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THE TOPOLOGICAL FULL GROUP OF A CANTOR
MINIMAL SYSTEM IS DENSE IN THE FULL GROUP

SERCGEY BEzUGLYT! — JAN KWIATKOWSKIZ

ABSTRACT. To every homeomorphism 7' of a Cantor set X one can as-
sociate the full group [T] formed by all homeomorphisms ~ such that
y(z) = T"®)(z), x € X. The topological full group [[T]] consists of all
homeomorphisms whose associated orbit cocycle n(z) is continuous. The
uniform and weak topologies, 7, and 7, as well as their intersection 7y,
are studied on Homeo(X). It is proved that [[T]] is dense in [T] with re-
spect to 7,. A Cantor minimal system (X,T) is called saturated if any
two clopen sets of “the same measure” are [[T]]-equivalent. We describe
the class of saturated Cantor minimal systems. In particular, (X,T) is
saturated if and only if the closure of [[T]] in Tuw is [T] and if and only
if every infinitesimal function is a T-coboundary. These results are based
on a description of homeomorphisms from [[T]] related to a given sequence
of Kakutani-Rokhlin partitions. It is shown that the offered method works
for some symbolic Cantor minimal systems. The tool of Kakutani-Rokhlin
partitions is used to characterize [[T]]-equivalent clopen sets and the sub-
group [[T]]z C [[T7]] formed by homeomorphisms preserving the forward
orbit of x.

1. Introduction and preliminaries

1.1. Introduction. A Cantor minimal (C. m.) system (X,T) consists of a
Cantor set X and a minimal homeomorphism 7" of X. Recently such systems
have been studied mainly from the point of view of orbit equivalence theory
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(see, e.g. [1], [3], [5], [8])- It turns out that they can be classified up to orbit
equivalence in terms of dimension groups and C*-algebras. A similar problem
had been earlier solved for measurable dynamical systems. In this connection, it
seems natural to introduce and study some well known concepts of measurable
dynamics in the context of Cantor minimal systems. T. Giordano, I. Putnam,
and C. Skau showed in [2] that the notions of the full group [T] and topological
full group [[T]] play the very important role as they do in measurable dynamics.
In particular, they proved that two minimal homeomorphisms of Cantor sets are
orbit equivalent if and only if their full groups are isomorphic.

In this paper, we are mainly interested in the following problems: (1) find a
description and structure of a homeomorphism from [[T]]; (2) define a natural
topology on Homeo(X) and investigate the topological properties of [[T]] and [T].

It is known that every C. m. system can be represented as a Bratteli—-Vershik
system [5], i.e. (in other terms) as a nested sequence of Kakutani-Rokhlin parti-
tions. If £ is a Kakutani—Rokhlin partition, then T" generates two other partitions
a and o' defined on the finite set of {-towers. We associate to £ a finite set T’
of homeomorphisms from the topological full group preserving, in some sense, «
and «'. For this, we determine by £ a finite family of partitions £ (actually, they
define some homeomorphisms from [[T]]) such that & > £ and every & satisfies
the so called level condition (see Definition 2.1). The problem is whether every
homeomorphism from [[T]] eventually gets into some I" when we take a refining
sequence of Kakutani-Rokhlin partitions. We prove such a statement for a wide
class of sequences of Kakutani-Rokhlin partitions (Theorem 2.2). In fact, every
C. m. system (X,T) is topologically conjugate to a system that satisfies the
conditions of Theorem 2.2. To see this, it suffices to take a Bratteli-Vershik
minimal system (Z,¢) conjugated to (X,T) [1]. The proposed method allows
us to find the structure of homeomorphisms from I' in simple terms related to a
Kakutani—-Rokhlin partition.

In the next section, we describe natural sequences of Kakutani—Rokhlin par-
titions satisfying the conditions of Theorem 2.2 for odometers, Toeplitz—Morse,
Chacon, and Grillenberger flows. For these C. m. systems, the found description
looks very simple. In particular, the homeomorphisms from the topological full
group of an odometer are mainly defined by finite permutations. It was also
proved in [1] that the orbit equivalence class of a Cantor strictly ergodic dynam-
ical system (X,T) is completely determined by A(X,T), the set of values of a
unique T-invariant measure on clopen subsets. We find this set for all examples
mentioned above.

The topological full group [[T]] contains a very interesting subgroup [[T]].
that is formed by homeomorphism preserving the forward orbit of z. It was
proved that [[T]], does not depend on z and two such subgroups of different
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C. m. systems are isomorphic if and only if the two systems are strongly orbit
equivalent [2]. As a consequence of presented results, we prove that [[T]], can
be obtained as an increasing sequence of finite groups found by a sequence of
Kakutani-Rokhlin partitions.

Because the topological full group is a countable subgroup in the full group,
it would be interesting to find out whether homeomorphisms from [T'] can be ap-
proximated (in some sense) by elements from [[T]]. To do this, we introduce the
uniform topology, 7,,, on Homeo(X). This topology has the well known analog
in measurable dynamics: the (uniform) distance between two automorphisms is
the measure of the set where they are different. If one considers a C. m. system
(X,T), then the full group [T] is closed but not complete with respect to 7, in
contrast to the weak topology 7, studied in [2], [3]. The topology 7, is well
known as the topology of uniform convergence. We use the term “weak” for that
because we are motivated by the analogy with measurable dynamics. On the
other hand, we have already used the word “uniform” in the definition of 7.
One of the main results of Section 4 is Theorem 4.5: the full group of a Cantor
minimal system is the closure of the topological full group in the uniform topol-
ogy. To prove this result, we again use the description of homeomorphisms from
[[T]] found in Section 2. If we consider the topology 7., on Homeo(X) which is
the intersection of 7, and 7, then [T] becomes complete and closed in 7,,,. But,
in general, the density property of [[T]] in [T] can be lost. Nevertheless there
exists a class of C. m. systems, called saturated ones, such that this property
holds. A C. m. system is called saturated if for any two clopen subsets A and B
with p(A) = p(B) for every T-invariant measure p there is v in [[T]] such that
v(A) = B. We prove that (X,T) is saturated if and only if [[T]] “* = [T] and
if and only if every infinitesimal function is a T-coboundary. We also show that
this class contains odometers and does not contain the Chacon flow.

1.2. Kakutani—Rokhlin partitions. The notion of a Kakutani-Rokhlin
(K-R) partition is one of the most useful in the study of C. m. systems. Here we
recall the corresponding definitions and facts.

Let (X,T) be a C. m. system. A Kakutani-Rokhlin partition is a partition
P of X into clopen sets of the form

P={T"Z;)|jel, 0<k<h(j) -1}

where I is a finite set, |I| < co. In other words, X is partitioned into |I| disjoint
clopen T-towers. The clopen set Z; is the base and h(j) is the height of the j-th
tower. B(P) = J; Z; is called the base of P. If a subset of X is a union of some
atoms of P, then it is called a P-set.
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In the sequel, we will use the following property of K-R partitions: 77 (Z;)
C Uses Ziy j €1, i.e. the top of every tower is mapped by T into the base of the
K-R partition.

A natural method to construct a K-R partition is as follows. Let Z be
a clopen subset of X; consider Z, = {x € Z | T"(x) € Z, T’z ¢ Z, i =
0,...,n—1}n € N. In fact, there is a finite number of non-empty Z,’s only.
It is easily seen (because T is minimal) that T-orbits of such Z,,’s form a K-R
partition of X [9].

We will consider the sequences P,, n € N, of K-R partitions satisfying the
following conditions:

(i) Ppi1 refines Py, Ppi1 = P, and B(P,y1) C B(Py), n € N,
(ii) (P), spans the clopen topology on X.
If (P,) satisfies additionally the condition

(iii) ),, B(Px) consists of one point,
then it is called a nested sequence. It follows from [9] that to any C. m. system
one can associate a nested sequence of K-R partitions. Based on this fact, one
can find the very useful Bratteli-Vershik realization of a C. m. system [5].

Let P be a K-R partition with towers P(i) = (Do, ..., Dp@y-1,), @ =
1,...,k, where Djy1; = T(D,;), j = 0,...,h(i) — 2. Define two partitions
a=a(P)and o =a'(P) of {1,2,...,k} as follows. Say that J is an atom of «
if there exists a subset J’ of {1,...,k} such that

(1.1) T< U Dh(i)_M) = |J Do

icJ ireJ’

and for every non-empty proper subset Jy of J the T-image of | icgo Ph(iy—1i 18
not a P-set. It follows from (1.1) that J’ is uniquely defined by J and T; J’ will
be denoted by T'(J). It is easily seen that all such subsets J’ form a partition
o of {1,...,k}. The map J — T(J) establishes a 1-1 correspondence between
atoms of o and o/. As a particular case, it may be that « (and therefore o) is
the trivial partition.

To clarify this definition, let us introduce a matrix M = (m(i,i') : 4,7’ =
1,...,k) with

mi, i) = 1 if T(Dpi)-1,:) N Doir # 0,
7 0 if T(Dp(iy-1,) N Doir = 0.

Take some i € {1,...,k} and find J; such that m(i,j1) = 1, j1 € J1. Then
find Iy = {i1 | m(i1,j1) = 1 for some j; € J;}. Knowing I, we define Jo
such that m(iy,j2) = 1, jo € Jo where iy € I;. Next, define Iy using Jo.
We get two increasing finite sequences (I,) and (J,) that are stabilized in a
finite number of steps. The last members of these sequences are the atoms J
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and J' = T(J) of a and o' respectively. Similarly, one can define a matrix
M={m(J,J)|J€a J €da} by setting m(J,J') =1 if and only if there
exist ¢ € J and i € J’ such that m(i,i’) = 1 or, equivalently, if and only if
T(J) = J'. Otherwise, m(J,J") = 0.

The 1-1 correspondence T : J — J’ between « and o’ allows us to introduce
cycleson {1,...,k}. Denote by J(i) and J'(%) the atoms of @ and &’ containing .
We say that [ = (i1,...,is) is a cycleon {1,... ,k} if iy € J'(i1),i2 € J'(i2) =
T(I(00))s- . vis € J'(is) = T(J(is1), and T(J(i,)) = J'(ir).

2. Structure of homeomorphisms from the topological full group

2.1. Compatible partitions and level condition. Let (X,T) be a C. m.
system. We recall that, by definition, a homeomorphism v belongs to the full
group [T] if y(z) = T™ @) (z), 2 € X. The function n, : X — Z is called the orbit
cocycle. The topological full group [[T]] is the subgroup of all homeomorphisms
v € [T] whose associated orbit cocycle n, is continuous.

To every v € [[T]], one can associate a clopen finite partition & = £(v) of
X such that &€ = {E; |l € K}, |K| < o0, K C Z, where E; = {z € X |
y(z) = T!(z)}. Evidently, the sets T'(E}), | € K, also form a clopen partition
of X. Denote it by E(K). It is well known (see, e.g. [2]) that if £ and E(K)
are given clopen finite partitions of X, then they define the homeomorphism
v=~(&,K) € [[T]] as follows:

(2.1) v(z) =T"(z), z€E, lcK.

We will use the notation (€, K) for such a pair of partitions £ and £(K) and call
it a compatible pair.

We will prove (Theorem 2.2) that under some natural assumptions about a
sequence of K-R partitions one can describe all elements from the topological
full group. In the next section, it will be shown that Theorem 2.2 can be used
for the study of some symbolic minimal Cantor systems.

For a given C. m. system (X, T), consider a K-R partition £ such that £ is
the union of k = k(&) disjoint T-towers £(i) = {T7(Dy;) | 0 < j < h(i) — 1},
t=1,...,k, where h(i) is the height of the ith tower. Let

h=min{h(i) |1 <i<k}

and suppose that im, is taken such that A = A(imin). Denote D;; = T7(Dy ;).
Let U = U(£) be the set of all pairs (j,4) wherei=1,... ,k, j=0,...,h(i) —1;
then every atom of £ is enumerated by a pair from U. Take a compatible pair
of partitions (€, K) (in other words, we take v = v(€, K) € [[T]]). Assume that
the K-R partition & refines both partitions £ and £(K)

(2.2) E-6 ¢-E&K) and K C(=h,...,h).
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This means that every E; and T'(E}), | € K, are £-sets, i.e. for every (j,1) € U(€)
there is | = [(j,4) € K such that

(2.3) Y(Dj:) = T(Djy).

To formulate another additional condition for (£, K), we divide U(&) into
three disjoint subsets Uiy, Uiop and Upey (this decomposition depends on (€, K)).
We say that

(A) (jvl) € Uin if 'Y(Dj,i) - 5(2)7 ie. 0 S l+] S h(l) - 17

(B) (i,)) € Utop if v(Dj;) passes through the top of (), i.e. I+ 5 > h(i),

(C) (4,1) € Upot if v(Dj,;) passes through the bottom of £(4), i.e. I + j <O,

(here [ = 1(j,4) is taken from (2.3)).
Let «, o’ be the partitions defined by (X,T) and & as in Section 1.2. Take
Jeaand J €d. Forr=0,...,hy —1 where hy; = min{h(i) | i € J}, denote

Vi(r,J) ={(h(i) =hy +rd) i€}, Va(r,J) ={(ri)|ie '},
F‘l(’l“7 J) = U Djﬂ‘, FQ(’/‘, J/) = U DjJ'.

(GEVA(r,]) (4,1)€Va(r,J")
Assuming that (2.2) holds, we introduce

DEFINITION 2.1. We say that a pair (£, K) (or the homeomorphism (€, K))
satisfies level condition (L) if either U = U;, or:

e (LT) whenever (j,i) € Uyop and D;; C Ey, then Fy(hy—h(i)+j,J) C E;
where J = J (i),

e (L7) whenever (j,7) € Upoy and D;; C Ej, then F5(j,J’) C E; where
J' = J ().

In other words, condition (LT) says that whenever the set D;; goes through
the top of the ith tower under the action of v, then the entire level Fy(r, J(4)),
r = h; — h(i) + j (containing D, ;) also goes through the top of . Similarly,
one can clarify condition (L™) by taking the level F5(j, J'(7)) and D, ; that goes
through the bottom of .

Define a subset I'(§) in [[I']]: we say that a homeomorphism (€, K) defined
by (2.1) belongs to T'(§) if the corresponding compatible pair (€, K) satisfies
(2.2) and condition (L). Clearly, I'(€) is a finite set.

Let now (&), t > 0, be a sequence of K-R partitions (we will use the same
notations as above with an additional index ¢). The next theorem gives the
sufficient conditions under which for every v € [[T]] one can find some ¢ such
that v € T'(&), i.e. v = v(&, K).
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THEOREM 2.2. Let a sequence (&) of Kakutani—Rokhlin partitions be chosen
such that
(1) h(t) =min{h(i,t) |1 <i<k} — oo (ast — o0),
(2) (&) satisfies the properties (i) and (ii) from 1.2.

Then \J, I'(&) = [[T1].

PrROOF. Let v € [[T]], then y(z) = T™ @) (2) where n, : X — Z is a
continuous function. Denote by K the finite subset of Z formed by the values of
ny. Then By = {z € X | ny(z) =1}, | € K, is a non-empty clopen subset in X.
According to the theorem assumption, one can find ¢ so large that |n.(z)| < h(t)
and moreover both E; and v(E;) = T'(E;) are &-sets, [ € K. In such a way, we
have defined a compatible pair (€, K) where £ is the partition {E; |l € K'}. We
will show that this pair satisfies condition (L).

If U = Uiy, then there is nothing to prove. Take | € Uiy, and suppose that
Dt ;. is chosen as in (B), i.e. jo 41> h(ig,t). Let J = J(ig) and let J' = T'(J)
be the element of o’ corresponding to J by (1.1). Denote by J; the subset of J
that consists of all ¢ such that D;.(Z.)}i NE; = 0 where j(i) = jo + h(i,t) — h(io, t).
Set Jo = J\ Ji; then iy € Jo. Assume that J; # (. Then Jy is a proper
non-empty subset of J. By the definition of a K-R partition, we get

1 ¢ _ I—h(i,t)+145 () Pt
T ( U Dj(i),i) = U Tl )(Dh(i,t)—l,i)

i€ s i€Jo
= Tlh(io’t)ﬂ[)( U T(D;L(i,t)—l,i))'
i€J2
Due to the choice of K, we have 0 < I — (h(ig,t) — jo) < h(t). It follows from

the definition of the partition a that @ = T' (¢, D;‘(i) ;) is not a &-set.
On the other hand, we have that

QcC Tlh(io,t)+jo< U D6 i)
ey
At that time, Q is a subset of the -set T'(E;) and moreover, in view of the

evident equality
Q — Tl(El) m Tl—h(io,t)+j0 ( U Dél)’
icJ’

we get that Q is a §;-set. This contradiction shows that J; = () and, therefore,
(€, K) satisfies condition (L*). The same method can be used to prove that
(€, K) also satisfies condition (L~). The proof is completed. O

REMARK 2.3. (1) We observe that every C. m. system (X, T') is topologically
conjugate to a system that satisfies the conditions of Theorem 2.2. For this, take
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a Bratteli-Vershik model (€, ) for (X,T) [5]. (We use the notations from [5]).
Note that it is sufficient to deal with an improper Bratteli-Vershik model. Here
Q is the set of all infinite paths in a simple Bratteli diagram B = (V, E, >), and
 is the Vershik homeomorphism defined on 2. To determine the K-R partitions
(&), t > 0, it suffices to define {-towers. Fix some ¢ € V; and consider the set
of all finite paths from the initial point Vg into ¢. In other words, every such
path corresponds to an atom in & (i)-tower and, therefore £ (i) is formed by the
family of such atoms. It is easily checked that (&) satisfies the conditions of
Theorem 2.2.

(2) Let m : (X,T) — (Y,S) be a factor map of C. m. systems. If v :y —
S™W)(y) € [S], then P (y) : 2 — T™7™@)(z) belongs to [T]. Thus, 7 generates a
group monomorphism P : [S] — [T] such that P, ([[S]]) C [[T]].

(3) We note that Theorem 2.2 is true for the groupoid GJ[[T]] of partially
defined homeomorphisms of X. We say that v € G[[T1]] if v is a homeomorphism
from a clopen set A onto another clopen set B such that vz = T"®)z, x € A,
and n(z) is continuous (it is not required that - is defined on all X).

2.2. Structure of homeomorphisms from [[T]]. We first analyze the
proof of Theorem 2.2 to distinguish its most essential elements. We have proved
that if a sequence (&) of K-R partitions (satisfying conditions of Theorem 2.2)
is given, then to every homeomorphism v € [[T]] one can associate a finite
clopen partition £ and a finite set K C Z so that the pair (€, K) satisfies (2.2)
and condition (L). Moreover, there is a K-R partition £ taken from the given
sequence such that £ > £ and £ = £(K). (We use our notations from 2.1, and,
for brevity, the index ¢ is omitted when it does not lead to misunderstanding).
Now we will show that if £ and (£, K) are given, then one can define another
partition & (also induced by ) such that £ = € = &, & = € += E(K).

Set for J € a, J' € o/,
(2.40) LT(J) ={0<r<h;—1|Fi(r,J)CE and l+7r > hy},
Ada
L~(J)={0<r<hy —1|F(r,J") C E,and | +r < 0}.

The homeomorphism v induces two one-to-one maps p*(J) and p~(J’) deter-
mined on L*(J) and L~ (J’), respectively:

(2.4b) pt(J)(r) =1+7r—hy, p~(J)(r) =71 +1+hr-1y.

Let M+ (J) = pt(J)LT(J)) and M~ (J") = p~(J')(L~(J')). It follows from
the proof of Theorem 2.2 that the families of sets F*(J) = {Fi(r,J) | r €
LY} (Jeaw), F (J)={F(r,J') | re L7(J)} (J) € ) and F = {D;; |
(j,i) & Vi(r, J)UVa(r, J'),J € a, J' € '} form a partition & such that £ = & > £.
The proved theorem asserts that

V(F(r, ) = B(p" (J)(r), T(J)), reL(J),
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(255) V(Fa(r, J") = Filp~ (J)(r), T~H(J")), relL (J).

Denote
w= |J wen,  w)= U wnea).
reL+(J) reL—(J")

Take (j,7) ¢ Vi(J) U Va(J') where J = J(i), J' = J'(i). Then 7 induces also
the map p(i)(j) = I + j where [ is determined in (2.3). If we use the notations
LF(J) = L) +h(i,6)—ha, L7 () = L () and M (J)(= M*+(J)), M; (')
for images of L} (J) and L; (J') with respect to the maps defined in (2.5), then
we see that + generates a one-to-one map

(2.4¢) p(i): P(i) — R(i), 1=1,...,k
where

P(i) ={0,1,... ,h(i,t) — 1} — (L7 (J) U L] (J")),
R(i) ={0,1,...,h(i,t) — 1} = (M (T(J)) U M; (TH(J"))),
J =J@), J =J%).

Thus, we get that the image of & under action of v is the partition & (K) de-
fined by the families of sets G*(J) = {Fa(r',T(J)) | ¥ € MT(J)}, G (J) =
{Fy(r, T7X(J") |re M=(J")} and G = {DZ(Z.)(].M :jeP@),i=1,... ,k}.
To summarize, we observe that every homeomorphism + from [[T7]] (or, oth-
erwise, the pair (€, K)) defines the following objects (recall that & is fixed):
(x) the subsets LT (J),L™(J') and one-to-one maps p*(J), p~(J'), p(i)
satisfying (2.4a)—(2.4c) where J € o, J € o/, i=1,... k,
(xx) the families of disjoint sets F(J), F~(J'), J € o, J' € o/ and F form
a partition € satisfying (2.5).
It is clear that the other objects introduced above are completely determined
by those from (%) and (xx).
It is easily seen that the described procedure is reversible. This means that
it LT(J), L= (J"), pt(J), p~(J), p(i) and FH(J), F~(J'), F are taken as in (x)
and (*x), then we can restore a homeomorphism v = v(€, K) € [[T]]. To do this,
we determine the orbit cocycle n, : X — Z as follows:

hy—r+pt(J)(r) if x € Fy(r,J), r € L*(J),
(2.6) ny(xz) =1 —hpay—r+p (J) ifxec 0, J) el (J),
p(i)(F) —J if x € Dy, (j,i) € Vi(J) U Va(J).

In fact, this function is piecewise constant, n.(x) = n;(j), € D,;, with the
same values along the sets Fi(r,J) and Fs(r’, J'). We leave other details to the
reader.

Now we consider a few particular cases of the described structure.
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2.2(a). We first give a simple example confirming the existence of subsets
LH(J), L~ (J'), maps p*(J), p~(J'), p(i) and F+(J), F~(J'), F satistying (*)
and (xx). For simplicity, let us assume that o and o’ are trivial partitions. Let
h be the height of the lowest tower. Suppose that L*, L=, M+, M~ are chosen
in {0,... ,h—1} such that LT and M~ arein ([h/2]+1,... ,h—1), and L™ and
M™* are in (0,...,[h/2]). Moreover, |[LT| = [M™*|, |L~| = |M~|. Take some
one-to-one maps p* : LT — M™T and p~ : L™ — M~. The “level sets” Fy(r),
r € LT and Fy(r'), v’ € L™ are defined as above. Then all conditions in (*) and
(#x) are fulfilled and such a choice gives us a homeomorphism v from [[T]].

2.2(b). Suppose now that for a sequence of K-R partition &, we take v €
[[T7]] such that the condition L*(J) = L™ (J') = 0 is realized in our construction.
This means that both Uyep, and Upey are empty. Then it follows from (2.4c) that
for every (j,4) € Uy one has 0 < j+n;(j) < h(i,t) — 1 and p(¢)(§) = j +ni(j) is
a permutation of {0,... ,h(i,t) — 1}. Therefore v(x) = TPDW~I(2), z € D;;,
and the set of all such v generates a subset I'Y C I'(§). Moreover, I'Y is a
subgroup in [[T]] that is isomorphic to ©1<i<k, Sh(ir) Where S, is the group of
all permutations of n elements. Because &1 refines &, we get that I') C I'), ;.
It is clear that ' = J, 'Y is a proper subgroup in [[T]].

2.2(c). The next interesting case we get if assume that all towers in & have
the same height, h(i,t) = h(t), i = 1,... ,k;. Then we obtain that L] (J) =
LT (J), M (J') =M~ (J") where L™ (J), L~ (J'), p*(J), p~ (J') satisfy (x). Note
that in this case the condition () implies (**). The map p(i), 1 < i < ki, sends
{0,...,h(t) =1} \(LT(J)UL(J)) onto {0,... ,h(t) —1}\ (MT(J)UM~(J")).

2.2(d). The simplest case in the described class of Cantor minimal systems
we get when k; = 1, i.e. (X, T) is conjugate to an odometer. Then each v € [[T7]
defines a permutation p of {0, ... ,h(t)—1} and avectore = (g; | L =0, ... , h(t)—
1), e € (—1,0,1), as follows:

pt(l) forlelL™",
py=4¢ p~() forle L,
p(1)(1) forl¢ LT UL,
and
1 forl e LT,
-1 forle L™,
“= 0 for p(1)(1) =1,

sign(p(1)(1) — 1)) otherwise.
Here pT, p~ and p(1) are taken from the above construction. Conversely, consider
a permutation, p, of {0,...,h(t) — 1} and a vector € = (go,... ,Ep()—1) such
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that e; takes values in (—1,0, 1) and & compatible with p. This means that &, = 0
if and only if p(I) = I. Then the function

0 if p(j) = J,
n(j) =4 pl)—Jj if (p(j) —J)e; >0,
p(4) = +e;ht) if (p(j) —7)e; <O,
defines a homeomorphism v = 7(p, ) € [[T]] as follows: v(z) = T"V), x € D;,
j=0,...,h(t) — 1 where D,’s are atoms of the unique tower. Evidently this

correspondence between homeomorphisms from [[T']] and the set of all compatible
pairs (p, €) is one-to-one.

2.3. The subgroup I'°. Let (X,T) be a C. m. system. For all € X,
let Of (z) = {T*(x) : k > 1} denote the forward T-orbit of x, and let [[T]],
denote the subgroup of those v from [[T]] such that v(OF(z)) = OF(z). It is
known that [[T]], is a countable, locally finite ample group with minimal action
on X [2], [Kr]. It was also proved in [Kr| that all groups [[T]]., * € X, are
isomorphic. It is important to mention the next result proved in [2]: two C. m.
systems (X1,71) and (X3,T3) are strong orbit equivalent if and only if [[T1]]a,
and [[T»]]., are isomorphic as abstract groups for any z; € X, i = 1, 2.

In 2.2(b), we introduced the subgroup T'° C [[T]]. It turns out that this group
coincides with [[T]], for some z € X.

THEOREM 2.4. Let (X,T) be a C. m. system and let (&), t > 0, be a sequence
of K-R partitions satisfying the conditions of Theorem 2.2. Then, there exists
a point x € X such that T° = [[T]],.

PrOOF. We can assume without lost of generality that the partitions oy
and «} are trivial. Take &, t > 0, as in the proof of Theorem 2.2 (we use the
notations from 2.1 and 2.2). In view of property (i) from 1.2, there is a point
z €, T (B(&)). Suppose now that v € [[T]],. Then, as it was shown in 2.2,
we can find some &; and then associate to 7 the collection (L™, L™, p™, p~, p(i)),
i =1,... ks, satisfying (x) and (xx). For definiteness, assume that x belongs
to the top of & (i(0))-tower, x € D;L(i(O),t)fl,i’ 1 <i4(0) < k. Let i(n), n € N,
be the numbers of &-towers which the forward T-orbit of x intersects succes-
sively. Then, Of(z) can be divided into subsets O(n), n € N, where O(1) =
{T(m), o ,Th(i(l)’t)(x)}, 0(2) _ {Th(i(l),t)Jrl (CE), L ’Th(i(l),t)+h(i(2),t)(x)} and
so on. Thus, O(n) is the part of OF(x) that is in £(i(n)). The backward
orbit is divided similarly into O(0),O0(—1),... where, for example, O(0) =
{T-hCOD+F () o T (x), ).

If we assume that L # (), then there is some T%(z) € F1(1)NO(0), l € L*,
such that v(T%(x)) € O(1). This fact contradicts to our assumption that v €
[[T]]z- Analogously, we will come to a contradiction assuming that L~ # 0.
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Conversely, let v € T, i.e. LT and L~ are empty for some &;. It follows that
v(O(n)) = O(n), n € Z, and therefore v € [[T]],. O

REMARK 2.5. Let u be a T-invariant probability measure on X. In [2], the
group homomorphism I, : [[T]] — R, I,(y) = [y m,du was introduced and
studied where my = >, Ixg,. It was shown that, in fact, I, takes values in Z
and [[[',]] = [[T]] where I',, is the kernel of I,, [2, Proposition 5.8]. We note that
this result follows also from the found description (x) and (xx). The point is
that every ~ from [[T]] is defined by a finite set of permutations acting on the
towers of £. Because each permutation is the product of some transpositions and
every transposition corresponds to a homeomorphism from I';,, we get the above
statement.

2.4. [[T]]-equivalent clopen sets. We will say that two clopen sets A
and B are [[T]]-equivalent (resp. [T]-equivalent) if there exists v € [[T]] (resp.
v € [T]) such that v(A) = B. We also call two clopen sets A and B partially
[[T]]-equivalent if there exists v € G[[T]] such that v(A) = B (see Remark 2.3).
E. Glasner and B. Weiss proved that if u(A) = u(B) for every T-invariant
probability measure u, then A and B are [T]-equivalent [3, Proposition 2.6]. It
follows from [2, Lemma 3.3] that two clopen sets A and B are [[T]]-equivalent if
and only if xa(z) — xp(x) is a coboundary. We consider another approach to
this problem based on K-R partitions. If £ is a K-R partition with towers £(7),
i=1,...,k, then for a clopen &-set A denote by N;(4) = {0 < j < h(i)—1:
Dj’i C A}l

THEOREM 2.6. Let (X,T) be a C. m. system and let (&) be a sequence of
K-R partitions satisfying conditions of Theorem 2.2. Then two clopen sets A and
B are partially [[T)]-equivalent if and only if there exists t such that for every
cycle Il = (iy,... ,is) on {1,...  ki} one has
(2.7) D> N/(A)=> N/(B).

i€l i€l
(it is assumed that t is already chosen so large that A and B are & -sets).

PROOF. Suppose that for given clopen sets A and B there exists v € G[[T]]
such that v(A) = B. Find ¢ such that A and B become &-sets and v € T'(&).
Let us observe that if r € L*(J), J € a4, then either Fi(r,J) N A = 0 or
Fi(r,J) C A. The same statement holds for B. It follows from the fact that
A, B are &-sets and from the equality v(Fi(r,JJ) N A) = Fa(r',J’) N B where
J =T(J), v =ph(r),reLT(J).

Now we define for J € o, J' € o/

LY(J,A) ={reL"(J)| F(r,J)C A},
L=(J,A) ={re L™ (J) | Fx(r,J') C A},
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and
La(i) ={0<j <h(i,t) | D}, C Aand v(Dj;) C &(i)}.

The set Lp(7) is determined analogously.

If J = J@), J = J(i), then the fact that v(A) = B implies N;(A) =
LaG)| + L+, A)| + [L~(J', A) and Ni(B) = |Ly(i)| + [L*(T(J'), A)] +
|IL=(T(J),A)|. We note that |L4(i)| = |Lp(i)|. Therefore

(2.8) Ni(A) = Ny(B) = |L*(J, A)| + |L~(J, A)|
= |[LHTH(T), A) = |L7(T(T), A)l.

It (i1,... ,1s) is a cycle then iy € J'(i1),i2 € J'(i2) = T(J(i1)),... ,is €

[ =
J'(is) ( (is_1)) and T(J(is)) = J'(i1). We get from (2.8)

(L7 (), A) + L7 (' (k) A)]

k=1
— [LH@ (I (i), A = IL7(T(I (ir)), A)]) = 0.

Conversely, suppose that (2.7) holds for every cycle I. Let B(J') = (J;c;r Dé)i.
Construct a partition &; that refines &. For this, take z € Df ;, i € J' = J'(i) and
consider {x,T(x),... ,T?(x)} where TP(x) € B(J') and T"(x) ¢ B(J'), n < p.
The T-orbit of x € B(J') will go through the towers &(i1),...,&(is) where
i1 = ¢ and l(x) = (i1,...,1s) will form a cycle in &. Then define &/ to be such
a minimal partition that refines & and makes [ = [(x) &'(t)-measurable. In such
a way, every | determines a tower in &. Then equality (2.7) implies existence of
some v € I'(¢]) such that v(A) = B. O

COROLLARY 2.7. Every v € G][T]] can be extended to a homeomorphism
7 e (1)

In fact, it follows from Theorem 2.6 that >
if and only if (2.7) is valid for A and B.

1eth(X A) Ziele(X_B)

EXAMPLE 2.8. Let (X,T) be a strictly ergodic C. m. system and let u be
a unique T-invariant measure. Assume that we have a sequence (&) of K-R
partitions such that each tower &1(j) is a concatenation of exactly k; parts of
equal measures coming from each & (j)-tower, j = 1,... ,k; (see Theorem 4.7 of
[5] for details of the Bratteli-Vershik construction). Note that, in this case, the
partitions a; and «f are trivial. Then we state that for any two clopen subsets
A and B of equal measure p there exists v € [[T]] such that y(A) = B. In fact,
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the equality u(A) = pu(B) implies that

k¢ k¢
SN = Y NIB).

But we get from the construction that N;H(A) = Ef;l HA), G=1,... k1.
Therefore the statement follows from Theorem 2.6.
3. Examples

3.1. Odometer (adding machine). Let {\:}$2, be a sequence of integers
such that Ay > 2. Denote by p_1 =1, p, = Xg... A\, t =0,1,... Let A be the
group of all ps;-adic numbers; then any element of A can be represented as an

infinite formal series:

A= {:ﬂ = ixipifl
i=0

It is well known that A is a compact metric abelian group. An odometer,

ZL'iE(O,... ,)\2—1)}

o, is the transformation acting on A as follows: ox = x + 1, z € A, where
1=1p_1+0py+0p1 + ... € A. From the topological point of view, (A, o) is a
strictly ergodic Cantor system.

To an odometer (A, o) defined by a sequence {\;};, one can associate a so

called ”generalized number” [, Ay = r{"'73? ... where r; is a prime factor of
some A; and «; takes values in 1,...,00, ¢ € N. Apart from, we can take r; <

ro < .... Let {\}}, A} > 2, be another sequence of integers and let (A’, o’) be the

corresponding odometer. It is known that (A, o) and (A’,¢’) are topologically

conjugate if and only if [[, Ay = [, A}, i.e. the collection {(r;,a;) | i € N} is

a complete invariant of conjugacy. The latter means that these “generalized

numbers” have the same prime factors with regard to their multiplicity.
Denoting

o0
Df = {37 = Z$ipi—1

=0

J;ole:...:mt:()},

we see that the sets (Df,..., DL ), Df = o'(D}), form a partition & of A
into clopen sets. Clearly, (&), ¢ > 0, is a nested sequence of Kakutani-Rokhlin
partitions. By definition, k:(§;) = 1. Therefore the topological full group of an
odometer can be described as in 2.2(d).

The unique o-invariant measure p, is completely defined by its values on
&-atoms: p(DY) =p; ', i=0,...,p; — 1. Therefore the set A(A, o) of values of
tto on clopen subsets is {i/p;* | i =0,...,p, — 1, t > 0}. It follows from this
remark and Theorem 2.2 of [1] that two odometers are orbit equivalent if and

only if they are conjugated.
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3.2. Toeplitz—Morse flow. We consider here so called Toeplitz—Morse
sequences that are a special kind of Toeplitz sequences (see [6], [10]). Let
G be a finite alphabet with at least two symbols. A finite sequence B =
(B[0],...,B[n—1]), B[i] € G is called a block. The length n of B is denoted by
|B|. Denote by €2 the space of all bisequences over G with its natural compact
metric topology, and let T be the left shift on Q. For w = {w[n]}nez € , let
O(w) denote the T-orbit of w.

Let {a:}$2, be a sequence of blocks over GU{—} where means a symbol
(called a “hole”). Suppose that |a;| = A > 2, ai[i] € G, 1 =0,... , A — 2, and
ai[M\y — 1] = —. Denote by p; = Ag ... \;. Without loss of generality, we assume
that for every ¢t > 0 and any g € G there exists 0 < i < A\; —2 such that a;[i] = g.
Define inductively a sequence of blocks (A;);>¢ as follows:

“_»

AO = Qap,

(3.1)
Appr = Aar1[0]Ava 1 [1] . appr [Ny — 2JA—, >0,

Thus, A4 is obtained as the concatenation of \ry1 copies of A; with holes filled
by the successive elements of a;y; except the latest hole. We will also write
down equality (3.1) as A1 = At * arq1. Define a bisequence w over GU {—} as
follows:

wlkpe, (k+ V)py — 1] = As, k€Z,

for every ¢ > 0. It is evident that all coordinates w[i] are filled by elements of
G whenever i # —1, and w[—1] = —. The sequence w can be written also in
the form w = ag * a1 *.... We will also use the sequences wy = a; * g1 * ...,
t=0,1,... Consider the set
Xo={zeQ|az= \‘llim T (w)},

i.e. X, is the closure of T-orbit of w in 2. We get a topological flow (X, T)
which is called a Toeplitz—Morse flow. It is well known that a Toeplitz—Morse
flow is a strictly ergodic C. m. system [6], [10].

Define a sequence of Kakutani-Rokhlin partitions (&;), ¢ > 0, for a Toeplitz—
Morse flow. Let A:g be the block obtained from A; by placing the symbol g on
the last position in A;— (instead of the “hole”). Let E; be the set of all pairs gh
from G x G such that the block (A;g)(A¢h) appears in w infinitely many times.
Then for i =0,...,p; — 1 and gh € E}, we set

(3.2) Di g ={x € X | x[—py —i,pr —i — 1] = (Arg)(Ath)}, t>0.

The sets D; gn are cylinder in X, and they generate the clopen topology on X.,.
Each pair gh € E; defines the T-tower & g5 = {D;gh |i=0,...,pt —1}. For
fixed t > 0, the towers & g5 form the K-R partition & of X,,. This sequence is



386 S. BEzUGLYI J. KWIATKOWSKI

not nested because condition (iii) from 1.2 is not satisfied. Namely, (), B(&) =
{wg | g € G} where wy[—py, pr — 2] = ArgAs, > 0.

Now we apply the results of Section 2 to the Toeplitz—Morse flows. The
sequence of K-R partitions (&) shows that this class of C. m. systems corresponds
to the case 2.2(c). Therefore we have k; = |Ey|, h(i,t) = pi, i =1,... k. Find
the matrix M; = (my(gh,g’'h’) : gh,g'h/ € E}) that was introduced in 1.2.
Note that m(gh,g’h’) = 1 if and only if h = ¢’ and the block (A.;g)(A:h)(ALh')
appears infinitely many times in w or, equivalently, the triple (ghh') appears
infinitely many times in wyy;. We may assume that every block a;41 contains
all pairs gh € E; and all triples (ghh’) from w1 because one can take the block
ag * ... % agyp instead of a;, t > 0. This means that M; is completely defined by
the block a¢11. It is easily seen that the partitions «; and o} related to (&) are
formed by the atoms J(h) = Gh and J'(h) = hG, h € G respectively. Now we
see that Theorem 2.2 can be used, in this case, to describe the topological full
group of (X,,,T).

Let (A, o) be the odometer defined by the sequence (p;). There exists a factor
map 7 : (Xo,, T) — (A, 0) such that 7(D} ) = D} foralli=0,... ,p;—1,¢ >0,
and gh € E; [10]. We showed in 2.2(d) that every homeomorphism v € [[o]] is
completely defined by a pair (p, ). In Remark 2.3, we introduced the map Py :
[[e]] = [[T]]. In this case, Pr(y) € [[T]] is determined by (LT, L™, p", p~, p(3))
sothat LT = {0<j<p—1]p@(y)<j e =1}, L ={0<j<p—1:
p(j) > j, ej = =1}, p* = plr+, p~ = plp-, and p(i)(j) = p(j), j ¢ LY UL,
i=1,... k.

It is interesting to know the values of the unique T-invariant measure p on
the cylinder sets D} , defined in (3.2). Let us denote

1 . .
fr(g7at) = )\7|{0 <@ < >‘t -2 ‘ at[l] = g}|7
t
1
fr(gh,a) = 10 <i <N~ 3]l =g, ali+1=h}, ¢0.
t

Then for ¢t > 0 one can compute

oo

f s s
r(g7a)7 PE):)\t)\mSZta

fr(g7 wt) =

@
Il
-
—
)
N

fr(h,w fr(g,w
fr(gh,w;) = fr(gh, at) + %(X%H[Amﬁ]:g) + %(Xam[o]:h),

where x is the indicator function. Finally,
1
(3.3) qt(gh) = /’[’(DE,gh) = ;tfr(gh,wtﬂ), gh € Ey.

If we denote by A, = A(X,,T) the set of values of p on all clopen subsets
in X,, then we get that A, = [J, AL, where AL, = {3° ,cp [I(gh)la:(gh) :
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I(gh) is any subset in (0,... ,p;—1)}. It follows from (3.3) and [1, Theorem 2.2]
that the set {q:(gh) | t > 0, gh € E;} defines the class of C. m. systems orbit
equivalent to (X,,T). If all ¢;(gh) are in Q then the Toeplitz-Morse flow is
orbit equivalent to an odometer. Otherwise, if some ¢;(gh) is irrational, then the
Toeplitz—Morse flow is orbit equivalent to a Denjoy homeomorphism. On the
other hand, (A, o) and (X, T) are not conjugate because (A, o) is the maximal
equicontinuous factor of (X,,,T).

3.3. Chacon flow. We remind briefly the definition of Chacon flow. For
this, we start with the sequence {B,} of blocks over two symbols (0, s):

B() = O, Bt+1 = BtBtSBt, t > 0.

Then |B;| = (3"t —1)/2 = r;. Let w be a one-sided sequence defined by blocks
B, as follows: w[0,r; — 1] = By, t > 0. As in the case of Toeplitz—Morse flows,
we take the subset Y C {0, 1}% which is the closure of T-orbit of w with respect
to the left shift. The C. m. system (Y, T) is called the Chacon flow.

For t > 0, we denote
Dy ={x €Y | x[-r,2r, — 1] = B,B,B;},
Dly ={x €Y |x[-r, —1,2r; — 1] = B;sB;B;},

[_

(3.4) ,
Dy, ={x €Y | z[-r,2r:] = B:B:sBi},
D, ={z €Y |x[-r  —1,2r) = B;sBysB,}.
Let Dy = UWI:O’S ijq. Take the K-R partition & built by the base B; and the

return time function as in 1.2. Then & has four towers & (pq) corresponding the
sets D!, such that h(00,t) = h(s0,t) = r; and h(0s,t) = h(ss,t) = r; + 1. Tt
follows from these definitions that the sequence (&), t > 0, satisfies all conditions
of Theorem 2.2. One can see that (&) is not nested because [, Dy = {wi,w2}
where

wl[—rt,rt — 1] = BtBt, WQ[—Tt — 1,7‘t — 1] = BtSBt7 t Z O

It is known that (Y,T) is strictly ergodic and the values of the unique T-
invariant measure v on the sets ij,
1

t > 0 are the following:

2

v(Dpy) = v(Dy,) = 312

v(Dys) = v(Dyo) =

Therefore the set A(Y,T') (the set of values of v on clopen subsets) is a subset in
Q" and completely determined by {3772 |t = 0,1,...}. Then A(Y,T) defines
the class of odometers which are orbit equivalent to the Chacon flow.

Taking (&;) as above, one can easily point out the matrix M; and partitions
ay, o introduced in 1.2 (in fact, they do not depend on t). We get J; = {00, s0},
Jy = {0s, ss} and J| = {00, 0s}, J5 = {s0, ss}. Then ay = (J1, J2), af = (J1, J5)
and m(Jy,J]) = m(J2, J5) = 1, m(Jy, J5) = m(J2,J;) = 0. Let us note that
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there are three cycles for the Chacon flow: {00}, {ss} of the length 1 and {0s, s0}
of the length 2.

We are going to show that the Chacon flow (Y, T) does not satisfy the con-
dition of Theorem 2.6. This means that there are two clopen subsets of the
same measure which are not [[T]]-equivalent. Take (§;) as above and denote the
&-towers by £:(00), &:(s0),&:(0s), & (ss) according to (3.4). If A is a clopen set,
then A a £;-set for some t. One can compute that for k =1,2,...

NETH(A) = (35 + 1)NG(4) + 35 (Nl (4) + Ng, (4))
3B )N (A)

NEFH(A) = L (357 4 1) (N (4) + NEL(A)) + (35 — )NG(4) + 35 N, (4))

1

NG (A) =3 (NGo(A) + NG, (A)) + (3°71 + NG (4) + 5

1
)

1
+ 5(3’“‘1 +1)NE (A).

(371 = N (A)),

NG (A) = 5 (3571 = 1)Ngo(A) + 31 (NG (A) + Ng, (4))

Take A = Df,, B = D!,. Then we get that

NFEA) = 5@ D), NG ) = 5@ ),
NGH(A) =3, NEH(A) = 535 1),
and
NiTH(B) = NiTH(B) = %(3’“1 ~),
NG (B) = NEH(B) = (31 +1),

2
Therefore we can see that (2.7) fails for the Chacon flow (Y, T).

3.4. Grillenberger flow. Let S = {0,...,s— 1}, s > 3. We define induc-
tively a family .A; of blocks over S. Every A; consists of m; blocks Bf, ... , B}, _;
of the same length l;. For t = 0 we set Ay = {0,...,s — 1}, i.e. BY = i,
1=0,...,s—1,and mg = s, lp = 1. Assume that A; is defined. Let p be a

permutation of the set {0,... ,m; — 1}. We set up
t+1 _ pt t t
B, = BP(O)BP(l) T Bp(mt—l)’

and then A;1; is formed by all such blocks B4t We get my1 = my!, li41 =
lymy. For every t > 0, take the blocks Ly, Fy; € A; such that

(3.4) Lt-‘rl == LtB/tn(l) e le(mtfl)’ Ft+1 - BZZ(O) PR B

)Ft.

t
p2(ms—2
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Now we can define a two-sided sequence w over S as follows:
W[—lt,lt—l] :FtLt, t > 0.

It follows from (3.4) that w is well-defined. Therefore, one can take the closure
Z of T-orbit of w where T is the left shift on the space of all two-sided sequences
over S. Then, we get a strictly ergodic Cantor minimal system (Z,T) which is
called a Grillenberger flow [4].

Define now a sequence & of K-R partitions for (Z,T). For fixed t > 0,
denote j = (j1j2j3) where ji, € {0,... ,my — 1}, k = 1,2,3, and at least two
numbers from j1, jo, j3 are different. If E, denotes the number of all such j, then
|E| = m2(my — 1). The sets
(35) Diz={veZ|a[-l;—42ly—i—1] =B} BB}, i=0,...0~L
are the atoms of &. The partitions a; and o} are formed by atoms J = J(jz2, j3) =
{J = (Grjajs) 1 1 < g1 <y} and J' = J'(j1, j2) = {j = (jrjagjs) : 1 < js < mu}
respectively. The refining partitions &, t > 0, generate the clopen topology on
Z. It is easy to verify that the conditions of Theorem 2.2 are satisfied in this
case. The tower & (j) defined by (3.5) is enumerated by j. Therefore all towers
have the same height I,. We conclude that the Grillenberger flow corresponds
to the case 2.2(c). Remark that the sequence of K-R partitions (&) is far to be
nested. It is easy to construct w in such a way that the set (1), B(&) would have
uncountable many points.

4. Topologies on Homeo(X)

4.1. Definition and properties of uniform topology. Let ) be a com-
pact metric space and denote by Bor(€2) the set (group) of all one-to-one Borel
maps of Q onto itself. We will introduce here a new topology 7, on Bor(2).
Note that our definition is inspired by the notion of uniform metric on the set
of all nonsingular automorphisms of a measure space. It follows that the topol-
ogy T, generates the relative topology (denoted again by 7,) on the set of all
homeomorphisms Homeo(£2) C Bor((2).

Let M;(Q2) be the set of all Borel probability measures on Q. It is known
that M;(£2) is a convex compact metric space.

DEFINITION 4.1. The uniform topology T, on Bor(2) is defined by the family
U={U(T;p,...,up;e)} of open neighbourhoods (the base of topology): given
€>0, f1,...,pn € M1(Q) and T € Bor(92), set

U(T;pa, - s pinie) = {S € Bor(Q) | ns(E(S,T)) <e, i=1,...,n}

where E(S,T)={z € Q: Sz £ Tz} U{zr € Q: S x££ T 'z}
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It follows immediately from this definition that a sequence of Borel maps
(T},) is m,-converging to a Borel map S if and only if

(4.1) w(E(T,,S)) — 0, n— oo,

for every p € M7(Q).
The next statement characterizes converging sequences in the uniform topol-

ogy.

PROPOSITION 4.2. A sequence (T},) T,-converges to S € Bor(Q) if and only
if for every x € Q there exists n(x) € N such that T, (z) = S(z) and T;!(z) =
S7L(x) for all n > n(x).

PROOF. Assume that T;,—“S as n — oo. Therefore, it follows from (4.1)
that if we take p = 6, © € Q, then §,(E(T,,S)) — 0. This means that
x ¢ E(T,,S) for all sufficiently large n.

Conversely, suppose that for given € () there exists n(z) such that T,,(z) =
S(z), T, (z) = S~%(z) for all n > n(z). Define

Qp={zx Q| Tn(x)=S), T, () =S (z), m=n,n+1,...}, neN,

Clearly, Q,, C Q41 and |, —; Q,, = Q. For each p € M;(Q), we have pu(,) — 1
as n — oo. Take a neighborhood U(S;p1,. .. ,up;e) and find ng such that
1i(Qy) > 1—¢,4=1,...,p, when n > ng. It is evident that E(T,,S) C
QO —Q, for all n. Then we get p;(E(T,,5)) < € for all n > ng, ie. T, €
U(S; i1, - - 1ip3€). -

REMARK 4.3. (1) Show that (Bor (Q2),7,) is a complete nonseparable topo-
logical group. Let (T,) C Bor(Q2) be a sequence of Borel maps. It follows from
the proof of Proposition 4.2 that the Cauchy condition for (7},) is equivalent to

(F) UXn=0 and |JTu(Xn) =0

where X,, = {z € Q| T,,(x) = Th41(x) = ...}, n € N. Note that (X,,) and
(T,.(X,)) are increasing sequences of Borel subsets. Define

(4.2) T(z)=Ty(x) ifzeX,, neN.

Then T=7,-lim,, T,, and obviously T is a one-to-one Borel map. To see that
Bor(Q)) (and Homeo(£2)) is nonseparable, it suffices to consider the set of irra-
tional rotations of the circle. The fact that Bor(2) is a topological group can be
proved straightforward.

(2) Homeo(Q?) is not closed in Bor(Q)) with respect to 7,. To prove this
statement we take a Cantor set X and let X = Ey U Fy be partitioned into two
clopen subsets. Suppose that Ey = EfUFE; U E;I and Fy = F{UF, U Fl” are also
partitioned into clopen subsets and so on. We get two sequences (E,,) and (F},)
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such that E,_; = E,UE,UE, and F,,_, = F,UF,UF". Suppose ), E, = {x}
and (), F = {y}. Take a homeomorphism a; such that aq(E]) = F| and
a? = id. Define

1(z) =

ap(z) ifxe By UF],
x ifxe By UE{ UF, UF/.

Next, let a homeomorphism as be taken such that as(E}) = Fj and o3 = id.
Define

vi(z) ifxz¢ EyUF,

va(x) =< aqox) ifx € B, U FY,

x ifx € EyUEY UF,UF).
This procedure allows us to define a sequence of homeomorphisms (7,) on X
Ty-converging to a Borel map ~. It follows from the construction that x and y
are the points of discontinuity of ~.

Note that if T is a minimal homeomorphism of X, then one can slightly
change the construction (more precisely, the choice of E/, and F) in such a way
that o, : B/, — F (and therefore ~,,) would be taken from [[T]], n € N.

(3) Let a sequence (T;,) C Homeo(2) converges to T in the uniform topology
Tu (i.e. (T),) satisfies condition (F)). Then T' € Homeo(2) if and only if the

following condition is true:

(C) for any € > 0 there exists 6 > 0 such that for all z, 2’ € X,,, n € N, with
d(z,2") < § one has d(Ty,(z), Tn(2')) < e.

(4) Let (X,T) be a C. m. system and let v, € [T], n € N, be a sequence of
homeomorphisms 7,,-converging to v € Homeo(X), then v € [T, i.e. [T] is closed
in (Homeo(X), 7,). It follows immediately from (4.2).

EXAMPLE 4.4. Let (A, o) be an odometer such that A\; > 2 (see Section 3 for
notations). We will construct a sequence {S,}52, C [[o]] that 7,-converges to a
homeomorphism v € [o]. For this, take a permutation p, of the set (0,... ,A\;—1)
such that 5,(At — 1) = A — 1, for all ¢ > 0. Let us define inductively a sequence
{p+}+ of permutations of (0,...,p: — 1). Set po = Py, and suppose that p; is
determined for i = 1,... ,t. To define p;41, we note that every 0 < j < pyy1 —1
can be uniquely written as j = gp;+¢ where 0 < g < A\p1—1land 0 <7 < py—1.
Set

) qpt + pe(7) if1=0,...,p; — 2,
pr+1(j) = { _ o
Pri1(@)pe +pe —1 ifi=p— 1.
According to 2.2(d), a compatible pair (p;,e?) defines a homeomorphism S;

from [[¢]]. Take a vector e*! = (ght!, ... ,5;11171) with ¢/t1 € {-1,0,1},
1=0,...,pt+1—1, which is compatible with p;;1 and 6§+1 = ¢! where j = qpi+i

and 0 < i < p,—2. Thus, we have constructed a homeomorphism Sy 1. We state
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that {S:}$2, satisfies (F) amd (C) of Remark 4.3 and therefore 7,,-converges to
some 7 € [o]. To check this fact, one can show that if X,, = {x € A | S, (z) =
Spti(x), i=1,2,...}, then

where zg = >, (A — 1)pi—1. In fact, it follows from the construction that
Sn(xo) = xo for all n, and if z € DI, i =0,... ,p, — 2, then S,,11(x) = Sp(x).

1

The proof of property (C) is left to the reader.

4.2. [[T]] is Ty,-dense in [T]. Let (X,T) be a Cantor minimal system. In
Remark 4.3 we have shown that a sequence of homeomorphisms ~,, n € N, is
Ty-converging to a homeomorphism if and only if (v, ) satisfies conditions (F)
and (C). If in addition 7, are taken from [T] (or [[T]]), then v belongs to [T7].
In this subsection, we prove that every homeomorphism from [T] is a limit of a
sequence of homeomorphisms from [[T7]].

THEOREM 4.5. Let (X,T) be a minimal Cantor system. Given vy € [T],
there exists sequence (7s), vs € [[T]], which 7,-converges to ~.

PROOF. In the proof, we will use the notations from Section 2. Because v
is taken from [T, then the sets X; = {z € X | v(z) =T’ ()}, j € Z, are closed,
pairwise disjoint, and satisfy the conditions

Ux,=x, Uru)=x

JEL JEZ
Denote Y, = U;:_S X, s=0,1,... Then Y, C Yoq; and J, oy Ys = X. Let
(&) be a refining sequence of K-R partitions that satisfies the conditions of
Theorem 2.2 (we have noted above that such a sequence always exists). Because
X, (resp. v(X;)) is a clopen subset of Y5 (resp. v(Y;)), then for every s one can
find sufficiently large ¢ = ¢(s) such that every X; C Yy (resp. v(X;) C v(Ys)) is

: t ¢

a union of some sets D , NY; (resp. D; ,N~(Ys)) and [s| < h(t). Here we use
the notations of Theorem 2.2 for atoms of &. Set

Iy ={(g,p) | D\, NYs #0}, I, ={(q,p) | D\, N~(Ys) # 0}.

Let Z,, and 25,t be the &-hull of Yy and ~(Y;) respectively, i.e.

t I t
st = U Dy ps Zsit = U Dy p-
(¢:p)E It (q,p)Efk,t

Then I, and fs,t are divided into the disjoint sets

I,={(gp) €Ly | D!, NY, C X;}, —s<j<s,
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and

Iy ={(e.p) € L | Dy Ny (Ye) CH(X))}, —s<j<s,
respectively. Denote by Zit and th the subsets of Z,; and ’Z\S,t corresponding
to Ig’t and IAgt Clearly, Zg,t D X; and Zl, o ~v(X;). Note that for every
(g,p) € I one can find a uniquely defined j = j(q,p,t) such that v coincides
with 77 on D} ,NYj, i.e. D) NY, C X;. Similarly, we can define j' = j'(q, p, t)
such that v~1(z) = T9'(z) for z € D; ,Ny(Y).

The sets Tj(Zit) and T‘j(2§7t), |7] < s, are clopen and therefore one can
take sufficiently large 7 = 7(s) > t(s) such that they become &, -sets. To con-
struct a homeomorphism from [[T]] approximating v, we will use the same argu-
ments as in the proof of Theorem 2.2.

Let oy and af be the partitions of {1,...,k;} defined by & as in Section 1.
Define the sets I7 TQJ and ZI _,ZJ _ as it was done above for &. Note that

8,7 8,79 S, T

every set ZJ . |j| < s, can be written as a union of atoms from &,. In fact, if

8,79

Jea,J €d and 5 > 0, then

(4.3) Zg’,t:< U D;p>u( U Fl(r,J)>.

(g,p)€Q;(0) (r,J)€Q;(1)

If j <0, then
(4.4) zl, = ( U D;p> U ( U r, J’))

(2,p)€Q;(0) (r',J)€Q;(2)
where
(4.5) Q;(0) ={(¢:p) [0<j+q<h(p7)—1},
(4.6) Q;(1) ={(r,J) | there exists Dy , C Fi(r,J) N Zg’t and j+¢q > h(p,7)},
(4.7)  Q;(2) ={(r",J') | there exists D] , C F5(r',J')N Z], and j + ¢ < 0}.

In a similar way one can decompose th For this, we define @j (0), @j(l) and
@j(2) replacing Zg)t in (4.5)—(4.7) by Egt Then Z(Zt can be written using
formulas analogous to (4.3), (4.4).

Let for definiteness j > 0. Assume that (r, J) € Q;(1), i.e. Fi(r, J)ﬂZg,t # 0.
Then it follows from Theorem 2.6 that Fy(r,J) C Zit because Tj(Z)i,t and Zit
are &--sets.

Since &, refines &, then some atoms Dy, C ngt can lie in X —Y,. Therefore
we have to consider only those atoms of &, that intersect Y. Define

W;t:( U D;p>u< U Fl(r,J)>

(a,p)ER;(0) (r,J)eR;(1)
where R;(0) = Q;(0) NI and R;(1) = {(r,J) € Q;(1) : there exists D] , C

Fy(r,J) such that D7  NY, # 0}.
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The case j < 0 can be considered similarly. If j = 0, then Wgt = ZS’T. It is
clear that

(4.8) Zl, oWl 57 > X;.

The set ﬁ/\gt is determined by the same way as Wgt if one takes th and v(Ys)
instead of Z]; and Y;. We have

(4.9) 21, > Wi D Z1, 5 (Xy).

It follows from the construction that {Wsjt}J and {Wgt}j are two families of
disjoint clopen subsets and Tj(Wit) = Wsjt For |j] <'s, set

vs(2) =T (z), =€ Wsjt

In such a way, s maps Zs = U<, Wit onto Z, = Upji<s /V[th By Corol-
lary 2.7, s can be extended to a homeomorphism from [[T7]] (denoted again
by vs) determined on all X. It follows from (4.8) and (4.9) that the sequence

(vs) converges to «y in the uniform topology. O

4.3. Topologies 7,, and 7,,. The most known and studied topology on
Homeo(X) is the topology of uniform convergence that we called as the weak
topology 7., (see Introduction). It can be defined by the metric

p(T, S) = sup d(T(x), S(z)) + sup d(T~*(z), S~ (z))
zeX zeX
where T, S € Homeo(X) [2], [3]. Then (Homeo(X),7,) is a complete separable
metric space. It was proved in [2] that the full group [T] is not closed in the
weak topology (in contrast to the uniform topology 7,). Generally speaking,
the closure of [[T]] in 7, does not contain [T]. Below we give a statement that
D [T]. On the other hand,
(Homeo(X), 7,) is not complete (in contrast to the weak topology). Therefore

Tw

describes all C. m. systems having the property [[T]]

it would be interesting to find a topology on Homeo(X) such that Homeo(X)
is complete and [T] is closed. It is natural to consider the topology 7., such
that its base is formed by intersection of bases for 7, and 7,. In other words,
a sequence of homeomorphisms (7,,) is Ty-converging to a homeomorphism ~
if simultaneously v, —~v and p(¥,,v) — 0 when n — co. Clearly, Homeo(X)
is complete and [T is closed with respect to 7,,. It follows from Theorem 4.5
that, in general, WTW is a subset of [T]. In this subsection, we are going to
show that the density of [[T]] in [T] with respect to T, is equivalent to other
topological properties of (X, 7).

We first remark that more thorough analysis of the preceding theorem shows
that the sequence (7,) found in the proof of Theorem 4.5 gives a kind of “weak
approximation” of a homeomorphism v € [T] on the arbitrary “large” clopen
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sets. The exact statement is given in Theorem 4.6 where we use the notations
from the proof of Theorem 4.5.

THEOREM 4.6. Let v and 75 be as in Theorem 4.5. Then there exist clopen
sets Zs O Yy and Zy D v(Ys) such that J, Zs = U, Z,=X and
(4.10) lim [sup d(v(z),7s(x)) + sup d(v~}(2),7; ' ())] = 0.

570 zeZs TEZS

PROOF. Let (&) be a refining sequence of K-R partitions as in Theorem 4.5.
Let us denote for J € a; and J' € o (we use the notations from Theorem 4.5)

Fi(hy—1,7) = Dhipy 10 Fi(0,)= | D,
peJ p'eJ’

Because (&;) generates the clopen topology on X, we get that

(4.11)  sup (diam(Ff(hy —1,J))) + sup (diam(F%(0,J"))) =0 (t — o).
Jeay J'€ay

In the proof of Theorem 4.5 we have found a sequence (7(s)), s € N, such that
(§+(s)) is a subsequence of refining partitions generating topology. We will slightly
change &, (,) to produce a new sequence (£ (s )) Determine £’ (s) as the partition of
X withstos (107, | 15) € Uyieg B0 LFT(0.9) () € Upcyes RSO
EZ (" ) [ (', ") € U_scjco RBi(2)}, X — Z). Here 7 = 7(s). Note that the
diameter of every atom in &, goes to 0 as s — oo by (4.11). It follows that the
sequence (&) also generates the clopen topology and Z; is a &,-set.

Fix some s and find ¢t = t(s) and 7 = 7(s) as in the proof of Theorem 4.5. In
fact, 7 can be taken so large that all atoms D}, , of & and sets v(D, ), v~ (D} )
become & -sets. Now we prove that for every D!

(4.12) 7o(DL, N Zs) = (DL ,) N Z.

Let C7,, be an atom of £ taken in the & -set D} , N Z;. Then there exists a
point z € Cf} such that v,(x) = v(z). Tt follows that ~(C7,) N (D} ,) # 0
and v,(CTy,) Cv(Dy ). By the same reason, v,(C7,.) C Z,. Therefore v, (DfM,Aﬂ
| . . . -1 -1 t
Zs) Cy(Dy, N Zs). Using the same arguments for y~*, 77 and ~(D; ) N Zs,
we obtain the opposite inclusion.
¢ : ¢

Note now that for z € D} ,NZ, we have that d(y(x),v,(x)) < diam(y(D} ,))

(the case of v~ and «; ! is considered similarly). To finish the proof, we apply

(4.11) and the fact that (&) generates the topology on X. O

Remind that the set of coboundaries, By, is formed by all functions g =
foT — f where f: X — Z is a continuous function. Denote

Inf(X,T) = {g e C(X,7Z) ‘ /Xg(x)du(x) =0 for every u € Ml(T)}
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where M;(T) is the set of all T-invariant probability measures. Functions from
Inf(X,T) are called infinitesimal. Clearly, Inf(X,T") D Brp.

DEFINITION 4.7. We say that a C. m. system (X, T) is saturated if any two
clopen sets A and B from X such that p(A) = u(B), p € M(T), are [[T]]-
equivalent.

THEOREM 4.8. Let (X,T) be a C. m. system. The following statements are

equivalent.

(i) (X,T) is saturated,

(ii) Inf(X,T) = Br,
(iif) [[ ]] > (11,
(iv) [[7]] ]] =17
(v) (™ [T}'

PRrOOF. The equivalence of (iii) and (iv) is evident. Suppose (iii) is true.
For two clopen sets A and B from X such that u(A) = u(B), p € My(T), find
v € [T] such that v(A) = B [3, Proposition 2.6]. Then take a sequence (v,) that
Tw-converges to v where v5 € [[T]] for all s. By [2, Remark 1.6], there exists
some N such that v5(A) = v(A) for all s > N. Therefore, (i) holds. Conversely,
suppose (X, T) is saturated and take some 7 in [T]. Let (&) be a sequence of
partitions of X into clopen sets generating the clopen topology. Then one can
construct v; € [[T]] such that v,(D) = (D) and ~; *(v(D)) = D for every
D € &. Then (v:) converges to 7y in 7, that proves (iii).

Assume now that (ii) is true. If A and B are two clopen subsets from X
such that p(A) = u(B), u € Mi(T), then x4 — xp € Inf(X,T) and therefore
is a T-coboundary. It follows from [12, Lemma 3.3] that A and B are [[T]]-
equivalent. Conversely, assume that (X, T) is saturated and take f € Inf(X,T).
It follows from [2], [3] that there exists v € [T] such that Inf(X,T) = B,. Then

f(x) =g(y () — g(z) where g(z) = 3, o/ cnxp, (x), [I| < co. We get that

gy @) = 9(x) =D enlxy(mn (@) = xE. (7))

nel

= ch(Xan(En)(x) - XE, (7))

nel

where o, € [[T]] and 0,(E,) = v(E,). Since every Xo, (g,)(*) — XE,(z) is
represented as a finite sum of T-coboundaries, then f(x) = g(v~(z)) — g(z) is
a T-coboundary.

Clearly, (v) implies (iii) since 7y, is stronger than 7,. Next assume that
(X,T) is saturated and show that (v) holds. Take v € [T] and find a sequence
(vs) from [[T]] such that (vs) 7,-converges to . By Theorem 4.6, we get that
there exists a subsequence (again denoted by (7)) satisfying (4.10) and (4.12).
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Having (vs), we are going to construct (J5) such that 7; is still 7,-converging to
~ and furthermore is 7,,-converging to . Fix some s. It follows from (4.12) and
the proof of Theorem 4.6 that for every pu € M;(T) and every atom Dfm of &

Dgp N Zs) = p(v(Dgp) N Zs)

and therefore (D}, — Zs) = p(y(D},) — Z,). Take 4/(t) € [[T]] such that
Y (t) (D}, — Zs)) = v(D} ) — Z,) where DY, , does not belong to Z,. Define

_ vs(2) if x € Zs,
Vs(x) = / . "
¥ (t)(z) ifze Dy, — Zs.

Thus, (4.10) and the fact that diam(y(Df ,)) — 0 (t — co) imply 7,-conver-
gence of (7s) to 7. O

We note that the Chacon flow is not saturated. It follows from Theorem 2.6
and the computations at the end of subsection 3.3. On the other hand, every
C. m. system constructed as in Example 2.8 is saturated.
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