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HETEROCLINIC SOLUTIONS BETWEEN STATIONARY
POINTS AT DIFFERENT ENERGY LEVELS

VITTORIO COTI ZELATI — PAUL H. RABINOWITZ

ABSTRACT. Consider the system of equations
=G =a(t)V'(q).

The main goal of this paper is to present a simple minimization method
to find heteroclinic connections between isolated critical points of V, say 0
and &, which are local maxima but do not necessarily have the same value
of V. In particular we prove that there exist heteroclinic solutions from
0 to £ and from & to O for a class of positive slowly oscillating periodic
functions a provided § = |V (0) — V(£)| is sufficiently small (and another
technical condition is satisfied). Note that when V' (0) # V(§), a cannot be
constant be conservation of energy. Existence of “multi-bump” solutions is
also proved.

1. Introduction

In the past ten years, there has been a considerable development of tools
and techniques in the calculus of variations to study homoclinic and heteroclinic
solutions of Hamiltonian systems. See e.g. [3], [6], [9]-[11]. A particular problem
that has received much attention is

(1.1) —i& =Wyt z)
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where x € R™, W is 1-periodic in ¢, and has at least two time independent global
maxima in z. An important special case arises in model problems of multiple
pendulum type where W is periodic in the components of z. A typical result for
(1.1) is the existence of a solution heteroclinic from £ to n where £ and 7 are a
pair of time independent global maxima of W.

Suppose that W (¢, z) = a(t)V (z). The main goal of this paper is to present
a simple minimization method to find heteroclinic connections between isolated
critical points of V', say 0 and &, which are local maxima but do not necessarily
have the same value of V. In particular for a class of positive slowly oscillating
periodic functions a, it will be shown that if 6 = |V (0) —V'(§)] is sufficiently small
and another technical condition is satisfied, then there exist a pair of solutions
of (1.1), QT heteroclinic from 0 to £ and @~ heteroclinic from & to 0. Note that
when V(0) # V (&), a cannot be constant. Indeed if a is constant, conservation
of energy then implies V(QT(—o0)) = V(0) = V(Q " (c0)) = V(£).

Two major cases where the technical condition is satisfied are (i) whenn =1
and 0 and ¢ are adjacent local maxima of V and (ii) when 0 is a global maximum
and ¢ a local maximum of V.

Once the basic pair of heteroclinics has been found, the same minimization
ideas can be used to obtain further heteroclinics as well as homoclinic solutions
of (1.1). These are solutions which start at 0 or £ at t = —oo, oscillate back
and forth between neighbourhoods of 0 and £ a finite number of times before
terminating at 0 or ¢ at t = co. Indeed there are infinitely many such solutions
characterized by the amount of time they spend near 0 and £ between transition
states. Moreover by a limit process, there are solutions of (1.1) which perform
infinitely many such transitions.

More generally if V' has several local maxima, &, 1 <¢ < N, and the appro-
priate technical condition is satisfied, then the above results yield heteroclinics
QF from & to &1, and Q; from &g to &, 1 < i < N — 1. Let (P;) be
any finite formal chain constructed from {QT,Q; |1 <i, j <N-=1}, ie.
Piy1(—00) = Py(o0), 1 < k < K. Such a chain will be called an augmented
chain. E.g. in the previous paragraph, the augmented chain consists of Q* fol-
lowed by QT , etc. As an extension of the above results, there are infinitely many
actual heteroclinics @ of (1.1) with Q(—o0) = P;(—00), Q(o0) = Pk (o0) and Q
spends long time intervals near Py(c0), 1 <k < K — 1.

When there are enough points &;, e.g. of order § 1, the difference |V (P (—oc))
—V (P (00))| can be of order 1. Indeed an example will be given for n = 1 where
there is a sequence (&;);ez with & — Zoo as i — 4oo, and V(&) — +oo
as ¢ — 4oo. In that sense what is being done here is reminiscent of Arnold
diffusion and the variational approach to it by Bessi [1], the recent work of Mather
on orbits of infinite energy which shadow a family of periodics of increasing
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energy [7], and other recent work of Bolotin and Treschev [2] and of Delshams,
de la Llave, and Seara [5] that was inspired by [7]. See also [4] and [8], which
have some ideas in common with the current work.

The basic heteroclinic Q* will be obtained in Section 2. Then Section 3
treats the case when V has several local maxima. The results on homoclinics
and heteroclinics associated with the augmented chains will be given as a special
case of this setting. Lastly Section 4 gives some examples.

2. Basic heteroclinics

In this section, it will be shown how to construct a heteroclinic solution
of (HS) which joins a pair of equilibrium points for the system, the equilibria
corresponding to slightly different values of the potential.

Consider

.. oV,
(HS) Q+a)Vil) =0, Vi()= 7 ()
where V; is a function having (at least) two isolated local maxima, one at 0 and
one at &, with 0 =V (0) > V(£) = —4. More precisely, assume:

(V1) Vs € CL(R™,R), 6 € [0, 8] and Vj continuous in 4,

(Vg) there is an 9 > 0 such that 0 = V5(0) > Vs(x) for all z € B,,,(0) \ {0},

0 € [0, do].

Let Ro be the connected component of {z € R™ | Vs(z) < 0} which con-

tains 0, and, for h < 0,

Rn = {.%' e R" | Vg(l’) < h}ﬂRo.
Further assume

(V3) there is a € € Rg \ {0} such that Vs(§) = —§ > Vs(z) for all z €

Br()\ (€} and 6 € (0,6,
Fixing a,a > 0, the function a in (HS) is required to belong to the set

A={a € CR,R)|0<a<mina < maxa <a
and there is a minimal 7' = T'(a) > 0 such that a(t +T) = a(t)}.

More restrictions will be imposed on a later. The variational formulation of the
problem can now be introduced. Let E = VVI%)C2 (R,R™), with

lalP = o) + [ 1) .
Given mj + 1 < mg, 1 € By, (0) and 12 € B, (§), set

Y(mi,ma,mi,m2) = {q € E | q(m1) =,
q(t) € Ro for all t € [m1,ma], g(ma) =n2}.
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Let L(t,q,q) = |4|*/2 — a(t)Vs(q). For q € y(my, ma,n1,n2), define

ho - [ " Lt q(0). 4(0)) dt.

Next an additional hypothesis (V4) will be made. It is a technical condition
needed to obtain the main existence result of this section, Theorem 2.15. In
Section 4, examples will be given of when (V) is satisfied. E.g. an important
special case to keep in mind is when 0 is a global maximum for V.
(V4) There is a h < 0 such that
(a) 0 and & are path-connected in Dy, = B, (0) U Ry U By, (£);
(b) for all mg —my > 1, € [0,d0], a € A, m1 € B,,(0) and 12 € B,,(§),
whenever Qg is a minimizer of Iy in y(m1, ma,n1,72), then Qo(t) € Dy
for all t € [mq, ma].
REMARK 2.1. Note that B,,(0)UB,,(£) C Ro. It is straightforward to show
that the minimum in vy(my, ma,n1,72) always exists.
We now define

I'(mi,me) ={q € E| qg(—0) =0, |q(t)| <o for all t < my,
q(t) € Ro for all t € [mq, ma),
la(t) — €] <o for all t > ma, g(c0) = &}

Observe that T'(mq,m2) is not empty by assumption (V4). The heteroclinics we
seek will lie in I'(mq, mg). For ¢ € T'(m1,m2), let

Lalg) = L(t,q(t),q(t)) for t < mao,
TN Lt qt), d() — da(t) for t > m.

Define

I(q):/RE(s(Q) di
and
(2.2) c¢(my,mq) = inf I(q).

T(mi,mz2)

The next lemma makes the first step towards the main existence theorem
of this section. In what follows, it will always be assumed that (V1)—(Vy) are
satisfied.

LEMMA 2.3. There is a ¢ € R such that 0 < ¢(m1,m2) <¢—1 <€ for all
0 €[0,d0], a € A and mg—mq > 1. Moreover there is a function Q € T'(m1,ms)
such that I(Q) = c(my,m2) and Q(t) € Dy, for all t.

PROOF. Since g € T'(m1,ms) implies that ¢(t) € Ro for all ¢, it follows that

Vs(g(t)) < 0 for all t. On the other hand for all ¢ > maq, ¢(t) € B,,(§) and thus
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the assumptions (Vs) and (Vy), imply that Vs(q(¢)) < —46 for all ¢ > my. Hence
L5(g) > 0 for all ¢ and therefore ¢(my,mz) > 0.

The existence of ¢ follows by taking a function ¢ € E such that ¢(¢) = 0
for all t < —1/2, q(t) = & for all t > 1/2, and ¢(¢t) € Ro for all . Then
q(t) = q(t —mg 4+ 1/2) € T'(mq,m2). Note that, for such a ¢,

mo 1/2

= [ e - aovi@|a < [

ma—1 —1/2

1.o _
[2|q2 - aVs(q)] dt.
Setting
1/2 14
=1+ s [ [qﬁmwm}uzl+u®
s5e[0,80) J—1/2 L2
the bound on ¢(my, ms) follows.

To show that c¢(mq,msg) is achieved, take a minimizing sequence (gi) for I.
Then, for all ¢t € [my, ms], setting g, = ¢ we have, for k large,

lg(@®)] < [g(m1)| + lg(t) — q(m1)]

t 1/2
sW+</ mwﬁ (t = ma) /2 < ro + /3 —my).

mi

Hence, since q(t) € B,,(0) for all t < m; and q(t) € B,,(£) for all t > mo,

(2.4) lg(®)| < 3ro+ v/2¢(mg —my) forallt e R.

Now by (2.4) and the form of I, we deduce that (qz) is bounded in H}

loc*

Con-
sequently there exists a subsequence, still denoted (g ), which converges weakly
in I/Vli)c2 and strongly in L°. to @ € I'(mq,ms). Standard arguments show that

such a @ is a minimizer of I in I'(my, ms).
To show that Q(t) € Dy, it is enough to observe that:
(1) Q(t) € Byy(0) C Dy, for all t < my,
(2) thhmﬂ minimizes Iy in y(my, ma, Q(m1), Q(ms2)), and hence Q(t) €
Dy, for all t € [mq, ma] by assumption (Vy),
(1) Q(t) € By, (&) C Dy, for all t > ma. O

Now the main result of this section can be stated. The proof of the theorem

will be carried out in a series of Lemmas.

THEOREM 2.5. LetV satisfy (V1)—(Vy4). Then there is an A* C A such that
for each a € A*, there exists a 02 = d3(a) < dg and a corresponding solution of
(HS) heteroclinic from 0 to & and a solution heteroclinic from £ to 0.

PROOF. A solution will be obtained in I'(my,ms) for appropriate choices of
mo — my. Recall that ms — my > 1. More assumptions will be made later on
ma —my. Let @ be a minimizer for I over I'(mq,m2). By Lemma 2.3, Q(t) € Dy,
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for all t € [mq,mz]. Then Q(t) ¢ ORy for t € [m1, mg]. Consequently Q(t) is a
solution of (HS) for ¢ € [m1,ma].

The function @ is a solution of (HS) for all ¢ < m; whenever Q(t) ¢ 9B, (0),
and also for t > mg whenever Q(t) ¢ 0B,,(£). Hence, in order to prove the
theorem, it only need be shown that Q(t) ¢ dB,,(0) for t < m; and that that
Q(t) ¢ 0B, () for t > my. For 0 < p < 1, let

Bi(p) = _ min —Vs(z),  B2lp)= _ min  (=Vs(z)—9),
z€Br (0)\B,(0) €Brg (§)\B,(€)
0<6<8 0<6<8

and take 8(p) = min{B1(p), B2(p)} > 0. With h < 0 given by (V4), take p; so
small that

(2.6) —h > B(p)

for all p < p1. Then, for all x € Dy, \ (B,(0) U B,(£)), it follows that —Vj(z) >
B(p)-

LEMMA 2.7. Let t* = 2¢/af(p). Then there is a t € [ma, mg + t*] such
that Q(t) € B,(§) and a t € [mg — t*,ma] such that Q(t) € B,(§) U B,(0).
Similarly there is an's € [mq,my + t*] such that Q(35) € B,(0) U B,(§), and an
s € [my —t*,mq] such that Q(s) € B,(0).

PrOOF. To show the existence of ¢, note that if ¢ does not exist, Q(t) €
B, (&) \ B,(£), t € [m2,m2 + t*] and therefore

mo+t*
c21Q= [ -alVaQU) + d)dt > at'5(p) = 2.

mo
Similarly if ¢ does not exist, Q(t) € Dy, \ (B,(0)UB,(&)) for all t € [mg —t*, my).
Then —V5(Q(t)) > B(p) for all t € [my —t*, m2], and a contradiction is obtained
by arguing as before. The existence of 5, s follow in a similar way. O

Let
~ { Vs(x) for z € B,,(0),

Vs(x) =
Vs(z)+d for xz € B, (&),
and define p(p) in the following way:

28) ol =sw {3 [P ar-a [ Tatao)ar]se ol

q(t) =mni +t(nz —m), m,n2 € By(0), or n1,m2 € BP(S)}

Henceforth assume that rg is so small that ¢(rg) < 1/2. One immediately sees
that p(p) — 0, as p — 0, and arguing as in Lemma 2.3, one can show that

(29) [ e,

A as(@)dt\ < (o)
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For what follows s < ro means s is small compared to rg.

LEMMA 2.10. For p < ps K 19, Q(t) € By (€) fort >t and Q(t) € B,,(0)
fort <s.

PROOF. The first assertion is a consequence of Lemma 2.7, (2.9) and the
fact that the cost as measured by I of going from 9B,(§) to 0By, (§) exceeds
v > (p) for some constant v depending on ry. The second statement follows
by the same reasoning. O

LEMMA 2.11. There is a 61 < &g such that if § < 61 and Q(t) € B,(§), then
Q(t) € By, (§) fort € [t 1] and if Q(3) € B,(0), Q(t) € By, (0) fort € [s,3].

PROOF. It is already known that Q(t) € B,(§). Assume Q(t) € B,(¢), and
Q(7) ¢ By, () for some T € (t,%). Then, as in Lemma 2.10, ftt Ls(Q)dt >~ =
~v(ro). Let

Q(t) fort<t,
Q(t) = ¢ linear fort <t <t+1,

£ fort >t+1.
Then by the minimality of @ in I';,(my, ma),

vg/f@(@)dts/fﬁa(@dt/tmz,c(;(cz)dw/wcg(cz)dt

< [ [aor - aon@)] a- [ aoviea

t+1

+ [ alovite) - dato)

mo

2ac

ab(p)

Taking § = 6(p) sufficiently small and recalling that ¢(p) < ~(ro) yields a
contradiction. Therefore Q(t) € B, (§) for t € [t,t] and similarly for the s
case. O

<(p) +ad(ma —1) < @(p) +adt™ < o(p) + 5.

LEMMA 2.12. Suppose § < §1. Assume Q(t) € OB, (€) for some t € [ma, 1.
Then Q(t) € By, (0) for all t < t. Similarly, if Q(5) € dB,,(0) for some 5§ €
[s,m1], then Q(t) € By, (§) for allt > 3.

PRrROOF. The first part of the lemma follows by observing that Q(t) € B,(¢)
is not possible via Lemma 2.11. Then, arguing as in Lemma 2.10, shows that
Q(t) € By, (0) for all ¢t <t. Again the s case is proved in the same way. O

So far a € A and p < min{py, p2} are free. Further choose p so that
4a 1 d?

(2.13) zw(p) < 7@-a)Ihl
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where d = dist(By,(0), By, (£)), and h is given by (V). With p now fixed, choose
a € A* where

(2.14) A" = {a € A‘ min a— max a>

1
5@a—a)f 0€(0,T)¢.
[*t*,t*] [7t*79,t*70] 2(0’ Q) or some (= ( R )}

This condition will be satisfied for T sufficiently large and a which oscillates
slowly between its maximum and minimum. The simplest examples of a € A*
occur when a(t) = b(et) for b € A and 0 < ¢ sufficiently small.

The significance of A* is that if e.g. Q(t) € B, (£) for some t € [ma, t], by
the previous lemma, the transition of @ from B,(0) to B,(§) occurs in [mg —
t*,mg + t*], an interval in which a is relatively large. But heuristically, the
minimizer of I in I'(m4, ma) should not undergo a transition when a is relatively
large; rather it should occur when a is relatively small. In the next lemma, a
comparison function argument exploits this idea.

LEMMA 2.15. Let a € A*, my,ms € TN, mg —mq > T(a) + t*. Then,
for 6 > 0 small, Q(t) € OB, (§) for some t € [ma,t] is not possible, and also
Q(t) € 9B,,(0) for some t € [s, m1] is not possible.

PROOF. Suppose Q(t) € By, (&) for some ¢ € [ma,t]. Then, by Lemma 2.12,
Q(t) € By, (0) for all t <t. Let 6 € (0,T) be such that

1
2.16 i — > —(a—a).
(210 A T g 0 2 2
We claim that 7_9Q(-) = Q(- + 6) € I'(my,m2). Indeed, for all t > mo,
t+6 >t > mo implies Q(t + 0) € B,,(§) while t < my implies that ¢t + 0 <
mi+0 <mg—T—t"4+6 < mg—1t* <t sothat Q(t+6) € B,,(0) for all t < my
follows from Lemma 2.12. Hence, by the minimality of @,

m2

(217)  021(Q) — I(rsQ) = / (alt) — alt - 0))(~V5(Q)) dt

oo o ma+0
+ / (a(t) — a(t — 0))(=V5(Q) — ) dt — & a(t — 0) dt.

By Lemma 2.12, Q(t) € B,(0). Therefore, as in (2.9),

t

e | [ @o-at- Vi@ <2 [ v
<

Similarly,

219 | [T - ate - on-1@ - | < Zopo),
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The last term on the right in (2.17) can simply be estimated by

mo—+60
(2.20) 5 alt — ) dt < oaT.

mo
Since a € A*,

(2.21) / " alt) — alt — 0)(~Va(Q)) di + / (alt) — alt — 0)(~V5(Q) — 6) dt

t mao

/ (alt) — alt — 0))(~V3(Q)) dt — § / (a(t) — alt — 0)) di

ma

> %(a ) /tt(—vg(Q)) dt — 26177,

Now, if t; = sup{t | Q(t) € B,,(0)} and t; = inf{t | Q(t) € By, (£)}, by (V4), it
follows that Q(t) € Ry, for all ¢ € [¢;, 1] and

. BoN2
/ th‘ <@ —t1>1/2(/ |Q|2dt) < (B — t)12(20)/2,
11 é1

This last inequality implies

(222) d<

(2.23) t—t>% —t, >d*/2.
Therefore
T t1 d2
(2.24) - [vi@ar= - [ vi@ae= L
t ty
Hence by (2.17)—(2.24), (2.6), (2.13) and the definition of ¢*,
4c a
2.25 oa| T+ > > 4— .
(229) < aB(p) )

Consequently, for § = 0(p) suitably small, ) is not a minimizer of I, a contra-
diction.

Finally, to prove that Q(t) ¢ 0B,,(0) for ¢ € [s,m;], note that if to the
contrary, Q(t) € 0By, (0) for some such ¢, then Q(t) € B,,(§) for t > 5. Consider
7Q. For t <my, 77Q(t) € B,,(0). Fort >mo, t —T >mo—T >my +1* >3
so 77Q(t) € By, (£). Also Q(t) € Ry for all ¢ implies the same for 77Q(t). Hence
7@ € T'(my, ms). Therefore, as in (2.17),

(2.26) 0>1(Q) — I(rrQ)
:/ “(a(t) — alt + T)(~V5(Q)) dt

+ /T:(a(t) —a(t+T)(=V5(Q) — 0) dt + 5/77:2Ta(t +T)dt >0
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since the first two terms vanish due to the periodicity of a. Thus (2.26) shows
this case is impossible. O

LEMMA 2.27. @ is a solution of (HS) heteroclinic from 0 to &.

PROOF. It has already been noted that @ is a solution of (HS) provided
Q(t) ¢ 0B,,(0), for t < my and Q(t) ¢ 0By, (§) for t > my. This is now an
immediate consequence of Lemma 2.10 and Lemma 2.15. Standard arguments
then show that @ is actually an heteroclinic solution of (HS). O

REMARK 2.28. Similarly there is a solution of (HS) heteroclinic from & to 0.

The above observations end the proof of Theorem 2.5. d

3. Multi-bump solutions

Suppose that Vs has several local maxima, e.g. at &g = 0, &1,... ,&n and that
[V5(€i—1) — V5(&)| is small, 1 <4 < N. Then the arguments of Section 2 can be
extended to show that (HS) has solutions heteroclinic from 0 to £y and which
spend at least prescribed amounts of time near the points &, 1 <i< N — 1. In
order to simplify the presentation, assume (V1), (Va), (V4) and

(V%) There is a & € Rg \ {0} such that Vs(z + &) = Vs(z) — 6 for all x € R™
and 6 € [0, o).
Note that (V%) implies (V3), so that all the results of Section 2 hold in this
setting. Moreover, we have that y € Ro+ j¢ implies that y = x4 j€ with x € Ry
so, using (V%),

Vs(y) = Vs(x +j§) = Vs(x) — jo < —jé  for all y € Ro + j&.
Given N € N, and m € R?" such that mjr1 —my > 2, let mg = —00, Man41 =
oo and
L(m) ={g € E | g(~00) =0,

q(t) € Ro+ ¢ for all t > mopyq1, £=0,...,N —1,

q(t) € By, (€¢) for all t € [mag, mapt1], £=0,...,N and ¢(co) = N¢}.
If ¢ € T'(m), define

£s(a) L(t,q(t),q(t)) — Loa(t) for moy <t < maopsa, £=0,... , N —1,
"V Lt (), 4(t) — Néa(t) for ¢ > max.

It is immediate to check that L5(¢) > 0 for all t € R if ¢ € I'(). Indeed, for
mae < t < maogyo, we have that ¢(t) € By, (¢§)U(Ro+£€). Since our assumptions
imply that B,,(¢§) C (Ro + ¢€), we deduce that Vs(q(t)) < —£6 for all mg, <
t < mgge42 so that

£5(a) = i) = a(t)Vs(a(t) — Ba(t) > alt) — thalt) > 0
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for this range of values of t. Define

1= [ Lold, ad = inf 10)

LEMMA 3.1. Let ¢ be given by Lemma 2.3. Then for all § € [0,d0] and a € A,

it follows that ¢,z < N¢ and there is Q € T'(m) such that I(Q) = ¢,. Moreover,
fort=0,... N—-1

’

(3.2) / @t <

mae

PrOOF. The existence of a minimizer @ of I follows as in Section 2. To get
the estimates, let ¢ be the function defined in the proof of Lemma 2.3. Set

t) q(t — maopyro +1/2) + £ for moy <t <mgpyoe, 0 <L <N -1,
p= q(t) = N, for t > may.

Then p € I'(m) and ¢ < I(p) < Ne¢. To prove (3.2) consider the function
Q € I'(m) defined as

Q(t) for t < may,

linear for mop <t < mop + 1,
Q(t)=¢ p(t)  formor+1<t<mgpy3—1,
linear for mogis — 1 <t < magpqs,

Q(t) for t > mapss.

Then

mae+3

0<1(Q) - 1(Q) = / 1£5(Q) — £5(Q)]dt.

maye

Hence, by Lemma 2.3, and recalling that ¢(pg) < 1/2,

/ T Ls@ar < / " @)

moy may
mae+1 - Mag42 - M2043 o
= / Ls(Q)dt + / Ls(Q)dt + / Ls(Q)dt
may mogya—1 magy3—1

<e—1+42p(rg) <¢
and the result follows. O

LEMMA 3.3. Let Q be a minimizer of I in I'(m) given by Lemma 3.1. Then,
fort=0,....,N—1,

Q(t) € Bro (eg) U (Rh + 65) U Bm((£ + 1)5) =Dy + ég
for all t € [maps1, mapyal.

PROOF. Set q(t) = Ql[mas 1 maes0)(t) — £€ and observe that

q(t) € y(mars1, Maryo, q(Mart1), g(Mary2))
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and

L5(Q) = L(t, Q(t), Q(t)) — €oa(t) = L(t, (t), (1)),
for all ¢t € [mags1, magr2]. Hence ¢ minimizes Iy over y(mags1, Mmagta, ¢(Mmagy1),
q(mags2)). The lemma then follows from assumption (Vy). O

LEMMA 3.4. Let t* be as in Lemma 2.7. Suppose mopi1 —mog > 2t*. Then,
for £ = 1,...,N, there is a ty € [map,map + t*], t, € [Mmar — t*,may], 3¢ €
[mae—1,mar—1 +t*], and s, € [map—1 — t*, mag_1] such that

Q(te) € By(£5), Q(ty) € B,y((¢ —1)§) U B,(L¢),
Q(50) € B,((E—=1)§)UB,(LE),  Q(sy) € By((£ —1)¢).
Moreover, setting to = —o0, sy, = 00, then, for { =0,...,N,
(3.5) 0< /ém L5(Q)dt < o(p) =0 as p— 0,
te
(3.6) Q(t) € By (L§)  fort € [te, 5444]-

PRrROOF. The proof of the first part is very similar to that of Lemma 2.7.
Indeed, suppose t; does not exist. Then Q(t) € By, (¢§) \ B,(¢€) for all ¢t €
[mae, mae + t*] and, using Lemma 3.1,

mop+t*
az/’ —a(®)(V3(QU)) + €6) dt > t*ap(p) = 2.

mae
The estimates (3.5) follow, as in Lemma 2.7, using the arguments of Lemma 2.3,
and q(t) € By, (¢§) for t € [ty, s,] since, as in Lemma 2.10, the cost of going from
OB, (L&) to OBy, (L&) > v > ¢(p). O

Now the main theorem of this section can be stated.

THEOREM 3.7. Let p satisfy
1
(3.8) 8p(p) < §

and define t* = 2¢/afB(p) and A* as in (2.14). Then for all a € A*, there is a
83 < 8¢ such that for all 0 < § < 63, and for all m € R?N which satisfy

_ d?
@-a)5Ihl

(3.9) m; € TZ forj=1,...,2N,
(3.10) Moyl — Mae > 2t + 2 fort=1,...,N —1,
(3.11) Mop —Mog—1 > 2t +T(a)+1 forl=1,...,N,
(HS) has a heteroclinic solution Q € T'(m).

PROOF. Set mg = —o0, mony41 = 00. Let Q be the minimizer of I over
I'(m). It is immediate that such a function is a solution of (HS)

e for all ¢t € [mapy1, maryo], £ =0,...,N —1, by Lemma 3.3,
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e for all ¢ € [mag, magy1] such that Q(¢) ¢ 9B, (¢£), £=0,...,N.
So, to prove the theorem, it only need be shown that Q(t) ¢ 0B, (¢£) for all
t € [mag, moes1] and £ =0,... ,N. This will be done for £ =1,... ,N — 1. The
cases of £ = 0 and ¢ = N are treated in a similar but simpler fashion and will be
omitted.

By (3.6) of Lemma 3.4, it is known that Q(t) € B, (¢§) for all t € [ty,s,, ] C
[mae, maes1]. Thus it remains to verify that Q(7) € 0B, (¢§) for some 7 €
[mag, tg] or T € [sy, 1, Map41] is not possible. Assume to the contrary that Q(7) €
OBy, (£€) for some T € [mag,tg]. Then first of all, since Q(t,) € B,(¢£), Q(7) €
0By, (£€) and Q(t,) € B,((¢ — 1)§) U B,(££), the arguments of Lemmas 2.11
and 2.12 imply that Q(t,) € B,((¢ — 1)§) and hence

(3.12) Q(t) € B, (£ —1)¢) forall t € [tp_1,1,].

Let 6 € (0,T(a)) be as in Section 2 and define Q(t) as follow:

Q) for t <t,_q,
(L —-1)¢ forfg_1+1§t§157071,
~ Qt+0) fort,—0<t<t,—0,

t) = _
Q) 179 fortp—0+1<t<s,,,—1,
Qt)  fort> s,
linear otherwise.

To verify that @ is well defined, note that
. Eg_l-l—l < Q—@—l since, by (31)*(311), t[—fg_l > Mop—Moy_o—2t* =
(Mmag — maog—1) + (Mar—1 —mar—2) — 2t* > 2t* + T(a) +3 > 0 + 2,
oty —0+1<s,,—1,since s, —tp > mopp1 — Mgy — 2t* > 2.
We claim that Q € I(m). Since @ € T'(m), by the definition of Q, it must
be verified that
(2) @ € By (¢ —1)8), for t € [f—1,mae-1],
(b) C~2 S Eo + (¢ = 1)¢, for t € [mag_1,may],
(c) Q€ B, (£E), for t € [may, 5,4
Using the definition of Q, (a) follows from (3.11), (b) from (V3)—(V4) and the
fact that if £ > mop_1, then t +60 > moy_1, and (c) from (3.10) and the fact that
if t > maoy, then ¢t + 0 > moy.
Since @ € I'(m), arguing as in Section 2,

N f—0 T
(313)  0<IQ)-I(Q) = / £5(Q) dt / £5(Q)dt +R

t,—0 t,
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where
tl

t,—0 - Spt1 ~ L Se+1
(3.14) R:f Eg(Q)dt+[ E(;(Q)dtf[ E(;(Q)dtf[ £5(Q) dt.

te—0 te—1 te

By earlier arguments

t,—0 .
(3.15) [ e@ dt\ < 20(p).

to—1

Since Q(tr—1) € B,((¢ —1)¢) and Q(t,) € B,((¢ — 1)), the minimality of @ and
simple comparison arguments as e.g. in Lemma 3.1 imply

ty

(3.16)

£5(Q) dt] < 26(p)

te—1

and similarly

(3.17)

fm L5(Q) dt‘ < 20(p).

te
The function Ls(-) has a jump discontinuity (by —da) at ¢ = mg, so some care
must be taken with this value of ¢. The jump in L£5(Q) occurs in the integral
over [ty,te]. If t; — 0 > may, the jump in L5(Q) occurs in the integral over
[ty — 0,t¢ — 6]. Hence

Set1 -
(3.18) [ es@ar <2600

te—0
as for (3.15) and by (3.13)—(3.18),

to—0 " to
(319) 0< / (@i / £5(Q)dt + 8¢(p)
< / (alt — 0) — a(®) (~V3(Q(1)) — (£ — 1)8) dt + 63 + ().

On the other hand, if £, — 0 < moy,

(3.20) / T a0 dt = / e B@P —a(t)(Vs(Q) +£5)] di + / " sa(tyt

te—6 te—6 ty—0
< 20(p) +a(mae —te +0) < 20(p) + @6

and
te—0

(321) 0<I(Q)-1(Q) < /

t,—0

_ te
£5(0) dt / £5(Q) dt + 8p(p) + b6
1,

< / “(alt - 8) — a(®) (~Va(Q)) — (£ — 1)8) dt

=L

e
- / da(t) dt + dab + 8p(p),

mae
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and equation (3.19) holds also in this case. Then, by the same arguments used
in equations (2.21)—(2.24) we find that

0< 1) ~ 1(Q) < ~ 5@ 0)'|h] + 63T (a) + 3¢(0).

a contradiction for ¢ small via (3.8).

To complete the proof of Theorem 3.7, it remains to show that Q(7) €
0B, (£€) for some T € [s,,1,mae41] is impossible. This involves a comparison
function argument based on a combination of the case just carried out and the
last part of the proof of Lemma 2.15. Arguing as earlier,

(3.22) Q) € Bry (£+1)8) for t € [e41, 504)
Suppose k € N satisfies
(323) (k + ].)T + 2" +2 > Mogt2 — Mapt1 > kT + 2t* + 2.

Let 0 = kT — 0 with 6 € (0,T) as earlier. Define

Q) for t < ty,
143 for fop1 <t <sp +0-1,
- Q(t—0) fors,,;+0<t<Sp+0,
Q) = (C+1)E forSeq+0+1<t<t,, —1
Q) fort > t,, 4,
linear otherwise.

Then (3.23) and earlier arguments show @ is well defined and Q € I'(77i). As
in (3.13)

_ §g+1+5 _ So4+1
(321)  0=1I(Q) - I1(Q) = / £5(Q) dt — / £5(Q)dt + R

Spp1 10 Spq1

where now

ﬁe-u‘"§ ~ Lot ~
(3.25) R = Ls(Q)dt + [ £5(0) dt

e Se41 +60
Spt1 £€+1
- [T es@a- [ es@ae

7 Se41

No jumps of Ls(-) are involved here so a similar but simpler argument than in
(3.15)—(3.21), leads to

§z+1+g -
/ £5(0) dt < 20(p),

ty

Lot B
[ £5(Q) dt < 2p(p) + 8(tesr — Fes1 — ),

52+1+§
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[ @i
/g t £5(Q) dt > S(msess —Fesn),
so that )
) os | j“(a(t +9) - alt)(~V3(Q(1) — €6) dt + 4p(p).

But a(t +0) = a(t + kT — ) = a(t — ) so as earlier
1, d?
5 (@) Al + 8¢(p),

contrary to the choice of p. O

(3.27) 0<I(Q)-1(Q) <

REMARK 3.28. As was noted earlier, it is not necessary that (V) holds,
ie. & = i€ and V5(&_1) — V5(&) = 6. The argument of Theorem 3.7 applies
whenever there are points &g, ... ,&x such that |V5(&—1) — V5(&;)| is sufficiently
small, 1 <¢ < N, and each &; is a (strict) local maximum.

REMARK 3.29. As a special case of Theorem 3.7, suppose the setting of
Theorem 2.5 obtains. Set £y = 0, & =&, &9 = &, and &9;41 = &1, ¢ > 0. Then,
by Theorem 3.7, there exist solutions of (HS) which are homoclinic to 0 if N is
odd and heteroclinic from 0 to £ if N is even and which spend the time interval
[ma;, ma;+1] near &. These are the simplest examples of the augmented chains
mentioned in the Introduction.

REMARK 3.30. By a limiting procedure, one can allow (&;);en or (&;)icz pro-
vided that § is independent of the number of points. Indeed for the case of (§;)icz
and corresponding m € (Z\{0})>, set £x = (M_(2p41), M—1,M1,... ,Mags1) €
Z*%+2 Then by Theorem 3.7, there exists a solution @, of (HS) heteroclinic
from £_j to &. It is not difficult to get L> bounds for @)y, in each interval
[mi, miy1] as in Lemma 2.3 or Lemma 3.1. Then (HS) gives bounds for @y, in
C?% . independently of k. These bounds imply the existence of the limit solution.

4. On the assumption (V)

In this section some examples will be given for which (V) is valid. The first
example is one-dimensional.

Assume Vs(x) = Vo(x) + W (x), where

(W1) Vo € C?*(R,R) is 1-periodic,

(Wa) V5(0) = V5(0) =0, V5’ (0) <0, V(z) <0 for all z ¢ Z,
(W3) W e C?*(R,R), W(x+1) =W(z) — 1, for all x € R,
(W4) W(0) =W'(0) =0.
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PROPOSITION 4.1. Suppose Vy satisfies (W1)—(Wz) and W satisfies (W3)—
(Wy). Then there is a §g > 0 such that

Vs(z) = Vo(z) + 0W(x)
satisfies (V1), (Va), (V’3) and (V4) for all § € (0, o).

PrOOF. It is clear that (V1) and (V%) hold for all § > 0 if we take £ = 1.
Take r1 > 0 and C7, Cs > 0 such that, for all |z| < r,

Vo(z) < =Cilz?,  [W(z)| < Calaf*.

Then
Vs(x) < —(Cy — 8Cy)|z|?  for all |z <
so (Vz) holds for any rg < 7y if 69 < C1/C5. Suppose further that

0o sup |W(z)] §1 inf |Vo(z)l|.
[-1,1] 2 [r1,1-r]
Then one can check that Vs(z) < 0 for all § < dg, and for all z € [-1+7r1, —r1]U
[r1,1 —r1]. Using assumption (W3), one deduces that [—1 4 r;,00] C Ro.
Now choose ry < r1 such that the cost of going from —rg to —r; is greater
then the cost of going from —rg to 0. (This can be done as in the proof of
Lemma 2.10.) Let h < 0 be such that

(4.2) 0>h>sup{Vs(z) |z €[-14+r1,—ro]U][ro,1 —10], &€ ][0,00]}.
Then
(4.3) [~1+71,2—71] C By (0)URy U B, (1) = Dy,

so that 0 and 1 are path connected in Dy, for all by < h < 0 and (V4)(a) follows.

Assume that such an h does not satisfy (V4)(b). Then there is —rg < m1 < 7o,
E—ro <my < &+ro, Qo € y(m1,m2), a minimizer for Iy and 7 € [my, ms| such
that Qo(7) € ODy. By (4.3) 0D), C (—o0, —1 + 1] U [1 + 71, 00). Hence there is
a number m; < 7 < my such that Qo(7) = -1+ 71 (or Q(7) = 1+ r1). Since
Q(my) = m > —rg and Q(mz) = 1y > —rg, one has a contradiction with our
choice of rg. Thus (V4) has been established for all h satisfying (4.2). O

Next using Proposition 4.1, a somewhat artificial example of a potential in
higher dimensions which satisfies our assumptions can be given. Fix V5 : R — R
satisfying (W1)—(W2) and W : R — R satisfying (W3)—(W4). We know, from
Proposition 4.1 that there is dg such that Vy + 0W satisfies (V1), (Vz2), (V§) and
(Vy) for all § € [0,dp]. Then take r; and 7o as in the proof of Proposition 4.1.
We then know that (V1), (Va), (V§) and (V4) hold.
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Set

) m=int{ ["(3lP - i) a

q(0) = —ro, q(1) < =141, q € WI’Q(O,T)}.

T>0,0¢€ [0,(50],

Let ¢ be as in (2.8). Take ro eventually smaller so that ¢(rg) + 78 < 1. Then
take R:R x R*~! — R such that

(W5) Re C?(RxR* 1 R) and R(z+1,y) = R(x,y) for all (z,y) € RxR"~1,
(We) R(0,0) = VR(0,0) =0, R}, (0,0) <0, R(z,y) <0 for all y # 0,
(W7) R(z,y) > —p > —p1/2a for all z, |y| < ro,
(Ws) R(z,0) > R(z,y) for all € R, |y| > ro and supy,>,, R(z,y) < 0.
We will show that

V;?(x7y) = VO(:’C) + (5W(l‘) + R(x,y)

satisfies, (V1), (Va), (V) and (V4) for all 0 < 6 < &g. Indeed (Vi) and (Va)
follows as in Proposition 4.1, while (V%) (with £ = (1,0)) is a direct consequence
of (W1), (W3) and (W5s).

To prove (Vy), observe that for all h satisfying (4.2) and

0> h > sup{R(z,y) | —ro < |z| <ro, |y| > 70}

it follows from (Wg) that [—1+4 71,2 — r1] x R®™1 C Dy, so that (V4)(a) holds.

In order to prove (V4)(b), assume it does not hold. Then there is a 1y €
B, (0), n2 € Byy(€), Qo = (z(t),y(t)) € v(m1, m2,m1,12), a minimizer for Iy and
T € [my, mg] such that Qo(7) € 9Dy. By (4.3)

9Dy, C ((—o00, —1+ 7] U2 —r1,00)) x R*L,

Hence there is a number m; < ¢y < mq such that z(¢g) < —1 + r1. (The case
x(tp) > 2 — r1 can be dealt with similarly). Then there is t; > ¢y such that
2(t) > 0 for all t > ¢t; and to > ¢ such that |y(¢)| > p for all t; <t < ts.

Define a new function Q € ~y(my,mz,n1,72) as follow:

T t:mlu
linear my <t<my+1,
— (0,0) m1+1§t§t17

Q) = (z(t),y(t)) =

( ),0) tlStStQ_la
(z(t),linear) to —1 <t <to,
(@(t),y(t)  t2<t<ma.
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Note that we can assume t; > m + 1, and that minor modifications are required
if tl Z t2 —1. Estimating I()(Q) — I() (@)

0>1o(Q) — 1o(Q)
:/ 2(;(¢|2+y|2) a(t)(Vs() + Rz, y)))

- [ (308 + 1) - 350 + R
= [ (3 41 - Vi) + R )
/7: (;(Iﬂ'ﬁl2+if|2)a(t)(%(x)+R(x,y))> dt
B /m G”F - ““)V&(x)) dt - /m @(l:fcl? - a(tmm) dt
+/7: <;(|y|2 —a(t)R(x,y)> dt—/: (;(QP _a(t)R(%y)) dt
N /m @”'2 - ““)W)) dt - /m (;<|¢|2 - a(t)Vé(:c)> "
o [ (b atom ) [ (S - atone)

Let us now observe that

)

while, by the choice of ¢,

., (oo —atemam)a= [ (G0 - anieo) a < i

We also have that

[ (G - aorean)ae > [* (300 -t p ) d

to—1
> / a(t) Rz, y) dt

mi+1
and

mi+1 1 mi+1 1 . 1
[ (02 - aor@) de < [ (G052 v de < ot

mi

/tz <2(|y|2 + a(t)R(z, y)> dt < %7’3 + ap.

to—1
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We deduce that

/t2 (;(ly'|2 - a(t)R(:v,y)) di — /t2 (;(|Q|2 _ a(t)R(:r,y)> dt

mi mi
to—1
> / < —a(t)R(z,y) + a(t)R(x, O)> dt —rg — 2ap > —ry — 2ap.
mi+1

Combining these inequalities yields:

0> 10(Q) — 1o(Q) > 21 — p(ro) — 5 — 2ap,
a contradiction which shows that (V4)(b) holds.

For our next example, suppose V; satisfies (V1)—(V3) and in addition:
(V5) Vs(z) <0 for all z € R™\{0,&}, 6 € [0, do].

By (V3), 0 is a global maximum for V5. Now Ry = R™. The next proposition
shows that (V) is valid for this setting.

PROPOSITION 4.5. If Vs satisfies (V1)—(V3) and (Vs), then (V4) also holds.

By (Vs), (V4)(a) is satisfied. To verify (V4)(b), observe that as in the proof
of Lemma 2.3, along a minimizing sequence for Iy in y(my, ma, n1,72),

|Q(t)|§ro+\/mzl%

as in Lemma 2.3. Choose hg < 0 such that

Vs(z) < ho, @ € Br(0)\ (Bry2(0) U By, /2(8))

and 6 € [0,60]. Then if h = hg/2, (V4)(b) holds.

REMARK 4.6. Note that there may be several values of ¢ for which (V3) is
satisfied possibly with different (small) values of ¢.

We conclude with a couple of examples to which Theorem 3.7 and Re-
mark 3.30 apply. Suppose n = 1, e.g. (W;1)-(Wy) hold. Then Proposition 4.1
and Theorem 2.5 show there is a solution, Q1 of (HS) heteroclinic from 0 to 1
for each small §. Similarly there are solutions @, of (HS) heteroclinic from j —1
to j. By the argument of Proposition 4.1 again together with Theorem 3.7, there
are heteroclinic solutions of (HS) from j to k for any j, k € Z as well as solutions
going from —oo to co via Remark 3.30. Moreover, there are augmented chain
type solutions in the spirit of the Introduction and Remark 3.29.

A variant of these arguments shows Vs(x) = (1 + §)(cos(z) — 1) + dz has
heteroclinics as in the previous paragraph. Let us note that in this example the
points were the local maxima are achieved depend continuously on ¢ for ¢ near 0.
It is not difficult to check that the whole theory works in this situation, too.
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