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A NEW MORSE THEORY
AND STRONG RESONANCE PROBLEMS

SHUJIE L1

ABSTRACT. Is it possible to establish a new Morse theory if the function f
losses the (PS) condition at some isolated values? Yes, it is! In this paper
we will recall a such a theory. One of the purposes of establishing such a
theory is to consider multiplicity results for strong resonance problems and
to deal with multiple resonant energy levels. Both of these questions were
not studied much in the past because of the limitation of methods. Using
the new Morse theory we can deal with these problems.

1. Introduction

The Morse theory was established in the 20s by M. Morse (see [12]). Its ob-
ject is the relation between the topological type of critical points of a function f
and the topological structure of the manifold on which the function f is defined.
The Morse theory of functional defined on an infinite dimensional Hilbert space
(or manifold) was given by R. S. Palais, S. Smale, E. Rothe, D. Gromoll and
W. Meyer in the 60s (see [14], [15] and [9]). For the equivariant Morse theory,
which was first studied by R. Bott (see [3], [4]). For the Finsler manifolds mod-
elled on Banach space, it was given by K. Uhlenbeck ([17]), K. C. Chang ([5])
and T. Tromba ([16]) starting from the 70s. The tool in this study is the de-
formation theorem. Since the space (or manifold) X is infinite dimensional one
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can always assume that f satisfies some compactness conditions. A well known
condition was called the Palais—Smale condition: f € C*(X,R%), if any sequence
{z,} C X, along which |f(z,)| is bounded and df(z,) — 0 possesses a conver-
gent subsequence. We denote this condition by (PS) for simplicity. Without this
condition at some isolated values it means that the deformation theorem fails,
so does the usual Morse theory.

Is it possible to establish a new Morse theory if the function f looses the
(PS) condition at some isolated values? In this paper we will recall a such a
theory which was first introduced by N. Hirano, Shujie Li and Z. Q. Wang for
global case in [10], and by T. Bartsch and Shujie Li for local behavior of f near
infinity in [2].

First, let us recall the usual Morse inequalities. Let X be a Hilbert space.
f: X — R! be of class C'. We write K = {z € X | f/(z) = 0} for the set of
critical points of f, K is finite, and f¢ = {z € X | f(x) < ¢}, the level set of f
at c. Let 29 € K be an isolated critical point with value ¢ = f(z¢). Then the
critical groups of f at xg are well defined (see [6] and [13])

Cr(f,z0) = He(f¢, fC\{z0}; G), ke€Z.

Here H,(-;G) denotes the singular homology group with coefficients in a com-
mutative ring G. Suppose that f satisfies the (PS) condition, then the usual
Morse inequalities read as

(1.1) ;P(f, x) = P(f,00) + (1 +)Q(t)
where
P(f,z) = iﬁk(f, )tk for r € K,
part
P(f,00) = idim Hy (X, f*)tF,
Br(f,x) = 31 Ci(f. ) for all z € K,

Q(t) is a formal series with nonnegative coefficients, a < 0 is such that a <
infex f(x). We call ) . P(f,z) the Morse polynomial, and P(f,00) the
Poincare polynomial. (1.1) is a very important tool in critical point theory.
(1.1) establishes the relation between the topological type of critical points of f
and the topological structure of X.

What will happen if f looses the (PS) condition? What is the relation be-
tween the topological type of critical points of f and the topological structure
of X7
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It is still possible to establish the Morse inequalities in some cases, for in-
stance, if f looses the (PS) in a set C.,, C R! and there are only finite values of
f in R'. The case of

P(f,c)=>_ Br(f,o)t" for c € Cu,
k=0

where B¢ (f,c) = dim Hp(f<te N C~‘R7M,f“E N C~*R7M) for ¢ € Cs and Cg.py is a
special set will be given in the next section. Though in our setting f looses the
(PS) condition we can still establish the following inequalities

(1.2) S P(f.x)+ Y P(f,c) = P(f,00) + (1 +1)Q(t)
zeK ceCoxo

where a < min{inf,cx f(z),inf;yec, f(2)} in P(f,00). When comparing the

O P(f,c) on
the left hand side. This new polynomial was determined by the critical groups

new inequalities (1.2) with (1.1) there is a new polynomial >

at infinity and characterized the topological changes of the level set of f at such
isolated values. It is a very delicate task to compute these critical groups at
infinity. In fact, we need a splitting theorem at infinity which was given by
T. Bartsch and Shujie Li in [2]. When f satisfies the (PS) condition the new
polynomial is trivial and we obtain the usual Morse inequalities.

One of the purposes of establishing such a theory is to consider multiplicity
results for strong resonance problems and to deal with multiple resonant energy
levels. Both of these questions were not studied much in the past because of
the limitation of methods. Using the new Morse theory we can deal with these
problems.

2. A new Morse theory

We consider the following functional:

f(z) = 3(Az,2) + g(z)

where A: X — X is a self-adjoint linear operator such that 0 is isolated in the
spectrum of A.
Set V =Ker A, W = VL. W splits as W = WH @ W~ with W¥ invariant
under A and Al + is positive definite, A|y - is negative definite.
Let * = v+ w where v € V, w € W. There exists a > 0 such that
+1/2(Aw,w) > al|w||? for w € W*. We denote = dimW~, and v = dim V.
We impose the following condition on f:
(A) g € C*(X,R), ||¢'(x)| is bounded. For any M > 0, uniformly in w €
{Jlwll £ M}, |¢"(w+v)|| < o, ¢'(w+v) — 0 as ||v]| = co. Moreover, g
is assumed to be bounded on any bounded set.
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In applications ¢’ usually has to be compact and dimKer A is finite. In
this case f satisfies the bounded Palais—Smale condition (BPS).: any bounded
sequence {z,} C X such that f(z,) — c and f/'(x,) — 0 has a convergent
subsequence.

To study the (PS) condition for f, we define

Coo :={c€R|Tv, €V, w, €W with |Jv,| — o0,

|wn|| — 0 such that g(v, + wy) — c}.
Clearly, C is a closed set. Let Crpy = {z =v+w | |jv] > R, ||| < M}.

LEMMA 2.1. Let (As) hold and assume g’ is compact and v < co. Then for
any fized R, M > 0, [ satisfies (PS) condition in X \ Cr..

PrOOF. Let {z,} be a (PS). sequence of f, {z,} ¢ Cr um, i-e.

1
(2.1) §<A$na Tn) +g(xn) =c+o(1),
(2.2) Azy = —g'(zn) +o(1).
Since [[Azy|| = ||Awn| > 2alwy||. From (As) and (2.2) we have that [jw,|| is

bounded. If ||v, || — oo then |lw, || — 0. It implies {z,} C Cg u, a contradiction.
So ||zy || is bounded, and by a standard argument we get the lemma. O

COROLLARY 2.2. If {z,} is a (PS). sequence, then either

(a) {zn} has a bounded subsequence, or
(b) ¢ € Cw is such that up to a subsequence, ||v,| — 00, ||wn| — 0 and

g(vp +wy) — c.

REMARK 2.3. f satisfies the (PS). condition if ¢ ¢ Cw. Especially, when
Co = ¢, f satisfies the (PS). condition for all ¢ € R.

Let K ={z | f'(z) =0}, K. ={z | f'(z) =0, f(z)=c}. From Lemma 2.1
we know that K is bounded in X \ Cg . Now, we discuss the deformation

condition.

DEFINITION 2.4. We say that f satisfies the deformation condition (D). at
¢ € R, if for any € > 0 and any neighbuorhood N of K, there exist € > ¢ > 0
and a continuous deformation 7:[0,1] x X — X such that
(i) nt,z) =z ifz ¢ f~*(c—& c+7),
(iil) f(n(s,2)) < f(n(t,z)) if s > ¢,
(iv) (1, feF=\N) C feoe.

—

The following is well known (see [2], [6]).
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COROLLARY 2.5.

(a) If f satisfies the (PS). condition, then (D). holds.

(b) If f satisfies (D). for all ¢ € [a,b] and if K. = ¢ for c € [a,b] then there
exists a deformation n(t, -): X — X such that n(0, -) =id, n(t,z) = x
ife ¢ f~ Y ([a—1,b+1]), f(n(t,z)) is decreasing in t and n(1, f*) C f°.

(¢) If f satisfies (D). for all ¢ > a and if K. = ¢ for ¢ > a then there
exists a deformation n(t, - ): X — X with n(0, -) = id, n(t,z) = z if
flz) <a—1, f(n(t,x)) is decreasing in t and n(1,X) C f°.

COROLLARY 2.6. Let (As) hold and assume that g’ is compact and v < oo.
Then, for any ¢ ¢ Cws, (D). holds.

Now we consider the computation of H,(f¢*¢, f¢¢), where ¢ is an isolated
value in Cu. Let us fix some notation first. f7¢ = {x|c—e < f(z) <c+e}

and K¢ = K N f¢'2. Define a normalized negative gradient flow for f

, f'(n(t, x))
n t,.%' = TN N
23) 0) = = o)l
7(0,x) = .
In the following, for a subset F' C X, we denote
(2.4) F=JntF).
teR

In this paper we assume that f has only isolated critical points so there is an
go > 0 such that Kgfgg = K. and K, is compact. Define

Upm ={z=v+w||v]| <R}U{z=v+w]]|v] >R, |w]|=> M},
UETJ\“} =Ugm N fH,

Crv ={z=v+w]||v]>R, [w]| <M}=X\Urwnm,

Cinr = Croa N 75,

ct+e __ c+e c+e
AR,]V[ - U2R,M/2 N CR,M'

LEMMA 2.7. For R large and R > M > 0, there exists €1 > 0 such that for
all0 <e<eg
(a) (feX2 NURG) N (FEEE N CoR50) = 0,
(b) (fF=NAFR,) = (f NART)).

PrOOF. Choose R large, R > M > 0 such that K C B(0, R/2) U Csg /s

By Lemma 2.1. f satisfies the (PS) condition in U§45, /s- Then there exists an

g’ > 0 such that || f/(z)|| > &, for all 2 € 720 N (Usg,nys \ B(0, R/2)). Let 0 <

e < min{eg, M/8¢'}. If for some z € fSTENUg ar, 1(t, ) ranges from f<TNUR u
to fgfjﬂCR+N[/4,3M/4 then there exist t; < to such that n(t1,x) € f<2NOUR u,
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n(ta,x) € fETENOCR M a3M/a C FEEENUsg ny2,1(t @) € Crr NURM/a,30/4
for all ¢ € [t1,12], so that

M t2
7 S It 2) = n(t, 2)| S/ (s, )| ds < [t2 — ta].
t1

On the other hand

fofta, ) = Flnttr,a)) = [ 5 f(a(s. ) ds

t1

= [ s s < e~ .

ty
Then
/M !
e Selta—tl < flt, ) = fln(tz, x)) < 2e.

We get a contradiction with the choice of €. Therefore

(fEEnUr M) N (fEFE N Crynjasng) = ¢.

Since
HenUgh C (f7E N Uk ),
we get
(2.5) (FEENUET) 0 (fE72 0 Crangyasnya) = 6.

Similarly, if 0 < ¢ < min{eq, Me’/8}, we have

(fe22 N Cornrya) N (fEXE N Usp_pgja i) = ¢

Since
ct rret c+ c+
FEE N Uspiaya © (P22 N U R p4)s
we have
(2.6) (fe2E N C5Ro v ) N (fEXE N Uzr—najanaja) = ¢-

Combining (2.5) and (2.6) we get (a). Finally, from the proof of (a) we have

cte Acte cte
JEEN AR M CUspiua

and f satisfies the (PS) condition in fS5 N /Tg& Since R is large and K N

j?;[ = ¢, from the deformation theorem we immediately get (b). O

Let S be an open subset of X, K(5) = KNS, K.(S) = K.N S where S was
given by (2.3) and (2.4).



A NEW MORSE THEORY AND STRONG RESONANCE PROBLEMS 87

LEMMA 2.8. Let f € C' and f satisfy the (PS) condition in S N foFe.
Assume that ¢ is an isolated critical value and K.(S) is finite. Then for e > 0
small enough

(f('+sﬁsfc €mS @ Ckf)

zEK(S)

PRrooOF. By the deformation theorem and the homotopy invariance of singu-
lar homology groups, we have

Hi(f NS, f°n8) 2 Hy(fN S, £ N S)
and
Hy(f\K(S)NS, feNS) = Hy(f°nS, f°nS) 0.

Applying the exactness of singular homology groups to the triple (f¢nN S ,(feN
K.(S)NS,fe7enS):

= Hy(fO\ Ke(8) NS, fo75NS) — Hi(f°N S, f<°n8)
— Hy(f°N S, (f*\ Ke(8) N S) = Hya ((f°\ Ke(9)) NS, f7N85) — -5
we have
0— Hi(f°NS, f5NS) = Ho(f° NS, (f\ K(5) N S) =0
ie.
Hy(fN S, f75 N 8) = Hy(f°N S, (f°\ Ke(S)) N ).
Let K.(S ) = {x1,...,2,}. Using the excision property we have

Hy(f°N 8, (f°\ () N S)
=110 U Blosee) fCﬂU @\ b)) = @ Glfa)

Jj=1 2EK(S)
for € > 0 small enough, where B(z,¢) is the ball centered at x with radius e. O

THEOREM 2.9. Let (Aw) hold and assume that g’ is compact and v < oo,
assume further that K. is finite, then for R large and R > M > 0 there exists
€1 > 0, such that for all 0 < e < &1,

Hy(fF5, F7°) 2 Hy (£ NUSES o0 5 NUSE10)
@ Hy(frn Oy, o N0y, forallq=0,1,...

PROOF. Since K, is finite, so the left hand side of the above formula is
independent of € > 0 small. By (b) of Lemma 2.7

Hy(fr n(A%T5))) = Hy(fo7° N (AF5)),
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ie.
(2.7) Hy(f°H N (A5, 177 0 (A5T5)) = .
By the following Mayer—Vietoris sequence, (2.7) and Lemma 2.7(a)
o Hy (P U500 17 N U5 0) @ Ho(F N OR 5N O
N Hq(chrE, fcfa) - q_l(chrs N (A;‘,—Jil)’ fcfe N (Ag:]%)) IO
we get the conclusion. O

Though in our setting, we do not have the (PS) condition at all levels, we
shall still establish Morse inequalities. Assume K is finite and C, is finite. Let

Ok(fyx) =dim Cy(f,x) forallz e K
be the Betti numbers of f at x € K, and
ﬁk(f, C) = dimHk(chrsﬂéR,M,fc_EﬁéRM), for c € Cy

be the Betti number of f at ¢ € C, where M, R are given in Theorem 2.9. Let

P(f, ) :Z/Bk(fal’)tk for r € K,
k=0

P(f,c) :Zﬁk(f,c)tk for c € C,
k=0

P(f,00) =Y dim Hg (X, f*)t*,
k=0
be the Morse polynomials for f at x € K, ¢ € Cy, and oo, where a < 0 is such
that

< . . f , : f .
a mln{xng f(x) f(xl)récoo f(z)}

THEOREM 2.10. There exists a polynomial Q(t) with nonnegative integer
coefficients such that

P(f,00) + (L+0)Q(t) = Y P(f.2)+ Y P(f.c).
zeK ceC
ProoF. With the aid of Theorem 2.9, we can follow the proof of the usual
Morse inequalities (cf. [6], [13]). O

REMARK 2.11. Theorem 2.10 was proved in [10]. If Cs = ¢, then we recover
the usual Morse inequalities. When ¢ € C,, or say, without the (PS). condition,
we may understand that there is a critical point at infinity with value the c. We
can replace X by f? where a < b neither are critical values nor are in C, such
that f°N K is finite and [a, b] N Cw is finite.
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The usefulness of Theorem 2.10 depends upon the computation of P(f,c) for
¢ € Cy. The following splitting theorem is very crucial for the computation of

P(f.c).

THEOREM 2.12. Let f satisfy (Aw). Then for any M > 0 there exist Ry > 0,
§ >0, a C'-diffeomorphism 1: Cry pr — Cryam and Ct-map w:{v e V | |lv]| >
Ry} = Wo ={we W | |w| <3} such that

f@W(w) = §<Aw,w> +h(v) forallu € Crym

where h(v) = f(v+ w(v)), 0 can be chosen as small as we please, if we choose

Ry large, and w = w(v) is the unique solution of
Pyf(v+w)=0

with Py : X — W being the linear projection. Furthermore, for any 0 € V, we
have:

(h'(v),0) = {g'(v + w(v)),0).

REMARK 2.13. Theorem 2.12 is the generalization of the Morse lemma at
infinity. It was given in [2], and here is a slightly different version.

Next, using examples of nonlinear elliptic BVPs with strong resonance, we
give some results for computation of P(f, ¢) and then deal with multiple solutions
problems with multiple resonant energy levels. Consider

—Au = Au+ gq(z,u) in Q,
(2.8)
u=20 on 01},
where Q C RY is a bounded open subset, and A € §(=A) = {0 < A\ < Ap < ...},
the set of eigenvalues of the Laplacian —A on € with zero boundary conditions,
counted with multiplicity. Define

zl/|Vu|2dx—é/u2dx—/Q(x,u)dx
2 2 o

where u € X = H (), fo x,s)ds. Then critical points of f on X
correspond to classical solutlons of (2.8) when we assume q € C*(Q x R,R). Let

(Au,u) := /|Vu|2 /

A is a self-adjoint linear operator. According to the spectral decomposition of A
we have

X=VeW aWw"
where V = Ker (—A —\) and W~ (W, resp.) corresponding to the eigenvalues
less than (greater than, resp.) A\. We impose the following assumptions on q.

(q1) ¢ € CH2 x R, R) and uniformly in z € Q
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as [t| — oo,

{ q(x,t) = 0

EQ(xvt) —0

under this condition (2.8) is called a resonant problem.

(q2) There exists M > 0 such that for all (z,t) € Qx R, Q(z,t) —q(x,t)t/2 <
M and Q(x,t) < M.

(as) ¢(z,0) =0 and ag = lim;—,¢ ¢(x, t)/t exists uniformly in = € €.

(a4) Qioo = limy_ 4 Q(x,t) exists uniformly in z € Q with Q1 € (—o0, 00).

We call (2.8) a strong resonant problem if the following set A is nonempty
and bounded.

A= {CGR ’ —/Q(x,tv)dm—>cast—>ooforsomevEKer(—A—)\)}.
Q

Strong resonant problem is more delicate to deal with because the energy
functional fails the (D). condition.

Next theorem is about the computation of P(f,o0) in the strong resonant
case. In [2] a notion of critical groups at infinity was introduced. If f has no
critical point in fb for some by and satisfies the deformation property for ¢ < by,
then Hy(X, f°) is independent of ¢ < by and is defined as the critical groups of
f at infinity, denoted by Cy(f,00).

7

THEOREM 2.14. Let (q2) hold, then Cy(f,00) = 64,G for all ¢ = 0,1,...
where = dim W ™.

PrROOF. (Main idea, see [10] for details.)
(a) f(tu) < —=b for b very large. By (q2) we have

d

where u € S ={u e X | |lu]| =1}.

(b) By the implicit function theorem, there exists a unique 7'(u) € C(Y, R)
such that f(T(u)u) = —b, where Y = {u € X | |luT| < [Ju”|}, |lut] and
|lu=|| are equivalent norms in W+ and W~ respectively, u = u® + u~ + ut €
VRW-@W-T.

(¢) T(u) has a positive lower bound gy > 0. We can define a deformation
retract 7: [0, 1] x (Y'\ B, (0)) — Y\ B, (0) with B, (0) being the gy-ball centered
at 0, by

n(s,u) = (1 —s)u+ sT(u)u for all (s,u) € [0,1] x (Y \ B, (0)).

This implies that Y \ B.,(0) = f~% and Y\ B,,(0) = S*~L. O
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Next, we consider the computation of P(f,¢) for ¢ € C. For v € V, we
define

Qir(w) ={x e Q| tv(x) > 0}.
First we characterize C,. In the following |- | denotes the Lebesgue measure
in RV,
LEMMA 2.15. Let (q1) and (q4) hold. Then

(a) Coo = {=(Quol4(v)[ + Q-c|Q-(v)[) [ v €V, [Jv]| =1},

(b) Coo = {=(Qoo[24 () [+ Qo[- () ]); =(Q400[2- (V)| + R —00 |21 (v)])},
ifdimV =1, ||v]| =1,

(€) Coo = {=Quo|Qf, =Q—c0[Q}, if A = A1,

(d) Coo ={=Qu|Qf} if Qoo = Qoo = Qo

Concerning the solution w(v) given in Theorem 2.12 we have the following

estimation.

LEMMA 2.16. Let (q1) hold. Then we may apply Theorem 2.12 to f. More-
over, we have that w = w(v) € C(V,C3(Q)) satisfies

lw()llcg@) =0 as [lvof] = o0

and that, for any 0 € V,
(W (v),0) = —/ q(z,v + w(v))6 dz.
Q

From (q1) to get (As) we need the following

LEMMA 2.17 ([1]). Let V be a finite dimensional subspace of C(Q) such that
every u € V\ {0} is different from zero a.e. in Q. Let h € L (R) such that

h(t) =0 as |t|] — oo.

Moreover, consider a compact subset K of LP(Q)(p > 1). Then

Jim /Q Ih(tu(z) + v(z))| dz = 0

[¢]—o0
uniformly as v € K and uw € S where S = {u € V | |lullc = 1} and |Jullc =

sup,eq |u(z)]

The proof of Lemma 2.16 needs the LP-theory and bootstrap argument,
see [10] for details.
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We will introduce a technical condition here. It is easy to be checked in
applications.

(q5)+ For any w:{v € V | |[v|| > R} — W NC(N) with [w@)llcp)y — 0 as
lv]] = oo, it holds

j:/ q(z,v+w))vdr >0 for ||v| large.
Q

The following theorems give the computation of P(f,c) for ¢ € Cwo.

THEOREM 2.18. Assume (q1), (q4) and (qs)+ hold. Assume dimV = 1.

(a) If Coo contains two different values cy # c— with cx = —(Q100| Qs (v)|+
Q acl @ (0)]), ¢ = ~(QuoclO(0)] + Q@ oclV4 (0)]), then for M >0,
Ry > 0 large, there exists €1 > 0 for all 0 < e < &y

Hy (57 0 85, 777 0 G ) 2 G

(b) If C contains only one value c, then for M > 0, Ry > 0 large enough
there exists €1 > 0, for all 0 < & < g1

Hy(f = NCEe, FeNCeey) 26,68 G,
where 5’R1,M was given before.

THEOREM 2.19. Assume (q1), (q4) and (qs)+ hold with Cs = {c} contain-
ing only one value. Then for M > 0, Ry > 0 large, there exists e1 > 0 for all
0<e<eq,

G forq=p,
Hq(fCJrEﬂCN';’szM,fcfeﬁég’l'fM) 2{ G forq=p+v-—1,

0  otherwise,

where ¢ is the only value in Cu, and it is understood that when v = 1, at the
level p, there are two G.

THEOREM 2.20. Assume (q1), (qa) and (qs)— hold. Assume dimV = 1.
Then Co contains either two values ¢y # c_ or one value. In any case, for
M >0, Ry > 0 large there exists e1 > 0, for all 0 < e < &1

Hy(fr N gy, £o7onCatey,) =0 for all g,

where ¢ =c4, orc=c_, orc=c4 =C_.
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THEOREM 2.21. Assume (q1), (qa4) and (q5)— hold. Assume Coo = {c}
contains only one value. Then for M > 0, Ry > 0 large, there exists e1 > 0 for
all0<e< e

(5 N Oty 15 nC55) 20 for all g

The proofs of these four theorems are similar, and we prove Theorem 2.19
only, see [10] for more details.

PrROOF OF THEOREM 2.19. From Lemma 2.7 for R > M > 0 large there is
€1 > 0 such that for e1 > ¢ >0

FEENCsoy C FEE N Cran

By (q1) and Theorem 2.12 with R > M > 0 large, f(u) can be written as

Fb(w) = %(Aw,m +h(v) for all ue Cran.

By (q5)+ we have for ||v|| large
(W (v),v) = f/ q(z,v +w))vde <0.
Q

Thus h(tv) decreases to ¢ as t — oo for any v € V' \ {0}. Define h(v) = h(v) — c,
then h(v) decreases to 0 as ||v|| — co. Then

Ay éfc+s N CN«gng
={u=v+wh+w €5y | h) >0, (Jw | - |lw™|*)/2 <& — h(v)}
and

Bi2re NGty = fu=v+w +w € C5hoy | h(v) >0,

(l*I* = lw™17)/2 < =& = h(v)}.
We first define a deformation retract from (A, By) to (As, By), where

Ap={ue A ||w |P/2<e+h()}, Br={ueBi||w |*/2<e+hv)}

for |jv]| large € — h(v) > 0. It is easy to see that By = {u = v+ w + w™ |
wh =0, w2 = 2(e + h(v))} and we can get 71:[0,1] x (A1, By) — (A1, By)
deforming (A1, By) to (Az, Ba).
Next, one has a simple deformation transforming (As, Bs) to (As, B3) with
B3 = By and
Az={u=v+w +wh €4y |wt =0}
In fact, no(t,u) = v + w™ + tw™ suffices.
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Note now that

Az ={v+w +wh|wh =0, E(v) —e< ||w_||2/2 Ss—i—ﬁ(v)},
By ={v+w 4w |w =0, [lw|?/2=c+ h(v)}.

Since E(v) decreases monotonically to zero, we can find Ry > 0 large, such that
(A3, Bs) is deformed to (A4, B4) with

Ay ={v+w +wh | o] = Ro, w =0, lw™[?/2 < e+ h(v)},
By ={v+w +wt||v|= Ry, w" =0, ||w*||2/2 =¢ +?L(’U)}

Then it is easy to see (A4, By) is topologically equivalent to
(S¥=1 x Bt 8Vt x §rL),

where S¥~1 is a v — 1-dimensional sphere and B* is a y-dimensional ball. There-

fore

Hy(fr N Csping, Fo7o N Cshiyg) 22 Hy(SY71 x B, SV ™1 x §P71)

G for g = p,
2 G forg=p+v-—1,
0 otherwise. (]

3. Applications to strong resonant problems of elliptic BVPs

Note that (q5)+ is an abstract condition, but it is easy to be checked. Under
this condition many existence and multiplicity results for (2.8) were given in [10].
Let po denote the Morse index of f at 0. Assume dimKer f”(0) = 0, i.e. 0 is
a nondegenerate critical point of f.

THEOREM 3.1. Let A = A\;. Assume Co = {c4,c_} or Coo = {co}.

(a) Under the assumptions (q1), (q4), (a5)+ and (q3) with po # 1, (2.8)
has at least two nontrivial solutions.

(b) Under the assumptions (q1), (q4), (q5)— and (q3), in which ag < 0,
max{c_,cy} <0, (2,8) has at least three nontrivial solutions, including
one positive and one negative. Moreover, if the third solution us with
dimKer " (ug) = 0, then (2.8) has at least four nontrivial solutions.

(¢) Under the assumptions (q1), (q4), (a5)— and (q3) with py > 2, (2.8)
has at least three montrivial solutions, including one positive and one
negative. Moreover, if the third solution us with dim Ker " (u3) < po—1
then (2.8) has at least four nontrivial solutions.
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THEOREM 3.2. Let A = Ay, Assume Coo = {co} if dimKer (—A — Xg) > 2
or Coo = {cy,c_} if dimKer (—A — Xy) = 1. Assume (q1), (q2), (q4), (a5)—
and (q3) with po # 1, then (2.8) has at least two nontrivial solutions uy, us.
Moreover, if the Morse index of us is greater than pg + 1 then (2.8) has at least

three nontrivial solutions.

THEOREM 3.3. Let A = A\g with k > 3. Assume Coo = {co} if dim Ker (—A—
M) =2 or Coo = {cg,c—} if dimKer (—A — A\g) = 1. Assume (q1), (q2), (q4),
(a5)— and (q3) with po # p, then (2.8) has at least one nontrivial solution u;.
Moreover, if dimKer f"(u1) < |u — pol|, then (2.8) has at least two nontrivial
solutions.

THEOREM 3.4. Let A = A\, with k > 3. Assume Cx = {co} if dimKer (—A—
M) > 2 or Co = {cg,c_} if dimKer (A — M) = 1. Assume (q1), (q2), (q4),
(a5)+ and (q3) with po # p, then (2.8) has at least one nontrivial solution u;.
Moreover, if dimKer f”(u1) < |+ v — po|, then (2.8) has at least two nontrivial
solutions.

PrOOF OF THEOREM 3.1. Without loss of generality we assume c; > c_.
(a) From Theorem 2.12 we have

F(0,0)) = 5 (Aw,w) + he) for o] laxge

and, by (q5)4, h(tv) is monotonic decreasing to ¢y as t — oo and to c_ as
t — —oo, where v > 0 is the eigenfunction corresponding to A;. Note that
A= )1 implies W = W+, u=0. Take ¢ >t > 0 large and consider

c=inf sup f(r(s)),

rel se(0,1]
where
I={reC(0,1],X)|r0) = —t'v,r(1) = t'v}.
From
r([0,1)N(tv+W) #¢ forallreT,
we have

c> ueglf_wf(w(u)) > h(tv) > max{b|b € C}.

We also have h(tv) > max{h(—t'v),h(t'v)}. Then a standard argument shows
that ¢ is a critical value of f because f satisfies (PS). condition for ¢ ¢ Cx.
Thus, there exists u; € X such that f(u1) = ¢, f'(u1) = 0. It is well-known
that Cy(f,u1) = 0,1 G, for all ¢ (see [6]). Since po # 1 we get uy # 0. If 0 and
uy are the only critical points, then will get a contradiction. In fact, computing
directly, we have

> P(fu) =t +t, > P(fio)=2

ueK c€Coo={cq,c_}
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(by Theorem 2.18), and P(f,o0) = 1.
From Theorem 2.10 we have

14+ (14 0)Q(t) = tHo +t +2.

Setting ¢ = —1 we get 1 = (—1)#° + 1, a contradiction. Thus, f has at least
another nontrivial critical point.
(b) Consider the negative gradient flow (¢, u) of f on Hg(£2) which satisfies

{ %t’u) ==V f(n(t,u)),

n(0,u) = u.

(3.1)

It is well-known that n(t,u) € C3(Q) if u € C3(Q) and n(t,u) satisfies the
deformation property for f. Let P be the positive cone in C}(£2). Then from
the maximal principle we know that P, —P are positively invariant under the
negative flow n(t, ). Since 0 is a minimizer of f and max{c;,c_} < 0 then we
can use the mountain pass theorem in cone. We have two mountain pass critical
points u4+ and
Cy(f,ux) 261G for all g.

Now, if f has only three critical points: 0, u4, u_, we shall get a contradiction.
In this case

S P(fuy=1+2t, > P(f,c)=0, P(fo00)=1
u€K c€Ccx
Thus 1+ (1+¢)Q(t) = 1+2t+0, a contradiction. Thus (2.8) has a third solution
ug # 0. If ug is nondegenerate, then by Theorem 2.10 we can get a fourth
nontrivial solution.
(c) Since P and —P are positively invariant under the flow n(t,u), from
ag + A1 > Ao we have

Inf f(u) <0,  inf f(u) <0.

By (q5)—, neither ¢4 nor ¢_ can be the infimum of f. Thus infp f is achieved
at uy € P by the maximum principle. Similarly, one gets a negative solution

u_ € —P. Both u; and u_ are local minimum points of f. If f has only u,,
u_, 0 as its critical points, we have

Y P(fu)=2+1", > P(fiu)=0, P(f,00) =1

ueK ceCs
Since pg > 2, this gives 0 —2 = My — My > 1 — By = 0 — 1, a contradiction. So
(2.8) has a third solution us. If dim Ker " (u3) < po — 1, then (2.8) has a fourth
nontrivial solution. Otherwise we have

1+ (1 +6)Q(t) =2+t + P(f,us3)
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It implies that Q(¢) includes at least 1+t#° 1 (or 1+t#0) term. Therefore P(f,us3)
includes at least t + t*°~! (or ¢ + t#o1) term. But from the shifting theorem,
see Corollary 5.1 of [6], we have dim Ker " (u3) > po — 1, a contradiction. O

Using Theorems 2.10, 2.14, 2.18, 2.19, 2.20 and 2.21, we can prove Theorem
3.2, 3.3 and 3.4.

Next, we give some concrete conditions which imply that (q5)+ hold.

Consider first (2.8) with A = A1, the first eigenvalue of the Laplacian operator
on 2. Let us make the following assumption

(a6)+ £q(x,t)-t>0forte R\ {0} and z € Q.

LeMMA 3.5 ([11]). Let A = Ay and let q satisfy (q6)+ ((a6)—, Tesp.), then
(@5)+ (a5)-, resp.) is satisficd

When A equals the higher eigenvalues, the following conditions were intro-
duced. Let Qo(v) = {z € Q| v(z) = 0} be the nodal set of v.

(V1) For any v € V, Q(v) is a union of (N — 1)-dimensional manifolds.
(V2) For any v € V there exists ¢ > 0 such that for ¢ large
p({z € Qf|u(x)] <1/t}) <c/t,
here u({-}) is the Lebesgue measure.
(V3) For any v € V, Qg(v) is a union of disjoint closed manifolds.

Note that (V3) implies (V1) and (Vz). If the nodal set of v is a manifold,
then (V) is satisfied automatically. Let us make further assumptions on ¢g. The
first one is the following

(A1)+ £q(x,t) >0, for all (z,t) € 2 x R and

+qo = i%(m,O) >0, forallzeQ.

LEMMA 3.6 ([11]). Suppose that (Vi), (Vz2), (A1)x hold. Then (qs)+ is
satisfied.

Now, we consider the following conditions

(A2)4+ For some 2 > a > 0, there exists ¢g > 0 such that

t
+ lim M > cg-
=0 |t|—(a+1)t

(A3)+ For some a > 2, there exist ¢, > 0 and a > 0 such that

—_ t
—lq(, 1)

|t]—o0 |t‘—o¢

_ 9
ot

<ca, =Eqo (2,0) >0, =gz, )t >0, |t|<a.

This condition means that q decays faster than 1/t2 at infinity.
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LEMMA 3.7 ([11]). Suppose that (V1), (Vz2), (A2)x hold. Then (qs)+ is
satisfied.

LEMMA 3.8 ([11]). Let (V3) hold. Assume (A3)x, then if Coo/a®~2 is small
enough, (qs)+ is satisfied.

From (Aj)1, (A2)s and (As3)t we see that it seems the decay rate a = 2 is
critical in the following sense that in (As)y the decay is slower than o = 2 and
in this case the behavior of ¢ at infinity dominates, on the other hand, in (A3)4
the decay is faster than o = 2 at infinity for ¢ and in this case the oscillation of
¢ at infinity does not effect the problem.

Using the new Morse inequalities given in Theorem 2.10 one can prove the
following theorems which can be found in [11].

THEOREM 3.9. Assume (q1), (q4), and (A2)4 or (As)— hold. Then (2.8)
has a solution.

THEOREM 3.10. Assume (q1) and (qq) hold. Let (Ag)s hold fort >0 (t <0,
resp.) and suppose one of (A1) and (As)y holds fort <0 (t > 0, resp.). Then
(2.8) has a solution.

Let po denote the Morse index of f at 0. We have

THEOREM 3.11. Assume (q1), (qz2) and (q4), and assume (q3) with pio # .

(i) Assume one of the three conditions (A1) +—(As)+ holds fort > 0 and one
of the three holds for t < 0. Then (2.8) has a nontrivial solution ;.
Moreover, if dimKer f"(u1) < | — pol, then (2.8) has at least two
nontrivial solutions.

(ii) If 4 is replaced by — in (i), then (2.8) has at least two nontrivial solu-
tions.

THEOREM 3.12. Let A = A\;. Assume (q1), (qz2), (q4) and (q3) with pg # 1
and assume (qs)+, then (2.8) has at least two nontrivial solutions. Furthermore,
in case pg = 0, for the two solutions, one is positive and one is negative; in
case pg > 2, one of the two nontrivial solution is sign-changing. If in addition
we assume po > 2 and infyp f < ming__{c}, where P is the positive cone in
C3(Q), then (2.8) has at least two positive solutions ul, ui, and two negative
solutions uy , uy and two sign-changing solutions us, uy, where ui , uy are local
MINIMIZETS, u; , Uy and ug are mountain pass solution.

THEOREM 3.13. Let A = Ay. Assume (q1), (a2), (q4), and (q3) with po # 1.
Suppose (qs)— holds. Suppose also max{b | b € Cx} < 0. If po = 0 then (2.8)
has two pairs of positive and negative solutions, one are local minimizers and the
other are mountain pass solutions. If ug > 2, (2.8) has at least four nontrivial
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solutions, including a pair of positive and negative solutions uf, uy , which are
local minimizers, and a pair of sign-changing solutions us, w4, one of which is
a mountain pass solution, such that uy < uz <ui, uj <uy<uj.

THEOREM 3.14. Let A = A2. Assume (q1), (q2), (q4) and (q3) with po # 1.
Suppose (q5)— holds. If ug = 0, then (2.8) has solutions: a positive and a negative
one. If pg > 2, then (2.8) has at least two nontrivial solutions.

In the literature, strong resonant problems have been considered for the case
of A = {co}, asingleton (see [1], [7], [8]). The existence results have been given in
these papers. Linking methods were used in [1]. A compactification methods was
used in [7] and [8] to reduce the problem to a nonresonant problem. However, the
methods in these papers seem to be not applicable to the case when A contains
more (than one) finite values. Furthermore, so far few multiplicity results have
been obtained, if any.
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