P 0 Kt (1) = Kpo (2, 8)|| < |[Kpe(2,t) — 2] <1/(3m)

and K7}, satisfies (4.2).
Now set
U (x,t) =z + K™(x,t)
By (4.2), ¥™ maps (U x [0,1],(ANU) x [0,1]) into (Y™, B™). Moreover, we
have mo K™(U % [0,1]) C w(W,,) and U™ is an E-finite morphism. By (4.2),
O™ (2, ) — W (2, t)|| < 1/m < dist(U(x,t), (H\Y™) N (¥(x,t) + EL)),
V(z,t) € U x [0,1],
O™ (z,t) — U(z,t)|| < 1/m < dist(¥(z,t), (H\ B™)N
V(x,t)

(U(z,t) + E)),
e (ANU) x [0,1].

Set

U = 0|01, anux(o) : (U % [0,1],(ANU) x [0,1]) = (V, BN V).
By Lemma 4.3, U™ (-,t) and i™ o \Il( -,t) are E-compactly homotopic. Again,
by (4.2), if n < m then

W™ (2, t) = W (2, 1)
11 1 1

<
<3m+3n_n 3m

< dist(U™(z,t), (H\Y™) N (9™ (2,t) + E)), VY(x,t) €U x [0,1],
H\Pm(xvt) - \I/n(:)’;,t)H
1 1 1 1
< 3m + 3n " n 3m
< dist (9™ (x,t), (H\ B™) N (9" (x,t) + E*)), Y(z,t) € (ANU) x [0,1].

By Lemma 4.3, " and j™"oWU"™ are E-finitely homotopic. Therefore {¥™(-,t)}
is an approximating system for U(-,¢). O
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COROLLARY 4.5. Let (X, A) and (Y, B) be cobounding closed pairs. Let ¥ :
(X, A) — (Y, B) be an E-compact morphism. Then there exists an approzimating
system for ®.

PrOOF. Let U = X \ A. Since ® maps bounded closed sets into bounded
closed sets, V. = ®(U) UY \ B is bounded and closed. Apply Proposition 4.4
with these U, V and with ¥(-,t) = ®(-) for each ¢t € [0,1]. O

5. E-compact morphisms. Let (X, A) and (Y, B) be two cobounding
E-pairs. Let ® : (X,A) — (Y, B) be an F-compact morphism. Consider an
approximating system {®™ : (U, ANU) — (Y™,B™)} for ® (notations as in
Definition 4.2).

Since ®™ is an F-finite morphism, we can consider the induced homomor-
phism

Hp(®™): Hg(Y™,B™) - Hp(U,ANU).
By property (c2) of Definition 4.2, {H(®™)} is a direct system of homomor-
phisms from the direct system {H5 (Y™, B™); Hy(7™")} of A-modules to the
A-module Hf (U, ANU). Consider the direct limit of this system:
limy Hy(®™) : lim {H5 (Y™, B™); Hy(j™")} — Hy(U, ANU).
meN meN
Since (V, BNV) is a bounded closed pair, the domain of this homomorphism is
isomorphic to H3(V, BNV), via the isomorphism
lig H(jn) : limg Hy (Y™, B™) — Hy(V, BOV)
meN meN
where j,, : (V,BNV) < (Y™, B™) are the inclusion maps.

Since X and Y are E-locally compact, the strong excision property stated in

Proposition 3.3 holds and the inclusion maps induce isomorphisms

Hyp(X,A) 2 HL(U,ANU), Hi(Y,B)2H,(V,BNV).
Therefore we can define the homomorphism
Hy(®) : Hp(Y, B) — Hp(X, A)

as

Hp(®) = H (i)' o %HE(¢”L) ° [li_an;VHié(jm)]‘1 o Hp(j)
me me

where i : (U, ANU) — (X,A) and j : (V,BNV) — (Y, B) are the inclusion
maps.

In order to prove that this is a good definition, we must check that it does
not depend on the choice of the approximating system for .
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PROPOSITION 5.1. The definition of HEL(®) does not depend on the choice
of the approzimating system for ®.

ProOOF. Consider two approximating systems for ®.
1. First we assume that the approximating systems share the same U and
V, and the same approximating sequence {(Y™, B™)} of (V,BNV):

" (U, ANU) — (Y™, B™), @™ :(UANU)— (Y™ B™).

Let U™ : (U x [0,1],(ANU) x [0,1]) — (Y™, B™) be an E-compact homotopy
between @™ and ®'". For r € N let

Z'=Y™+ Bpi(1/r), W =B™+ Bg.(1/r).
Apply Proposition 4.4 to find an E-finite homotopy
it (U x [0,1],(ANU) x [0,1]) — (2", W)

such that {U7(-,¢)},en is an approximating system for U™ (- t) for each ¢ €
[0,1], and

(5.1) O (z,t) — O™ (z,t)|| < 1/(3r), V(x,t) €U x[0,1].

Set Z™ = ZI" + Bg. (1/r), W™ = Wi" + Bg. (1/r) and let
B (20 W) = (21 W, (FTG) s (2 W)
be the inclusion maps.
By (5.1) we can apply Lemma 4.3: the E-finite morphisms f™ o ®™ and

h™ o W™ (- 0) from (U, ANU) to (Z™,W™) are E-finitely homotopic. For the
same reason f™ o ®"™ and h™ o W™ (. 1) are E-finitely homotopic. Therefore,

HE (™) o Hy(f") = Hp(f;" o ®™)
= Hp(h" o W*(+,0)) = Hp(h;" o W' (-, 1))
= Hpp(f" 0 @) = Hy(®"™) o Hp(f").
By Proposition 4.1, limy, . Hy(f;™) is an isomorphism and therefore
Hp(®™) = Hp(®"™), V¥meN.

2. Now we only assume that U and V are the same for the two approxi-
mating systems. Thus we have two approximating sequences {(Y™, B™)} and
{(Y"™,B"™)} for (V,BNV), and two sequences of E-finite morphisms:

™ (U, ANU) — (Y™, B™), @™ :(U,ANU)— (Y™ B™).
Denote by

i (V,BNV)— (Y™ B™), " :(V,BNV)— (Y™, B™)
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the inclusion maps. The sequence
(Y™ B™) =("uY™, B"UB™), meN,
is an approximating sequence for (V, BNV). Let

U 2 (Y™, B™) — (Y™ B™), ., :(Y"™ B™)— (Y™ B™)
Zm (V,BNV) < (Y™, B™)
denote the inclusion maps. By our previous argument,
Hp(®™) 0 Hy(um) = Hijy(tm 0 ®™) = Hp(u, 0 &™) = Hpp(®™) o Hp(uy,,).
Moreover,
Hp(i™) o Hyy(um) = Hy(2m) = Hp(i™) o Hp (u,,)-

By Proposition 4.1,

lim H(up) = lim Hy(uy,) = Ing(v,BmV) .

meN meN

Therefore,

ling Hj(®™) = lim Hp(®"™).
meN meN

3. Finally, consider the general case. The smallest U and V which can be
chosen are
U=X\A, V=90U)UY\B.
Let U’ and V'’ be another choice. Apply twice Proposition 4.4 to find an
approximating sequence {(Y, B™)} for (V, BNV), an approximating sequence
{(Y"™ B"™)} for (V', BN V') and two sequences of E-finite morphisms

™ (U, ANU) — (Y™, B™), @& .U ,BnV')— Y™ B™)
such that the following diagram commutes:

(U,ANU) —2— (Y™, B™)

1 |-
(U, ANU") 2 (v B

where ¢ and j™

are the inclusion mappings. Taking the limit over N and then
using the strong excision property given by Proposition 3.3, we conclude the

proof. O

Thus we have defined Hj(®) for every E-compact morphism @ : (X, A) —
(Y, B) where (X, A) and (Y, B) are cobounding E-pairs. H}, is invariant under
E-compact homotopies:
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PROPOSITION 5.2. Assume that (X, A) and (Y, B) are cobounding E-pairs.
If the E-compact morphisms &g and ®1 from (X, A) to (Y, B) are E-compactly
homotopic, then Hy,(®g) = Hp(Pq).

PrOOF. Let ¥: (X x[0,1], A x [0,1]) — (Y, B) be an E-compact homotopy
between @y and ®;. Choose U = X\ A and V = ¥(U x [0,1]) UY \ B. By
Proposition 4.4 we can find a sequence

I (U % [0,1], (ANT) x [0,1]) — (Y™, B™)

of E-finite homotopies such that (-, 0) is an approximating system for &y and
T™(-,1) is an approximating system for ®;. By Proposition 3.2, Hy(¥™(-,0))
= Hy(P™(-,1)). Taking the direct limit over N we find Hj (Do) = Hy(P1). O

Proving the functoriality of HF, is a bit more difficult:

PROPOSITION 5.3. Assume that (X, A), (Y,B) and (Z,C) are cobounding
E-pairs. Assume that ® : (X, A) — (Y,B) and ¥ : (Y,B) — (Z,C) are E-
compact morphisms. Then:

(1) if I:(X,A) — (X,A) is the identity map, then Hi(I) is the identity

homomorphism on Hy, (X, A);

(2) Hy(W o @) = Hy(®) 0 Hy(W).

PROOF. (1) is trivial. We prove (2). Set U =X\ A,V =®({U)UY \ B and
W =0(V)UZ\C. Set

¢ =y anv): (U, ANU) — (V,BNV),
U= Ylv,pav): (V,BNV) = (W,CNW).

By our excision argument, we must show that
Hi(Uod) = Hy(®) o Hy (D).

1. First we assume that ¥ is an E-finite morphism:

U(z) = z + R(z)
where R : V — 7~ () is continuous and has precompact image.

By Dugundji’s generalization of Tietze’s Theorem [8] we can find a continuous
extension R : H — 7~ () of R such that R(H) C conv(R(V)), and thus R(H)
is precompact. Therefore ¥(x) = z + R(z) is an E-finite morphism on H.

Let @™ : (U, ANU) — (Y™, B™) be an approximating system for ®. Set

Z" =9 (Y™ UuW, C™=¥Bm™)UCNW)

Then {(Z™,C™)} is an approximating sequence for (W,CNW): if z € ,, 2™\
W then z = ¥(y,,) for some sequence ¥, € Y™. Since V¥ is proper, there exists
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a subsequence y,,, converging to some y € (), Y = V. Therefore U(y) =2
and (), Z™ = W. With the same argument we find that (), C™ = C.

Let ™ : (V,BNV) — (Y™, B™) and j™ : (W,CNW) — (Z™,C™) be the
inclusion maps. Set

U= "o : (V,BNV) — (Z7,C™),

@m = @Ym,Bm s (Ym,Bm) — (Zm,Cm)

Since U™ o & is E-compactly homotopic to U™ o &, by Proposition 5.2,
Hip (™ 0 B) = Hy, (T 0 &™) = Hp(@™) o Hy(T™).
Therefore, by Proposition 4.1,

lim Hy (U™ 0 @) = lim Hj(®™) o limg Hy,(T")

meN meN meN
— limg Hy(®™) o [y Hp (™)~ o lig Hp (™).
meN meN meN

Since {¥U™ o 5} is an approximating system for To 5,

Hp(T 0 @) = lig Hp(0™ 0 ®) o [liny Hy(j™)] ™"

meN meN

= Hpp(®) o i H(¥™) o [l Hp(j™)] " = Hp(®) o Hy (D).

meN meN

2. We now pass to the general case. Let
v (V,BNV)—(Zzm,C™), ™. (U ANU)— (Z™,C™)

be two approximating systems for ¥ and E/o&), constructed as in Proposition 4.4.
By 4.1 we can apply Lemma 4.3: U™ o ® and O™ are FE-compactly homotopic.
By Proposition 5.2, Hj(¥™ o &)) = H}(©™). By the first part of this proof,
H;, (9™ o P) = HE(@) o H},(¥™). Taking the direct limit over m € N we
conclude the proof. O

Now let (X, A) and (Y, B) be arbitrary E-pairs. Let ® : (X, A) — (Y, B) be
an F-compact morphism. Recall that

T(X,A)={S|AcCScCX, Sisclosed, X\ S is bounded}.

For each T € T(Y, B), ®1(T) isin 7 (X, A): in fact, A C @~ 1(B) c @~ 1(T)
and X \ @ 1(T) = ®~1(Y \ T) is bounded by property (2) of Definition 0.1.

Let ir : (X, A) — (X,®71(T)) be the inclusion map. Let ®7 be ® seen as a
map from (X, ®~(T)) to (Y,T). Then we have the homomorphisms

(v, ) TSy x, o7t 1) TEYY (X, A),
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Taking the direct limit over 7 (Y, B) and using Proposition 4.2, we can define

Hp(@)= lm  Hp(ir) o Hp(®r): Hy (Y, B) = Hp(X, A).
TeT(Y,B)

The following proposition proves assertion (2) of Theorem 0.2:

PROPOSITION 5.4. Assume that (X, A) and (Y, B) are E-pairs. If the E-
compact morphisms ®g and @1 from (X, A) to (Y,B) are E-compactly homo-
topic, then Hy,(®o) = Hpy(P1).

PROOF. Let @, t € [0,1], be an E-compact homotopy between ®y and ®;.
For T € T(Y, B) set
S= (1 &7(D).

tel0,1]
Since A C ®,'(B) C &, '(T) for every t, A is a subset of S. Moreover,

xX\s= |J & '(xX\T)

te(0,1]

is bounded by condition (2) in the definition of E-compact homotopy (see Defi-
nition 0.2). Therefore S € 7 (X, A).
Let ;7 be @, seen as a map from (X, ) to (Y,T) and let

i (X, A) = (X, 07 1(T)), jr: (X, 4) — (X, 27(T)),
kr: (X, A) < (X, S)

be the inclusion maps. By Proposition 5.3, Hj(®,7) = Hp(jk) o H(®.r). By
Proposition 3.1, Hj(i%) = Hp(kr) o Hj,(j%). Therefore the following diagram
commutes, for every t € [0, 1]:

H(Dir)

Hy(Y,T) HE(X,S)
H;(m)l lH;(m)
* —1 H]g(lé“) * A

Hy (X, @, (7)) H% (X, A)

By Proposition 5.2, the assertion is true for E-compact homotopies between
cobounding pairs and therefore Hy,(®or) = Hjp(®17). Thus

Hp (i) o Hiy(®or) = Hy(it) o Hiy(P17)
and the assertion follows. O

Now it is easy to prove assertion (1) of Theorem 0.2:
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PROPOSITION 5.5. Assume that (X, A), (Y,B) and (Z,C) are E-pairs. As-
sume that ® : (X, A) — (Y,B) and ¥ : (Y,B) — (Z,C) are E-compact mor-
phisms. Then:

(1) if I:(X,A) — (X,A) is the identity map, then Hi(I) is the identity
homomorphism on Hy,(X, A);
(2) Hy(W o @) = Hy(®) 0 H(W).

PRrROOF. (1) is trivial. We prove (2).
W eT(Z,C),then U=1(W)isin 7(Y,B) and @~ 1(¥~1(W))isin 7 (X, A).
By the definition of direct limit the following diagram commutes:

Hp(Yw) Hp(Py—1(w))
—_— _—

HE(Z,W) H (Y, U=H(W)) Hi (271 (T~H(W)))

Hp(z,c) “E%  Hpv,p) H(X, 4)
where the vertical arrows are induced by the inclusion maps. By Proposition 5.3,
the functoriality holds for E-compact morphisms between cobounding pairs and
therefore the composition of the upper homomorphisms in the diagram equals
HE((¥ o @)y ). By the unicity property of direct limits, Hj(¥ o ®) = Hj,(P) o
H;, (D). O

6. The E-coboundary homomorphism. Let (X, A) be an E-pair. Since
A is closed in X, for each o € V we have the coboundary homomorphism

st . gatdle)(4,) — HITIFA) (X, A,)
Set 9 = (fl)d<a>53+d<"). By Proposition 1.7, {02} is a direct system of homo-
morphisms from the direct system
{HEITD (A,); AL, (A)}
to the direct system
{HEHO (X, Aa); ATEH (X, A))
over the directed set V. We define 6% (X, A) as the direct limit of this system:

5(X, A) = i (91} : HE(A) — HE(X, A)
acV
PROPOSITION 6.1. Given an E-pair (X, A), let i : A — X and j : X —
(X, A) be the inclusion maps. Then the following sequence of homomorphisms

s exact:

q (i q q+1/.
o HL ) T g4y % gt ) T gori oy o
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PROOF. By the exactness of the Alexander—Spanier cohomology with com-
pact supports, the following sequence is exact:
+d(e) (;
HET T (o) HIH@) (A,) D, HIFH@) (X, AL

Hg+1+d(0<)(ja)
—

- Hg+d(a)(Xa)
Hg+1+d(a) (Xa) o

Since the direct limit takes exact sequences into exact sequences, the assertion
follows. O

The above proposition proves assertion (5) of Theorem 0.2.

PROPOSITION 6.2. Let (X, A) and (Y, B) be E-pairs. If ®:(X,A) — (Y, B)

is an E-finite morphism, then the following diagram commutes:

q
wyB)  TETL g4
5%(Y,B)l 05 (X,A)
q+1
Yy, B) T2, gori (x4

ProoF. If ®(x) =z + R(x )withwoR( ) C ag, and ag C «, then by the

naturality of the coboundary for HY, the following diagram commutes:
Hg+d(a) (Ba) Hg+d(a)((¢’|A)oc) Hq+d(a)c(Aa)
(—1)d(a)53(YmBa)l l(—l)d(‘”t?Z(XmAa)

HIT O (2,)
_—

HITHO Ty, B, HITUOT (X AL)

Taking the direct limit over a € V, we get the assertion. a

PROPOSITION 6.3. Let (X, A) and (Y,B) be closed pairs with X and Y
E-locally compact. If ®: (X, A) — (Y, B) is an E-compact morphism, then the
following diagram commutes:

Hy(2|a)

HE(B) ————= Hp(A)
5}15(Y,B)l lé
g+1 HE'®) gt
HE7(Y,B) ———— Hj (X, A)

PROOF. Set U=X\Aand V =Y \ BU®(U). We must prove the conclu-
sion for the restriction ® : (U,ANU) — (V,BNV).
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Let ™ : (U,ANU) — (V,BNV) be an approximating system for ®. By
Proposition 6.2, the following diagram commutes:

mhmy  EEL gy
6“E(Y’”,B’"’)l lé;{j(U,AmU)

H%+1(<I>7n)
—_

HEF Y (y™, B™) HENU,AND)

By Proposition 6.2 applied to the maps i, : (V,BNV) — (Y™, B™) and by
Proposition 4.1, the direct limit of the left vertical arrow is 6% (V, BNV'). There-
fore,

HE (®|anv)

HL(BNV) HL(ANT)

6qE(V’an)l l(S%(U’AmU)

q+1 /5
BN v, Bnv) 22 gatig any)

The statement now follows from the excision property of Proposition 3.3 and from
Proposition 6.2 applied to the inclusions (V, BNV) — (Y, B) and (U, ANU) —
(X, A). O

The above proposition proves assertion (4) of Theorem 0.2, which is now
completely proved.

2. Extension to F-morphisms

In this second part we want to extend the E-cohomology theory to a wider
class of maps and homotopies, so as to include the gradient flows of suitable
functionals. These maps will be called F-morphisms:

DEFINITION 6.1. A continuous map ® : (X, A) — (Y, B) is an E-morphism
if:
(1) it has the form
®(x) = Lz + K(x)
where K : X — H maps bounded sets into precompact sets and L is a

linear automorphism of H such that LE = F;
(2) ®~1(U) is bounded for every bounded U.

DEFINITION 6.2. A continuous map ¥ : (X x [0,1], A x [0,1]) — (Y, B) is
an F-homotopy if:

(1) it has the form

U(x,t) = Lz + K(z,t)
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where the continuous map K : X x [0,1] — H maps bounded sets
into precompact sets and L; is a linear automorphism of H such that
LiE = E;

(2) ¥=1(U) is bounded for every bounded U.

DEFINITION 6.3. An E-morphism ®(z) = Lz + K(z) is called positive if L
is a positive operator. An E-homotopy ¥(x,t) = Lz + K(x,t) is called positive
if every L, is a positive operator.

Two [positive] E-morphisms ®y and ®; from (X, A) to (Y, B) are said to
be [positively] E-homotopic if there exists a [positive] E-homotopy ¥ : (X x
[0,1], A x [0,1]) — (Y, B) such that ¥(-,0) = &g and ¥(-,1) = ®;.

The following theorem summarizes the main result of this part:

THEOREM 6.4. The E-cohomology theory with Zs coefficients [with arbi-
trary coefficients] can be extended to [positive] E-morphisms and [positive] E-
homotopies between E-pairs. More precisely, assertions (1), (2) and (4) of The-
orem 0.2 can be generalized in the following way:

(1) (Contravariant functoriality) If ® : (X, A) — (Y, B) and ®' : (Y,B) —
(Z,C) are [positive] E-morphisms, then Hy,(®'o®) = Hy(®) o H5(P').

(2) (Homotopy invariance) If two [positive] E-morphisms ® and @ are [pos-
itively] E-homotopic, then Hy,(®) = Hi(D').

(4) (Naturality of the coboundary) If ® : (X, A) — (Y, B) is a [positive]

E-morphism, then the following diagram commutes:

L) EU g4
6%<Y,B>l léé(x,A)
q+1
S (v, B) 22 get(x, )

The following sections are devoted to the proof of this theorem.
7. E-isomorphisms

DEFINITION 7.1. A map L : (X,A) — (Y, B) is an E-isomorphism if it is
the restriction of a linear invertible automorphism of H, also denoted by L, such
that LE = E.

Notice that the E-isomorphisms are not assumed to be onto (Y, B).
Let (X, A) and (Y, B) be two E-pairs. Let L : (X, A) — (Y, B) be an E-
isomorphism. Since LE = E, L induces a linear isomorphism L : H/E — H/E.

If « € V, then Ly = L|z-1(q) maps (Xa, As) into (Y7, Bz,). Therefore the

proper map L, induces homomorphisms

Hg+d(a) (La) . H§+d(a)(Y~

Tor Bra) — HITH (X, Ay).
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If o C 8 and d(3) = d(e) + 1, then L maps 7 isomorphically onto either
(L,G’)%a or (Lﬂ)%a Therefore Lg maps (X4+, Ag+) into either (Y7 B
or (Yfﬁ% ,Bzﬂi )

In the first case, by the functoriality of the Mayer—Vietoris homomorphism

sz, Pist,)

(Proposition 1.6), the following diagram commutes:

Héerd(f!) (La)
- 5

g (v Bs ) @)X, Ay)

(7.1) A%azﬁmml lAiﬁ(X,A)

Hg+d(ﬁ) (Lgp)
LAY

Hél""d(zﬂ) (Y~

d
L,@vBZ,B) Hg+ (6)(XﬁvAﬁ)

In the second case, since exchanging the roles of the two sets changes the
sign of the Mayer—Vietoris homomorphism, the same diagram anti-commutes.

If we choose Zg coefficients, then diagram (7.1) commutes in both cases.

If L is positive, then L is also positive and zﬂ;{ = (Zﬂ)
diagram (7.1) commutes for arbitrary coefficients.

T . In this case,
Lo

Therefore {HIT ) (L,)} is a direct system of homomorphisms from the
direct system

{Hé}—&-d@a) (Y=

Lo BZa); AZ

TaisY: B}

of Zy-vector spaces [or A-modules| to the direct system
{Hg+d(oz) (Xou Aoc); Agxﬁ(Xa A>}

of Zy-vector spaces [or A-modules], over the directed set V. We define G% (L) as
the direct limit of this system:

Gh(L) = limg HIT)(L,) :
1%

lim { HST4E) (V3 | Bs ); Al

q
= La25(Y7‘B)} - HE(X7 A)'

Since L acts on V as an order preserving bijection, there exists a natural isomor-
phism

LY(Y,B) : HL(Y, B) — %{Hngd(La)(Yza, Bz ,); A%azﬁ

(Y, B)}.
We define
GL(L) = G%(L) o LY(Y, B) : HL(Y, B) — HL(X, A).

It is trivial to show that the definition of G% (L) does not depend on the linear
extension of the E-isomorphism L. Moreover, G}, is a contravariant functor:
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PROPOSITION 7.1. Assume that L : (X,A) — (Y,B) and L' : (Y,B) —
(Z,C) are E-isomorphisms of E-pairs. Then:

(1) if I:(X,A) — (X,A) is the identity map, then G5 (I) is the identity
homomorphism on Hy,(X, A);
(2) Gp(L' o L) = GR(L) o G(L).

PROOF. Assertion (1) is trivial. We prove (2):

Go(L o L) = g HE((L' 0 L)o) = lig HIM(LY o Ly)

a€eV acy
— limg B (L) o Tim HEHO(LE ),
acy aEy *

Applying the order preserving bijection L on V gives

limg HITU(LL ) = LY, B) o liy HI*)(L],) 0 L9(Z,C)~".
acV acV

Therefore,
GL(L' o L) = GL(L) o LY, B) 0 GL(L') o LU(Z,C) "
Since I’ 0 L9(Z,C) = L4(Z,C) o L'"(Z,C), we get

Gh(L' o L) = GY(L' o L) o I/ 0 LU(Z,C) = G%(L) 0 GH(L'). O

DEFINITION 7.2. An E-isotopy is a continuous map £ : (X x [0,1], A X
[0,1]) — (Y, B) of the form
L(z,t) = Lx
where each L; is an F-isomorphism. Two E-isomorphisms Lo and Ly from (X, A)
to (Y, B) are called E-isotopic if there exists an E-isotopy £ : (X x [0,1], A x
[0,1]) — (Y, B) such that £(-,0) = Ly and £(-,1) = L.

Now we want to prove that G5 (Lo) = G3(L1) if Lo and L, are E-isotopic.
This task turns out to be more difficult than one may think. We need two
lemmas, the first about the possibility of extending a homotopy, the second
about direct limits:

LEMMA 7.2. Let X be a normal space and let X’ be closed in X. Let W be
a Banach space, with norm ||-||, and let « be a finite-dimensional linear subspace
of W. Let © : X x [0,1] — W be a continuous map. Assume that p : X — «
and ¥ : X' x [0,1] — a are continuous maps such that ¥|x: 11y = @|x/ and

W (2,t) — Oz, t)|| <a, Y(z,t)e€X x][0,1],
le(z) — Oz, 1) < a, VrelX.
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Then there exist a continuous map ® : X x [0,1] — « and a continuous function
e X x[0,1] — [0,1] such that:

(1) p(z,t) =1t when z € X', p(x,1) =1 for every x € X;

(2) @|x/xj0,1) =¥ and @|x (1} = @5

(3) ®(,t) — O, ula, )| < a for every (a,t) € X x [0,1].

PROOF. Set T = (X' x [0,1]) U (X x {1}) and let ¥ : T — « be defined by
- (z,t) if0O<t<l,
U(z,t) =
o(x) ift =1.

By Tietze’s Theorem, there exists a continuous map ® : X x [0,1] — a which
extends W. Set

Y = {z € X | 3t € [0,1] such that |®(z,t) — O(z,t)|| > a}.

Then Y is closed and disjoint from X’. Since X is normal, we can find a contin-
uous function A : X — [0, 1] such that A(Y) = 0 and A(X’) = 1. Define

,Lt(l‘,t) = 17}‘(55)(1775)3 (p(l‘,t) :@(x,p(:c,t)).
It is easy to verify that ® and p satisfy the required conditions. O

LEMMA 7.3. Let Lo,L; : (X,A) — (Y,B) be two E-isomorphisms of E-
pairs. Assume that for each o € V there exists v € V with o C 7y and Loa C Ly
such that the following diagram commutes:

«@ Héﬁd(a) L [e7 «
g+d( )(Yioa’Bfga) & Hg+d( )(XmAa)
(12)  A%p, 0| |2t

Hg+d(7)(L1~,)
B

ngd('y) (Y~ B

d
IN Ew) HCqu (’Y)(X’WA’Y)

Then GqE(Lo) = GqE(Ll)

PROOF. We recall that, by the definition of direct limit, H} (X, A) is the
direct sum of all Hg+d(a) (Xa, Aa), a € V, factored by the following equivalence
relation: 7 € Hg+d(a)(Xa,Aa) is equivalent to ¢ € Hg+d(5)(X5,A5) if there
exists v € V with a, 8 C v such that

Agry (X7 A)U = A%f«, (Xa A)C

Choose E € HE(Y, B); it is the equivalence class of some § € H(‘;Hd(ﬁ)(Yg, Bg).
Set o = L(;lﬁ and @ = L7'(. Then G%(Lo)= is represented by

(7.3) HET (Loa)é € HIF1W (Xq, Aa)
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while G%(L1)Z is represented by
(74) HEO (Lig) € HIM® (X, Az).

To prove that (7.3) and (7.4) are equivalent in H{ (X, A), we must find v € V
with o, @ C « such that

(7.5) AL (X, A) 0 HITU (Lo )¢ = AL o HIV™ (Ly5)¢.
Since {Hg+d(w)(L1w)}w€V is a direct system of homomorphisms,

AL o HI @) (L) = Héz+d(fy)(LM) o A%laZw(Y’B)

= HIMO(Ly,) 0 AL (Y,B).

Oazl')’
If we choose v as in the hypotheses, the above relation and the commutativity
of diagram (7.2) imply (7.5). O

Now we are ready to prove the invariance of G}, with respect to E-isotopies.
We just need this fact in the case of bounded pairs. A more general statement
will be proved later (see Proposition 10.1).

PROPOSITION 7.4. Assume that (X, A) and (Y, B) are bounded closed pairs.
If the E-isomorphisms Lo and Ly from (X, A) to (Y,B) are E-isotopic, then
G(Lo) = GR(L1).

PROOF. Let Y™ = Y + Bgi(1/m), B™ = B+ Bgi(1/m) and let i, :
(Y, B) — (Y™, B™) be the inclusion map (recall that Bgi (r) is the open ball
in B+ of radius 7).

Let L(-,t) =L;: (X,A) — (Y, B) be an E-isotopy between L and L; and
let L =iy, 0L : (X, A) — (Y™, B™). Let @ € V and set

I'(a) = L(X4 x [0,1]).
Then I'(«) is a compact subset of Y. Therefore we can find a finite-dimensional
linear subspace W of E+ such that:
(i) Loa+ Lo C 7 = x(W);
(ii) if Py o H — H is the orthogonal projection onto £ @ W, then

1P

weiw © L(z,t) — L(z,t)| <1/m, Vze€ X,, Vtelo,1].

Set y = L1~ 1(3). Then o C v and Loa C Lyvy. Write L(x,t) = Liyz+ LY, x,
where L%, = P o Ly and L%, = Pp. o L;. Define the following maps:

(p:X»YS:EI—)L}ELZ'GW,

VX, x[0,1]3 (2,t) = PyoLlb.zeW,
0:X,x[0,1] > (z,t) — LYz € B+
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Clearly, p(z) = ©(x, 1) for every z € X, and, by (ii),
19, t) — O, ) < 1/m, W(a,t) € Xo x [0,1]

Since X, is compact Hausdorff, a}id thus normal, we can apply Lemma 7.2: there
exist a map ® : X, x [0,1] — W and a function p : X, x [0,1] — [0, 1] such
that:

(1) p(zx,t) =t for x € X4, and p(z,1) =1 for every z € X;

(2) ®|x,xp0,1)(#,t) = Py oLtz and ®|x_p1y = L. ;

3) [|®(x,t) — LAT V]| < 1/m.
Define @ : (X, x [0,1], 4, x [0,1]) — (Y37, BE') by

B(a,t) = D(x,t) + LYz,

Then ® is well defined by (3). Since LT, : (X4, As) — (Y7" ,Bf ) is are-
— —_— o 0

striction of ®9 = @(-,0) : (X, Ay) — (Y3", BY'), by the functoriality of the

Mayer—Vietoris homomorphism, the following diagram commutes:

HITH (L )
< 0l

Hg+d(a)(yﬁa’Bga) Hg+d(a)(XaaAa)

N (Y"",Bm)l lAq (X,A)

Toali~y oy

gatdO) (50)
e m

Hé]-i-d(’Y)(an B™ ) Hg-&-d(W)(X’Y A’y)

Liy’ "Ly

Finally, since ®, is homotopic to ®; = ®(-,1) = LY., via the proper homotopy
D, we get
HEHO @) = HIO(LY).

Thus we have proved the following fact: for each o € V there exists v € V such
that a C v, Loa C L17y, and the following diagram commutes:

HIH (L)
B

Hg+d(()é) (Y;m Bm ) Hngd(a) (Xou AOL)

Loa’ Lo

AL (Y’",B’")J( Al

LoaLivy
Hé1+d(“/) (™)
Hngd(’Y)(Yln Bm ) St e N g+d(’Y)(XA,,An,)

Liy’ " Ly
By Lemma 7.3, this implies G%L(L§") = G4 (LT). Then, by the functoriality of
Gy GL(Lo) 0o G4 (im) = GL(L1) 0 G4 (im). Tt is trivial to show that G% (i) =
HY,(4y,). Therefore, by the continuity property of H}, stated in Proposition 4.1,
GE(Lo) = GE(La). O

8. Comparison between Hj, and G7. Now we want to prove that the
functors H}, and G7, coincide on maps which are both E-compact morphisms
and E-isomorphisms. We need an approximation lemma:
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LEMMA 8.1. Let (X, A) and (Y, B) be two bounded closed pairs. Assume
that L : (X, A) — (Y, B) is an E-compact morphism and an E-isomorphism.
Then for each m € N there exists an E-isomorphism

Ly :(X,A)— Y™, B™)=(Y+ Bg.(1/m),B+ Bgi(1/m))

such that {L,} is an approzimating system for L with Ly, and i, oL E-isotopic
(im : (Y, B) < (Y™, B™) is the inclusion map).

PrOOF. Write Lx = = + Kz, where K is a compact operator such that
KE =F.

Since the set of linear automorphisms of H is open in the space of all bounded
operators endowed with the usual norm || - || ¢z, m), we can find € > 0 such that
|M — L|| r(r,my < € implies that M is invertible.

Let a = sup{||z|| | = € X}. For each m € N find a bounded linear operator
R,, : H — E*+ with finite rank such that

|Pgr o K — Ryl L,y < min{1/(ma),c}.
Set L,x =2+ Pgo Kz + R,,x. Since L,,F = LE = E and
|Pgr o Linx — Pg1o Lzl < ||Ry — Ppr o Kl|p(a,mllz| < 1/m,

L., maps (X, A) into (Y™, B™) and it is an E-finite morphism and an E-isomor-
phism. Set
Lt x =2+ PpoKz+tRy,z+ (1—t)Pgi o Kx.
It is easy to verify that:
(2) L, maps (X, A) into (Y™, B™) for each t € [0, 1];
(3) L, is invertible for each t € [0,1] and L, F = E.

m
These three facts imply that {L,,} is the required approximating system for L
and that L,, is E-isotopic to 4., o L. O

PROPOSITION 8.2. Assume that L : (X, A) — (Y, B) is an E-isomorphism
and an E-compact morphism of E-pairs. Then G%,(L) = Hy(L).

PrROOF. Notice that the assertion is trivially true if L is an E-finite mor-
phism. We prove the general case in three steps.

1. First assume that (X, A) and (Y, B) are bounded closed pairs. Using
Lemma 8.1, we can construct an approximating sequence {(Y™, B™)} for (Y, B)
and an approximating system {L,, : (X, A) — (Y™, B™)} for L such that each
L,, is an E-isomorphism and 4,, o L is E-isotopic to L,,, where i,, : (Y, B) —
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(Y™ B™) is the inclusion map. Therefore, by Proposition 7.4,

H}y(L) o liny Hpy (i) = iy Hpp (L) = i Gp(Lyn) = limg G (i o L)

meN meN meN meN
— lim G5(L) 0 Glim) = Gi(L) o lim Hi(in).
meN meN

By Proposition 4.1, H}, (L) = G5(L).

2. Assume now that (X, A) and (Y, B) are cobounding closed pairs. Since
G}, coincides with H, on inclusion maps, the strong excision property stated in
Theorem 0.2(3) also holds for G§;. Therefore the statement follows from step 1.

3. Assume now that (X, A) and (Y, B) are arbitrary E-pairs. Since G%, coin-
cides with H7, on inclusion maps, Proposition 4.2 also holds for G7},. Therefore
the assertion follows from step 2. O

The following lemma will be useful in the next section:

LEMMA 8.3. Let @ : (X, A) — (Y, B) be an E-compact morphism of E-pairs
and let L be an E-isomorphism. Then Lo ®o L™ : (LX,LA) — (LY,LB) is

an E-compact morphism and

(8.1) Hip(Lo®o L™ ') =Gy(L™ ) o Hi(®) o G(L).

PROOF. Arguing as in the previous proposition, it is enough to prove the
assertion when (X, A) and (Y, B) are bounded closed pairs. Assume that ® has
the form ®(x) = « + K(z). Then

LodoL Yz)=a+LoKoL Yz)=a+K'(z)

and Lo ®o L~! is an F-compact morphism.

The remaining part of the conclusion is trivial if ® is an E-finite morphism. In
the general case, consider an approximating system {®,, : (X, A) — (Y™, B™)}
for ®. Then {Lo ®,, 0o L™ : (LX,LA) — (LY™,LB™)} is an approximating
system for L o ® o L™t Since (8.1) holds for E-finite morphisms, we get

Hip(Lo®, 0 L) = Gy(L™") o Hy(®,,) 0 Gp(L), Vm €N.
Taking the direct limit over m € N, we conclude the proof. O

9. F-morphisms. Notice that every E-morphism ® : (X, A) — (Y, B) can
be written as ® = o L where L : (X, A) — (LX, LA) is an E-isomorphism and
U : (LX,LA) — (Y, B) is an E-compact morphism. However, this decomposition

is not unique.
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If ® = ¥o L as above, we define
HEp(®) = GR(L) o Hp(¥).
The next result implies that this is a good definition:

PROPOSITION 9.1. Assume that ® = oL = M oW oM’ is an E-morphism,
with U and V' E-compact morphisms, and L, M and M’ E-isomorphisms. Then

Gp(L) o Hp(¥) = Gp(M') o Hy (V') o G (M).
Proor. If ¥U'(z) = s+ K'(z) then
UV=(I4+MoK oM oMoM oL

Therefore M o M’ o L1 is also an E-compact morphism. By Proposition 8.2
and Lemma 8.3,

Hy(W)=Hp(MoM oL ™ YoHp(I+ MoK oM™
=Gy(MoM oL Y oHp(MoW oM™
=Gp(L7) o Gp(M') 0 G(M) o Gp(M ™) o Hi(¥') 0 GL(M)
=GH(L) Lo GE(M) o Hy (W) o Gip(M). O

This proposition allows us to write an E-morphism ® as an arbitrary com-
position of E-compact morphisms and FE-isomorphisms, and then to compute
H},(®) contravariantly, computing Hj, on the E-compact morphisms and G%
on the E-isomorphisms.

The next proposition proves assertion (1) of Theorem 6.4:

ProposITION 9.2. If & : (X,A) — (Y,B) and @' : (Y,B) — (Z,C) are
E-morphisms of E-pairs, then Hy,(®' o ®) = Hp(P) o Hy,(D').
ProOF. Write ® = W o L and ® = L' o ¥’ where ¥ and ¥’ are E-compact
morphisms, and L and L’ are E-isomorphisms. Then
H(®' 0 ®) = Hy (L' o W' oW o L) = G(L) o Hy(V 0 W) o Gy (L)
= Gp(L) o Hy(V) o Hy (V') o Gi(L) = HE(®) o Hp(®'). O

10. E-homotopies. We prove assertion (2) of Theorem 6.4:

PROPOSITION 10.1. Let ®g, P : (X, A) — (Y, B) be two E-morphisms of
E-pairs. If ®o and ®1 are E-homotopic, then H},(®g) = Hp(Pq).

PROOF. Arguing as in the proof of Proposition 8.2, it is enough to consider
the case where (X, A) and (Y, B) bounded. Let ® : (X x[0,1], Ax[0,1]) — (Y, B)
be an E-homotopy between ®y and ®;. The proof is divided into two steps.
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1. First assume that ® has the special form
(10.1) O, =P(-,t) =T, 0L,

where L; : (X, A) — (Z;,Cy) = (L+X, L;A) is an E-isomorphism, L. : X X
[0,1] — H is continuous, and Uy : (Z;,Cy) — (Y, B) has the form

U (z) =z + R(z,t)

where
R:Q={(zx,t) e Hx[0,1] |z € Z;} - E
is continuous and 7o R(2) C ap € V. Such E-homotopies will be called special
E-homotopies.
Let (Y™, B™) = (Y +Bg:(1/m),B+ Bg.(1/m)), let ip, : (Y,B) —
(Y™ B™) be the inclusion maps and let ™ = 4,, 0o d. Let 8 = Eglao + Zflao.
Now we are going to prove that for each o in Vg = {a € V | § C «}, there exists

v € Vg with a C v and zoa C zyy such that the following diagram commutes:

HEH) @)
-

g+d(a) (Yzm Bm ) Hg+d(a) (XO” Aa)

o’ Lo
(102) A%,.7,,078 | |2t

d m
Hé” (’Y)(@lw)

Hg+d(7) (Ym B™ ) Hg+d(’Y) (X'y7 A'y)

L1y’ " Livy
Choose o € Vg and set
INa) = (X, x [0,1]).

Then I'(«) is a compact subset of Y. Therefore we can find a finite-dimensional
linear subspace W of E+ such that:

(i) ag + Loa+ Lo C7 = ﬂ(W);
(ii) if Py + H — H is the orthogonal projection onto E'@& W, then

1Ppasry —ull < 1/m, Yy € T().

Set v = E;l’i. Then 3 C o C v and Loow C Lyvy. Write ®(z,t) = Pgo
®(x,t) + Pgi o ®(x,t). Define the following maps:

v: Xy >z PgLo®(zx,1) ew,
2 Xo % [0,1] 3 (2,8) > Py 0 ®(x,t) € W,
0:X, x[0,1] > (z,t) > Pgi o ®(x,t) € E*.

Clearly, ¢(z) = ©(z, 1) and by (i),

IE2(z,t) — O(x,t)|| < 1/m, V(z,t) € X4 x[0,1].
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Since X, is a normal space, we can apply Lemma 7.2: there exist a map =
X, x [0,1] = W and a function p : X, x [0,1] — [0, 1] such that:
(1) p(x,t) =t when x € X,, and p(z,1) =1 for every z € X;
(2) ELXQX[OJ] (x,t) = PW o Ppi o ®(z,t) and §|X»y><{1} = Pg1 o ®q;
(3) |IE(x,t) — Prr o ®(z, pu(x,t))|| < 1/m for every (z,t) € X, x [0,1].
Define ® : (X, x [0,1], A, x [0,1]) — (Y2, BZ*) by

®(x,t) = E(x,t) + Pg o ®(z, u(x,1t)).

Then @ is well defined by (3). Since ®5 : (X4, 4n) — (Y7 ,BF ) is are-
J— — o o

striction of @9 = @(-,0) : (X, A,) — (Y3",Bf"), by the functoriality of the

Mayer—Vietoris homomorphism, the following diagram commutes:

HIT) (@)
_—

L0a7 LUOL

q m m
AL L (YT.B )l lAgW(X,A)

Hngd(W)(Yl” Bm ) HIHO) (T

q+d(7)
L1y’ 7 Liy He (X’Y,AW)

Since ¥y is homotopic to & = @77, via the proper homotopy P, we get
HCqud(v)(gO) _ Hﬁ*d(”(‘b’{;).

Therefore diagram (10.2) commutes.
Arguing as in Lemma 7.2, it is easy to show that the commutativity of (10.2)

implies

(10.3) lim HIF (@ Yo Li(Y™, B™) = liy HIT (@) 0 LI(Y™, B™).

acVg acVg

We develop the left-hand side of this equality:

= lim Hg+d(oz)(L0a) ° Hg+d(a)((im ° \IJO)ZOa) o Eg(ym’ B™)
a€Vg

= G%(Lo) o LY(Zo, Co) © HL (i 0 ®g) 0 L(Y™, B™) "' o LI(Y™, B™)

In the same way, the right-hand side of (10.3) is equal to H5(®7"). Therefore,
H(®0) 0 H(im) = H(®1) © Hg(im)-

Taking the direct limit over m € N, by Proposition 4.1 we get H5(®o) = Hp(P1).
This proves the assertion in the case of a special E-homotopy.

2. Notice that every E-homotopy can be written in the form (10.1), but with
Uy (z) =z + K(z,t) and K(£2) precompact.
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Set ' = {(z,t) € H x [0,1] | x € C¢}. Let r € N. By Proposition 4.4, in a
slightly modified form, we can find maps

U (Q,Q) — (Y",B") of the foom " (z,t) =x+ R"(z,t)

where mo R"(2) C ap € V and {U"(-,¢)}ren is an approximating system for
U(-,t), for each t € [0,1]. Let ®"(z,t) = ¥"(Lx,t). Then ®" is a special
E-homotopy and therefore, by step 1,

Hi(®5) = Hp(97), VreN.
Thus
GE(Lo) o Hp (V) = Gp(L1) o Hp(VY).
Taking the direct limit over r € N, we get G5;(Lo) o Hy, (Vo) = G (L1) o H5(¥1)
and therefore Hj(®g) = H(D1). O

11. Naturality of the coboundary. The coboundary operator ¢, is nat-
ural with respect to the functor G%:

PRrROPOSITION 11.1. Let L : (X, A) — (Y, B) be an E-isomorphism. Then
the following diagram is commutative:

Gq
my) S g
SE(Y,B)l ld"E(X’A)
q+1 GqE+1(L) q+1
HE(Y,B) ———— HE (X, A)

ProoF. The diagram

q+d(a)

Hngd(Oé) (Bfa) H¢ (Llag) Hg+d(a) (Aa)
63+d(@>(YZQ’BZa)l l5g+d(a)(xa=f1a)
q+d(a)+1
Hngd(Ot)Jrl (Yza7 Bza) H¢ (La) Hg+d(a)+1 (Xo” Aa)

is commutative for each a € V. Taking the direct limit over V of these systems
of homomorphisms, we find that the following diagram commutes:

G%(L|a)
—

lim HI(By,) HY(A)
(1%
liy EQE*d(a)(Yzasza)l l‘ng(X’A)
o éq+1
h_n’l) Hg"rd( )+1(Yza, Bza) E (L) H%+1(X, A)

acV
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Since L acts as an order preserving bijection on V), the following diagram is

commutative:
. LY(B .
i BB, S g HEO(B)
acV acV
liny 63+f’<”><Ya,Ba>l l lim 627 (vE,, By
aeV acV

i
% HIH@H (v B LB, % HIMEOH Gy )

The conclusion follows from the commutativity of the above two diagrams. [

Assertion (4) of Theorem 6.4 follows from this proposition and from assertion
(4) of Theorem 0.2.

3. Morse theory
12. Dimension theory. We recall the following definition:

DEFINITION 12.1. Two closed subspaces E and E’ of a Hilbert space H are
called commensurable if 7|g : B/ — H/FE and 7'|g : E — H/E' are compact.
Here H/FE and H/E' are given the Hilbert topology induced by H, and =, «’ are
the quotient projections.

Commensurability is an equivalence relation. If E' =V @ W, where V is a
subspace of E with finite codimension and W has finite dimension, then E’ and
E are commensurable: in fact, the projections involved have finite rank.

If Pg is the orthogonal projection onto E, the commensurability of F and
E’ can be rewritten in the following way: both Pg. restricted to E' and Py
restricted to E are compact. As a consequence, both EXNE’ and ENE’ L must
be finite-dimensional. Therefore we can define a relative dimension:

D(E,E')=dimENE" —dimE' N E*L.

The function D is anti-symmetric: D(FE,E’) = —D(E’,E). Moreover, if
E and E’' are commensurable, then also E+ and E’ L are commensurable and
D(E+ E'Y) = —D(E,E').

Now we fix a closed subspace FE of H and we take a closed subspace W
commensurable with E+. We can define the E-dimension of W by

E-dimW = D(W, E*+) = dim W N E — codimg (W + E).

Here we have used the fact that (W + E)* = W+ n E+.
From the discussion of Example 2.1 we know that, if W and E+ are com-
mensurable, then 7z induces the strong topology on W. Moreover, if S is the
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unit sphere in W then

A if¢g=FE-dmW —1,
HE(S) =
0 otherwise.
We would like to see what happens to our cohomology theory Hj when
we change E to a commensurable space E’. The topology 7z and the class of
FE-compact morphisms do not change:

PROPOSITION 12.1. Assume that E and E' are commensurable. Then:

(1) the topologies Ty and Ty coincide;
(2) a map ® is an E-compact morphism if and only if it is an E'-compact
morphism.

PRrOOF. To prove the first assertion it is enough to show that the quotient
projection ' : H — H/E' is Tg-continuous. Now, H = E® E* and the topology
T coincides with the product topology {weak on E} x {strong on E+}; n’| g1 is
obviously continuous and 7’| is also continuous when E has the weak topology
because it is compact.

The second assertion follows readily from the first one, because the definition
of E-compact morphisms involves only the topology 75. O

Let £ be an equivalence class of the commensurability relation. By the above
proposition we can denote by 7¢ the topology 7g for some E € £. An E-compact
morphism will be an E-compact morphism for F € £.

However, the property of a set of being F-locally compact is not invariant
under changing F to a commensurable space E’: take E’ commensurable with
E such that ENE’" = 0. If « is a finite-dimensional subspace of H/E and
7 : H — H/FE is the quotient projection, then 7 restricted to E' N7~ 1(a) is
injective. Therefore dim ' N 7~ !(a) < d(a) < co and E' N 7~ 1(a) is locally
compact. So E’ is E-locally compact but it fails to be E’-locally compact if it
has infinite dimension.

For this reason we introduce a smaller class of sets:

DEFINITION 12.2. Let £ be an equivalence class of the commensurability
relation. A 7Tg¢-closed set X is called E-locally compact if X NE is locally compact
for every E € £.

If « is a finite-dimensional subspace of H/E and « : H — H/FE is the
quotient projection, then 7=1(a) is commensurable with E. Therefore an &-
locally compact set is E-locally compact for every E € £. All the bounded
Te-closed sets are E-locally compact.
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THEOREM 12.2. Assume that E and E’ belong to the same commensurability
class £. Then the cohomology theory H¥, coincides with the theory H;FD(E’E )
on the subcategory where the objects are only the E-locally compact pairs and the

morphisms are the £-compact morphisms.

PROOF. Assume first that E’ has the form S @ V, where S is a subspace of
E+ of dimension s and V is a subspace of E of codimension r. In this case

D(E,E')=dimEN(S® V)" —dimE*N(SaV)=r—s.
Denote by
mg:H—H/E, 7wsgv:H—>H/(S®V), nsegr:H— H/(S®E)

the quotient projections.

Now, H/(S @ E) can be considered a subspace of H/(S @ V) whose com-
plementary subspace is ¢ = mggy (F), which has dimension r. It can also be
considered a subspace of H/E whose complementary subspace is 0 = 7g(S5),
which has dimension s.

Denote by V(Y) the set of finite-dimensional linear subspaces of H/Y. If
a € V(Y) denote by V,(Y) the cofinal subset of all 5 € V(Y) containing a. If
X is E-locally compact, then

ngav(X) = lim Hg+d(a) (Xn 77559\/(04))
QaEV,(SHY)

= lim HIMOM(X Nrgay, (o b))
BEV(SBE)

Notice that Wgév(g @ B) =71, (0 @ ) for every 8 € V(S @ E). Therefore,

Higy(X)= lim HMOM(Xnagl(oop))
BEV(SHE)
=l HEOT(X O )
o€V, (E)

st D(E,E’
= HE T (X) = HEPEP) (X)),

We want to reduce the general case to the above one, by proving that if E’
is commensurable with E, then it can be mapped onto a subspace of the form
S @V by means of an invertible linear map of the form Identity + Compact. Set

S=ENE'Y, R=F"NE.

Since F and E’ are commensurable, it follows that S has finite dimension s, R
has finite dimension r and D(E, E') =r — s.

Let V be the orthogonal complement of R in E' and let W be the orthogonal
complement of S in E+. Then H splits as

H=E®FE'=RaVaeSaeWw.
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Let V' be the orthogonal complement of S in E’ and let W’ be the orthogonal
complement of R in E'*. Then H splits as

H=F &E =SeV aRoW'.

Now, Pg restricted to V' is one-to-one. Moreover, Pg(V') C V: if v/ € V'
and x € R, then (Pgv’,z) = (v',z) = 0, because R is orthogonal to E’. So Pgv’
belongs to the orthogonal complement of R in E, which is V.

In the same way Pg. restricted to W’ is one-to-one and Pr. (W') C W. We
can define a bounded linear operator T on H in the following way: T' = Pg on
V. T=PgronW and T=1on R®S. Then T is one-to-one and T =1 — K
where K is defined as follows: K = Pgi on V/, K = Pg on W/ and K = 0 on
RaS.

By the commensurability of £ and E’, Pg. is compact on E’, and so also on
V' C E'. Since also E+ and E'* are commensurable, Pg is compact on E'~, and
so alsoon W/ C E'*. Therefore K is compact. Thus T is a compact perturbation
of the identity and, being one-to-one, it must be onto: so Pg(V') = V and
P (W) =W.

By Proposition 0.1, T' is an invertible £-compact morphism and TE’ = S@V.
Therefore, by our previous argument,

HE, (X) = Higy(T(X)) = Higy (X) = HE 5P (X).
A similar argument applies to the £-compact morphisms. O

13. The Morse index. Assume that f : H — R is a function of class C2.
Let x be a critical point of f, that is, df (x) = 0. Let d?f(z) be the second order
differential of f at z, thought of as a symmetric bilinear form. Let D?f(x) be
the associated self-adjoint operator, defined by the relation

& f(2)[u,v] = (D*f(x)u,v), Vu,v e H.

By the spectral representation of self-adjoint operators,
o0
D?*f(z) = / AdPy
— 00

where {Py | A € R} is a partition of the identity (see, for example, Chapter 6
of [3]). If D2 f(x) is invertible, its spectrum is bounded away from zero and H
splits into two closed D? f(z)-invariant orthogonal subspaces:

00 0
H=VaW, V:/ dP\(H), W:/ dPy(H).
0 —o00

D?f(x) is positive on V and negative on W; V and W are called the positive
and negative eigenspaces of d*f(x).
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We will assume that V and E are commensurable. So also W and EL are
commensurable and the following definition makes sense:

DEFINITION 13.1. If x is a critical point of f € C?(H), then the E-Morse
index of x is the E-dimension of the negative eigenspace of D?f(z):

mg(x, f) = E-dim W.

If E = H one finds the usual definition of the Morse index of a critical point.
If E = {0} one finds the definition of the Morse co-index, that is, the dimension
of the positive eigenspace of D?f(x).

14. The Morse relations. In order to prove the Morse relations, we as-
sume A to be a field, so that Hj, is a functor from E-pairs and positive E-
morphisms to A-vector spaces and A-linear maps.

The function f: H — R is assumed to satisfy the following conditions:

(1) fe€C*H);

(2) f satisfies the Palais—-Smale condition: if x,, has the property that f(z,)
is bounded and V f(z,) converges to 0, then {x,} is precompact;

(4) the gradient flow defined by

%@(m) Vi@ (t), B(z,0) =1,
exists for every t € R;

(4) the map ® defined above is a positive E-homotopy;

(5) f is a Morse function: for each critical point x of f the bilinear form
d?f(x) is strongly non-degenerate, meaning that the associated linear
operator is invertible;

(6) for every critical point x of f, the positive eigenspace of D?f(z) is
commensurable with F;

(7) each sublevel of f, {x € H | f(z) < a}, is Tg-closed and E-locally com-
pact.

We introduce the following notations:
K={recH|df(z)=0}, K.=Knf ), fi={xcH)|f(zx)<a}.

By (7), (f, f®) is an E-pair for every a,b € R.

By (5), K is a discrete subset of H with the strong topology. By (2) and (5),
K N f~([a,b]) consists of finitely many points, for each a < b.

We recall that the Palais-Smale condition enables one to prove the following

familiar deformation lemma:
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LEMMA 14.1. If [a,b] contains no critical levels for f, then there exists
T > 0 such that ®7(f°) C f@. If [a,b] contains only one critical level c € ]a, b,
then for every neighborhood U of K. there exists @ with a <a < c and T >0
such that ®1(f°) C fAUU.

Now let xy be a critical point of f. We can assume that g = 0 and f(0) = 0.
Let V and W be the positive and negative eigenspaces of D? f(xq), respectively.

LEMMA 14.2. Let 0 € |a,b] be the only critical level in [a,b]. Let xo = 0 be
the only critical point at level 0. For each € > 0 there exist e_, e and @ with
0<e_<e0<er<eand a<a<0 such that:

(1) if we set Q@ = Q(ey,e_) = By(e4) ® Bw(e_) then

OwQ = By(e1) ® 0Bw(e_) C f%

(2) for each xt € By (ey) the set

@\ [Nt aw)
is star-shaped with respect to x*;

(3) ®:(QU f%) C QU f% for every t > 0 and there exists T > 0 such that
or(f') CcQU [
(4) there exists & with 0 < & < e_ such that

By(e4) ® Bw(6) CQ\ f°.

PRrROOF. We just sketch the proof. Set

C=|d®f(0) = sup |d*f(0)[v,w]|.
v,weEH
loll=[lw]|<1

Since the self-adjoint operator corresponding to d?f(0) is invertible (by assump-
tion (5)), we can find positive numbers Ay and A_ such that

(14.1) d>f(0)[v,v] > Ap|v)?, Wvev,
(14.2) A2 f(0)[v,v] < =A_|lv||>, YveW.

Since the set of strictly positive symmetric forms is open and f € C?(H), if e
and €_ are small enough then

(14.3) d*f(x)>0 onV, VrecQey,ec ),
(14.4) d?f(xr) <0 on W, Vo€ Qey,e ).
If x € OwQ(e4,e_) then

(145)  f(@) = RO +olllal?) < S22~ e b ol +e2).
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Thus, if e and e_ are small enough and

(14.6) e2 = (C/ - + 1)

then we can find @ with ¢ < @ < 0 such that

(14.7) f(z) <a, VredwQ(ey,e-),

and assertion (1) is proved.
By (14.4), f is concave on (zt @ W) N Q. Therefore the set

(14.8) {ye @ eW)nQ| fy) >a}

is convex for every 2 € By (e4). From (14.6), f(z*) > f(0) = 0 and thus z
belongs to the set (14.8), which must be star-shaped with respect to z+. This
proves assertion (2).

Assertion (3) is an immediate consequence of the Taylor formula.

To prove (4) it is enough to prove that, if a flow line of ®; enters @, then it
can exit only through f¢. The remaining part of the statement follows from this
fact and from a standard application of the Palais—Smale condition.

So assume that y = @y, (z) belongs to the boundary of Q. If y € dw Q, then
f(y) < @by (14.7) and there is nothing to prove. Otherwise y must belong to
OBy (e4+) ® Bw(e_). Set

h(t) = || Py @(x, 1)

where Py : H — H is the orthogonal projection onto V. Then

(14.9)  1'(to) = —2(PvV f(y), Pvy)
= —2(D*F(0)y + o([lyll), Pry) < —2X4e% +o(ed +£2)

where D?f(0) is the self-adjoint operator corresponding to the symmetric form

d?f(0).
By (14.9), h/(to) is negative provided e and e_ are small enough: this means
that ®(x,t) enters Q at time t = ¢g. O

Let (X,Y, A) be a triplet of Tg-closed and E-locally compact subsets of H.
The following two lemmas are immediate consequences of the homotopy invari-
ance of Hy:

LEMMA 14.3. If there exists an E-homotopy or an E-radial homotopy (see
Definition 3.2)
U: (X x[0,1,4%x[0,1]) — (X, A)
such that Uy =1id, U1(X) CY and ¥(Y) CY for every t € [0,1], then
Hy(X, A) = Hj(Y, A),

the isomorphism being induced by the inclusion map.
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LEMMA 14.4. If there exists an E-homotopy or an E-radial homotopy
U: (X x[0,1,Y x [0,1]) — (X,Y)
such that Uy =1id, ¥1(Y) C A and ¥,(A) C A for every t € [0, 1], then
Hyp(X,)Y)=2 HL(X, A),
the isomorphism being induced by the inclusion map.

Now we can use Lemmas 14.1 and 14.2 to compute the E-cohomology of a
pair of sublevels of f.

PROPOSITION 14.5. If [a,b] contains no critical levels, then H3(f°, f¢) = 0.

PRrROOF. Choose T' > 0 which satisfies the first statement of Lemma 14.1.
Then, by property (4),

O (f° % [0,7], f* % [0,T]) — (£, f*)
is a positive E-homotopy such that ®; = id and ®7(f*) C f¢. By Lemma 14.3,

H(f°, f*) = Hg(£°, f*) = 0. O

PROPOSITION 14.6. Let @ < ¢ <b. If K. = {x¢}, then there exist a and b
with @ < a < ¢ < b < b such that

A qu:mE(f7x0)7

0 otherwise.

Hy(f*, f) = {

PROOF. By a translation and adding a constant to f, we can assume that
xo =0 and f(0) =c=0.

Let V and W be the positive and negative eigenspaces of D2 f(0). By assump-
tion (6), V and E are commensurable. So also W and E1 are commensurable
and the E-Morse index of zg is

mg(zo, f) = E-dimW = D(W, E*) = —D(V, E).
Then, by Theorem 12.2,
(14.10) HE(X, A) = HE PV (X, 4) = mi =D (X 4),

at least for any bounded Tg-closed pair (X, A).
Choose Q, Oy D, a, T and § as in Lemma 14.2. Then

O (f° % [0,T), f7 % [0,T]) — (°, %)

is a positive E-homotopy such that ®; = id, ®7(f*) C QU f* and ®,(QU f?) C
QU f2. Then, by Lemma 14.3,

(14.11) H(f*, £7) = Hg(f*UQ, 7).
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By the strong excision property of H,,
(14.12) Hp(f*UQ,f*) = Hp(Q,Qn f).
Let ¢ : [0,e_] x [0,1] — [0,e_] be a smooth function such that:
y,0) =y for every y € [0,e_];
1

(y) = of
(2) 01(y) = o(y,1) = e for every y € [5,e_];
(3) 0:(0) = 0(0,¢) =0 and g:(e~) = o(e_,t) = e_ for every t € [0, 1].
Set
ou([[ Pwl])
(Raveal
where Py and Py are the orthogonal projections onto V' and W, respectively.

R(x,t) = Pyxz + Py x

By Lemma 14.2(2), (3), we can consider R as a map

R:(Qx[0,1], f"nQ x[0,1]) — (Q, f* N Q).

Clearly, Ry = id and R;(f* N Q) = dw Q. Moreover, R;(dw Q) C dw Q for each
t €]0,1]. It is easy to see that R is 7y -continuous and it is a V-radial homotopy.
By Lemma 14.4,

(14.13) Hy(Q, f"NQ) = Hy(Q,0wQ).
By (14.10)—(14.13) and the result of Example 2.2,

_ A if g—mg(xg, f) =0,
HY(f" %) = 10D (Q.00 Q) = ol 0
0 otherwise.
It is easy to generalize Lemma 14.2 and Proposition 14.6 to the case of more
critical points at the same level. We obtain:

PROPOSITION 14.7. Let a < c<b. If K. = {x1,...,x,}, then there exist a
and b with @ < a < ¢ < b < b such that

S

Pa(f, %) = Yt
i=1
The last ingredient to prove Morse relations is a well known property of any
cohomology theory; we need it in the following form:

LEMMA 14.8. Assume that Xog C X1 C ... C X,, are Tg-closed and E-locally
compact subsets of H such that the graded linear space Hi(Xiy1, X;) is finitely
generated for each i = 0,...,n — 1. Then there exists a Laurent polynomial @Q
with non-negative integer coefficients such that

n

> Pu(Xit1, Xi) = Pu(Xn, Xo) + (1 + 1)Q(1).
=0
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PROOF. We argue by induction on n. The assertion is true if n = 1: in this

case Q = 0. Assume that it holds for n = m:

m—1

Z Pp(Xiy1, Xi) = Pe(Xpm, Xo) + (1 +1)Qm(t).
i=0

(14.14)

Write the long exact sequence for the triplet (X, 41, Xm, Xo):

e H%(Xm—!—l,Xm) - H%(Xm—&-laXO) - H%(vaXO)
— HE N (X1, X)) — -

Since the above sequence is exact, we have, for all ¢ € Z,

H}%(waly Xm) = Aq ® By,
HE (X1, Xo) = By & Cy,
HE(Xom, Xo) = Cq & Agy1,
where Ay, By and Cy are finite-dimensional .4-vector spaces. Set

ag =dimg Ay, by =dimy By, c¢q=dimyCy.

Then
Pg(Xom, Xo) + Pe(Xm+y1, Xm) = Z(Cq + ag+1)t! + Z(aq + by )t
qEZL qEZ
= Z(cq + byt + Z ag+1t? + Z aqt?
qEZ q€Z q€Z
= Pp(Xpmi1, Xo) + (1+18) Y agt.

qEZ

Then, by (14.14),

m

> Pe(Xit1, Xi) = Pp(Xm, Xo) + Pe(Xpnt1, Xpn) + (14 6)Qum (1)

=0
= PE(Xm+1, Xo) + (1 + t) |:Qm(t) + Z aq+1t‘1] . Il
qEZ

Finally, we can prove the Morse relations:

THEOREM 14.9. Assume that f satisfies the conditions (1)—(7). Let a and
b be regular values for f. Then there exists a Laurent polynomial Q with non-

negative integer coefficients such that
S5 T = Pl ) + (L4 HQ).

z€KNf~1([a,b])
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PROOF. Let ¢y, ..., ¢k be the critical levels of f in [a,b]. We can assume that
a=c<c <...<cp<cge1 =b Foreach j =1,...,k choose regular levels
G,j, bj with

ci—1 <a; <c¢ < bj < Cjt+1

which satisfy the assumptions of Proposition 14.7. Then

(14.15) Py(fb, f4) = Z yme(f.z)
zGch
There are no critical levels in [a, a1] and [bj,a;41], 7 = 1,..., k. Therefore, by

Proposition 14.5,

(14.16) Pp(f™, f4) =0, Pg(f%,f¥+)=0, Vj=1,...,k

So we have subdivided the interval [a, b] in
dy=a<di=a1<dy=c1<ds=b1 <...<dp,=bp<dpy1 =0

and, by (14.15) and (14.16), we know Pg(f%+1, f4) for each i = 0,...,n. By
Lemma 14.8 there exists a Laurent polynomial Q with non-negative integer co-
efficients such that

> Pa(fhr, f4) = Pe(f°, £) + (1 + HQ(),

=0
and by (14.15) and (14.16) the left-hand side of this equality coincides with

Z tnLE(f,x). 0

zeKNf~1([a,b])

15. Testing the hypotheses. Assume that f : H — R is a function of
class C? of the form

(15.1) f(z) = 3(La,x) + b(z)

where L is a self-adjoint invertible linear operator. We are going to exhibit
conditions on b allowing Theorem 14.9 to be applied to functions of this form.
It seems natural to take as E the positive eigenspace of L.
The first thing we need is a globally defined gradient flow, that is, a map
® : H x R — H which solves the equation

ot
O(z,0) = x.

0
(15.2)
We assume that Vb is globally Lipschitz, so that (15.2) has a global solution,
by standard arguments.
Next we need ® to be a positive E-homotopy.
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PrROPOSITION 15.1. Assume that Vb is globally Lipschitz, Tg-continuous
and Vb maps bounded sets into Tp-precompact sets. Then ®|g(_1 1) is a posi-
tive E-homotopy for every T > 0.

PRroor. Set
t
Do(z,t) = x, @n(x,t):x—/ Vi®,_1(z,s))ds, n>1.
0

It is a standard fact in the theory of ordinary differential equations that, since
Vf = L+ Vb is globally Lipschitz, ®,, converges to ® uniformly on bounded
subsets of H x R.

Since V f maps bounded sets into bounded sets, so does ®,,. Therefore also
® maps bounded sets into bounded sets.

Since LE = FE, L is Tg-continuous; hence so are Vf = L + Vb and ®,,. To
show that ® is also 7g-continuous, we must show that both 7o® : HxR — H/E
and gy(x,t) = (®(x,t),y)) are Tg-continuous for every y € H.

Both mo®,, and g; (z,t) = (®,(x,t),y), y € H, are Tg-continuous. Moreover,
7o ®, and g; converge uniformly to 7o ® and g, respectively. Therefore m o ®
and g, are Tg-continuous for every y € H.

Since ® solves the non-homogeneous equation

0
E(I)(gj, t) + L‘I’(l‘,t) = —Vb((b(l‘,t))

it can be represented as

¢
(z,t) =e —/ eCOLYY(D(x, 5)) ds.
0

Since LE = E, also e **E = E. Therefore e~ is a positive E-isotopy. Set
t
K(n,t) = — / OLYH(d(z, 5)) ds.
0

If X C H is bounded and 7" > 0, then ®(X x [-T,T]) is bounded, as we
showed before. Therefore Vb(®(X x [T, T])) is Tp-precompact. Since e(s~HL
is Tg-continuous, we conclude that K (X x [-T,T]) is Tg-precompact.

Finally, since ®; = ®(-,t) is a diffcomorphism and ®;* = &_,,

(‘I’|H><[—T,T])71(X) =®(X x [-T,T])
must be bounded for every bounded X C H. This concludes the proof. O

By our choice of E, %(Lz,z) is Tg-lower semicontinuous, being strongly
continuous and convex on F. Hence:
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PROPOSITION 15.2. If b is Tg-lower semicontinuous, then f% is Tg-closed
for every a € R.

Since every bounded and 7g-closed set is E-locally compact, the condition on
the E-local compactness of the sublevels of f is only a condition on the growth
of f at infinity.

Notice that if f > g and g has E-locally compact sublevels, the same happens
to f. Therefore it seems useful to find a class of functions with this property, to
be compared with f.

LEMMA 15.3. Let V be a linear subspace of E with finite codimension and
let W be its orthogonal complement in H. If o, 6, Ay and A_ are positive

constants, then the function
g(x) = Apl|Pva|” — 2| Pwa|’
has E-locally compact sublevels.

PRrROOF. Let g : H — H/E and 7y : H — H/V be the quotient projections.
Since V. C E, H/E can be considered a subspace of H/V. Since V has finite
codimension in E, the space my (E), which is complementary to H/E in H/V,
is finite-dimensional.

If «v is a finite-dimensional subspace of H/FE, then

T (@) = 7yt (o + TV (E)).

Therefore E-local compactness is equivalent to V-local compactness, and it is
enough to show that g has V-locally compact sublevels.

Notice that g is 7y -lower semicontinuous, and thus its sublevels are 7y -
closed.

Let Y be a finite-dimensional linear subspace of W. We must show that for
every a € R,

¢NVaeY)={zeVeaY|gykx) <a}

is weakly locally compact.

Since Y has finite dimension, the function

h:VeY =R, hz)=]|Pyaz,
is weakly continuous. Therefore the set

Upr={zeVaY||Pz| <R}
is weakly open in V @Y for every R. If x € g* N Ugr then

A A
| Py||” < )\—HPnyQ +a< /\—Re +a
+ +



A NEw COHOMOLOGY 379

and thus g® N Uy is bounded. Therefore the weak closure of g NUgr in V &Y
is weakly compact and ¢g* N (V @ Y) is weakly locally compact. O

For example, the following growth condition on b guarantees the FE-local
compactness of the sublevels of f:

PROPOSITION 15.4. Take A > 0 such that E) = fo/\ dP,(E) is finite-dimen-
stonal, where L = f vdP, is the spectral decomposition of L. If there exist < A
and C > 0 such that

b(r) 2 ~Ellal’ — O, Vo e H,
then f has E-locally compact sublevels.

PrOOF. Set W = E) @& F and let V be its orthogonal complement. Then
both V and W are L-invariant and

@) = %<va$, Pyz)+ %<prx, Pua) +b(x)

A L
> 2pvel - L py a2 g - 0

N+ p

|1 Pwal? = C.

A —
= 2L | Pyal?

Since V' has finite codimension in F, by Lemma 15.3, f has F-locally compact
sublevels. 0

Finally, we need the fact that the positive eigenspace of D?f(z) is commen-
surable with E, for every critical point z. In our case:

D?f(x) = L+ D*b(z), Yz € H.

PROPOSITION 15.5. Assume that D?f(x) is invertible and that D*b(z) is

compact. Then the positive eigenspace of D?f(x) is commensurable with E.

PROOF. Set K = D?b(x). Since the problem is symmetric, it is enough
to prove that the quotient projection m : H — H/FE restricted to the positive
eigenspace of L + K is compact.

If T is an invertible self-adjoint operator, one can define its positive part T
and its negative part T . These are bounded positive operators such that

T=T"-T", |T|=T"+T",

where |T| = VT? is the modulus of T. The positive eigenspace of T is Ker T~ =
T*(H), while the negative eigenspace of T is Ker Tt = T~ (H). Therefore F =
Ker L™ = LT (H).
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Since H = E® L™ (H), 7|~ () is an isomorphism and the following diagram

commutes:

L™ (H)

L-
/ \LWIL(H)

So we must show that L~ restricted to (L+ K)T(H) is compact. Since (L+ K)™*
is invertible on (L + K)™(H) we can show, equivalently, that L™ o (L + K)* is
compact on H. Since (L + K)* = J(|L 4+ K|+ L + K) we have

L o(L+K)"=iL"o(|L+K|+L+K)=1L"o(|L+ K| - |L|+ K)
where we have used the fact that L~ o L = —(L~)%2 = —L~ o|L|. Therefore it is
enough to prove that |L + K| — |L| is compact, whenever K is compact.

This follows from this general fact: if L is a bounded self-adjoint operator,
K is a compact self-adjoint operator and h : R — R is a continuous function,
then h(L + K) — h(L) is compact. In our case h(s) = |s]|.

To prove the last assertion, notice that
(L+K)" —L"=L""'oK+LoKoL™?+...+K™

is compact for every m € N. Therefore p(L+ K)—p(L) is compact for every poly-
nomial p. Now choose a sequence of polynomials p,, which converges uniformly
to h on a bounded set containing both the spectrum of L and the spectrum of
L+ K. Then p,(L + K) converges to h(L + K) and p, (L) converges to h(L) in
the operator norm. So h(L+ K)—h(L) is compact, being a limit in the operator
norm of compact operators. O

Looking back at all the results of this section, we can state the following
result, which gives sufficient conditions on b to apply the E-Morse theory.

COROLLARY 15.6. Assume that
f(z) = %(Lx,@ + b(x)

is a C? function which satisfies the Palais—Smale condition and which has only
strongly non-degenerate critical points. Assume that the linear operator L is
self-adjoint and invertible and let E be its positive eigenspace. Assume that b is
weakly continuous, Vb is Lipschitz and completely continuous and D?b(z) is a
compact operator for every x € H. Assume, moreover, that the following lower
estimate holds: there exist 0 < p < 2 and C' > 0 such that

(15.3) b(xz) > —Clz||P - C, Vze H.
Then the conditions (1)—(7) of Section 14 hold and Theorem 14.9 can be applied.
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Proor. Conditions (1), (2) and (5) hold. Since Vb is Lipschitz, so is V f
and (3) holds.

Recall that a map ® : H — H is completely continuous if it is continuous from
the strong topology of H to the weak one. In particular, Vb is 7g-continuous
and it maps bounded sets into 7g-precompact sets. So, by Proposition 15.1,
condition (4) holds.

Being weakly continuous, b is a fortiori 7g-lower semicontinuous and by
Proposition 15.2, f® is Tg-closed for every a € R. By (15.3), for any € > 0 there
exists C. > 0 such that b(x) > —¢l|z||?> — C. for all z € H, and Proposition 15.4
can be applied; so condition (7) holds.

Finally, condition (6) follows from Proposition 15.5. O

16. Final remarks. In the previous section we saw that the F-local com-
pactness of the sublevels of f involves a lower bound which is quite unnatural.
The E-local compactness was introduced in Part 1 in order to use the Alexander—
Spanier cohomology with compact supports as the starting point of the whole
theory. Such a cohomology was necessary to have Proposition 4.2, which al-
lows one to extend the E-cohomology theory from cobounding pairs to generic
unbounded pairs.

Another approach is possible: one can construct an F-cohomology theory
using the normal Alexander—Spanier cohomology and then use the formula of
Proposition 4.2 as a definition for the E-cohomology of a generic unbounded
pair (in a similar way a cohomology with compact supports is obtained from
a usual cohomology in [7]). In this way one finds an F-cohomology theory for
arbitrary 7g-closed pairs. However, one needs E-local compactness to define
a coboundary homomorphism and to have the long exact sequence. Since the
exactness of the long sequence is necessary to pass from the local results of Morse
theory to the global Morse relations (see Proposition 14.7), this approach does
not improve the final result.

Another strong hypothesis we made on f was asking V f to be Lipschitz: if
this is not the case, one may not be able to integrate the field —V f globally.
However, it is not necessary to have a true gradient flow to deform the sublevels:
it should be possible to build an E-homotopy which achieves this purpose also
in more general situations.

Another approach could be the following: notice that the field ¥ = —(1 +
IVFI)~1Vf is always globally integrable, being bounded. If f has the form
(15.1), then the flow determined by Y has the form

(16.1) O(x,t) = e Oy 4 K(2,t)

where 6 maps H into [0,1] and K has good compactness properties (a more
general result is proved in [15]). Therefore one could try to prove the functoriality
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and the homotopy invariance of Hj, with respect to maps and homotopies of the
form (16.1).

Finally, the condition that f should be a Morse function can be eliminated,
developing a suitable generalization of Conley’s approach to Morse theory (see
[6]). Szulkin uses such an approach in his paper [17].
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