
Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 26, 2005, 221–286

GLOBAL REGULAR NONSTATIONARY FLOW
FOR THE NAVIER–STOKES EQUATIONS

IN A CYLINDRICAL PIPE

Wojciech M. Zajączkowski

The paper is devoted to the memory
of prof. Olga Aleksandrovna Ladyzhenskaya

whose ideas and methods are used in this paper.

Abstract. Global existence of regular solutions to the Navier–Stokes equa-

tions describing the motion of a fluid in a cylindrical pipe with large inflow

and outflow in shown. The global existence is proved under the following
conditions:

(1) small variations of velocity and pressure with respect to the vari-
able along the pipe,

(2) inflow and outflow are very close to homogeneous and decay ex-

ponentially with time,
(3) the external force decays exponentially with time.

Global existence is proved in two steps. First by the Leray–Schauder fixed
point theorem we prove local existence with large existence time which is

inversely proportional to the above smallness restrictions. Next the local

solution is prolonged step by step.
The existence is proved for a solution without any restrictions on the

magnitudes of inflow, outflow, external force and the initial velocity.
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1. Introduction

We consider viscous incompressible fluid motions in a finite cylinder with
large inflow and outflow and under boundary slip conditions. Therefore the
following initial-boundary value problem is examined

(1.1)

v,t + v · ∇v − divT(v, p) = f in ΩT = Ω× (0, T ),

div v = 0 in ΩT ,

v · n = 0 on ST1 = S1 × (0, T ),

νn · D(v) · τα + γv · τα = 0, α = 1, 2, on ST1 ,

v · n = d on ST2 = S2 × (0, T ),

n · D(v) · τα = 0, α = 1, 2, on ST2 ,

v|t=0 = v(0) in Ω,

where Ω ⊂ R3, S = S1 ∪ S2 = ∂Ω, v = v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) ∈
R3 is the velocity vector of the fluid motion, p = p(x, t) ∈ R1 the pressure,
f = f(x, t) = (f1(x, t), f2(x, t), f3(x, t)) ∈ R3 the external force field, n the unit
outward vector normal to the boundary S, τα, α = 1, 2, are tangent vectors to S.
By dot we denote the scalar product in R3. T(v, p) is the stress tensor of the
form

T(v, p) = νD(v)− pI,

where ν is the constant viscosity coefficient, I the unit matrix and D(v) is the
dilatation tensor

D(v) = {vi,xj + vj,xi}i,j=1,2,3.

Finally γ > 0 is the slip coefficient.

By Ω ⊂ R3 we denote a cylindrical type domain parallel to the axis x3 with
arbitrary cross section. We assume that S1 is the part of the boundary which is
parallel to the axis x3 and S2 is perpendicular to x3. Hence

S1 = {x ∈ R3 : ϕ(x1, x2) = c0, −a < x3 < a},

S2(−a) = {x ∈ R3 : ϕ(x1, x2) < c0, x3 = −a},

S2(a) = {x ∈ R3 : ϕ(x1, x2) < c0, x3 = a},

where a, c0 are positive given numbers and ϕ(x1, x2) = c0 describes a sufficiently
smooth closed curve in the plane x3 = const.

To describe inflow and outflow we define

(1.2) d1 = −v · n|S2(−a), d2 = v · n|S2(a),
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so di ≥ 0, i = 1, 2, and by (1.1)2,3 and (1.2) we have the compatibility condition

(1.3) Φ ≡
∫
S2(−a)

d1 dS2 =
∫
S2(a)

d2 dS2,

where Φ is flux.
The aim of this paper is to prove the existence of global regular solutions

to problem (1.1) without restrictions on magnitudes of the external force f ,
initial data v(0), inflow d1 and outflow d2. We show existence of solutions by
regularizing weak solutions. In general we follow the ideas from [6].
Let us introduce an extension α = α(x, t) ∈ R such that

(1.4) α|S2(−a) = d1, α|S2(a) = d2.

Then we introduce the following vector b = αe3, where e3 = (0, 0, 1) is directed
along the axis x3. Let us define the function u = v − b. Therefore,

(1.5)
divu = −div b = −α,x3 in Ω,
u · n = 0 on S.

Equations (1.1)2,3,6 and (1.3) imply the compatibility condition∫
Ω
α,x3 dx = −

∫
S2(−a)

α|x3=−a dS2 +
∫
S2(a)

α|x3=a dS2 = 0.

Hence we can define a function ϕ as a solution to the Neumann problem

(1.6)

∆ϕ = −div b in Ω,
n · ∇ϕ = 0 on S,∫
Ω
ϕdx = 0.

Therefore, we introduce the new function

(1.7) w = u−∇ϕ = v − (b+∇ϕ) ≡ v − δ,

which is a solution to the problem

(1.8)

w,t + w · ∇w + w · ∇δ + δ · ∇w − divT(w, p)

= f − δ,t − δ · ∇δ + ν divD(δ) ≡ F (δ, f) in ΩT ,

divw = 0 in ΩT ,

w · n = 0 on ST ,

νn · D(w) · τα + γw · τα
= −νn · D(δ) · τα − γδ · τα ≡ B1α(δ), α = 1, 2, on ST1 ,

νn · D(w) · τα = −νn · D(δ) · τα ≡ B2α(δ), α = 1, 2, on ST2 ,

w|t=0 = v(0)− δ(0) in Ω,
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where

n|S1 =
(ϕ,x1 , ϕ,x2 , 0)√
ϕ2,x1 + ϕ

2
,x2

, τ1|S1 =
(−ϕ,x2 , ϕ,x1 , 0)√

ϕ2,x1 + ϕ
2
,x2

, τ2|S1 = (0, 0, 1) ≡ e3

and

(1.9) n|S2 = e3, τ1|S2 = e1, τ2|S2 = e2,

where e1 = (1, 0, 0), e2 = (0, 1, 0).
The aim of this paper is to prove the existence of global solutions to problem

(1.1) without any restrictions on the magnitudes of initial velocity, the external
force field, the inflow and the outflow. This will be done by increasing regularity
of weak solutions. For this purpose we follow the ideas and methods from [6]. To
show existence of such solutions we need, however, some small parameters. By
such parameters we have L2-norms of derivatives of v and f with respect to x3
and derivatives of d1, d2 with respect to x′, x′ = (x1, x2).
Hence we introduce the quantities

(1.10)
h(1) = v,x3 , q(1) = p,x3 , h(2) = v,x3x3 , q(2) = p,x3x3 ,

w = v3, χ = v2,x1 − v1,x2 , g(1) = f,x3 , g(2) = f,x3x3 .

The paper is divided into the following parts. In Section 2 we introduce
notation, define a weak solution to problem (1.8) and find energy type estimate
(see Lemmas 2.4, 2.5). The existence of weak solutions to problem (1.8) can be
proved by the Galerkin method similarly as in [5].
In Lemma 2.4 the Korn inequality for solutions to problem (1.1) is shown.

To prove local existence of solutions with large existence time we need energy
type estimates for h(i), i = 1, 2. For this purpose in Section 3 there are found
problems for h(1), q(1) (see (3.1)), for h(2), q(2) (see (3.9)), for w (see (3.6)) and
for χ (see (3.3)). We derive the problems in Lemmas 3.1–3.4, respectively. To
find energy type estimates for solutions of problems (3.1) and (3.9) we have to
make the Dirichlet type conditions homogeneous. For this purpose we construct
functions h̃(1) and h̃(2) which are solutions of problems (3.17) and (3.36), re-
spectively. Utilizing these constructions we define new functions k(1) and k(2),
determined by (3.23) and (3.38), which are solutions to problems (3.24) and
(3.39), respectively. For solutions of problems (3.24) and (3.39) we have Korn
inequalities (see Lemmas 3.6 and 3.9) so we are able to find energy type inequal-
ities (see Lemmas 3.7 and 3.10) because the necessary integration by parts can
be performed in view of homogeneous Dirichlet boundary conditions. Utilizing
energy type estimates (3.29) and (3.45) for k(1) and k(2) we find energy type
inequalities for h(1) and h(2) (see (3.52) and (3.54)). In a similar way we obtain
an energy type inequality for χ (see (4.6) and Lemma 4.1).
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Having the energy type inequalities for h(i), i = 1, 2, and χ we obtain in-
equality (4.17) for ‖v‖W 2,127/16(Ω

T ).

In the case without inflow and outflow this regularity for v was enough to
prove long time existence (see [6]). However, in this paper in view of boundary
conditions for h(2)i,x3 (see (3.9)6) we need more regularity for v (see (4.43), where

v ∈W 2+σ,1+σ/2ρ (ΩT ), 2 + σ < 5/ρ).
Finally,the local existence of solutions to problem (1.1) follows from trans-

formation (5.1) by applying the Leray–Schauder fixed point theorem. The mag-
nitude of the local existence time follows from the proof of Lemma 5.2 and is
inversely proportional to the quantity η(T ) = η1(T )+ η2(T ), where η1 is defined
in (3.53) and η2 in (3.55), respectively.
To apply the Leray–Schauder fixed point theorem we have to know that

transformation Φ described in (5.5) is compact and continuous. These properties
follow from Lemmas 5.1 and 5.4, respectively.
In Section 6 global existence of solutions is proved by prolonging the local

solution step by step. For this purpose we need two facts:

(1) The existence time T of the local solution is sufficiently large.
(2) The norms of data at time t = T are not greater than the corresponding
norms at t = 0.

We present two kinds of proofs: explicit (Theorem 6.4) and non-explicit (Theo-
rem 6.5).
To prove Theorem 6.4 we assume some decay estimates on the external force

and on derivatives with respect to x′ and t of inflow and outflow.
This implies that we are able to obtain the following decays

‖h(i)(t)‖L2(Ω) ≤ c0e
−δit, δi > 0, i = 1, 2;

where c0 depends on some norms of data. Then for sufficiently large time T we
obtain that

(1.11) ‖h(i)(T )‖L2(Ω) ≤ ‖h
(i)(0)‖L2(Ω)e

−δiT/2, i = 1, 2.

In view of Theorem 1 we have the existence of solutions to problem (1.1) and
the estimate

(1.12) ‖h(i)‖
W
2+βi,1+βi/2
δ (Ω×(0,T ))

≤ A, i = 1, 2, β1 = β, β2 = β′,

where constant A does not depend on T which is possible by assuming that η1
and η2 (see Theorem 1.1) are sufficiently small.
In view of (1.11), (1.12) and by interpolation we obtain that

‖h(i)(t)‖Wσiρ (Ω) ≤ c1e
−δ′iT ,
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where σi < 2 + βi, δ′i > 0, i = 1, 2. Then the proof of Theorem 6.4 follows

(1.13) ‖h(i)(T )‖
W
2+βi−2/δ
δ (Ω)

≤ ‖h(i)(0)‖
W
2+βi−2/δ
δ (Ω)

, i = 1, 2.

This gives a possibility to prolong the local existence on the interval [T, 2T ] and
step by step to prove the global existence.

To prove Theorem 6.5 we use only estimate (1.12) with sufficiently large T
and with A independent of T . We can express (1.12) in the form(∫ T

0
‖h(i)(t)‖

W 2+β
i

δ (Ω)
dt

)1/δ
≤ A.

Hence for sufficiently large T there exists T∗ ≤ T such that ‖h(i)(T∗)‖W 2+βiδ (Ω)
,

i = 1, 2, are so small that

‖h(i)(T∗)‖W 2+βiδ (Ω)
≤ ‖h(i)(0)‖

W 2+β
i

δ (Ω)
, i = 1, 2.

Hence we have (1.13) with T replaced by T∗. Therefore the local solution can be
prolonged on the interval [T∗, T∗+T ]. Continuing these considerations we prove
global existence.

Finally, we recall definitions of Besov spaces which are necessary for under-
standing main results.

W σ,σ/2p (ΩT ) =
{
u = u(x, t) : ‖u‖

W
σ,σ/2
p (ΩT ) ≡ ‖u‖Lp(ΩT )

+
(∫ T
0

∫
Ω

∫
Ω

|D[σ]x u(x, t)−D[σ]x′ u(x′, t)|p

|x− x′|3+p(σ−[σ])
dx dx′ dt

)1/p
+
(∫
Ω

∫ T
0

∫ T
0

|∂[σ/2]t u(x, t)− ∂[σ/2]t′ u(x, t′)|p

|t− t′|1+p(σ/2−[σ/2])
dx dt dt′

)1/p
<∞
}
,

where Ω ⊂ R3, 1 ≤ p ≤ ∞, σ ∈ R+-noninteger and [σ] is the integer part of σ,

W σp (Ω) =
{
u = u(x) : ‖u‖Wσp (Ω) ≡ ‖u‖Lp(Ω)

+
(∫
Ω

∫
Ω

|D[σ]x u(x)−D[σ]x′ u(x′)|p

|x− x′|3+p(σ−[σ])
dx dx′

)1/p
<∞
}
.

Moreover, we denote W 2s,sr (Ω
T ) = B2s,sr,r (Ω

T ), W sr (Ω) = B
s
r,r(Ω), where s ∈ R+

is noninteger, r ∈ [1,∞], spaces B are introduced in [2, Chapter 3, Section 18].
The above equalities hold in view of [3], where different kinds of differences were
introduced.

Now we formulate main results.
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Theorem 1.1 (Local existence). Assume that

(a) h(i)(0) ∈ W 2+β
i−2/δ

δ (Ω), i = 1, 2, χ(0) ∈ L2(Ω), v(0) ∈ W 2+σ−2/ρρ (Ω),
where β1 = β, β2 = β′, 0 < β−β′ < 1/2, 5/δ < 3+β−β′, β′ < σ < 1,
2 + σ < 5/ρ, 5/ρ < 2 + σ + β − β′, ρ > δ, ρ ∈ (0, 1), 5/δ < 3 + β,
3/δ < 2 + β, δ ∈ (1, 2), β ∈ (0, 1), v(0) ∈ W s−2/rr (Ω), 5/r − 11/9 ≤ s,
v(0) ∈ H1(Ω).

(b) g(i) ∈ W
βi,βi/2
δ (ΩT ), i = 1, 2, d,x′ ∈ W

3+β−1/δ,3/2+β/2−1/(2δ)
δ (ST2 ) ∩

H3/2(ST2 ), d ∈ H5/2(ST2 ), d0,t ∈ L3(ST2 ), d ∈ L2(0, T ;L∞(S2)), Fi =
f3,xi − fi,x3 , i = 1, 2, F ′ = (F1, F2), F3 = f1,x2 − f2,x1 ,
F ′ ∈W 1+β

′−1/δ,1/2+β′/2−1/(2δ)
δ (ST2 ), F3 ∈ L18/13(ΩT ).

(c) Let

η1(T ) = ‖d,x′‖L∞(0,T ;W 13 (S2)) + ‖d,t‖L2(0,T ;L6/5(S2))
+ ‖f3‖L2(0,T ;L4/3(S2)) + ‖g

(1)‖L2(0,T ;L6/5(Ω)) + ‖h
(1)(0)‖L2(Ω),

η2(T ) = ‖d,x′‖L∞(0,T ;W 23 (S2)) + ‖d,t‖L2(0,T ;W 26/5(S2)) + η1(T )

+ ε(‖g(1)‖
W
β,β/2
δ (ΩT ) + ‖d,x′‖W 2+β−1/δ,1+β/2−1/(2/δ)δ (ST2 )

+ ‖h(1)(0)‖
W
2+β−2/δ
δ (Ω))

+ c
(
1
ε

)
η1(T ) +

2∑
i=1

(‖g(i)‖L2(0,T ;L6/5(Ω)) + ‖h
(i)(0)‖L2(Ω))

+ ‖f3‖L2(0,T ;L4/3(S2)) + ‖F
′‖L2(0,T ;L4/3(S2)),

c(1/ε) is increasing,

G1(T ) = ‖f‖L2(ΩT ) + ‖f‖Wσ,σ/2ρ (ΩT ) + ‖f3‖L2(0,T ;L4/3(S2))
+ ‖F3‖L18/13(ΩT ) + ‖d,x′‖L∞(0,T ;W 13 (S2))
+ ‖d,t‖L2(0,T ;W 16/5(S2)) + ‖d‖L∞(ST2 )

+ ‖d‖
W
38/27,19/27
27/16 (ST2 )

+ ‖g(1)‖L2(0,T ;L6/5(Ω)),

G0(0) = ‖v(0)‖W 22/2727/16 (Ω)
+ ‖v(0)‖

W
s−2/r
r (Ω) + ‖v(0)‖W 2+σ−2/ρρ (Ω)

+ ‖v(0)‖1,Ω + ‖h(1)(0)‖W s−2/rr (Ω),

k(T ) =
2∑
i=1

(‖g(i)‖
W
βi,βi/2
δ (ΩT )

+ ‖h(i)(0)‖
W
2+βi−2/δ
δ (Ω)

)

+ ‖d,x′‖W 3+β′−1/δ,3/2+β′/2−1/(2δ)δ (ST2 )

+ ‖F ′‖
W
1+β′−1/δ,1/2+β′/2−1/(2δ)
δ (ST2 )

,

k3(T ) = ‖d1‖L6(0,T ;L3(S2)) + ‖d‖W 5/2,5/42 (ST2 )
.
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(d) Assume that there exists a constant A such that

(1.14) ϕ(A,G1(T ), G0(0), k3(T ))(η1(T ) + η2(T )) + c0k(T )) ≤ A,

where ϕ is an increasing positive function (see (5.21)) and (1.14) might
be satisfied for sufficiently small η1 + η2.

Then there exists a solution to problem (1.1) such that

2∑
i=1

‖h(i)‖
W
2+βi,1+βi/2
δ (ΩT )

≤ A,

‖v‖
W
2+σ,1+σ/2
ρ (ΩT ) ≤ ϕ0(A,G1(T ), G0(0), k3(T ), k(T )).

Theorem 1.2 (Explicit proof — global existence). Let the assumptions of
Theorem 1.1 be satisfied. Let us assume the decays

‖d1‖6L6(0,T ;L3(S2)) ≤
ν

2
T,

γ1(t) ≡ ‖d,x′(t)‖W 23 (S2) + ‖d,t(t)‖W 26/5(S2) + ‖f3(t)‖L4/3(S2)

+ ‖F ′(t)‖L4/3(S2) + ‖g
(1)(t)‖L6/5(Ω) + ‖g

(2)(t)‖L6/5(Ω) ≤ γ1(0)e
−δ1t.

Then there exists a global solution to problem (1.1) such that

2∑
i=1

‖h(i)‖
W
2+βi,1+βi/2
δ (Ω×(k′T,(k′+1)T ))

≤ A for all k′ ∈ N

and

‖v‖
W
2+σ,1+σ/2
ρ (Ω×(k′T,(k′+1)T ))

≤ ϕ0(A,G1(k′T, (k′ + 1)T ), G0(0), k3(k′T, (k′ + 1)T ), k(k′T, (k′ + 1)T )).

Theorem 1.3 (Non-explicit proof — global existence). Let the assumptions
of Theorem 1.1 be satisfied. Then there exists a sequence {Tn}∞n=1 increasing to
infinity such that in each interval [Tn, Tn+1] with |[Tn, Tn+1]| ≤ T there exists
a local solution to problem (1.1) satisfying the estimates

2∑
i=1

‖h(i)‖
W
2+βi,1+βi/2
δ (Ω×(Tn,Tn+1))

≤ A for all n ∈ N,

‖v‖
W
2+σ,1+σ/2
ρ

(Ω× (Tn, Tn+1))

≤ ϕ0(A,G1(Tn, Tn+1), G0(0), k3(Tn, Tn+1), k(Tn, Tn+1)).
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2. Notation and auxiliary results

To simplify considerations we introduce the notation

|u|p,Q = ‖u‖Lp(Q), Q ∈ {ΩT , ST ,Ω, S}, p ∈ [1,∞],
‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω, S}, s ∈ R+ ∪ {0},
‖u‖s,QT = ‖u‖W s,s/22 (QT ), Q ∈ {Ω, S}, s ∈ R+ ∪ {0},

u p,q,QT = ‖u‖Lq(0,T ;Lp(Q)), Q ∈ {Ω, S}, p, q ∈ [1,∞],
‖u‖s,q,QT = ‖u‖W s,s/2q (QT ), Q ∈ {Ω, S}, s ∈ R+ ∪ {0}, q ∈ [1,∞],

‖u‖s,q,Q = ‖u‖W sq (Q), Q ∈ {Ω, S}, s ∈ R+ ∪ {0}, q ∈ [1,∞].

By c we denote a generic constant which changes its magnitude from formula to
formula. By c(σ), ck(σ), k ∈ N, ϕ(σ) we understand generic functions which are
always positive and increasing. Moreover, we use the abbreviation form r.h.s.
(l.h.s.) for right-hand side (left-hand side). Finally, we do not distinguish the
scalar and vector-valued functions.
We introduce the space

V k2 (Ω
T ) =

{
u : ‖u‖V k2 (ΩT ) = ess sup

t∈(0,T )
‖u‖Hk(Ω)

+
(∫ T
0
‖∇u(t)‖2Hk(Ω) dt

)1/2
<∞
}
, k ∈ N.

Now we recall a certain imbedding for anisotropic Sobolev spaces. Let Ω ⊂ R3.
Then we define

‖u‖W 1,k2 (Ω) =
[ ∫
Ω
(|u|2 + |∇′u|2 + |∇kx3u|

2) dx
]1/2

, k ∈ N,

where ∇′ = (∂x1 , ∂x2). From [6] we have

(2.1) u q,r,ΩT ≤ c‖u‖
2/r
L2(0,T ;W

1,k
2 (Ω))

ess sup
t
|u|1−2/r2,Ω ,

where

(2.2)
2
r
+
2k + 1
qk

=
2k + 1
2k

.

For r = q we have

(2.3) q =
2(4k + 1)
2k + 1

≡ q(k)

and the inequality

(2.4) |u|q,ΩT ≤ c‖u‖
2/q
L2(0,T ;W

1,k
2 (Ω))

ess sup
t
|u|1−2/q2,Ω ,
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where 2/q < 1. By the Young inequality (2.4) gives

(2.5) |u|q,ΩT ≤ εq/2‖u‖L2(0,T ;W 1,k2 (Ω)) + cε
−q/(q−2)ess sup

t
|u|2,Ω,

where ε ∈ R+.
From (2.3) we see that q(1) = 10/3, q(2) = 18/5, q(3) = 26/7, q(4) = 34/9.

Moreover,

lim
k→∞

q(k) = 4.

In this paper we use frequently the imbedding

∇iu p,q,ΩT ≤ c‖u‖2+β,δ,ΩT , i ≤ 2,

which holds for

(2.6)
5
δ
− 3
p
− 2
q
+ i ≤ 2 + β.

In the case where either p or q is equal to ∞ then we have the sharp inequality
in (2.6). Moreover, from [2, Chapter 3, Section 9] we have

(2.7) |u|2(2k+1),Ω ≤ c‖u‖W 1,k2 (Ω), Ω ⊂ R3.

Definition 2.1. By a weak solution to problem (1.8) we mean a function
w satisfying the following integral identity∫

ΩT
w,tψ dx dt+

∫
ΩT

H(w) · ψ dx dt(2.8)

+ ν
∫
ΩT

D(w) · D(ψ) dx dt+ γ
2∑
α=1

∫
ST1

w · ταψ · τα dS1 dt

−
2∑

σ,α=1

∫
STσ

Bσαψ · τα dSσ dt =
∫
ΩT

F · ψ dx dt,

where H(w) = w · ∇w+w · ∇δ+ δ · ∇w, which holds for any sufficiently smooth
function ψ such that

divψ = 0, ψ · n|S = 0,
and the first integral of (2.8) is understood in the distributional sense.

Now we shall obtain an estimate for the weak solutions to problem (1.8).

Lemma 2.2. Assume that d1 ∈ L3,6(ST2 ), ∇α ∈ L2(0, T ;L3(Ω)), w(0) ∈
L2(Ω),

Γ2(t) = |α|22,S1 + |α,t|
2
6/5,Ω + |α,x3t|

2
6/5,Ω + (1 + ‖α‖

2
1,3,Ω)|∇α|22,Ω + |f |26/5,Ω

and ∫ T
0
Γ2(t) dt <∞.
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Then, for t ≤ T , the following estimate holds

(2.9) ‖w‖2V 12 (Ωt) ≤ ce
c( d1 63,6,St2

+ ∇α 2
3,2,Ωt

)
(∫ t
0
Γ2(t′) dt′ + |w(0)|22,Ω

)
.

Proof. Omitting the integral with respect to time in (2.8), inserting ψ = w
and using (1.8)3 yield

(2.10)
1
2
d

dt
|w|22,Ω +

∫
Ω
[w · ∇δ · w + δ · ∇ww] dx+ ν|D(w)|22,Ω + γ|w · τα|22,S1

=
2∑

σ,α=1

∫
Sσ

Bσαw · τα dSσ +
∫
Ω
F · w dx,

where such procedure can be justified by considerations from [5, Chapter 3].
Now we examine the second term on the l.h.s. of (2.10). First we consider∫
Ω
δ · ∇w · w dx =

∫
Ω
(b+∇ϕ) · ∇w · w dx =

∫
Ω
(αe3 +∇ϕ) · ∇w · w dx

=
∫
Ω
αw,x3 · w dx+

∫
Ω
∇ϕ · ∇w · w dx ≡ I1 + I2,

where

(2.11) I1 =
1
2

∫
Ω
α(w2),x3 dx =

1
2

∫
Ω
(αw2),x3 dx−

1
2

∫
Ω
α,x3w

2 dx ≡ I11 + I21 .

Integrating in I11 yields

I11 = −
1
2

∫
S2(−a)

d1w
2 dx′ +

1
2

∫
S2(a)

d2w
2 dx′.

Hence
|I11 | ≤ ε′1|w,x|22,Ω + c(1/ε′1)|d1|63,S2 |w|

2
2,Ω.

Moreover,
|I21 | ≤ ε′′1 |w|26,Ω + c(1/ε′′1)|α,x3 |23,Ω|w|22,Ω.

Summmarizing, we have

|I1| ≤ ε1(|w|26,Ω + |w,x|22,Ω) + c(1/ε1)(|d1|63,S2 + |α,x3 |
2
3,Ω)|w|22,Ω.

Next we examine

I2 =
1
2

∫
Ω
∇ϕ · ∇w2 dx = −1

2

∫
Ω
∆ϕw2 dx =

1
2

∫
Ω
α,x3w

2 dx,

where (1.5), (1.6) were used. Hence

|I2| ≤ ε2|w|26,Ω + c(1/ε2)|α,x3 |23,Ω|w|22,Ω.

Next we consider∫
Ω
w · ∇δ · w dx =

∫
Ω
w · ∇αw3 dx+

∫
Ω
wi∇i∇jϕwj dx ≡ I3 + I4,
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where

|I3| ≤ ε3|w|26,Ω + c(1/ε3)|∇α|23,Ω|w|22,Ω,
|I4| ≤ ε4|w|26,Ω + c(1/ε4)|∇∇ϕ|23,Ω|w|22,Ω ≤ ε4|w|26,Ω + c(1/ε4)|α,x3 |23,Ω|w|22,Ω.

Utilizing the above estimates and Lemma 2.4 in (2.10) yields

(2.12)
d

dt
|w|22,Ω + ν‖w‖21,Ω + γ|w · τα|22,S1

≤ c(|d1|63,S2 + |∇α|
2
3,Ω)|w|22,Ω +

2∑
σ,α=1

∫
Sσ

Bσαw · τα dSσ +
∫
Ω
F · w dx.

The last two terms on the r.h.s. of (2.12) take the form

−
∫
S1

(νn · D(δ) · ταw · τα + γδ · ταw · τα) dS1 −
∫
S2

νn · D(δ) · ταw · τα dS2

+
∫
Ω
(f − δ,t − δ · ∇δ)w dx+ ν

∫
Ω
divD(δ) · w dx ≡ J1.

Integrating by parts in the last integral of J1 we obtain

J1 = −γ
∫
S1

δ · ταw · τα dS1 +
∫
Ω
(f − δ,t − δ · ∇δ) · w dx

− ν
∫
Ω

D(δ) · D(w) dx ≡ J2 + J3 + J4.

Utilizing the form of δ we have

|J2| ≤ ε1‖w‖21,Ω + c(1/ε1)(|α|22,S1 + |τα · ∇ϕ|
2
2,S1)

≤ ε1‖w‖21,Ω + c(1/ε1)(|α|22,S1 + |∇α|
2
2,Ω)

|J3| ≤ ε2|w|26,Ω + c(1/ε2)(|f |26/5,Ω + |δ,t|
2
6/5,Ω + |δ · ∇δ|

2
6/5,Ω),

where

|δ,t|6/5,Ω ≤ |α,t|6/5,Ω + |∇ϕ,t|6/5,Ω

≤ |α,t|6/5,Ω +
∣∣∣∣ ∫
Ω
∇Gα,y3t dy3

∣∣∣∣
6/5,Ω

≤ c(|α,t|6/5,Ω + |α,x3t|6/5,Ω),

where G is the Green function to problem (1.6) and

|δ · ∇δ|6/5,Ω ≤ |δ|3,Ω|∇δ|2,Ω ≤ c‖α‖1,3,Ω|∇α|2,Ω.

Finally,

|J4| ≤ ε3‖w‖21,Ω + c(1/ε3)|D(δ)|22,Ω,

where

|D(δ)|2,Ω ≤ (|∇α|2,Ω + |∇∇ϕ|2,Ω) ≤ c|∇α|2,Ω.



Global Regular Nonstationary Flow for the Navier–Stokes Equations 233

Summarizing

|J1| ≤ ε‖w‖21,Ω + c(1/ε)(|α|22,S1 + |f |
2
6/5,Ω

+ |α,t|26/5,Ω + |α,x3t|
2
6/5,Ω + ‖α‖

2
1,3,Ω|∇α|22,Ω + |∇α|22,Ω).

In view of the above estimates, (2.12) takes the form

(2.13)
d

dt
|w|22,Ω + ν‖w‖21,Ω + γ|w · τα|22,S1
≤ c(|d1|63,S2 + |∇α|

2
3,Ω)|w|22,Ω + c(|α|22,S1 + |f |

2
6/5,Ω

+ |α,t|26/5,Ω + |α,x3t|
2
6/5,Ω + ‖α‖

2
1,3,Ω|∇α|22,Ω + |∇α|22,Ω)

= c(|d1|63,S2 + |∇α|
2
3,Ω)|w|22,Ω + cΓ2(t).

From (2.13) we have

(2.14)
d

dt
(|w|22,Ωe

−c( d1 63,6,St2
+ ∇α 2

3,2,Ωt
)
) ≤ cΓ2(t)e

−c( d1 63,6,St2
+ ∇α 2

3,2,Ωt
)

Integrating (2.14) with respect to time yields (2.9) for |w|2,Ω only.
Next we obtain from (2.13) the inequality

(2.15)
d

dt
(|w|22,Ω e

−c( d1 63,6,St2
+ ∇α 2

3,2,Ωt
)
)

+ (‖w‖21,Ω + γ|w · τα|22,S1) e
−c( d1 63,6,St2

+ ∇α 2
3,2,Ωt

)

≤ cΓ2(t)e
−c( d1 63,6,St2

+ ∇α 2
3,2,Ωt

)
.

Integrating (2.15) with respect to time yields

(2.16) |w(t)|22,Ω + e
c( d1 63,6,St2

+ ∇α 2
3,2,Ωt

)

·
∫ t
0
(ν‖w(t′)‖21,Ω + γ|w(t′) · τα|22,S1) · e

−c( d1 6
3,6,St

′
2
+ ∇α 2

3,2,Ωt′
)
dt′,

≤ ce
c( d1 63,6,St2

+ ∇α 2
3,2,Ωt

)

·
(∫ t
0
Γ2(t′)e

−c( d1 6
3,6,St

′
2
+ ∇α 2

3,2,Ωt′
)
dt′ + |w(0)|22,Ω

)
.

Simplifying (2.16) implies

(2.17) |w(t)|22,Ω +
∫ t
0
(ν‖w(t′)‖21,Ω + γ|w(t′) · τα|22,S1) dt

′

≤ ce
c( d1 63,6,St2

+ ∇α 2
3,2,Ωt

)
(∫ t
0
Γ2(t′) dt′ + |w(0)|22,Ω

)
.
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Omitting the first term on the l.h.s. of (2.17) we obtain

(2.18)
∫ t
0
(ν‖w(t′)‖21,Ω + γ|w(t′) · τα|22,S1) dt

′

≤ ce
c( ∇α 2

3,2,Ωt
+ d1 63,6,St2

)
(∫ t
0
Γ2(t′) dt′ + |w(0)|22,Ω

)
.

From (2.18) and (2.9) for |w|2,Ω we get (2.9). This ends the proof. �

Using that

(2.19) δ
2
2,∞,ΩT + ν

∫ T
0
‖δ(t)‖21,Ω dt+ γ

∫ T
0
|δ(t) · τα|22,S1 dt

≤ c( α 22,∞,ΩT + α,x3
2
2,∞,ΩT ) +

∫ T
0
‖α(t)‖21,Ω dt <∞,

we obtain from Lemma 2.2 the result

Lemma 2.3. Let the assumptions of Lemma 2.2 and (2.19) hold. Then the
following estimate is valid

(2.20) ‖v‖2V 02 (ΩT ) ≤ ce
c( d1 63,6,ST2

+ ∇α 2
3,2,ΩT

)
(∫ T
0
Γ2(t) dt+ |v(0)|22,Ω

+ ‖α‖22,∞,ΩT + ‖α,x3‖
2
2,∞,ΩT +

∫ T
0
‖α(t)‖21,Ω dt

)
≡ l21(T ),

where Γ(t) is defined by assumptions of Lemma 2.2.

Finally, we prove the Korn inequality.

Lemma 2.4. Assume that

(2.21) EΩ(w) =
∫
Ω
(wi,xj + wj,xi)

2 dx <∞,

where the summation convention over the repeated indices is assumed. Assume
also that

(2.22)
2∑
α=1

|w · τα|22,S1 <∞, w · n|S = 0, divw = 0.

Then there exists a constant c independent of w such that

(2.23) ‖w‖21,Ω ≤ c(EΩ(w) +
2∑
α=1

|w · τα|22,S1) ≡ cI.

Proof. Directly from (2.21) it follows

EΩ(w) = 2
∫
Ω
w2i,xj dx+ 2

∫
Ω
wi,xj · wj,xi dx,
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where in view of (2.22)2 the second integral equals

−
∫
S1

ni,xjwiwj dS1,

where we used also that ni|S2 does not depend on x′, x′ = (x1, x2). Hence, we
have

(2.24) |∇w|22,Ω ≤ cI.

In the non-axially symmetric case by the contradiction argument (see [7]) we
obtain that for any δ > 0 there exists M(δ) such that

(2.25) |w|22,Ω ≤ δ|∇w|22,Ω +M(δ)EΩ(w).

From (2.24) and (2.25) we get (2.23).
In the axially symmetric case we have also (2.24). Let

w = w′ +
α

|η|22,Ω
η,

where η = (−x2, x1, 0),
∫
Ω w
′ · η dx = 0, α =

∫
Ω wη dx, wη = w · η.

Since for w′ (2.25) holds, we have

|w′|22,Ω ≤ δ|∇w′|22,Ω +M(δ)EΩ(w′)(2.26)

= δ(|∇w|22,Ω + c|α|2) + cI ≤ δ|wη|22,Ω + cI,

where EΩ(η) = 0 was utilized. Using that

(2.27) |wϕ|22,Ω ≤ c(|wϕ|22,S1 + |∂rwϕ|
2
2,Ω) ≤ cI,

where wϕ = w · eϕ, eϕ = (− sinϕ, cosϕ, 0) and ϕ is one of the cylindrical coor-
dinates such that x1 = r cosϕ, x2 = r sinϕ.
Assuming that the considered domain is a cylinder of the radius R we have

|wη|2,Ω ≤ R|wϕ|2,Ω.

Hence (2.27) implies

(2.28) |wη|2,Ω ≤ cI.

From (2.24), (2.26) and (2.28) we obtain (2.23) in the axially symmetric case.
This ends the proof. �

Let us assume that the extension α defined by (1.4) can be expressed in the
form

α = η1d1 + η2d2,

where ηi = ηi(x3), i = 1, 2, is a partition of unity such that η1 = 1, η2 = 0 near
S2(−a) and η1 = 0, η2 = 1 near S2(a).
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Lemma 2.5. Assume that d ∈ L∞(0, T ;W 13 (S2)) ∩ L2(0, T ;H1(S2)), d,t ∈
L2(0, T ;L6/5(S2)), f ∈ L2(0, T ;L6/5(Ω)), v(0) ∈ L2(Ω). Then

‖v‖V 02 (Ωt) ≤ l1(t),

l21(t) ≤ϕ(‖d‖L∞(0,t;W 13 (S2)), t)[‖d‖
2
L2(0,t;H1(S2))(2.29)

+ d,t
2
6/5,2,St2

+ f
2
6/5,2,Ωt + |v(0)|

2
2,Ω], t ≤ T,

where ϕ is an increasing positive function.

3. Basic formulations

To prove the existence of global solutions to problem (1.1) we follow [6].
Therefore we need problems for quantities (1.10) First we have

Lemma 3.1. The quantities h(1), q(1) are solutions to the problem

(3.1)

h
(1)
,t − divT(h(1), q(1)) = −v · ∇h(1) − h(1) · ∇v + g(1) in ΩT ,

divh(1) = 0 in ΩT ,

n · h(1) = 0 on ST1 ,

νn · D(h(1)) · τα + γh(1) · τα = 0, α = 1, 2, on ST1 ,

h
(1)
i = −d,xi , i = 1, 2, on ST2 ,

h
(1)
3,x3 = ∆

′d on ST2 ,

h(1)|t=0 = h(1)(0) in Ω,

where ∆′ = ∂2x1+∂
2
x2 , d replaces d1 and d2, because d|S2(−a) = d1, d|S2(+a) = d2.

Proof. Equations (3.1)1,2,3,4,7 follow directly from corresponding equations
in (1.1) by differentiation with respect to x3, because S1 is parallel to the axis
x3.
To show (3.1)5,6 we recall that

(3.2) v3|S2 = d, (vi,x3 + v3,xi)|S2 = 0, i = 1, 2.

Hence vi,x3 |S2 = −d,xi , i = 1, 2, and (3.1)5 holds.
From (1.1)2 we have v3,x3x3 |S2 = −(v1,x3x1 + v2,x3x2)|S2 = d,x1x1 + d,x2x2 =

∆′d. Hence (3.1)6 follows. This ends the proof. �

Lemma 3.2. The function χ = v2,x1 − v1,x2 is a solution to the problem

(3.3)

χ,t + v · ∇χ− h(1)3 χ+ h(1)2 w,x1 − h
(1)
1 w,x2 − ν∆χ = F3 in ΩT ,

χ|S1 = −vi(ni,xjτ1j + τ1i,xjnj) +
γ

ν
vjτ1j

+ v · τ1(τ12,x1 − τ11,x2) ≡ χ∗ on ST1 ,

χ,x3 = 0 on ST2 ,

χ|t=0 = χ(0) in Ω,
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where F3 = f2,x1 − f1,x2 , n, τ1, τ2 are defined by (1.9) and w = v3.

Proof. Differentiating the first equation of (1.1)1 with respect to x2, the
second equation of (1.1)1 with respect to x1, and subtracting the results yield
(3.3)1.
To show (3.3)2 we extend vectors τ1, n into neighbourhood of S1. In this

neighbourhood v′ = (v1, v2) can be expressed in the form

v′ = v · τ1τ1 + v · nn.

Then

χ|S1 = [(v · τ1τ12 + v · nn2),x1 − (v · τ1τ11 + v · nn1),x2 ]|S1(3.4)

= [−n · ∇(v · τ1) + v · τ1(τ12,x1 − τ11,x2 ]|S1 ,

where (1.1)3 was employed and τ1i, ni are the i-th Cartesian coordinates.
Utilizing (1.1)3 in (1.1)4 for α = 1 yields

(3.5) νn · ∇(v · τ1)− νvi(ni,xjτ1j + τ1i,xjnj) + γv · τ1 = 0.

Exploiting (3.5) in (3.4) yields (3.3)2. By the definition of χ and (3.1)5 we have

χ,x3 |S2 = (v2,x1x3 − v1,x2x3)|S2 = −(d,x1x2 − d,x2x1)|S2 = 0.

This ends the proof. �

Subsequently we formulate a problem for w.

Lemma 3.3. Function w is a solution to the problem

(3.6)

w,t + v · ∇w − ν∆w = q(1) + f3 in ΩT ,
w,n + γw = 0 on ST1 ,

w = d on ST2 ,

w|t=0 = w(0) in Ω.

Proof. We have to show (3.6)2 only. Equation (1.1)4 for α = 2 takes the
form

(3.7) ni(vi,x3 + v3,xi) + γv3 = 0 on S
T
1 .

Since n|S1 does not depend on x3, (3.7) implies (3.6)2. �

Let Ω′ be a cross-section of Ω by the plane P perpendicular to the axis x3.
Then ∂Ω′ = S1 ∩ P = S′1. Therefore, we can consider the problem

(3.8)

v2,x1 − v1,x2 = χ in Ω′,

v1,x1 + v2,x2 = −h
(1)
3 in Ω′,

v′ · n′ = 0 on S′1,
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where v′ = (v1, v2), n′ = (1/|∇ϕ|)(ϕ,x1 , ϕ,x2), Ω′ = Ω ∩ {planex3 = const ∈
(−a, a)}, S′1 = S1 ∩ {planex3 = const ∈ (−a, a)}, and x3, t are treated as
parameters.

Lemma 3.4. Quantities h(2), q(2) are solutions of the problem

(3.9)

h
(2)
,t − divT(h(2), q(2)) = −h(2) · ∇v − 2h(1) · ∇h(1)

− v · ∇h(2) + g(2) ≡ γ0 in ΩT ,

divh(2) = 0 in ΩT ,

n · h(2) = 0 on ST1 ,

νn · D(h(2)) · τα + γh(2) · τα = 0, α = 1, 2, on ST1 ,

h
(2)
3 = ∆

′d ≡ γ3 on ST2 ,

h
(2)
i,x3
= −2

ν
d,xit + 3∆

′d,xi +
1
ν
F ′i |S2 +

1
ν
[vj(h

(1)
i − d,xi),xj

+ d(h(1)i,x3 − h
(1)
3,xi) + h

(1)
3 (h

(1)
i − d,xi)

+ h(1)j vi,xj − d,xjvj,xi ]|S2 ≡ γi, i = 1, 2, on ST2 ,

h(2)|t=0 = h(2)(0) in Ω,

where d1 = d|S2(−a), d2 = d|S2(a), ∆′ = ∂2x1 + ∂2x2 , F
′
i = f3,xi − fi,x3 and

∇′d = (d,x1 , d,x2). Moreover, the summation convention over j from 1 to 2 is
used in (3.9)6.

Proof. We have to prove (3.9)5,6 only. Since

(3.10) v3|S2 = d,
∂vi
∂x3

∣∣∣∣
S2

= −∂v3
∂xi

∣∣∣∣
S2

= −d,xi , i = 1, 2,

we get

(3.11) h
(2)
3 =

∂2v3
∂x23
= −

2∑
i=1

∂2vi
∂xi∂x3

= d,x1x1 + d,x2x2 on S2.

Hence (3.9)5 holds.

To show (3.9)6 we consider first two components of (1.1)1,

(3.12) vi,t − ν∆′vi − ν∂2x3vi +∇ip = −v · ∇vi + fi, i = 1, 2.

Differentiating (3.12) with respect to x3 and projecting the result on S2 yield

(3.13) h
(2)
i,x3
|S2 = −

1
ν
d,xit +∆

′d,xi +
1
ν
∇iq(1)|S2

+
1
ν
(h(1) · ∇vi + v · ∇h(1)i )|S2 −

1
ν
gi|S2 , i = 1, 2.
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To calculate the third term on the r.h.s. of (3.13) we calculate q(1) from the
third component of (3.12)

(3.14) q(1)|S2 = (−v3,t + ν∆′v3 + ν∂2x3v3 − v · ∇v3 + f3)|S2

= −d,t + 2ν∆′d−
( 2∑
i=1

viv3,xi + v3v3,x3

)∣∣∣∣
S2

+ f3|S2 ,

where we used that ∂2x3v3|S2 = ∆
′d.

Differentiating (3.14) with respect to xi and utilizing in (3.13) gives

(3.15) h
(2)
i,x3
= − 2

ν
d,xit + 3∆

′d,xi +
1
ν
[(v · ∇vi),x3 − (v · ∇v3),xi ]|S2

+
1
ν
(f3,xi − fi,x3)|S2 , i = 1, 2.

Now we examine the third term on the r.h.s. of (3.15). Utilizing (3.10) we get

(3.16) [(vj · vi,xj + v3vi,x3),x3 − (vjv3,xj + v3v3,x3),xi ]|S2
= [vj(vi,x3 − v3,xi),xj + v3(vi,x3 − v3,xi),x3
+ v3,x3(vi,x3 − v3,xi) + vj,x3vi,xj − vj,xiv3,xj ]|S2

= [vj(h
(1)
i − d,xi),xj + d(h

(1)
,x3 − h

(1)
3,xi)

+ h(1)3 (h
(1)
i − d,xi) + h

(1)
j vi,xj − d,xjvj,xi ]|S2 , i = 1, 2,

where the summation over j from 1 to 2 is used. Exploiting (3.16) in (3.15)
yields (3.9)6. �

To find the energy estimate for solutions of problem (3.1) we are looking for
a function h̃(1) such that

(3.17)

div h̃(1) = 0 in Ω,

h̃(1)|S1 = 0,

h̃
(1)
i |S2 = −d,xi , i = 1, 2,

h̃
(1)
3,x3 |S2 = 0.

First we construct explicitly the function

h
(1)
i |S2 = −d,xi , i = 1, 2,

h
(1)
3 |S2 = 0.

The construction with be done in such a way that h
(1) ·n|S1 = 0. This is possible

because the following compatibility condition

2∑
i=1

ni|S1 · d,xi |S1∩S2 = 0

holds.
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Let ηi, i = 1, 2, be the functions introduced before (see the end of Section 2).

Then we construct h
(1)
in the form

(3.18)
h
(1)
i = −(η1d1,xi + η2d2,xi), i = 1, 2,

h
(1)
3 = 0.

Hence, h
(1)
is a solution to the problem

(3.19)

divh
(1)
= −(η1∆′d1 + η2∆′d2),

h
(1) · τα|S1 = h

(1) · τα|S1 , α = 1, 2,

h
(1) · n|S1 = 0,

h
(1)
i |S2 = −d,xi , i = 1, 2,

h
(1)
3 |S2 = 0.

Now we define a function ϕ such that

(3.20) ∆ϕ = −(η1∆′d1 + η2∆′d2), n · ∇ϕ|S = 0,

and we are looking for a function α such that

(3.21)

−∆α+∇σ = 0,
divα = 0,

α · τα|S1 = −τα · ∇ϕ|S1 + h
(1) · τα|S1 , α = 1, 2,

α · n|S1 = 0,
αi|S2 = −∇iϕ|S2 , i = 1, 2,

α3|S2 = 0.

Then

(3.22) h̃(1) = h
(1) − (α+∇ϕ)

is a solution to problem (3.17).
The above construction of solutions to (3.19) can be found in [4].

Lemma 3.5. Function (3.22) satisfies

(3.22’)
‖h̃(1)‖1,σ,Ω ≤ c‖d,x′‖1,σ,S2 ,

|h̃(1),t |σ,Ω ≤ c|d,x′t|σ,S2 ,

where σ ∈ (1,∞).

Proof. From (3.18) we have

‖h(1)‖1,σ,Ω ≤ c‖d,x′‖1,σ,S2 , |h(1),t |σ,Ω ≤ c|d,x′t|σ,S2 .
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There exists a Green function for (3.20) such that

ϕ(x) =
∫
Ω
G(x, y)∂yi(η1d1,yi + η2d2,yi) dy = −

∫
Ω
∇yG(η1d1,yi + η2d2,yi) dy,

where nid,xi |S1 = 0 and h
(1)
i = −d,xi , i = 1, 2, are used. Then

∇xϕ =
∫
∇x∇yiG(x, y)(η1d1,yi + η2d2,yi) dy

and

‖∇ϕ‖1,σ,Ω ≤ c‖d,x′‖1,σ,S2 , |∇ϕt|σ,Ω ≤ c|d,x′t|σ,S2 .

Utilizing the existence of the Green function to problem (3.21) we have

αi(x) =
∫
S1

∂Giα
∂nS1

(−τα · ∇ϕ+ h
(1) · τα) dS1 +

∫
S2

∂Gij
∂nS2
(−∇jϕ) dS2.

Therefore the estimates hold

‖α‖1,σ,Ω ≤ c(‖∇ϕ‖1,σ,Ω + ‖h
(1)‖1,σ,Ω) ≤ c‖d,x′‖1,σ,S2 ,

|α,t|σ,Ω ≤ c(|∇ϕ,t|σ,Ω + |h
(1)
,t |σ,Ω) ≤ c|d,x′t|σ,S2 .

From the above estimates we obtain (3.22′). �

Let us introduce the new function

(3.23) k(1) = h(1) − h̃(1).

Then k(1) is a solution to the problem

(3.24)

k
(1)
,t − divT(h(1), q(1)) = −v · ∇h(1)

− h(1) · ∇v − h̃(1),t + g(1) ≡ b1 in ΩT ,

div k(1) = 0 in ΩT ,

n · k(1) = 0 on ST1

νn · D(h(1)) · τα + γh(1) · τα = 0, α = 1, 2, on ST1 ,

k
(1)
i = 0, i = 1, 2, on ST2 ,

h
(1)
3,x3 = ∆

′d on ST2 ,

k(1)|t=0 = h(1)(0)− h̃(1)(0) in Ω,

where h(1) on the l.h.s. depends on k(1) by (3.23).

Now we find a Korn inequality for solutions of problem (3.24).
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Lemma 3.6. Assume that Ω is not axially symmetric,

EΩ(k(1)) =
3∑
i,j=1

∫
Ω
(k(1)i,xj + k

(1)
j,xi
)2 dx,

EΩ(k(1)) +
2∑
α=1

|k(1) · τα|22,S1 <∞,

|∆′d|2,S2 + |h̃
(1)
3,x3 |2,Ω + |h̃

(1)
3 |2,S2 <∞.

Then for solutions of problem (3.24) we have

(3.25) ‖k(1)‖21,Ω ≤ c(EΩ(k(1)) +
2∑
α=1

|k(1) · τα|22,S1)

+ c(|∆′d|22,S2 + |h̃
(1)
3,x3 |

2
2,S2 + |h̃

(1)
3,x3 |

2
2,Ω.

Proof. First we calculate

EΩ(k(1)) = 2|∇k(1)|22,Ω + 2
∫
Ω
k
(1)
i,xj

k
(1)
j,xi

dx,

where utilizing (3.24)2 the second intergral takes the form∫
(k(1)i,xjk

(1)
j ),xi dx =

∫
S1

k
(1)
i,xj

k
(1)
j ni dS1 +

∫
S2

k
(1)
i,xj

k
(1)
j ni dS2 ≡ I1,

where the summation convention is assumed.
In view of (3.24)5,6 the second integral in I1 equals∫

S2

(∆′d− h̃(1)3,x3)k
(1)
3 dS2.

By (3.24)3 the first integral in I1 assumes the form

−
∫
S1

ni,xjk
(1)
i k

(1)
j dS1.

Hence

(3.26) |∇k(1)|22,Ω ≤ cEΩ(k(1))+c
2∑
α=1

|k(1) ·τα|22,S1+c
∣∣∣∣ ∫
S2

(∆′d− h̃(1)3,x3)k
(1)
3 dS2

∣∣∣∣.
By the Poincaré inequality and (3.24)5 we obtain

(3.27) |k(1)i |2,Ω ≤ c|∇k
(1)
i |2,Ω, i = 1, 2.

Since ∫
Ω
h(1) dx =

∫
S2(a)

d2 dS2 −
∫
S2(−a)

d1 dS1 = 0,

relation (3.23) implies ∫
Ω
k
(1)
3 dx = −

∫
Ω
h̃
(1)
3 dx.
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Hence ∫
Ω

∣∣∣∣k(1)3 − ∫
Ω
k
(1)
3 dx

∣∣∣∣2 dx ≤ c∫
Ω
|∇k(1)3 |22,Ω

so

(3.28) |k(1)3 |22,Ω ≤ c
(
|∇k(1)3 |22,Ω +

∣∣∣∣ ∫
Ω
h̃
(1)
3 dx

∣∣∣∣2).
From (3.26)–(3.28) we obtain (3.25). �

Now we shall obtain an energy type estimate for solutions of problem (3.24).

Lemma 3.7. Assume that v is the weak solution to problem (1.1). Assume
that

l23 = l
2
1 sup
t
‖d,x′‖21,S2 + (1 + d

2
3,∞,St2

)
∫ t
0
‖d,x′‖21,S2 dt

′

+
∫ t
0
(‖d,t‖21,6/5,S2 + ‖d,x′‖

2
2,3/2,S2) dt

′

+ f3
2
4/3,2,St2

+ g(1)
2

6/5,2,Ωt + |k
(1)(0)|22,Ω,

where l1 is defined by (2.20). Then solutions of the problem (3.24) satisfy

(3.29) |k(1)|22,Ω + ν
∫ t
0
‖k(1)(t′)‖21,Ω dt′ + γ|k(1) · τα|22,St1

≤ c exp( d1 63,6,St2 + ∇v
2
3,2,Ωt)l

2
3.

Proof. Multiplying (3.24)1 by k(1) and integrating over Ω yield

(3.30)
1
2
d

dt
|k(1)|22,Ω −

∫
Ω
divT(h(1), q(1)) · k(1) dx =

∫
Ω
b1 · k(1) dx.

Integrating by parts in the second term on the l.h.s. of (3.30) yields

−
∫
S1

n · T(h(1), q(1)) · ταk(1) · τα dS1 −
∫
S2

n · T(h(1), q(1)) · nk(1) · ndS2

+ ν
∫
Ω

D(h(1)) · D(k(1)) dx ≡ I1 + I2 + I3.

In view of (3.24)4 we get

I1 = γ
∫
S1

h(1) · ταk(1) · τα dS1 = γ|k(1) · τα|22,S1 + γ
∫
S1

h̃(1) · ταk(1) · τα dS1.

From n|S2 = e3 and (3.24)6 it follows

I2 = −
∫
S2

(2νh(1)3,x3 − q
(1))k(1)3 dS2

= −ν
∫
S2

h
(1)
3,x3k

(1)
3 dS2 −

∫
S2

(νh(1)3,x3 − q
(1))k(1)3 dS2 ≡ I12 + I22 ,
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where
|I12 | ≤ ε1‖k(1)‖21,Ω + c(1/ε1)|∆′d|22,S2 ,

and to examine I22 we take the third component of (1.1)1 and project it on S2.
Then we get

(3.31) d,t + v′ · ∇′d+ dh(1)3 − ν∆′d− f3 = νh
(1)
3,x3 − q

(1) on S2,

where v′ = (v1, v2), ∇′ = (∂x1 , ∂x2), ∆′ = ∂2x1 + ∂
2
x2 .

Using (3.31) in I2 yields

|I22 | =
∣∣∣∣ ∫
S2

(d,t + v′ · ∇′d+ dh(1)3 − ν∆′d− f3)k
(1)
3 dS2

∣∣∣∣
≤ ε2|k(1)3 |24,S2 + c(1/ε2)(|d,t|

2
4/3,S2 + |v

′|24λ1/3,S2 |∇
′d|24λ2/3,S2

+ |∆′d|24/3,S2 + |f3|
2
4/3,S2) +

∣∣∣∣ ∫
S2

dh
(1)
3 k

(1)
3 dS2

∣∣∣∣,
where 1/λ1 + 1/λ2 = 1 and∫

S2

dh
(1)
3 k

(1)
3 dS2 =

∫
S2

d|k(1)3 |2 dS2 +
∫
S2

dh̃
(1)
3 k

(1)
3 dS2 ≡ Ĩ1 + Ĩ2,

where

|Ĩ1| ≤ |d|3,S2 |k
(1)
3 |23,S2 ≤ ε3‖k

(1)
3 ‖21,Ω + c(1/ε3)|d|63,S2 |k

(1)
3 |22,Ω,

and
|Ĩ2| ≤ ε4‖k(1)3 ‖21,Ω + c(1/ε4)|d|23,S2‖h̃

(1)‖21,Ω.
Finally, to examine I3 we have to use the Korn inequality (3.25).
Next we examine the r.h.s. of (3.30). Utilizing the form of b1 we obtain

−
∫
Ω
v · ∇k(1) · k(1) dx−

∫
Ω
v · ∇h̃(1) · k(1) dx

−
∫
Ω
h(1) · ∇v · k(1) dx+

∫
Ω
(−h̃(1),t + g(1)) · k(1) dx ≡

7∑
i=4

Ii.

In view of the boundary conditions for v we obtain

I4 = −
1
2

∫
Ω
v · ∇(k(1))2 dx ≤ 1

2

∫
S2

d1(k(1))2 dS2

≤ c|d1|3,S2 |k(1)|3,S2 ≤ c|d1|3,S2(ε1/3|∇k(1)|22,Ω + cε−5/3|k(1)|22,Ω)

≤ ε5|∇k(1)|22,Ω + c(1/ε5)|d1|63,S2 |k
(1)|22,Ω.

By the Hölder and Young inequalities we get

|I5| ≤ ε6|k(1)|26,Ω + c(1/ε6)|v|23,Ω|∇h̃(1)|22,Ω,

|I6| ≤ ε7|k(1)|26,Ω + c(1/ε7)(|∇v|23,Ω|k(1)|22,Ω + |∇v|22,Ω|h̃(1)|23,Ω),

|I7| ≤ ε8|k(1)|26,Ω + c(1/ε8)(|h̃
(1)
,t |26/5,Ω + |g

(1)|26/5,Ω).
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Utilizing the above estimates in (3.30) and assuming that ε1− ε8 are sufficiently
small yield

(3.32)
1
2
d

dt
|k(1)|22,Ω + ν‖k(1)‖21,Ω + γ|k(1) · τα|22,S1

≤ −
∫
S1

h̃(1) · ταk(1) · τα dS1 + c(|∆′d|22,S2 + |d,t|
2
4
3 ,S2

+ |v′|24
3λ1S2
|∇′d|24

3λ2,S2
+ |d|23,S2‖h̃

(1)‖21,Ω + |∆′d‖24
3 ,S2
+ |f3|24

3 ,S2
)

+ c(|h(1)3,x3 |
2
2,S2 + |h̃

(1)
3 |22,Ω) + c(|d1|63,S2 |k

(1)|22,Ω + |v|23,Ω|∇h̃(1)|22,Ω
+ |∇v|23,Ω|k(1)|22,Ω + |h̃

(1)
,t |26/5,Ω + |g

(1)|26/5,Ω + |∇v|
2
2,Ω|h̃(1)|23,Ω).

The first integral on the r.h.s. of (3.32) is estimated by

ε9|k(1) · τα|22,S1 + c(1/ε9)|h̃
(1) · τα|22,S1 ,

where the second norm is bounded by ‖h̃(1)‖21,Ω, and we use the imbedding

|v′|4/3λ1,S2 ≤ c‖v‖1,Ω, where λ1 = 3.

Utilizing the above estimates in (3.32) yields

(3.33)
d

dt
|k(1)|22,Ω + ν‖k(1)‖21,Ω + γ|k(1) · τα|22,S1
≤ c(|d1|63,S2 + |∇v|

2
3,Ω)|k(1)|22,Ω

+ c(‖v‖21,Ω|d,x′ |22,S2 + |v|
2
3,Ω|∇h̃(1)|22,Ω + |∇v|22,Ω|h̃(1)|23,Ω)

+ c(|∆′d|22,S2 + |d,t|
2
4/3,S2 + |d|

2
3,S2‖h̃

(1)‖21,Ω + ‖h̃
(1)
,t ‖26/5,Ω

+ |h̃(1)3 |22,Ω + |h̃
(1)
3,x3 |

2
2,S2 + ‖h̃

(1)‖21,Ω + |f3|24/3,S2 + |g
(1)|26/5,Ω).

Using Lemma 3.5 in (3.33) gives

(3.34)
d

dt
|k(1)|22,Ω + ν‖k(1)‖21,Ω + γ|k(1) · τα|22,S1

≤ c(|d1|63,S2 + |∇v|
2
3,Ω)|k(1)|22,Ω + c‖v‖21,Ω‖d,x′‖21,S2

+ c[(1 + |d|23,S2)‖d,x′‖
2
1,S2 + ‖d,t‖

2
1,6/5,S2

+ ‖d,x′‖22,3/2,S2 + |f3|
2
4/3,S2 + |g

(1)|26/5,Ω],

where we used that

|h̃(1)3,x3 |2,S2 ≤ c‖h̃
(1)‖2,3/2,Ω ≤ c‖d,x′‖2,3/2,S2

which can be proved in the same way as Lemma 3.5.
Integrating (3.34) with respect to time implies (3.29). �

Now we examine problem (3.9). Assume that h
(2)
is such that

n · h(2)|S1 = 0, n · h(2)|S2 = ∆′d,
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so
h
(2)
3 = η1∆

′d1 + η2∆′d2, h
(2)
i = 0, i = 1, 2

Since divh
(2) 6= 0 we construct a function ϕ such that

(3.35)
∆ϕ = −divh(2) in Ω,

n · ∇ϕ = 0 on S.

Compatibility condition is satisfied because
∫
S2
h
(2)
dS2 =

∫
S2∩S1 n|S1 · d,x′ = 0.

Then

(3.36) h̃(2) = h
(2)
+∇ϕ.

Lemma 3.8. Function h̃(2) satisfies

(3.37) |h̃(2)|σ,Ω ≤ c‖d,x′‖1,σ,S2 , |h̃(2),t |σ,Ω ≤ c‖d,x′t‖1,σ,S2 .

Proof. For function h
(2)
we have

|h(2)|σ,Ω ≤ c|d,x′x′ |σ,S2 , |h(2),t |σ,Ω ≤ c|d,x′x′t|σ,S2 .

Let G(x, y) be the Green function for solutions of problem (3.35). Then

ϕ(x) =
∫
Ω
G(x, y)divh

(2)
dy =

∫
Ω
∇yG(x, y)h

2
dy −

∫
S2

Gn · h(2) dS2,

where we used that n · h(2)|S1 = 0. Since

∇ϕ =
∫
Ω
∇x∇yGh

(2)
dy −

∫
S2

∇xGn · h
(2)
dS2,

we obtain

|∇ϕ|σ,Ω ≤ c‖d,x′‖1,σ,S2 , |∇ϕ,t|σ,Ω ≤ ‖d,x′t‖1,σ,S2 .

In view of the above estimates and (3.36) we obtain (3.37). �

Introducing the function

(3.38) k(2) = h(2) − h̃(2)

we see that it is a solution to the problem

(3.39)

k
(2)
,t − divT(h(2), q(2)) = γ0 − h̃(2),t ≡ γ̃0 in ΩT ,

div k(2) = 0 in ΩT ,

n · k(2) = 0 on ST1 ,

νn · D(h(2)) · τα + γh(2) · τα = 0 on ST1 ,

k
(2)
3 = 0 on ST2 ,

h
(2)
i,x3
= γi, i = 1, 2, on ST2 ,

k(2)|t=0 = h(2)(0)− h̃(2)(0) ≡ k(2)(0) in Ω,
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where γ0, γ1, γ2 are defined in (3.9).

First we shall obtain the Korn-type inequality for solutions to problem (3.39).

Lemma 3.9. Assume that

EΩ(k(2)) =
3∑
i,j=1

∫
Ω
(k(2)i,xj + k

(2)
j,xi
)2 dx <∞,

|k(2) · τα|2,S1 <∞, α = 1, 2.

Then solutions of (3.39) satisfy

(3.40) ‖k(2)‖21,Ω ≤ c
(
EΩ(k(2)) +

2∑
α=1

|k(2) · τα|22,S1

)
.

Proof. We have

EΩ(k(2)) =
3∑
i,j=1

∫
Ω
(k(2)i,xj + k

(2)
j,xi
)2 dx(3.41)

= 2|∇k(2)|22,Ω + 2
3∑
i,j=1

∫
Ω
k
(2)
i,xj

k
(2)
j,xi

dx.

Integrating by parts and utilizing (3.39)2 in the second integral on the r.h.s. yield

3∑
i,j=1

∫
Ω
(k(2)i,xjk

(2)
j ),xi dx =

3∑
i,j=1

∫
S

nik
(2)
i,xj

k
(2)
j dS

=
3∑
i,j=1

∫
S1

nik
(2)
i,xj

k
(2)
j dS1 +

3∑
i,j=1

∫
S2

nik
(2)
i,j k

(2)
j dS2 ≡ I1 + I2.

Employing (3.39)3 in I1 implies

I1 = −
3∑
i,j=1

∫
S1

ni,xjk
(2)
i k

(2)
j dS1

and (3.39)5 in I2 gives

I2 =
2∑
α=1

∫
S2

k
(2)
3,xαk

(2)
α dS2 = 0.

Therefore, (3.41) yields

(3.42) |∇k(2)|22,Ω ≤ c
(
EΩ(k(2)) +

2∑
α=1

|k(2) · τα|22,S1

)
.
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Using (3.39)3, the fact that Ω is a cylindrical domain, so n|S1 · e3 = 0, we have
by the Poincaré inequality the estimate

(3.43)
2∑
i=1

|k(2)i |2,Ω ≤ c
2∑
i=1

|∇k(2)i |2,Ω.

We outline a proof of this inequality. Let s1, s2 be two points of S1 with the
same coordinate x3. Let n(s1), n(s2) be the normal vectors to S1 at points
s1, s2, respectively. Then by the Poincaré inequality we have |k(2) · n(si)|2,Ω ≤
c|∇(k(2) · n(si))|2,Ω. Since n(s1), n(s2) are finearly independent, (3.43) holds.
Similarly, (3.39)5 implies

(3.44) |k(2)3 |2,Ω ≤ c|∇k
(2)
3 |2,Ω.

From (3.42)–(3.44) we obtain the Korn inequality (3.40). �

Next we shall obtain an energy type estimate for solutions to problem (3.39).

Lemma 3.10. Assume that v is a weak solution to problem (1.1). Assume
that

l4 = ‖d,x′‖L∞(0,t;H2(S2)) + ‖d,x′‖L2(0,t;H2(S2) + ‖d,t‖L2(0,t;H1(S2) <∞,
l5 = ‖v‖L2(0,t;W 13 (Ω)) + ‖v‖L∞(0,t;H1(S2))
+ ‖h(1)‖L2(0,t;W 13 (Ω)) + ‖h

(1)‖L∞(0,t;H1(S2)) + ‖h
(1)‖L2(0,t;H1(S2)) <∞,

l6 =
2∑
i=1

( g(i) 6/5,2,Ωt + |k
(i)(0)|2,Ω) + f3 4/3,2,St2

+ F ′ 4/3,2,St2
<∞.

Assume that |d|∞,St2 <∞. Then solutions to problem (3.39) satisfy

(3.45)
2∑
i=1

(
|k(i)(t)|22,Ω + ν

∫ t
0
‖k(i)(t′)‖21,Ω dt′ + γ

∫ t
0
|k(i)(t′) · τα|22,S1 dt

′
)

≤ c exp c[ d1 63,6,St2 + ‖v‖
2
L2(0,t;W 13 (Ω))

+ ‖h(1)‖2L2(0,t;W 13 (Ω))]

· [(1 + |d|2∞,St2 + l
2
5)(l
2
4 + l

2
5) + l

2
6].

Proof. Multiplying (3.39)1 by k(2) and integrating the result over Ω yield

1
2
d

dt
|k(2)|22,Ω −

∫
Ω
divT(h(2), q(2)) · k(2) dx(3.46)

= −
∫
Ω
(h(2) · ∇v + 2h(1) · ∇h(1) + v · ∇h(2)) · k(2) dx

+
∫
Ω
(g(2) − h̃(2),t ) · k(2) dx.
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Integrating by parts in the second term on the l.h.s. of (3.46) implies

−
∫
S1

n · T(h(2), q(2)) · ταk(2) · τα dS1 −
∫
S2

n · T(h(2), q(2)) · ταk(2) · τα dS2

+ ν
∫
Ω

D(h(2)) · D(k(2)) dx ≡ I1 + I2 + I3.

In view of (3.39)4 we obtain

I1 = γ
∫
S1

h(2) · ταk(2) · τα dS1

= γ|k(2) · τα|22,S1 + γ
∫
S1

h̃(2) · ταk(2) · τα dS1 ≡ I11 + I21 .

By (3.39)6 we get

I2 = −
∫
S2

(h(2)α,x3 + h
(2)
3,xα)k

(2) · τα dS2

= −
∫
S2

[
− 2
ν
d,xαt + 3∆

′d,xα +
1
ν
F ′α|S2

+ [vj(h(1)α − d,xα),xj + d(h(1)α,x3 − h
(1)
3,xα)

+ h(1)3 (h
(1)
α − d,xα) + h

(1)
j vα,xj − d,xjvj,xα ]|S2

]
k(2) · τα dS2,

where the summation convention over the repeated indices, α, j = 1, 2, is as-
sumed. Continuing, we have

|I21 | ≤ ε1|k(2)|24,S1 + c(1/ε1)|h̃
(2)|24/3,S1 ,

and

|I2| ≤ ε2|k(2)|24,S2 + c(1/ε2)(|d,x′t|
2
4/3,S2 + |∆

′d,x′ |24/3,S2 + |F
′|24/3,S2)

+ c(1/ε2)(|vh(1),x′ |
2
4/3,S2 + |vd,x′x′ |

2
4/3,S2 + |dh

(1)
,x |24/3,S2 + |(h

(1))2|24/3,S2
+ |h(1)d,x′ |24/3,S2 + |h

(1)v,x′ |24/3,S2 + |d,x′v,x|
2
4/3,S2)

≡ ε2|k(2)|24,S2 + c(1/ε2)(I
1
2 + I

2
2 ).

By the Hölder inequality we have

I22 ≤ c(|v|24,S2 |h
(1)
,x′ |
2
2,S2 + |v|

2
4,S2‖d,x′‖

2
1,S2 + |d|

2
∞,S2 |h

(1)
,x |24/3,S2

+ |h(1)|24,S2 |h
(1)|22,S2 + |h

(1)|22,S2 |d,x′ |
2
4,S2

+ |h(1)|24,S2 |v,x′ |
2
2,S2 + ‖d,x′‖

2
1,S2 |v,x|

2
2,S2).

Finally,

I3 = ν|D(k(2)|22,Ω + ν
∫
Ω

D(h̃(2)) · D(k(2)) dx ≡ I13 + I23 ,

where
|I23 | ≤ ε3‖k(2)‖21,Ω + c(1/ε3)‖h̃(2)‖21,Ω.
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We express the first integral on the r.h.s. of (3.46) in the form

−
∫
Ω
h(2) · ∇v · k(2) dx−

∫
Ω
2h(1) · ∇h(1)k(2) dx

−
∫
Ω
v · ∇k(2)k(2) dx−

∫
Ω
v · ∇h̃(2) · k(2) dx ≡

7∑
i=4

Ii.

First we examine I4 expressed in the form

I4 = −
∫
Ω
k(2) · ∇v · k(2) dx−

∫
Ω
h̃(2) · ∇v · k(2) dx ≡ I14 + I24 ,

where

|I14 | ≤ ε3|k(2)|26,Ω + c(1/ε3)|∇v|23,Ω|k(2)|22,Ω,

|I24 | ≤ ε4|k(2)|26,Ω + c(1/ε4)|∇v|22,Ω|h̃(2)|23,Ω.

Next, we have

|I5| ≤ ε5|k(2)|26,Ω + c(1/ε5)(|∇h(1)|23,Ω|k(1)|22,Ω + |∇h(1)|22,Ω|h̃(1)|23,Ω),

|I6| ≤ ε6|∇k(2)|22,Ω + c(1/ε6)|v|23,Ω|k(2)|22,Ω
|I7| ≤ ε7|k(2)|26,Ω + c(1/ε7)|v|23,Ω|∇h̃(2)|22,Ω.

Utilizing the above estimates with ε1 − ε7 sufficiently small and the Korn in-
equality (3.40) in (3.46) we obtain

(3.47)
d

dt
|k(2)|22,Ω + ν‖k(2)‖21,Ω + γ|k(2) · τα|22,S1

≤ c(‖v‖21,3,Ω|k(2)|22,Ω + |∇h(1)|23,Ω|k(1)|22,Ω + ‖v‖21,Ω‖h̃(2)‖21,Ω
+ |∇h(1)|22,Ω|h̃(1)|23,Ω) + c(‖h̃(2)‖21,Ω + |g(2)|26/5,Ω + |h̃

(2)
,t |26/5,Ω

+ ‖d,x′‖22,4/3,S2 + ‖d,t‖
2
1,4/3,S2 + |F

′|24/3,S2)

+ c(|v|24,S2 |h
(1)
,x′ |
2
2,S2 + |v|

2
4,S2‖d,x′‖

2
1,S2 + |d|

2
∞,S2 |h

(1)
,x |24/3,S2

+ |h(1)|24,S2 |h
(1)|22,S2 + |h

(1)|22,S2 |d,x′ |
2
4,S2

+ |h(1)|24,S2 |v,x′ |
2
2,S2 + ‖d,x′‖

2
1,S2 |v,x|

2
2,S2

)
.

Utilizing Lemmas 3.5 and 3.8 in (3.47) yields

(3.48)
d

dt
|k(2)|22,Ω + ν‖k(2)‖21,Ω + γ|k(2) · τα|22,S1 ≤ c(‖v‖21,3,Ω|k(2)|22,Ω

+ |∇h(1)|23,Ω|k(1)|22,Ω + ‖v‖21,Ω‖d,x′‖22,S2 + |∇h
(1)|22,Ω‖d,x′‖22,S2)

+ c(‖d,x′‖22,4/3,S2 + ‖d,t‖
2
1,4/3,S2 + |g

(2)|26/5,Ω + |F
′|24/3,S2)

+ c(|v|24,S2 |h
(1)
,x′ |
2
2,S2 + |v|

2
4,S2‖d,x′‖

2
1,S2

+ |d|2∞,S2 |h
(1)
,x |24/3,S2 + |h

(1)|24,S2 |h
(1)|22,S2 + |h

(1)|22,S2 |d,x′ |
2
4,S2

+ |h(1)|24,S2 |v,x|
2
2,S2 + ‖d,x′‖

2
1,S2 |v,x|

2
2,S2).
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Adding (3.34) and (3.48) implies

(3.49)
d

dt
(|k(1)|22,Ω + |k(2)|22,Ω) + ν(‖k1)‖21,Ω + ‖k(2)‖21,Ω)

+ γ(|k1) · τα|22,S1 + |k
(2) · τα|22,S1)

≤ c(|d1|63,S2 + |∇v|
2
3,Ω + |∇h(1)|23,Ω)|k1)|22,Ω + c‖v‖21,3,Ω|k(2)|22,Ω

+ c(‖v‖21,Ω + |∇h(1)|22,Ω)‖d,x′‖22,S2 + c((1 + |d|
2
3,S2)‖d,x′‖

2
2,S2

+ ‖d,t‖21,S2 + |g
(1)|26/5,Ω + |g

(2)|26/5,Ω + |f3|
2
4/3,S2 + |F

′|24/3,S2)

+ c(|v|24,S2 |h
(1)
,x′ |
2
2,S2 + |v|

2
4,S2‖d,x′‖

2
1,S2 + |d|

2
∞,S2 |h

(1)
,x |24/3,S2

+ |h(1)|24,S2 |h
(1)|22,S2 + |h

(1)|22,S2 |d,x′ |
2
4,S2

+ |h(1)|24,S2 |v,x′ |
2
2,S2 + ‖d,x′‖

2
1,S2 |v,x|

2
2,S2).

Integrating (3.49) with respect to time yields

|k(1)(t)|22,Ω + |k(2)(t)|22,Ω + ν
∫ t
0
(‖k(1)(t′)‖21,Ω + ‖k(2)(t′)‖21,Ω) dt′

+ γ
∫ t
0
(|k(1)(t′) · τα|22,S1 + |k

(2)(t′) · τα|22,S1) dt
′

≤ c exp c
[
d1
6
3,6,St2

+
∫ t
0
(‖v(t′)‖21,3,Ω + ‖h(1)(t′)‖21,3,Ω) dt′

]
·
[
sup
t
‖d,x′‖22,S2

∫ t
0
(‖v(t′)‖21,Ω + ‖h(1)(t′)‖21,Ω) dt′

+ (1 + d
2
3,∞,St2

)
∫ t
0
(‖d,x′(t′)‖22,S2 + ‖d,t′(t

′)‖21,S2) dt
′

+ sup
t
|v(t′)|24,S2

∫ t
0
|h(1),x′ |

2
2,S2 dt

′ + sup
t
‖d,x′‖21,S2

∫ t
0
|v(t′)|24,S2 dt

′

+ |d|2∞,St2

∫ t
0
|h(1),x (t′)|24/3,S2 dt

′

+
∫ t
0
|h(1)(t′)|22,S2 dt

′(sup
t
|h(1)|24,S2 + sup

t
|d,x′ |24,S2)

+ sup
t
|v,x′ |22,S2

∫ t
0
|h(1)|24,S2 dt

′ + sup
t
‖d,x′‖21,S2

∫ t
0
|v,x′(t′)|22,S2 dt

′

+ g(1)
2

6/5,2,Ωt + g(2)
2

6/5,2,Ωt + f3
2
4/3,2,St2

+ F ′
2
4/3,2,St2

+ |k(1)(0)|22,Ω + |k(2)(0)|22,Ω
]
.

Simplifying, we have

(3.50)
2∑
i=1

(
|k(i)(t)|22,Ω + ν

∫ t
0
‖k(i)(t′)‖21,Ω dt′ + γ

∫ t
0
|k(i)(t′) · τα|22,S1 dt

′
)
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≤ c exp c
[
d1
6
3,6,St2

+
∫ t
0
‖v(t′)‖21,3,Ω + ‖h(1)(t′)‖21,3,Ω) dt′

]
· [(‖v‖2L2(0,t;W 13 (Ω)) + ‖h

(1)‖2L2(0,t;W 13 (Ω)))‖d,x′‖
2
L∞(0,t;H2(S2))

+ (1 + |d|2∞,St2)(‖d,x′‖
2
L2(0,t;H2(S2))

+ ‖d,t‖2L2(0,t;H1(S2))) + sup
t
|v(t)|24,S2 |h

(1)
,x′ |
2
2,St2

+ ‖v‖2L2(0,t;L4(S2))‖d,x′‖
2
L∞(0,t;H1(S2)) + |d|

2
∞,St2
|h(1),x′ |

2
2,St2

+ (sup
t
|h(1)|24,S2 + sup

t
|d,x′ |24,S2)|h

(1)|22,St2

+ sup
t
|v,x′ |22,S2‖h

(1)‖2L2(0,t;L4(S2)) + |v,x′ |
2
2,St2
‖d,x′‖2L∞(0,t;H1(S2))

+ g(1)
2

6/5,2,Ωt + g(2)
2

6/5,2,Ωt + f3
2
4/3,2,St2

+ F ′
2
4/3,2,St2

+ |k(1)(0)|22,Ω + |k(2)(0)|22,Ω].

Utilizing expressions l4 and l6 we obtain from (3.50) the inequality

(3.51)
2∑
i=1

(
|k(i)(t)|22,Ω + ν

∫ t
0
‖k(i)(t′)‖21,Ω dt′ + γ

∫ t
0
|k(i)(t′) · τα|22,S1 dt

′
)

≤ c exp c[ d1 63,6,St2 + ‖v‖
2
L2(0,t;W 13 (Ω))

+ ‖h(1)‖2L2(0,t;W 13 (Ω))]

· [l24(‖v‖2L2(0,t;W 13 (Ω)) + ‖h
(1)‖2L2(0,t;W 13 (Ω)))

+ (1 + |d|2∞,St2)(l
2
4 + |h

(1)
,x′ |
2
2,St2
)

+ l24(‖v‖2L2(0,t;L4(S2)) + |h
(1)|22,St2 + |v,x′ |

2
2,St2
)

+ sup
t
|v(t)|24,S2 |h

(1)
,x′ |
2
2,St2
+ sup

t
|h(1)|24,S2 |h

(1)|22,St2

+ sup
t
|v,x′ |22,S2‖h

(1)‖2L2(0,t;L4(S2)) + l
2
6].

Utilizing the form of l5 inequality (3.51) implies (3.45). �

In view of Lemmas 3.5 and 3.7 we obtain from (3.22′) and (3.29) the following
inequality

(3.52) |h(1)(t)|22,Ω + ν
∫ t
0
‖h(1)(t′)‖21,Ω dt′ + γ|h(1) · τα|22,St1

≤ ϕ( d1 3,6,St2 , |∇v|3,2,Ωt , l1, d 3,∞,St2)η
2
1(t),

where ϕ is an increasing positive function, l1 is defined by (2.20) and

(3.53) η1(t) = sup
t′≤t
‖d,x′(t′)‖1,S2 + ‖d,x′‖L2(0,t;H1(S2))

+ ‖d,t‖L2(0,t;W 16/5(S2)) + f3 4/3,2,St2
+ g(1) 6/5,2,Ωt + |h

(1)(0)|2,Ω.
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Next by Lemmas 3.8 and (3.10) we get from (3.37) and (3.51) the inequality

(3.54)
2∑
i=1

(
|h(i)|22,Ω + ν

∫ t
0
‖h(i)(t′)‖21,Ω dt′ + |h(i) · τα|22,St1

)
≤ϕ( d1 3,6,St2 , |d|∞,St2 , ‖v‖L2(0,t;W 13 (Ω)), ‖v‖L2(0,t;H1(S2)),

‖v‖L∞(0,t;H1(S2)), ‖h
(1)‖L2(0,t;W 13 (Ω)), ‖h

(1)‖L∞(0,t;L4(S2))) · η2(t),

where ϕ is an increasing positive function and

(3.55) η2(t) = l4(t) + l6(t) + ‖h(1)‖L2(0,t;H1(S2)),

where l4 and l5 are defined in assumptions of Lemma 3.10.

4. Estimates

First we replace (2.20) by more appropriate energy estimate

(4.1) |v(t)|2,Ω +
√
ν

(∫ t
0
‖v(t′)‖2

W 1,22 (Ω)
dt′
)1/2

≤ l1(t) + |∂2x3v|2,Ωt ≡ l2(t),

for t ≤ T . In view of (2.4), inequality (4.1) implies

(4.2) |v|18/5,Ωt ≤ cl2(t), t ≤ T.

Now we shall obtain an estimate for solutions of problem (3.3). First we
construct a function χ̃ described by the following problem

(4.3)

χ̃,t − ν∆χ̃ = 0 in ΩT ,

χ̃|S1 = χ∗ on ST1 ,
χ̃,x3 |S2 = 0 on ST2 ,

χ̃|t=0 = χ0 in Ω.
To show existence of such function we need the following compatibility con-

dition

χ∗,x3 =
2∑
i,j=1

[
− d,xi(ni,xjτ1j + τ1i,xjnj) +

γ

ν
d,xjτ1j

− d,xiτ1i(τ12,x1 − τ11,x2)
]∣∣∣∣
S1∩S2

= 0.

Moreover, we need the compatibility conditions

(4.4) χ0|S1 = χ∗|t=0, χ0,x3 |S2 = 0,

which imply restrictions on χ0. From (4.4) we have that χ0 depends on v in
a similar way as χ∗. This fact is important for below estimations.
Introducing the new function

(4.4’) χ′ = χ− χ̃
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we see that it is a solution to the following problem

(4.5)

χ′,t + v · ∇χ′ − h
(1)
3 χ′ + h(1)2 w,x1 − h

(1)
1 w,x2 − ν∆χ′

= F3 − v · ∇χ̃+ h(1)3 χ̃ in ΩT ,

χ′ = 0 on ST1 ,

χ′,x3 = 0 on ST2 ,

χ′|t=0 = χ(0)− χ0 in Ω.

Lemma 4.1. Assume that v is the weak solution to problem (1.1), assume
that

h(1) ∈ L2(0, T ;L3(Ω)) ∩ L∞(0, T ;L5/2(Ω)) ∩W
s′s′/2
r′ (ΩT ),

h(2) ∈ L2(0, T ;H1(Ω)),

where 5/r′ − s′ ≤ 3/2, v ∈ W
s,s/2
r (ΩT ) with 5/r − 11/9 ≤ s. Assume that

d ∈ L2(0, T ;L∞(S2)), v(0) ∈ W s−2/rr (Ω), χ(0) ∈ L2(Ω), h(1)(0) ∈ W s
′−2/r′
r′ (Ω),

F3 ∈ L18/13(ΩT ). Then solutions of problem (3.4) satisfy

(4.6) |χ(t)|22,Ω + ν
∫ t
0
‖χ(t′)‖2

W 1,22 (Ω)
dt′ ≤ c exp[c( h(1)

2

3,2,Ωt + d
2
∞,2,St2

)]

· [(l21(t) + ‖h(1)‖2s′,r′,Ωt + h(1)
2

5/2,∞,Ωt + 1)

· (‖v‖2s,r,Ωt + ‖v(0)‖2s−2/r,r,Ω)

+ l21(t) h
(1) 2

5/2,∞,Ωt + |F3|
2
18/13,Ωt + |χ(0)|

2
2,Ω]

+ c(‖h(1)‖2s′,r′,Ωt + ‖h(1)(0)‖2s′−2/r′,r′,Ω + |∇h
(2)|22,Ωt), t ≤ T.

Proof. Multiplying (4.5)1 by χ′, integrating the result over Ω and using
(1.1)3 we get

1
2
d

dt
|χ′|22,Ω + ν|∇χ′|22,Ω = −

∫
S2

dχ′2 dS2(4.7)

+
∫
Ω
h
(1)
3 χ′2 dx−

∫
Ω
(h(1)2 w,x1 − h

(1)
1 w,x2)χ

′ dx

+
∫
Ω
F3χ

′ dx−
∫
Ω
v · ∇χ̃χ′ dx+

∫
Ω
h
(1)
3 χ̃χ′ dx.

Estimating the first term on the r.h.s. by

|d|∞,S2 |χ′|22,S2 ≤ |d|∞,S2
(
ε1|∇χ′|22,Ω +

c

ε1
|χ′|22,Ω

)
≤ ε2|∇χ′|22,Ω +

c

ε2
|d|2∞,S2 |χ

′|22,Ω,

and the second term on the r.h.s. of (4.7) by

ε3|χ′|26,Ω + c(1/ε3)|h(1)|23,Ω|χ′|22,Ω,
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utilizing the Poincaré inequality in (4.7), assuming ε1− ε3 sufficiently small and
integrating the result with respect to time yield

(4.8) |χ′(t)|22,Ω + ν
∫ t
0
‖χ′(t′)‖2

W 1,22 (Ω)
dt′ ≤ c exp[c( h(1)

2

3,2,Ωt + d
2
∞,2,St2

)]

·
[ ∫
Ωt
|h(1)||w,x′ ||χ′| dx dt′ +

∫
Ωt
|F3χ′| dx dt′

+
∫
Ωt
|v · ∇χ̃χ′| dx dt′ +

∫
Ωt
|h(1)χ̃χ′| dx dt′ + |χ(0)− χ0|22,Ω

]
+ c
∫ t
0
|∂2x3χ

′(t′)|22,Ω dt′.

By the Hölder and Young inequalities and (2.7) we estimate the first integral on
the r.h.s. of (4.8) in the following way∫ t

0
dt′[ε1|χ′(t′)|210,Ω + c(1/ε1)|h(1)(t′)|25/2,Ω|w,x(t

′)|22,Ω]

≤ ε1
∫ t
0
‖χ′(t′)‖2

W 1,22 (Ω)
dt′ + c(1/ε1) h(1)

2

5/2,∞,Ωt l
2
1(t).

We bound the second term on the r.h.s. of (4.8) by

|χ′|18/5,Ωt |F3| 18
13 ,Ω

t ≤ ε2|χ′|218/5,Ωt + c(1/ε2)|F3|
2
18/13,Ωt .

By the Hölder inequality the third integral on the r.h.s. of (4.8) is estimated by

|v|18/5,Ωt |∇χ̃|9/4,Ωt |χ′|18/5,Ωt ≡ I1.

In view of (2.5) and (4.2) we have

I1 ≤ ε3|χ′|218/5,Ωt + c(1/ε3)l
2
2(t)|∇χ̃|29/4,Ωt ,

where to estimate the last norm we apply the imbedding

|∇χ̃|9/4,Ωt ≤ c‖χ̃‖s,r,Ωt

with

(4.9) 5/r − 11/9 ≤ s, 1 < s ∈ R+, r ∈ (1, 9/4).

Applying the Hölder inequalities the fourth term on the r.h.s. of (4.8) is bounded
by

|χ′|18/5,Ωt |h(1)χ̃|18/13,Ωt ≡ I2.

Assuming that χ̃ ∈ W
s,s/2
r (ΩT ) with s, r satisfying (4.9) we obtain that χ̃ ∈

L45/11(ΩT ). Hence we get

I2 ≤ ε4|χ′|218/5,Ωt + c(1/ε4)|h
(1)|290/43,Ωt‖χ̃‖

2
s,r,Ωt .
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Utilizing the above estimates in (4.8) and assuming that ε1 − ε4 are sufficiently
small we obtain

(4.10) |χ′(t)|22,Ω + ν
∫ t
0
‖χ′(t′)‖2

W 1,22 (Ω)
dt′ ≤ c exp[c h(1)

2

3,2,Ωt + d
2
∞,2,St2

)]

· [(l22(t) + |h(1)|290/43,Ωt)‖χ̃‖
2
s,r,Ωt + l

2
1(t) h

(1) 2

5/2,∞,Ωt

+ |F3|218/13,Ωt + |χ(0)− χ0|
2
2,Ω] + c

∫ t
0
|∂2x3χ

′(t′)|22,Ω dt′.

In view of the imbedding

χ̃ 2,∞,ΩT + ‖χ̃‖L2(0,T ;H1(Ω)) ≤ c‖χ̃‖s,r,ΩT ,

where s and r satisfy (4.9) and in view of transformation (4.4’) we obtain from
(4.10) the inequality

(4.11) |χ(t)|22,Ω + ν
∫ t
0
‖χ(t′)‖2

W 1,22 (Ω)
dt′ ≤ c exp[c( h(1)

2

3,2,Ωt + d
2
∞,2,St2

)]

· [(l22(t) + |h(1)|290/43,Ωt + 1)‖χ̃‖
2
s,r,Ωt + l

2
1(t) h

(1) 2

5/2,∞,Ωt

+ |F3|218/13,Ωt + |χ(0)− χ0|
2
2,Ω]

+ c
∫ t
0
|∂2x3 χ̃(t

′)|22,Ω dt′ + c
∫ t
0
|∇′∂2x3v|

2
2,Ω dt

′.

Solving problem (4.3) we get

(4.12) ‖χ̃‖s,r,ΩT ≤ c(‖χ∗‖s−1/r,r,ST1 + ‖χ0‖s−2/r,r,Ω).

In view of (3.3)2 we need that v ∈W s,s/2r (ΩT ) and the estimate holds

‖χ∗‖s−1/r,r,ST1 ≤ c‖v‖s,r,ΩT .

In virtue of compatibility condition (4.4)1 we get

‖χ0‖s−2/r,r,Ω ≤ c‖χ0|S1‖s−3/r,r,S1 ≤ c‖v(0)|S1‖s−3/r,S1 ≤ c‖v(0)‖s−2/r,Ω.

Therefore, instead of (4.12) we obtain

‖χ̃‖s,r,ΩT ≤ c(‖v‖s,r,ΩT + ‖v(0)‖s−2/r,r,Ω).

Assuming that s− 2/r ≥ 0 which holds for r ≥ 27/11 we have

|χ0|2,Ω ≤ c‖v(0)‖s−2/r,r,Ω.

Otherwise compatibility conditions (4.4) are satisfied.
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To estimate the last but one term on the r.h.s. of (4.11) we express ∂2x3 χ̃ in
the form ∂x3 χ̃

′. Then (4.3) implies that χ̃′ is a solution to the problem

χ̃′,t − ν∆χ̃′ = 0 in ΩT ,

χ̃′ = χ′∗ ≡ χ∗,x3 on ST1 ,
χ̃′ = 0 on ST2 ,

χ̃′|t=0 = χ′0 ≡ χ0,x3 in Ω.

Since χ∗ =
∑2
i=1 aivi we have that χ

′
∗ =
∑2
i=1 aihi. Then

‖χ̃′‖L2(0,t;H1(Ω)) ≤ c‖χ̃
′‖s′,r′,Ωt ≤ c(‖χ′∗‖s′−1/r′,r′,St1 + ‖χ

′
0‖s′−2/r′,r′,Ω)

≤ c(‖h(1)‖s′,r′,Ωt + ‖h(1)(0)‖s′−2/r′,r′,Ω),

where

(4.13)
5
r′
− s′ ≤ 3

2
.

Finally, we express the last term on the r.h.s. of (4.11) as
∫ t
0 |∇h

(2)(t′)|22,Ω dt′

and we have that l2(t) = l1(t) + |∇h(1)|2,Ωt .
In view of the above considerations (4.11) takes the form

(4.14) |χ(t)|22,Ω + ν
∫ t
0
‖χ(t′)‖2

W 1,22 (Ω)
dt′ ≤ c exp[c( h(1)

2

3,2,Ωt + d
2
∞,2,St2

)]

· [(l21(t) + |∇h(1)|22,Ωt + |h(1)|290/43,Ωt + 1)

· (‖v‖2s,r,Ωt + ‖v(0)‖2s−2/r,r,Ω)

+ l21(t) h
(1) 2

5/2,∞,Ωt + |F3|
2
18/13,Ωt + |χ(0)|

2
2,Ω]

+ c(‖h(1)‖2s′,r′,Ωt + ‖h(1)(0)‖2s′−2/r′,r′,Ω + |∇h
(2)|22,Ωt),

where s, r satisfy (4.9) and s′, r′ — (4.13).

Using the imbeddings

|h(1)|90/43,Ωt ≤ c h(1) 5/2,∞,Ωt , |∇h(1)|2,Ωt ≤ c‖h(1)‖s′,r′,Ωt

we obtain from (4.14) the inequality (4.6). �

Now we consider problem (3.8).

Lemma 4.2. Assume that h(1), χ ∈ V 02 (ΩT )∩L2(0, T ;W
1,2
2 (Ω)). Then solu-

tions of problem (3.8) satisfy, for v′ = (v1, v2) and t ≤ T ,

(4.15) sup
t′≤t
‖v′(t′)‖1,Ω + ‖∇v′‖L2(0,t;W 1,22 (Ω)) ≤ c( χ 2,∞,Ωt + ‖χ‖L2(0,t;W 1,22 (Ω))

+ h(1) 2,∞,Ωt + ‖h
(1)‖L2(0,t;W 1,22 (Ω))) ≡ cA1(t).
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Proof. For solutions of problem (3.8) we have

(4.16) sup
t′≤t

∫ a
−a
‖v′(t′, x3)‖21,Ω′ dx3 +

∫ a
−a
‖∇′v′(t′, x3)‖2L2(0,t;W 12 (Ω′)) dx3

≤ c(‖χ‖2V 02 (Ωt) + ‖h
(1)‖2V 02 (Ωt)),

where index Ω′ in the norms on the l.h.s. of (4.16) means that derivatives with
respect to x′ = (x1, x2) appear only. Adding derivatives with respect x3 in
corresponding norms to (4.16) implies (4.15). �

Now we obtain an estimate for velocity.

Lemma 4.3. Assume that

γ1(t) = ‖h(1)‖s′,r′,Ωt + |∇h(2)|2,Ωt <∞, s′, r′ satisfy(4.27),
G1(t) = |f |27/16,Ωt + f 6/5,2,Ωt + |F3|18/13,Ωt

+ ‖d‖38/27,27/16,St2 + ‖d‖L∞(0,t;W 13 (S2)) + d,t 6/5,2,St2
<∞,

G0(0) = ‖v(0)‖22/27,27/16,Ω + |χ(0)|2,Ω + ‖v(0)‖s−2/r,r,Ω
+ ‖h(1)(0)‖s′−2/r′,r′,Ω <∞, where s, r satisfy (4.25) and (4.9).

Then the following inequality holds

(4.17) ‖v‖2,27/16,Ωt ≤ G(γ1(t), G1(t), G0(0)),

where G is an increasing positive function.

Proof. In view of (2.1) and (2.2) we get from (4.15) the inequality

(4.18) v′ q,r,Ωt + v′,x q,r,Ωt ≤ cA1(t),

where
2
r
+
5
2q
=
5
4
.

Hence
‖v′‖Lr(0,t;W 1q (Ω)) ≤ cA1(t).

Let us use the imbedding

(4.19) |v′|σ,Ω ≤ c‖v′‖1,q,Ω,

with
1
q
=
1
3
+
1
σ
.

Utilizing (4.19) in (4.18) yields

(4.20) v′
σ,r,Ωt ≤ cA1(t),

where

(4.21)
2
r
+
5
2σ
=
5
12
.
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Inserting σ = r in (4.21) gives that r = 54/5. Then (4.20) takes the form

(4.22) |v′|54/5,Ωt ≤ cA1(t).

To increase regularity of v we consider the problem

(4.23)

v,t − divT(v, p) = −v′ · ∇v − wh(1) + f in ΩT ,

div v = 0 in ΩT ,

v · n|S1 = 0, n · T(v, p) · τα|S1 = −γv · τα|S1 , α = 1, 2, on ST1 ,

v · n|S2 = d, n · T(v, p) · τα|S2 = 0, α = 1, 2, on ST2 ,

v|t=0 = v(0) in Ω.

In view of the proof of Lemma 4.4 from [6] we have

|v′ · ∇v|27/16,Ωt ≤ |v′|54/5,Ωt |∇v|2,ΩT ≤ cl1(t)A1,
|wh(1)|27/16,Ωt ≤ |w|18/5,Ωt |h(1)|54/17,Ωt ≤ cl2(t)|h(1)|54/17,Ωt .

In view of the above estimates we obtain for solutions of problem (4.23) the
inequality

(4.24) ‖v‖2,27/16,Ωt ≤ c(l1A1 + l2|h(1)|54/17,Ωt) + c‖v‖11/27,27/16,St1
+ c(|f |27/16,Ωt + ‖d‖38/27,27/16,St2 + ‖v(0)‖22/27,27/16,Ω).

Exploiting the form of A1 defined by the r.h.s. of (4.15) and (4.6) and using the
interpolation inequalities

‖v‖11/27,27/16,ST1 ≤ ε1‖v‖2,27/16,ΩT + c(1/ε1)|v|2,ΩT ,

‖v‖s,r,ΩT ≤ ε1−κ1
2 ‖v‖2,27/16,ΩT + cε−κ1

2 |v|2,ΩT ,

where

(4.25) κ1 =
1
2

(
80
27
− 5
r
+ s
)
< 1

we obtain from (4.24) the inequality

(4.26) ‖v‖22,27/16,Ωt ≤ cl
2
1 exp[c( h

(1) 2

3,2,Ωt + d
2
∞,2,St2

)]

· [(l21 + h(1)
2

s′,r′,Ωt + h(1)
2

5/2,∞,Ωt + 1)‖v(0)‖
2
s−2/r,r,Ω

+ (l21 + ‖h(1)‖2s′,r′,Ωt + ‖h(1)‖25/2,∞,Ωt + 1)
1/(1−κ1)l21

+ l21 h
(1) 2

5/2,∞,Ωt + |F3|
2
18/13,Ωt + |χ(0)|

2
2,Ω]

+ cl21( h
(1) 2

s′,r′,Ωt + ‖h
(1)(0)‖2s′−2/r′,r′,Ω + |∇h

(2)|22,Ωt)

+ c(l22|h(1)|254/17,Ωt + |f |
2
27/16,Ωt + ‖d‖

2
38/27,27/16,St2

+ ‖v(0)‖222/27,27/16,Ω + l
2
1).
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Assuming that

(4.27) 5/r′ − 6/5 ≤ s′

we have the imbeddings

h(1) 3,2,Ωt + h(1) 5/2,∞,Ωt + |h
(1)|54/17,Ωt ≤ c‖h(1)‖s′,r′,Ωt .

Then (4.26) takes the form

(4.28) ‖v‖2,27/16,Ωt ≤ cl1 exp c(‖h(1)‖2s′,r′,Ωt + d
2
∞,2,St2

)

· [(l1 + ‖h(1)‖s′,r′,Ωt + 1)‖v(0)‖s−2/r,r,Ω
+ (l1 + ‖h(1)‖s′,r′,Ωt + 1)1/(1−κ1)l1

+ l1‖h(1)‖s′,r′,Ωt + |F3|18/13,Ωt + |χ(0)|2,Ω]
+ c(l1 + ‖h(1)‖s′,r′,Ωt)‖h(1)‖s′,r′,Ωt + cl1|∇h(2)|2,Ωt

+ c(l1‖h(1)(0)‖s′−2/r′,r′,Ω + |f |27/16,Ωt

+ ‖d‖38/27,27/16,St2 + ‖v(0)‖22/27,27/16,Ω + l1),

where we used that l2 ≤ l1 + ‖h(1)‖s′,r′,Ωt . From (2.29) we obtain

l1(t) ≤ ϕ1(‖d‖L∞(0,t;W 13 (S2)), d,t 6/5,2,St2 + f 6/5,2,Ωt + |v(0)|2,Ω + ‖h
(1)‖s′,r′,Ωt),

where ϕ1 is a positive function, nonlinear with respect to the first argument and
linear with respect to the second one. Utilizinig the above inequalities in (4.28)
yields (4.17). �

To prove the existence of local solutions to problem (1.1) we apply the Leray–
Schauder fixed point theorem. We show existence of a fixed point of a trans-
formation generated by problems (3.1) and (3.9). First we examine problem
(3.1).

Lemma 4.4. Let v ∈ W 2,1r (Ω
T ), r > 5/3. Let h(1) ∈ L2(ΩT ), g(1) ∈

W
β,β/2
δ (ΩT ), h(1)(0) ∈W 2+β−2/δδ (Ω), d,x′ ∈W 2+β−1/δ,1+β/2−1/(2δ)δ (ST2 ), β > 0,

δ > 1. Then solutions of (3.1) satisfy

(4.29) ‖h(1)‖2+β,δ,ΩT + ‖∇q(1)‖β,δ,ΩT ≤ ϕ(‖v‖2,r,ΩT )|h(1)|2,ΩT
+ c(‖g(1)‖β,δ,ΩT + ‖d,x′‖2+β−1/δ,δ,ST2 + ‖h

(1)(0)‖2+β−2/δ,δ,Ω)

≡ ϕ(‖v‖2,r,ΩT )|h(1)|2,ΩT + cl6(T ),

where ϕ is an increasing positive function.

Proof. Applying [1] to problem (3.1) yields

(4.30) ‖h(1)‖2+β,δ,ΩT + ‖∇q(1)‖β,δ,ΩT ≤ c(‖v · ∇h(1)‖β,δ,ΩT + ‖h(1) · ∇v‖β,δ,ΩT
+ ‖g(1)‖β,δ,ΩT + ‖d,x′‖2+β−1/δ,δ,ST2 + ‖h

(1)(0)‖2+β−2/δ,δ,Ω).
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Utilizing Lemma 2.2 from [8] to the first term on the r.h.s. of (4.30) implies

(4.31) ‖v · ∇h(1)‖β,δ,ΩT ≤ ‖v‖β+ε/δ,δ1,ΩT |∇h
(1)|δ′1,ΩT

+ ‖∇h(1)‖β+ε/δ,δ2,ΩT |v|δ′2,ΩT ≡ I1,

where ε > 0 is assumed as arbitrary small, 1/δi + 1/δ′i = 1/δ, i = 1, 2. To
estimate I1 we use the imbeddings

(4.32) ‖v‖β+ε/δ,δ1,ΩT + |v|δ′2,ΩT ≤ c‖v‖2,r,ΩT

with

(4.33)
5
r
− 5
δ1
+ β < 2,

5
r
− 5
δ′2
≤ 2

and the interpolation inequalities

(4.34)
|∇h(1)|δ′1,ΩT ≤ ε

1−κ1
1 ‖h(1)‖2+β,δ,ΩT + cε

−κ′1
1 |h(1)|2,ΩT ,

‖∇h(1)‖β+ εδ ,δ2,ΩT ≤ ε
1−κ2
2 ‖h(1)‖2+β,δ,ΩT + cε

−κ′2
2 |h(1)|2,ΩT ,

with

(4.35)

κ1 =
(
5
δ
− 5
δ′1
+ 1
)
1
2 + β

< 1,

κ′1 =
(
5
2
− 5
δ′1
+ 1
)
1
2 + β

,

κ2 =
(
5
δ
− 5
δ2
+ β +

ε

δ
+ 1)
)
1
2 + β

< 1,

κ′2 =
(
5
2
− 5
δ2
+ β +

ε

δ
+ 1
)
1
2 + β

.

From (4.33) and (4.35) we obtain the following restrictions

(4.36)
5
r
+ β < 2 +

5
δ1
< 3 + β,

5
r
≤ 2 + 5

δ′2
< 3,

1
δi
+
1
δ′i
= 1, i = 1, 2,

which hold for r > 5/3. Applying Lemma 2.2 from [8] to the second term on the
r.h.s. of (4.30) yields

(4.37) ‖h(1) · ∇v‖β,δ,ΩT ≤ ‖∇v‖β+ε/δ,δ3,ΩT |h
(1)|δ′3,ΩT

+ ‖h(1)‖β+ε/δ,δ4,ΩT |∇v|δ′4,ΩT ≡ I2,

where ε > 0 is arbitrary small and 1/δi + 1/δ′i = 1/δ, i = 3, 4.
To estimate I2 we utilize the imbeddings

(4.38) ‖∇v‖β+ε/δ,δ3,ΩT + |∇v|δ′4,ΩT ≤ c‖v‖2,r,ΩT ,

with

(4.39)
5
r
− 5
δ3
+ β + 1 < 2,

5
r
− 5
δ′4
+ 1 ≤ 2,
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and the interpolation inequalities

(4.40)
|h(1)|δ′3,ΩT ≤ ε

1−κ3
3 ‖h(1)‖2+β,δ,ΩT + cε

−κ′3
3 |h(1)|2,ΩT ,

‖h(1)‖β+ε/δ,δ4,ΩT ≤ ε
1−κ4
4 ‖h(1)‖2+β,δ,ΩT + cε

−κ′4
4 |h(1)|2,ΩT ,

with

(4.41)
κ3 =

(
5
δ
− 5
δ′3

)
1
2 + β

< 1, κ′3 =
(
5
2
− 5
δ′3

)
1
2 + β

,

κ4 =
(
5
δ
− 5
δ4
+ β +

ε

δ

)
1
2 + β

< 1, κ′4 =
(
5
2
− 5
δ4
+ β +

ε

δ

)
1
2 + β

.

From (4.39) and (4.41) we have the restrictions

(4.42)
5
r
+ β < 1 +

5
δ3
< 3 + β,

5
r
≤ 1 + 5

δ′4
< 3,

1
δi
+
1
δ′i
=
1
δ
, i = 3, 4,

which holds for r > 5/3. Exploiting the above estimates in (4.30) and assuming
that εi, i = 1, . . . , 4, are sufficiently small we obtain (4.29). �

To examine problem (3.9) we need more regularity for v. Hence we have

Lemma 4.5. Assume that v ∈W 2,1r (ΩT ), r = 27/16. Assume

G2(T ) = |d|∞,ST2 + ‖d,x′‖L∞(0,T ;W 13 (S2)) + ‖d,t‖L2(0,T ;W 16/5(S2)) + |F3|18/13,ΩT

+ |f |2,ΩT + ‖f‖σ,ρ,ΩT + f3 4/3,2,ST2
+ g(1) 6/5,2,ΩT <∞,

G10(0) = ‖v(0)‖s−2/r,r,Ω + |χ(0)|2,Ω + ‖v(0)‖1,Ω
+ ‖v(0)‖2+σ−2/ρ,ρ,Ω + ‖h(1)(0)‖s′−2/r′,r′,Ω <∞.

Assume that 2 + σ < 5/ρ, 5/r− 11/9 ≤ s, 5/r′ − s′ ≤ 6/5, 80/27− 5/r+ s < 2.
Then, for t ≤ T ,

(4.43) ‖v‖2+σ,ρ,Ωt ≤ ϕ(‖v‖2,27/16,Ωt , ‖h(1)‖s′,r′,Ωt , |∇h(2)|2,Ωt , t, G2(T ), G10(0)),

where ϕ is an increasing positive function.

Proof. To show the lemma we use problem (1.1) in the form (4.23). For
solutions of (4.23) we have

(4.44) ‖v‖2,2,Ωt ≤ c(|v′ · ∇v|2,Ωt + |w · h(1)|2,Ωt + |f |2,Ωt

+ ‖v‖1/2,2,St1 + ‖v(0)‖1,Ω)

≤ c(|v′|54/5,Ωt |∇v|27/11,Ωt + |w|5,Ωt |h(1)|10/3,Ωt + |f |2,Ωt

+ ‖v‖2,27/16,Ωt + ‖v(0)‖1,Ω)
≤ c(A1(t)‖v‖2,27/16,Ωt + ‖v‖2,27/16,Ωt‖h(1)‖V 02 (Ωt)
+ |f |2,Ωt + ‖v‖2,27/16,Ωt + ‖v(0)‖1,Ω) ≡ I1,
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where we used (4.22) and imbeddings

|v|5,Ωt + |∇v|27/11,Ωt ≤ c‖v‖2,27/16,Ωt .

Moreover, we have the imbedding

∇v 3,2,Ωt ≤ c‖v‖2,27/16,Ωt .

From (2.29) we get

l21(t) ≤ ϕ(‖d‖L∞(0,t;W 13 (S2)), t)[‖d‖L2(0,t;H1(S2))
+ d,t 6/5,2,St2

+ f 6/5,2,Ωt + |v(0)|2,Ω].

From the assumptions of Lemma 3.7 we obtain

l3(t) ≤ l1‖d,x′‖L∞(0,t;W 13 (S2)) + (1 + ‖d‖L∞(0,t;L3(S2)))‖d,x′‖L∞(0,t;H1(S2))
+ ‖d,t‖L2(0,t;W 16/5(S2)) + f3 4/3,2,St2

+ g(1) 6/5,2,Ωt + |h
(1)(0)|2,Ω

≤ c(l1 + d 3,∞,St2
)η1.

Next, (3.52) implies

‖h(1)‖V 02 (Ωt) ≤ ϕ(t, l1, ‖d‖L∞(0,t;L3(S2)), ‖v‖2,27/16,Ωt)η1,

where η1 is defined by (3.53).
In view of (4.6) we have

A1 ≤ c exp c( h(1)
2

3,2,Ωt + d
2
∞,2,St2

)[(l21 + ‖h(1)‖2s′,r′,Ωt + 1)

· (‖v‖22,27/16,Ωt + ‖v(0)‖
2
s−2/r,r,Ω) + l

2
1‖h(1)‖2s′,r′,Ωt

+ |F3|218/13,Ωt + |χ(0)|
2
2,Ω] + c(‖h(1)‖2s′,r′,Ωt

+ ‖h(1)‖2V 02 (Ωt) + |∇h
(2)|22,Ωt + ‖h(1)(0)‖2s′−2/r′,r′,Ω)

=ϕ(‖v‖2,27/16,Ωt , ‖h(1)‖s′,r′,Ωt , t, l7) + c(‖h(1)‖2V 02 (Ωt) + |∇h
(2)|22,Ωt),

where

l7 = |d|∞,St2 + |F3|18/13,Ωt +‖v(0)‖s−2/r,r,Ω+ |χ(0)|2,Ω+‖h
(1)(0)‖s′−2/r′,r′,Ω+ l1.

Utilizing the above estimates in (4.44) yields

(4.45) ‖v‖2,2,Ωt ≤ ϕ(‖v‖2,27/16,Ωt , ‖h(1)‖s′,r′,Ωt , t, l8) + c|∇h(2)|2,Ωt ≡ cl9,

where

l8 = l7 + ‖d,x′‖L∞(0,t;W 13 (S2)) + ‖d,t‖L2(0,t;W 16/5(S2)) + f3 4/3,2,St2
+ g(1) 6/5,2,Ωt .

Having that v ∈ W 2,12 (Ω
T ) we are looking for solutions of (4.23) such that

v ∈W 2+σ,1+σ/2ρ (ΩT ). For this purpose we examine

‖v · ∇v‖σ,ρ,Ωt ≤ |v|ρ11,Ωt‖∇v‖σ+ε,ρ12,Ωt + ‖v‖σ+ε,ρ21,Ωt |∇v|ρ22,Ωt ≤ c‖v‖
2
2,2,Ωt ,
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where 1/ρi1 + 1/ρ
i
2 = 1/ρ, i = 1, 2, ε > 0 and the second inequality holds for

2 + σ < 5/ρ. Finally, for 3/2 + σ ≤ 5/ρ we have

‖v‖1+σ−1/ρ,ρ,St1 ≤ c‖v‖2,2,Ωt .

Hence for solutions of problem (4.23) we obtain the estimate

(4.46) ‖v‖2+σ,ρ,Ωt + ‖∇p‖σ,ρ,Ωt

≤ c(‖v‖22,2,Ωt + ‖v‖2,2,Ωt + ‖f‖σ,ρ,Ωt + ‖v(0)‖2+σ−2/ρ,ρ,Ω).

From (4.46) and (4.45) the inequality (4.43) follows. �

Now we examine problem (3.9).

Lemma 4.6. Assume that

v ∈W 2+σ,1+σ/2ρ (ΩT ) ∩W 2,12 (ΩT ),
h(1), h(2) ∈ L2(ΩT ), h(1) ∈W 2+β,1+β/2δ (ΩT ),

g(2) ∈W β
′,β′/2
δ (ΩT ),

d,t ∈W 2+β
′−1/δ,1+β′/2−1/(2δ)

δ (ST2 ),

d,x′ ∈W 3+β
′−1/δ,3/2+β′/2−1/(2δ)

δ (ST2 ),

F ′ ∈W 1+β
′−1/δ,1/2+β′/2−1/(2δ)

δ (ST2 ),

h(2)(0) ∈W 2+β
′−2/δ

δ (Ω), d ∈ H5/2(ST2 ),

where 0 < β′ < β < 1, 5/δ < 3+β−β′, β′ < σ < 1, 5/ρ < 2+σ+β−β′, ρ > δ.
Then solutions of problem (3.9) satisfy the inequality

(4.47) ‖h(2)‖2+β′,δ,ΩT + ‖∇q(2)‖β′,δ,ΩT ≤ ϕ(‖v‖2,27/16,ΩT )|h(2)|2,ΩT

+ ϕ
(
1
ε
‖h(1)‖2+β,δ,ΩT , ‖v‖2+σ,ρ,ΩT , ‖d‖5/2,2,ST2 , ‖d,x′‖3+β′−1/δ,δ,ST2

)
· |h(1)|2,ΩT + ε‖h(1)‖2+β,δ,ΩT + c‖d,x′‖3+β′−1/δ,δ,ST2 ‖v‖2+σ,ρ,ΩT

+ c(‖g(2)‖β′,δ,ΩT + ‖d,x′‖3+β′−1/δ,δ,ST2
+ ‖F ′‖1+β′−1/δ,δ,ST2 + ‖h

(2)(0)‖2+β′−2/δ,δ,Ω).

Proof. Applying [1] to problem (3.9) yields

(4.48) ‖h(2)‖2+β′,δ,ΩT + |∇q(2)|β′,δ,ΩT ≤ c(‖v · ∇h(2)‖β′,δ,ΩT
+ ‖h(1) · ∇h(1)‖β′,δ,ΩT + ‖h(2) · ∇v‖β′,δ,ΩT + ‖g(2)‖β′,δ,ΩT
+ ‖d,x′t‖1+β′−1/δ,δ,ST2 + ‖∆

′d,x′‖1+β′−1/δ,δ,ST2 + ‖F
′‖1+β′−1/δ,δ,ST2

+ ‖vh(1),x′ ‖1+β′−1/δ,δ,ST2 + ‖vd,x′x′‖1+β′−1/δ,δ,ST2
+ ‖dh(1),x ‖1+β′−1/δ,δ,ST2 + ‖h

(1)h(1)‖1+β′−1/δ,δ,ST2
+ ‖h(1)d,x′‖1+β′−1/δ,δ,ST2 + ‖h

(1)v,x‖1+β′−1/δ,δ,ST2
+ ‖d,x′v,x‖1+β′−1/δ,δ,ST2 + ‖h

(2)(0)‖2+β′−2/δ,δ,Ω).
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Employing Lemma 2.2 from [8] to the first and the third terms on the r.h.s. of
(4.48) yields the same relations as (4.31)–(4.42) with the difference that h(1) is
replaced by h(2) and β by β′.
Applying Lemma 2.2 from [8] to the second term on the r.h.s. of (4.48) we

obtain

(4.49) ‖h(1) · ∇h(1)‖β,δ,ΩT ≤ c‖h(1)‖β+ε/δ,δ5,ΩT |∇h
(1)|δ′5,ΩT

+ c‖∇h(1)‖β+ε/δ,δ6,ΩT |h
(1)|δ′6,ΩT ≡ I3,

where 1/δi + 1/δ′i = 1/δ, i = 5, 6, ε > 0.
Utilizing the imbedding

‖h(1)‖β+ε/δ,δ5,ΩT + ‖∇h
(1)‖β,ε/δ,δ6,ΩT ≤ c‖h

(1)‖2+β,δ,ΩT

and the interpolation inequality

|h(1)|δ′6,ΩT + |∇h
(1)|δ′5,ΩT ≤ ε1‖h

(1)‖2+β,δ,ΩT + c(1/ε1)|h(1)|2,ΩT

which hold together for 5/δ < 3 + β we obtain that

I3 ≤ ε5‖h(1)‖2+β,δ,ΩT + ϕ(1/ε5, ‖h(1)‖2+β,δ,ΩT )|h(1)|2,ΩT .

Finally we examine the terms from eighth to fourteenth on the r.h.s. (4.48).
To simplify considerations we introduce d̃ which is an extension of d into Ω. The
eighth term,

(4.50) ‖vh(1),x′ ‖1+β′−1/δ,δ,ST2 ≤ c‖vh
(1)
,x′ ‖1+β′,δ,ΩT

≤ c|v|δ′7,ΩT ‖h
(1)
,x′ ‖1+β′+ε/δ,δ7,ΩT + c|h

(1)
,x′ |δ8,ΩT ‖v‖1+β′+ε/δ,δ′8,ΩT ≡ I4,

where 1/δi + 1/δ′i = 1/δ, i = 7, 8. By the estimate

|v|δ′7,ΩT + ‖v‖1+β′+ε/δ,δ8,ΩT ≤ c‖v‖2+σ,ρ,ΩT

and the interpolation inequality

(4.51) ‖h(1),x′ ‖1+β′+ε/δ,δ7,ΩT + |h
(1)
,x′ |δ′8,ΩT ≤ ε2‖h

(1)‖2+β,δ,ΩT + c(1/ε2)|h(1)|2,ΩT ,

which hold together for 5/ρ < 2 + σ + β − β′ we obtain

I4 ≤ ε6‖h(1)‖2+β,δ,ΩT + ϕ(1/ε6, ‖v‖2+σ,ρ,ΩT )|h(1)|2,ΩT .

The nineth term,

‖vd,x′x′‖1+β′−1/δ,δ,ST2 ≤ c‖vd̃,x′x′‖1+β′,δ,ΩT

≤ c‖v‖2,2,ΩT ‖d̃,x′x′‖2+β,δ,ΩT ≤ c‖v‖2,2,ΩT ‖d,x′‖3+β−1/δ,δ,ST2 .

The tenth term,

(4.52) ‖dh(1),x ‖1+β′−1/δ,δ,ST ≤ ‖d̃h(1),x ‖1+β′,δ,ΩT ≤ c‖d̃‖3,2,ΩT ‖h(1)‖2+β′,δ,ΩT

≤ ε7‖h(1)‖2+β,δ,ΩT + ϕ(1/ε7, ‖d‖5/2,2,ST2 )|h
(1)|2,ΩT ,
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where we used that β′ < β.
The eleventh term,

(4.53) ‖h(1)h(1)‖1+β′,δ,ΩT ≤ c‖h(1)‖1+β′+ε/δ,δ9,ΩT |h
(1)|δ′9,ΩT ≡ I4,

where 1/δ9 + 1/δ′9 = 1/δ.
To estimate I4 we use the interpolation inequalities

‖h(1)‖1+β′+ε/δ,δ9,ΩT + |h
(1)|δ′9,ΩT ≤ ε3‖h

(1)‖2+β,δ,ΩT + c(1/ε3)|h(1)|2,ΩT ,

which hold for 5/δ − 5/δ9 + 1 + β′ < 2 + β and 5/δ − 5/δ′9 < 2 + β. Therefore,
for 5/δ < 3 + β − β′ it follows

I4 ≤ ε7‖h(1)‖2+β,δ,ΩT + ϕ(1/ε7, ‖h(1)‖2+β,δ,ΩT )|h(1)|2,ΩT .

The twelveth term,

(4.54) ‖h(1)d,x′‖1+β′−1/δ,δ,ST2 ≤‖h
(1)d̃,x′‖1+β′,δ,ΩT

≤ c|h(1)|δ′10,ΩT ‖d̃,x′‖1+β′+ε/δ,δ10,ΩT

+ c‖h(1)‖1+β′+ε/δ,δ11,ΩT |d̃,x′ |δ′11,ΩT ≡ I5,

where 1/δi + 1/δ′i = 1/δ, i = 10, 11. Hence for 5/δ < 4 + β − β′ and by an
interpolation inequality we have

I5 ≤ ε8‖h(1)‖2+β,δ,ΩT + ϕ(1/ε8, ‖d,x′‖3+β′−1/δ,δ,ST2 )|h
(1)|2,ΩT .

The thirteenth term,

‖h(1)v,x‖1+β′−1/δ,δ,ST2 ≤ ‖h
(1)v,x‖1+β′,δ,ΩT

≤ c|h(1)|δ′12,ΩT ‖v,x‖1+β′+ε/δ,δ12,ΩT + c‖h
(1)‖1+β′+ε/δ,δ13,ΩT |v,x|δ′13,ΩT ≡ I6,

where 1/δi + 1/δ′i = 1/δ, i = 12, 13. Assuming the inequalities

5
ρ
− 5
δ12
+ 2 + β′ < 2 + σ,

5
δ
− 5
δ′12

< 2 + β,

5
δ
− 5
δ13
+ 1 + β′ < 2 + β,

5
ρ
− 5
δ′13

< 1 + σ,

which hold for σ > β′, 5/ρ < 2+σ+β−β′, ρ > δ. Hence, applying interpolation
inequalities, we have

I6 ≤ ε9‖h(1)‖2+β,δ,ΩT + ϕ(1/ε9, ‖v‖2+σ,ρ,ΩT )|h(1)|2,ΩT .

Finally, we estimate the fourteenth term in the way

‖d,x′v,x‖1+β′−1/δ,δ,ST2 ≤ ‖d̃,x′v,x‖1+β′,δ,ΩT

≤ c‖d̃,x′‖1+β′+ε/δ,δ14,ΩT |v,x|δ′14,ΩT + c|d̃,x′ |δ15,ΩT ‖v,x‖1+β′+ε/δ,δ′15,ΩT

≤ c‖d̃,x′‖3+β′,δ,ΩT ‖v‖2+σ,ρ,ΩT ≤ c‖d,x′‖3+β′−1/δ,δ,ST2 ‖v‖2+σ,ρ,ΩT ,
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which hold for 1/δi + 1/δ′i = 1/δ, i = 14, 15 and 5/ρ < 3 + σ.
The interpolation inequalities, used in this proof, can be found in [2, Sec-

tions 10 and 15] for the anisotropic case.
Summarizing the above considerations we show (4.47). This ends the proof.�

5. Local existence and uniqueness

To prove the existence of local solutions to problem (1.1) we are looking for
a fixed point of the transformation

(5.1) (h(1), h(2)) = Φ(h̃(1), h̃(2), λ), λ ∈ [0, 1],

defined by the following system of problems

(5.2)

h
(1)
,t − divT(h(1), q(1)) = −λ[v(h̃(1), h̃(2)) · ∇h̃(1)

+ h̃(1) · ∇v(h̃(1), h̃(2))] + g(1) in ΩT ,

divh(1) = 0 in ΩT ,

n · h(1) = 0 on ST1 ,

νn · D(h(1)) · τα + γh(1) · τα = 0, α = 1, 2, on ST1 ,

h
(1)
i = −d,xi , i = 1, 2, on ST2 ,

h
(1)
3,x3 = ∆

′d on ST2 ,

h(1)|t=0 = h(1)(0) in Ω,

and

(5.3)

h
(2)
,t − divT(h(2), q(2)) = −λ[v(h̃(1), h̃(2)) · ∇h̃(2)

+ h̃(1) · ∇h̃(1) + h̃(2) · ∇v(h̃(1), h̃(2))] + g(2) in ΩT ,

divh(2) = 0 in ΩT ,

n · h(2) = 0 on ST1 ,

νn · D(h(2)) · τα + γh(2) · τα = 0, α = 1, 2, on ST1 ,

h
(2)
3 = ∆

′d on ST2 ,

h
(2)
i,x3
= −2

ν
d,xit + 3∆

′d,xi +
1
ν
F ′i +

1
ν
[vj(h

(1)
i − d,xi),xj

+ d(h(1)i,x3 − h
(1)
3,xi) + h

(1)
3 (h

(1)
i − d,xi)

+ h(1)j vi,xj − d,xjvj,xi ]|S2 , i = 1, 2, on ST2 ,

h(2)|t=0 = h(2)(0) in Ω.

Moreover, the dependence v = v(h̃(1), h̃(2)) is determined by Lemmas 4.3 and 4.5.
The main problem of this section is to show existence of a fixed point of

transformation (5.1) for λ = 1. The above presentation suggests that the Leray–
Schauder fixed point theorem should be applied.
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To define the domain of transformation Φ we first examine the mapping v =
v(h(1), h(2)) defined by Lemmas 4.3, 4.5. In view of assumptions of Lemma 4.3
we define

M0(ΩT ) = {h(1) : h(1) ∈W s
′,s′/2
r′ (ΩT ), 5/r′ − s′ ≤ 3/2},

N0(ΩT ) = {h(2) : h(2) ∈ L2(0, T ;H1(Ω))}.

Then Lemmas 4.3 and 4.5 imply the mapping

(5.4) v:M0(ΩT )×N0(ΩT )→W 2+σ,1+σ/2ρ (ΩT ).

Let Φ1 be a part of transformation Φ defined by problem (5.2). Let v be
given. Then to determine the domain of Φ1 we look for inequalities (4.31) and
(4.37). They imply the space

M1(ΩT ) = {h(1) : h(1) ∈ Lδ′3(Ω
T ) ∩W β+ε/δ,β/2+ε/(2δ)δ4

(ΩT ),

∇h(1) ∈ Lδ′1(Ω
T ) ∩W β+ε/δ,β/2+ε/2δδ2

(ΩT )}

where

5
r
+ β +

5
δ′1

< 2 +
5
δ
< 3 + β +

5
δ′1
,

5
r
+
5
δ2

< 2 +
5
δ
< 3 +

5
δ2
,

5
r
+ β +

5
δ′3

< 1 +
5
δ
< 3 + β +

5
δ′3
,

5
r
+
5
δ4

< 1 +
5
δ
< 3 +

5
δ4
.

Hence Lemma 4.4 implies the mapping

Φ1:M0(ΩT ) ∩M1(ΩT )×N0(ΩT )→W
2+β,1+β/2
δ (ΩT ).

Now we examine problem (5.3). Let Φ2 be a mapping determined by (5.3).
To define the domain of Φ2 we examine the proof of Lemma 4.6. Let N1(ΩT ) be
defined in the same way as space M1(ΩT ), where h(1) is replaced by h(2) and β
by β′ < β (in reality we assume that β′ is very close to β).
Examining inequalities in the proof of Lemma 4.6 we introduce the space

M2(ΩT ) =
{
h(1) : h(1) ∈

5⋂
j=1

Lσj (Ω
T ) ∩W β+ε/δ,β/2+ε/2δσj

(ΩT ),

∇h(1) ∈ Lδ′5(Ω
T ) ∩W β+ε/δ,β/2+ε/2δδ6

(ΩT )
}
,

where 1/δi+1/δ′i = 1/δ, i = 5, 6, σj ∈{δ′5, δ′6, δ′9, δ′10, δ′12}, σj ∈{δ5, δ7, δ9, δ11, δ12},
ε > 0 arbitrary small and 5/δ < 3 + β.
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Finally the last but one term on the r.h.s. of (4.52) implies the space

M3(ΩT ) = {h(1) : h(1) ∈W 2+β
′,1+β′/2

δ (ΩT )}.

Hence Lemma 4.6 implies the mapping

Φ2:M0(ΩT ) ∩M2(ΩT ) ∩M3(ΩT )×N0(ΩT ) ∩N1(ΩT )→W
2+β′,1+β′/2
δ (ΩT ).

Hence Φ = {Φ1,Φ2}. Let

M(ΩT ) =
3⋂
i=0

Mi(ΩT ), N(ΩT ) =
1⋂
i=0

Ni(ΩT ).

Then

(5.5) Φ:M(ΩT )×N(ΩT )→W
2+β,1+β/2
δ (ΩT )×W 2+β

′,1+β′/2
δ (ΩT ).

Lemma 5.1. Assume that

g(1) ∈W β,β/2δ (ΩT ), g(2) ∈W β
′,β′/2
δ (ΩT ),

h(1)(0) ∈W 2+β−2/δδ (Ω), h(2)(0) ∈W 2+β
′−2/δ

δ (Ω),

d,t ∈W 2+β
′−1/δ,1+β′/2−1/(2δ)

δ (ST2 ),
d,x′ ∈W 3+β−1/δ,3/2+β/2−1/(2δ)δ (ST2 ),

F ′ ∈W 1+β
′−1/δ,1/2+β′/2−1/(2δ)

δ (ST2 ),
d,t ∈ L3(ST2 ),
β′ < β, 5/δ < 3 + β − β′, β′ < σ < 1, 2 + σ < 5/ρ < 2 + σ + β − β′,
ρ > δ,
f ∈W σ,σ/2ρ (ΩT ), F3∈L18/13(ΩT ), χ(0) ∈ L2(Ω), v(0)∈W

2+σ−2/ρ
ρ (Ω).

Assume that δ ∈ (1, 2), β ∈ (0, 1) are such that 5/δ < 3 + β, 3/δ < 2 + β. Then
the imbeddings

(5.6) W
2+β,1+β/2
δ (ΩT ) ⊂M(ΩT )), W

2+β′,1+β′/2
δ (ΩT ) ⊂ N(ΩT ),

are compact.

Proof. In view of interpolation inequalities (4.31) (4.37) (4.49)–(4.54) and
definition of space M3(ΩT ) we have to show only that the imbeddings

W
2+β,1+β/2
δ (ΩT ) ⊂M0(ΩT ),(5.7)

W
2+β′,1+β′/2
δ (ΩT ) ⊂ N0(ΩT )(5.8)

are compact.
To show (5.7) we check that the following imbeddings are compact

(5.9) W
2+β,1+β/2
δ (ΩT ) ⊂W s

′,s′/2
r (ΩT ) if

5
δ
−
(
5
r′
− s′
)
< 2 + β.

To show (5.8) we look for the imbedding

(5.10) W
2+β′,1+β′/2
δ (ΩT ) ⊂ L2(0, T ;H1(Ω)
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which is compact for 5/δ < 7/2 + β′.
Since the condition 5/δ < 3 + β must be satisfied we have the following

restriction on β′: 0 < β − β′ < 1/2. Hence (5.6) are compact. �

Now we find an estimate for a fixed point of mapping Φ. Let

γ(T ) =
2∑
i=1

(‖h(i)‖2+βi,δ,ΩT + ‖∇q(i)‖βi,δ,ΩT ) ≡
2∑
i=1

γi(T ),

where β1 = β, β2 = β′. Let

(5.11)

k1(T ) = ‖g(1)‖β,δ,ΩT + ‖d,x′‖2+β−1/δ,δ,ST2 + ‖h
(1)(0)‖2+β−2/δ,δ,Ω,

k2(T ) = ‖g(2)‖β′,δ,ΩT + ‖d,t‖2+β′−1/δ,δ,ST2 + ‖d,x′‖3+β′−1/δ,δ,ST2
+ ‖F ′‖1+β′−1/δ,δ,ST2 + ‖h

(2)(0)‖2+β′−2/δ,δ,Ω,
k3(T ) = d1 3,6,ST2

+ ‖d‖5/2,2,ST2 .

Let

(5.12) k(T ) =
2∑
i=1

ki(T ).

Lemma 5.2. Let the assumptions of Lemma 5.1 hold. Then there exists
a constant A sufficiently large (see (5.22)) satisfying inequality (5.21) such that
for sufficiently small η1(T ) + η2(T ) (see (3.53), (3.55)) we have

(5.13) γ(T ) ≤ A.

Proof. In view of imbeddings (5.9) and (5.10) we have γ1(T ) ≤ cγ(T ).
Therefore (4.17) and (4.43) imply

(5.14)
‖v‖2,27/16,ΩT ≤ G(γ(T ), G1(T ), G0(0)),
‖v‖2+σ,ρ,ΩT ≤ G(γ(T ), G1(T ), G0(0)),

where G1 = G1 +G2, G0 = G0 +G10.
From (4.29) we obtain

(5.15) γ1(T ) ≤ ϕ(‖v‖2, 2716 ,ΩT )|h
(1)|2,ΩT + ck1(T ).

From (4.47) we have

(5.16) γ2(T ) ≤ϕ(‖v‖2,27/16,ΩT )|h(2)|2,ΩT + ϕ(γ1(T ), ‖v‖2+σ,ρ,ΩT )|h(1)|2,ΩT

+ εγ1(T ) + ϕ
(
1
ε
, k3(T )

)
|h(1)|2,ΩT + ck2(T ).

From (5.14)–(5.16) we obtain for sufficiently small ε the inequality

(5.17) γ(T ) ≤ ϕ0(γ(T ), G1(T ), G0(0), k3(T ), γ1(T ))
· (|h(1)|2,ΩT + |h(2)|2,ΩT ) + ck(T ).
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From (3.53) we have

(5.18) |h(1)|2,ΩT ≤ ϕ(k3(T ), ‖v‖2,27/16,ΩT )η1(T )

and (3.54) yields

(5.19) |h(2)|2,ΩT ≤ ϕ(k3(T ), ‖v‖2+σ,ρ,ΩT )η2(T ).

Utilizing (5.14), (5.15), (5.18) and (5.19) in (5.17) we obtain

(5.20) γ(T ) ≤ ϕ0(γ(T ), G1(T ), G0(0), k(T ), k3(T ), l3(T )) · (η1 + η2) + c0k(T ),

where ϕ0 is an increasing positive function.

From (5.20) it follows that for sufficiently small η1+η2 there exists a positive
constant A such that

ϕ0(A,G1, G0, k, k3, l3)(η1 + η2) + c0k ≤ A,(5.21)

c0k < A.(5.22)

Hence, (5.21) implies (5.13). �

Finally, we show the uniform continuity of mapping Φ.

Lemma 5.3. Let the assumptions of Lemma 5.2 hold. Then mapping Φ is
uniformly continuous in the product M(ΩT )×N(ΩT )× [0, 1].

Proof. The uniform continuity with respect to λ ∈ [0, 1] is evident. There-
fore we examine a uniform continuity with respect to elements ofM(ΩT )×N(ΩT )
for any λ ∈ [0, 1]. Since the dependence on λ is very elementary we omit λ in
the below considerations because it does not change the proof.

Let (h̃(1)s , h̃
(2)
s ) ∈ M(ΩT ) ×N(ΩT ), s = 1, 2, be two elements. Therefore we

consider the following problem

(5.23)

h
(1)
s,t − divT(h(1)s , q(1)s ) = −vs · ∇h̃(1)s

− h̃(1)s · ∇vs + g(1) in ΩT ,

divh(1)s = 0 in ΩT ,

h(1)s · n = 0 on ST1 ,

νn · D(h(1)) · τα + γh(1) · τα = 0, α = 1, 2, on ST1 ,

h
(1)
si = −d,xi , i = 1, 2, on ST2 ,

h
(1)
s3,x3 = ∆

′d on ST2 ,

h(1)s |t=0 = h(1)(0) in Ω,
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where s = 1, 2, and vs = v(h
(1)
s , h

(2)
s ) for s = 1, 2. Moreover, we have

(5.24)

χs,t + vs · ∇χs + h̃(1)2s ws,x1 − h̃
(1)
s1 ws,x2

− ν∆χ3 = F3 in ΩT ,

χs =
2∑
i=1

vsiai ≡ χs∗ on ST1 ,

χs,x3 = 0 on ST2 ,

χs|t=0 = χ(0) in Ω,

where s = 1, 2, ai, i = 1, 2, depend on S1 and are defined by (3.3)2.
Next we have the elliptic problem

vs2,x1 − vs1,x2 = χs in Ω′,

vs1,x1 + vs2,x2 = −h
(1)
s3 in Ω′,

v′s · n′ = 0 on S′1,

where s = 1, 2, Ω′ and S′1 are cross-sections of Ω and S1 with a plane perpendic-
ular to axis x3, n′ = (n1, n2, 0).
Finally, we consider the problem

(5.25)

h
(2)
s,t − divT(h(2)s , q(2)s )

= −[vs · ∇h̃(2)s + h̃(1)s · ∇h̃(1)s + h̃(2)s · ∇vs] + g(2) in ΩT ,
divh(2)s = 0 in ΩT ,

n · h(2)s = 0 on ST1 ,

νn · D(h(2)s ) · τα + γh(2)s · τα = 0, α = 1, 2, on ST1 ,

h
(2)
s3 = ∆

′d on ST2 ,

h
(2)
si,x3
= −2

ν
d,xit + 3∆

′d,xi +
1
ν
F ′i

+
1
ν
[vsj(h̃

(1)
si − d,xi),xj

+ d(h̃(1)si,x3 − h̃
(1)
s3,xi) + h̃

(1)
s3 (h̃

(1)
si − d,xi)

+ h̃(1)sj vsi,xj − d,xjvsj,xi ]|S2 ≡ γsi, i = 1, 2, on ST2 ,

h(2)s |t=0 = h(2)(0) in Ω,

where s = 1, 2.
First we examine problem (5.24). Let us introduce a function χ̃s as a solution

to the problem
χ̃s,t − ν∆χ̃s = 0 in ΩT ,

χ̃s = χ̃s∗ on ST1 ,

χ̃s,x3 = 0 on ST2 ,

χ̃s|t=0 = 0 in Ω,
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where s = 1, 2. Introducing the new function χ′s = χs − χ̃s, for s = 1, 2, we see
that it is a solution to the problem

χ′s,t + vs · ∇χ′s − h̃
(1)
s3 χ

′
s + h̃

(1)
s2 ws,x1 − h̃

(1)
s1 ws,x2

− ν∆χ′s = F3 − vs · ∇χ̃s + h̃
(1)
s3 χ̃s in ΩT ,

χ′s = 0 on ST1 ,

χ′s,x3 = 0 on ST2 ,

χ′s|t=0 = χ′(0) in Ω.

Since we are looking for a solution which is a regularization of a weak solution
we use the energy type estimate for the weak solution

v 2,∞,Ωt + |∇v|2,Ωt ≤ l1(t), t ≤ T.

Repeating the considerations leading to (4.17) and (4.43) we obtain

(5.26)
‖vs‖2,27/16,Ωt ≤ G(γs1(t), G1(t), G0(0)), t ≤ T,
‖vs‖2+σ,ρ,Ωt ≤ G(γs1(t), G1(t), G0), t ≤ T,

where γs1(t) is equal to γ1(t), where h(1), h(2) are replaced by h̃
(1)
s , h̃

(2)
s , respec-

tively.
For solutions of problem (5.23) we have

(5.27) ‖h(1)s ‖2+β,δ,Ωt + ‖∇q(1)s ‖β,δ,Ωt

≤ c(‖vs · ∇h̃(1)s ‖β,δ,Ωt + ‖h̃(1)s · ∇vs‖β,δ,Ωt) + ck1(t),

for t ≤ T . Similarly, for solutions of problem (5.25) we get

(5.28) ‖h(2)s ‖2+β′,δ,Ωt + ‖∇q(2)s ‖β′,δ,Ωt

≤ c(‖h̃(2)s · ∇vs‖β′,δ,Ωt + ‖h̃(1)s · ∇h̃(1)s ‖β′,δ,Ωt

+ ‖vs · ∇h̃(2)s ‖β′,δ,Ωt + ‖γs‖1+β′−1/δ,δ,St2) + ck2(t),

for t ≤ T . Let us introduce the space

M∗(ΩT ) =
3⋂
i=1

Mi(ΩT ).

In view of theorems of imbedding we obtain from (5.27) and (5.28) the inequal-
ities

(5.29) ‖h(1)s ‖2+β,δ,Ωt + ‖∇q(1)s ‖β,δ,Ωt ≤ c‖vs‖2,27/16,Ωt‖h̃(1)s ‖M∗(Ωt) + ck1(t),

for t ≤ T , s = 1, 2, and

(5.30) ‖h(2)s ‖2+β′,δ,Ωt + ‖∇q(2)s ‖β′,δ,Ωt ≤ c‖vs‖2,27/16,Ωt‖h̃(2)s ‖N1(Ωt)
+ c‖h̃(1)s ‖2M∗(Ωt) + c(‖vs‖2+σ,ρ,Ωt + 1)‖h̃

(1)
s ‖M∗(Ωt) + ck2(t),
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for t ≤ T , s = 1, 2. In view of (5.26) and the definition of M0(ΩT ) and N0(ΩT )
we have

(5.31) ‖vs‖2,27/16,Ωt + ‖vs‖2+σ,ρ,Ωt

≤ ϕ(‖h̃(1)s ‖M0(Ωt) + ‖h̃
(2)
s ‖N0(Ωt), G1(t), G0(0))

where s = 1, 2, t ≤ T . By (5.29)–(5.31) we get

‖h(1)s ‖M(Ωt) + ‖h(2)s ‖N(Ωt)
≤ ϕ(‖h̃(1)s ‖M(Ωt), h̃(2)s ‖N(Ωt), G1(t), G0(0)) + c(k1(t) + k2(t)),

s = 1, 2, t ≤ T . Hence the mapping Φ transforms bounded sets in M(ΩT ) ×
N(ΩT ) into bounded set in M(ΩT )×N(ΩT ).
Now we shall show the uniform continuity of mapping Φ. For this purpose

we introduce

H(i) = h(i)1 − h
(i)
2 ,

Q(i) = q(i)1 − q
(i)
2 , i = 1, 2,

V = v1 − v2,
K = χ1 − χ2.

Then problem for H(1) assumes the form

(5.32)

H
(1)
,t − divT(H(1), Q(1)) = −V · ∇h̃(1)1 − v2 · ∇H̃(1)

− H̃(1) · ∇v1 − h̃(1)2 · ∇V in ΩT ,

divH(1) = 0 in ΩT ,

H(1) · n = 0, νn · D(H(1)) · τα + γH(1) · τα = 0, α = 1, 2, on ST1 ,

H
(1)
i = 0, H

(1)
3,x3 = 0, i = 1, 2, on ST2 ,

H(1)|t=0 = 0 in Ω.

Next we have the problem for H(2),

(5.33)

H
(2)
,t − divT(H(2), Q(2)) = −H̃(2) · ∇v1 − h̃(2)2 · ∇V

− 2H̃(1) · ∇h̃(1)1 − 2h̃
(1)
2 · ∇H̃(1) − V · ∇h̃

(2)
1 − v2 · ∇H̃(2) in ΩT ,

divH(2) = 0 in ΩT ,

n ·H(2) = 0, νn · D(H(2)) · τα + γH(2) · τα = 0, α = 1, 2, on ST1 ,

H
(2)
3 = 0, H

(2)
i,x3
= [Vj h̃

(1)
i,xj
+ v2jH̃

(1)
i,xj
− Vjd,xixj

− d(H̃(1)3,xi − H̃
(1)
i,x3
) + H̃(1)3 h̃

(1)
1i + h̃

(1)
23 H̃

(1)
i − H̃

(1)
3 d,xi

+ H̃(1)j v1i,xj + h̃
(1)
2j Vi,xj − d,xjVj,xi ], i = 1, 2, on ST2 ,

H(2)|t=0 = 0 in Ω.
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For solutions to problem (5.32) we obtain

(5.34) ‖H(1)‖2+β,δ,Ωt + ‖∇Q(1)‖β,δ,Ωt ≤ c(‖V · ∇h̃(1)1 ‖β,δ,Ωt

+ ‖v2 · ∇H̃(1)‖β,δ,Ωt + ‖H̃(1) · ∇v1‖β,δ,Ωt + ‖h̃(1)2 · ∇V ‖β,δ,Ωt)

≤ c(‖V ‖2,r,Ωt‖h̃(1)1 , h̃
(1)
2 ‖M∗(Ωt) + ‖v1, v2‖2,r,Ωt‖H̃

(1)‖M∗(Ωt)),

where t ≤ T , r = 27/16 and

‖h̃(1)1 , h̃
(1)
2 ‖M∗(Ωt) = ‖h̃

(1)
1 ‖M∗(Ωt) + ‖h̃

(1)
2 ‖M∗(Ωt),

‖v1, v2‖2,r,Ωt = ‖v1‖2,r,Ωt + ‖v2‖2,r,Ωt .

Assume that h̃(1)s , h̃
(2)
s , s = 1, 2, belong to a bounded set in M(ΩT ) × N(ΩT ).

Hence there exists a constant A such that

(5.35)
2∑
s=1

(‖h̃(1)s ‖M(ΩT ) + ‖h̃(2)s ‖N(ΩT )) ≤ A.

Then from (5.34) we obtain

(5.36) ‖H(1)‖2+β,δ,Ωt + ‖∇Q(1)‖β,δ,Ωt ≤ ϕ(A)[‖V ‖2,r,Ωt + ‖H̃(1)‖M∗(Ωt)],

where t ≤ T and ϕ is an increasing positive function.
For solutions of problem (5.33) we get

(5.37) ‖H(2)‖2+β′,δ,Ωt + ‖∇Q(2)‖β′,δ,Ωt ≤ c(‖H̃(2) · ∇v1‖β′,δ,Ωt

+ ‖h̃(2)2 · ∇V ‖β′,δ,Ωt + ‖H̃(1) · ∇h̃
(1)
1 ‖β′,δ,Ωt

+ ‖h̃(1)2 · ∇H̃(1)‖β′,δ,Ωt + ‖V · ∇h̃
(2)
1 ‖β′,δ,Ωt

+ ‖v2 · ∇H̃(2)‖β′,δ,Ωt + ‖H̃(1)‖2+β′,δ,Ωt)
+ (‖V h̃(1),x ‖1+β′−1/δ,St2 + ‖v2H̃

(1)
,x ‖1+β′−1/δ,St2

+ ‖V d,x′x′‖1+β′−1/δ,St2 + ‖H̃
(1)h̃(1)‖1+β′−1/δ,St2

+ ‖H̃(1)d,x′‖1+β′−1/δ,St2 + ‖H̃
(1)v,x‖1+β−1/δ,St2

+ ‖h̃(1)V,x‖1+β′−1/δ,St2 + ‖d,x′V,x‖1+β′−1/δ,St2
≤ c[‖V ‖2,r,Ωt‖h̃(1)1 , h̃

(2)
2 ‖N1(Ωt) + ‖v1, v2‖2,r,Ωt‖H̃

(2)‖N1(Ωt)
+ (‖v1, v2‖2+σ,ρ,Ωt + ‖h̃(1)1 , h̃

(1)
2 ‖M∗(Ωt) + 1)‖H̃

(1)‖M∗(Ωt)

+ (‖h̃(1)1 , h̃
(1)
2 ‖M∗(Ωt) + 1)‖V ‖2+σ,ρ,Ωt ]

≤ϕ(A)(‖V ‖2,r,Ωt + ‖V ‖2+σ,ρ,Ωt + ‖H̃(2)‖N1(Ωt) + ‖H̃
(1)‖M∗(Ωt)),

where 5/3 < r ≤ 27/16.
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To show continuity of transformation Φ we have to find an estimate for
‖V ‖2,r,Ωt . For this purpose we consider the problem

(5.38)

V,t − divT(V,Q) = −V ′ · ∇v1 − v′2 · ∇V −Wh
(1)
1 − w2H(1) in ΩT ,

divV = 0 in ΩT ,

V · n = 0, n · T(V,Q) · τα + γV · τα = 0, α = 1, 2, on ST ,

V |t=0 = 0 in Ω,

where γ|S2 = 0, V ′ = (V1, V2), W = V3, v′s = (vs1, vs2), ws = vs3, s = 1, 2.
For solutions of (5.38) we have

(5.39) ‖V ‖2,r,Ωt + |∇Q|r,Ωt

≤ c(|V ′ · ∇v1|r,Ωt + |v′2 · ∇V |r,Ωt + |Wh
(1)
1 |r,Ωt + |w2H(1)|r,Ωt).

We bound the first term on the r.h.s. of (5.39) by c|V |5,Ωt‖v1‖2,r,Ωt ≡ I1. For
r > 5/3 we obtain by interpolation the inequality

I1 ≤ ε1‖V ‖2,r,Ωt + c(1/ε1)ϕ(‖v1‖2,r,Ωt)|V |2,Ωt .

The second term on the r.h.s. of (5.39) is estimated by

c|∇V |5/2,Ωt‖v′2‖2,r,Ωt ≡ I2.

Hence for r > 5/3 we can apply some interpolation inequality to get

I2 ≤ ε2‖V ‖2,r,Ωt + c(1/ε2)ϕ(‖v′2‖2,r,Ωt)|V |2,Ωt .

By the Hölder inequality the third term on the r.h.s. of (5.39) is restricted by

|W |σ1,Ωt |h
(1)
1 |σ2,Ωt ≡ I3,

where 1/σ1 + 1/σ2 = 1/r.
Assuming that 5/r − 5/σ1 < 2, 5/δ − 5/σ2 ≤ 2 + β, which are satisfied for

5/δ < 4 + β, we obtain the estimate

I3 ≤ ε3‖V ‖2,r,Ωt + c(1/ε3)ϕ(‖h(1)1 ‖2+β,δ,Ωt)|V |2,Ωt .

Finally, by the Hölder inequality the last term on the r.h.s. of (5.39) is bounded
by

|w2|ρ1,Ωt |H(1)|ρ2,Ωt ≡ I4,
where 1/ρ1 + 1/ρ2 = 1/r.
Assuming that ρ1 is such that 5/r − 5/ρ1 = 2 we obtan that ρ2 = 5/2 and

I4 ≤ c‖v2‖2,r,Ωt |H(1)|5/2,Ωt .

Utilizing the above estimates in the r.h.s. of (5.39) and assuming that ε1 − ε4
are sufficiently small we obtain

(5.40) ‖V ‖2,r,Ωt + |∇Q|r,Ωt ≤ ϕ(A)(|V |2,Ωt + |H(1)|5/2,Ωt)).
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Now we have to estimate the r.h.s. of (5.40) in terms of H̃(1) and H̃(2).
Multiplying (5.38)1 by V and integrating over Ω yield

(5.41)
1
2
d

dt
|V |22,Ω + ν‖V ‖21,Ω ≤ c(|∇v1|23,Ω + |h

(1)
1 |23,Ω)|V |22,Ω + c|w2|23,Ω|H(1)|22,Ω.

Multiplying (5.32)1 by H(1) and integrating the result over Ω imply

(5.42)
1
2
d

dt
|H(1)|22,Ω + ν‖H(1)‖21,Ω

≤ c|∇h̃(1)1 |23,Ω|V |22,Ω + c|v2|26λ1/5,Ω|∇H̃
(1)|26λ2/5,Ω

+ c|∇v1|23,Ω|H̃(1)|22,Ω + c sup
t
|h̃(1)2 |23,Ω|∇V |22,Ω,

where 1/λ1 + 1/λ2 = 1. Adding appropriately (5.41) and (5.42) gives

(5.43)
1
2
d

dt
(c1|V |22,Ω + |H(1)|22,Ω) + ν

(
c1
2
‖V ‖21,Ω + ‖H(1)‖21,Ω

)
≤ c(|∇v1|23,Ω + |h

(1)
1 |23,Ω + |∇h̃

(1)
1 |23,Ω)|V |22,Ω + c|w2|23,Ω|H(1)|22,Ω

+ c|v2|26λ1/5,Ω|∇H̃
(1)|26λ2/5,Ω + c|∇v1|

2
3,Ω|H̃(1)|22,Ω,

where c1/2 ≥ c supt |h̃
(1)
2 |23,Ω. Integrating (5.43) with respect to time yields

(5.44) |V (t)|22,Ω + |H(1)(t)|22,Ω + ν
∫ t
0
(‖V (t′)‖21,Ω + ‖H1)(t′)‖21,Ω) dt′

≤ c exp c( ∇v1 23,2,Ωt + h
(1)
1

2

3,2,Ωt + ∇h
(1)
1

2

3,2,Ωt + v2
2
3,2,Ωt)

· ( v2 26λ1/5,2µ1,Ωt ∇H̃
(1) 2

6λ2/5,2µ2,Ωt
+ ∇v1 23,2,Ωt H̃

(1) 2

2,∞,Ωt) ≡ J,

where 1/λ1 + 1/λ2 = 1, 1/µ1 + 1/µ2 = 1. By imbedding we have

J ≤ c exp(‖v1‖22,r,Ωt + ‖v2‖22,r,Ωt + ‖h(1)‖22+β,δ,Ωt)·

· (‖v2‖22,r,Ωt |∇H̃(1)|22,Ωt + ‖v1‖22,r,Ωt H̃(1)
2

2,∞,Ωt) ≡ J1.

By (5.35) we obtain

J1 ≤ ϕ(A)( H̃1)
2

2,∞,Ωt + |∇H̃
(1)|22,Ωt).

Hence (5.44) takes the form

(5.45) ‖V ‖V 02 (Ωt) + ‖H
(1)‖V 02 (Ωt) ≤ ϕ(A)( H̃

(1)
2,∞,Ωt + |∇H̃

(1)|2,Ωt).

Finally, repeating the proof of Lemma 4.5 for (5.38) yields

(5.46) ‖V ‖2+σ,ρ,Ωt ≤ ϕ(A)(‖H̃(1)‖M(Ωt) + ‖H̃(2)‖N(Ωt)).

Finally, from (5.36), (5.37) (5.40) and (5.45), (5.46) we obtain

‖H(1)‖M(ΩT ) + ‖H(2)‖N(ΩT ) ≤ ϕ(A)(‖H̃(1)‖M(ΩT ) + ‖H̃(2)‖N(ΩT )).

This implies continuity of transformation Φ and ends the proof. �



278 W. M. Zajączkowski

Finally, by the Leray–Schauder fixed point theorem we have

Theorem 5.4. Assume that

(a) g(1) ∈W β,β/2δ (ΩT ), g(2) ∈W β
′,β′/2
δ (ΩT ), h(1)(0) ∈W 2+β−2/δδ (Ω),

h(2)(0) ∈W 2+β
′−2/δ

δ (Ω), d,x′ ∈W 3+β−1/δ,3/2+β/2−1/(2δ)δ (ST2 ),
d ∈ H5/2,5/4(ST2 ), d,t ∈W

2+β−1/δ,1+β/2−1/(2δ)
δ (ST2 ) d,t ∈ L3(ST2 ),

F ′ ∈W 1+β
′−1/δ,1/2+β′/2−1/(2δ)

δ (ST2 ), f ∈W
σ,σ/2
ρ (ΩT ),

F3 ∈ L18/13(ΩT ), χ(0) ∈ L2(Ω), v(0) ∈W
2+σ−2/ρ
ρ (Ω),

β′ < β, β′ < σ < 1, δ < ρ, 5/δ < 3+β−β′, 2+σ < 5/ρ < 2+σ+β−β′,
δ ∈ (1, 2), β ∈ (0, 1), 3/δ < 2 + β.

(b) There exists a positive constant A satisfying the inequality

(5.47) ϕ0(A,G1, G0, k, k3, l3)(η1 + η2) + c0k ≤ A, c0k < A,

where ϕ0 is a positive increasing function defined by the previous lem-
mas, c0 some positive constant, ki(T ), i = 1, 2, 3, k(T ) = k1(T )+k2(T )
are defined by (5.11), (5.12); G1 = G1 + G2, G0 = G0 + G10 appear in
(4.17), (4.43); η1, η2 are expressed by (3.53) and (3.55), respectively; l3
is defined in the assumptions of Lemma 3.7.

(c) All quantities in (5.47) depend on T . However, for a fixed A we can
choose T as large as possible assuming that η1 and η2 are sufficiently
small.

Then there exists a local solution to problem (1.1) in the interval [0, T ] such that

2∑
i=1

(‖h(i)‖2+βi,δ,ΩT + ‖∇q(i)‖βi,δ,ΩT ) ≤ A, β1 = β, β2 = β′,

‖v‖2+σ,ρ,ΩT ≤ G(A,G1(T ), G0(0)).

6. Global existence

To prove global existence of solutions to problem (1.1) we are going to show
that the local existence can be prolonged step by step up to infinity in time.
For this purpose we have to show that the initial data which appear in the
assumptions of Theorem 1.1 do not increase with time. Since the local existence
is proved in the interval [0, T ] with T as large as we want, we are able to show
by applying decay properties that the norms of initial data at t = T are not
larger than at t = 0. For this purpose we also use that the following quantities
are small in the norms of Theorem 1.1.

(1) derivatives with respect to x3 of initial velocity and the external force,
(2) derivatives of d1 and d2 with respect to x′ = (x1, x2) and t.

We are going to prove global existence of solutions to problem (1.1) step by
step using that the local existence with sufficiently large existence time is shown.
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Lemma 6.1. Assume that there exists a local solution with estimate (5.13).
Assume that

(6.1)

|d1 − d2|2,S2 ≤ ce−δ1t, |α,x3 |3,S2 ≤ ce−δ1t,
(e−δ1T + η21(T ))ϕ(A) + c sup

t
|d|23,S2e

−δ1T

+
∫ T
0
(γ2|α|22,S1 + ‖α,t‖

2
1,6/5,Ω + |f |

2
6/5,Ω) dt+ e

−νT |w(0)|22,Ω ≤ |w(0)|22,Ω,

where T is sufficiently large and η1(T ) (see (3.53)) is sufficiently small. Then

(6.2)

|w(T )|22,Ω ≤ |w(0)|22,Ω,

|w(t)|22,Ω + ν2
∫ t
0
‖w(t′)‖21,Ω dt′

≤ (1 + eνT )[(e−δ,T + η21(T ))ϕ(A) + c sup
t
|d|23,S2e

−δ1T ]

+ (1 + eνT )
[ ∫ T
0
(γ2|α22,S1 + ‖α,t‖

2
1,6/5,Ω + |f |

2
6/5,Ω) dt+ |w(0)|

2
2,Ω

]
,

where t ≤ T .

Proof. We use the proof of Lemma 2.2 where the integral

−
∫
Ω
v · ∇(w + δ) · w dx = −

∫
Ω
v · ∇ww dx−

∫
Ω
v · ∇δ · w dx ≡ I1 + I2

will be estimated in a different way. Integrating by parts yields

I1 = −
1
2

∫
Ω
v · ∇w2 dx = 1

2

(∫
S2(−a)

d1w
2 dx′ −

∫
S2(a)

d2w
2 dx′
)

=
1
2

∫
S2

(d1 − d2)w2 dx′ +
1
2

∫
S2

d2
(
w2|x3=−a − w2|x3=a

)
dx′ ≡ I11 + I21 ,

where

|I11 | ≤ c|d1 − d2|2,S2‖w‖21,Ω,
and

I21 = −
1
2

∫
S2

d2 dx
′
∫ a
−a

dx3∂x3w
2 = −

∫
S2

d2 dx
′
∫ a
−a

dx3wh
(1).

Hence,

|I21 | ≤ ε1|w|26,Ω + c(1/ε1)|d2|23,S2 |h
(1)|22,Ω.

Next, we examine

I2 = −
∫
Ω
(w + δ) · ∇δ · w dx = −

∫
Ω
w · ∇δ · w dx−

∫
Ω
δ · ∇δ · w dx ≡ I12 + I22 ,

where

|I12 | ≤ ε2|w|26,Ω + c(1/ε2)|∇δ|23,Ω|w|22,Ω ≤ ε2|w|26,Ω + c(1/ε2)|α,x3 |23,Ω|w|22,Ω,
|I22 | ≤ ε3|w|26,Ω + c(1/ε3)|δ|23,Ω|∇δ|22,Ω ≤ ε3|w|26,Ω + c(1/ε3)|d|23,S2 |α,x3 |

2
2,Ω.
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In view of the above estimates instead of (2.13) we obtain

(6.3)
d

dt
|w|22,Ω + ν‖w‖21,Ω ≤ c|d1 − d2|2,S2‖w‖21,Ω + c|d2|23,S2 |h

(1)|22,Ω
+ c|α,x3 |23,Ω|w|22,Ω + c|d|23,S2 |α,x3 |

2
2,Ω

+ c(γ2|α|22,S1 + ‖α,t‖
2
1,6/5,Ω + |f |

2
6/5,Ω) ≡ cΓ

2
1(t).

From (6.3) we have

(6.4)
d

dt
(|w|22,Ωeνt) ≤ Γ21(t)eνt.

To integrate (6.4) with respect to time we use that

e−νt
∫ t
0
Γ21(t

′)eνt
′
dt′ ≤ (e−δ1t + η21(t))ϕ(A) + c sup

t
|d|23,S2e

−δ1t

+ c
∫ t
0
(γ2|α|22,S1 + ‖α,t‖

2
1,6/5,Ω + |f |

2
6/5,Ω) dt

′,

which follows from (3.53) expressed in the form ‖h(1)‖V 02 (Ωt) ≤ ϕ(A)η1(t), from
(6.1)1,2 and the existence of local solution with estimate (5.13). Then (6.4)
implies

(6.5) |w(T )|22,Ω ≤ (e−δ1T + η21(T ))ϕ(A) + c sup
t
|d|23,S2e

−δ1T

+
∫ T
0
(γ2|α|22,S1 + ‖α,t‖

2
1,6/5,Ω + |f |

2
6/5,Ω) dt+ e

−νT |w(0)|22,Ω.

Inequality (6.2)1 follows from (6.5) under assumption (6.1)3.
Let ν = ν1 + ν2, νi > 0, i = 1, 2. Then (6.3) can be written in the form

d

dt
|w|22,Ω + ν1|w|22,Ω + ν2‖w‖21,Ω ≤ cΓ21(t).

Hence we have

(6.6)
d

dt
(|w|22,Ωeν1t) + ν2‖w‖21,Ωeν1t ≤ cΓ21(t)eν1t.

Integrating (6.6) with respect to time we obtain (6.2)2. This ends the proof. �

In view of (1.7) and (6.2)1 we have

|v(T )|2,Ω ≤ |w(T )|2,Ω + c1|d(T )|2,S1 ≤ |w(0)|2,Ω + c1|d(0)|2,S1 ≤ c2|v(0)|2,Ω.

Let

Γ22(t) = ‖v‖21,Ω‖d,x′‖21,3,S2 + (1 + |d|
2
3,S2)‖d,x′‖

2
1,S2

+ ‖d,t‖21,6/5,S2 + |f3|
2
4/3,S2 + |g

(1)|26/5,Ω,

α1(t) = d1
6
3,6,St2

+ ∇v 23,2,Ωt .
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Lemma 6.2. Assume that there exists a local solution in the interval [0, T ].
Assume

−ν
2
T + α1(T ) ≤ 0,(6.7)

Γ22(t) ≤ Γ22(0)e−δ2t(6.8)

Γ22(0)e
−δ2T+α1(t) + |k(1)(0)|22,Ωe−νT/2 ≤ |k(1)(0)|22,Ω.(6.9)

Then

|h(1)(T )|22,Ω ≤ |h(1)(0)|22,Ω + c1 sup
t
|d,x′ |22,S2 ,(6.10)

|h(1)(t)|22,Ω ≤ e−δ2t+α1(t)Γ22(0) + |h(1)(0)|22,Ωe−ν1t+α1(t)(6.11)

+ c1 sup
t
|d,x′ |22,S2(1 + e

−ν1t+α1(t)),

(6.12)
∫ t
0
‖h(1)(t′)‖21,Ω dt′ ≤ e(ν1−δ2)t+α1(t)Γ22(0) + |h(1)(0)|22,Ωeα1(t)

+ c1

∫ t
0
‖d,x′(t′)‖21,S2 dt

′ + c1 sup
t
|d,x′ |22,S2e

α1(t).

Proof. From (3.34) we obtain the inequality

(6.13)
d

dt
|k(1)|22,Ω + ν‖k(1)‖21,Ω ≤ c(|d1|63,S2 + |∇v|

2
3,Ω)|k(1)|22,Ω + cΓ22(t).

From (6.13) we have also

d

dt
|k(1)|22,Ω + ν|k(1)|22,Ω ≤ c(|d1|63,S2 + |∇v|

2
3,Ω)|k(1)|22,Ω + cΓ22(t)

which implies

(6.14)
d

dt
(|k(1)|22,Ωeνt−α1(t)) ≤ cΓ22(t)eνt−α1(t).

Integrating (6.14) with respect to time yields

|k(1)(t)|22,Ω ≤ e−νt+α1(t)
∫ t
0
Γ22(t

′)eνt
′−α1(t′) dt′ + |k(1)(0)|22,Ωe−νt+α1(t).

In view of (6.7) and (6.8) the above inequality implies

|k(1)(T )|22,Ω ≤ Γ22(0)e−δ2T+α1(T ) + |k(1)(0)|22,Ωe−νT/2,

which in view of (6.9) gives

(6.15) |k(1)(T )|22,Ω ≤ |k(1)(0)|22,Ω.

In view of (3.23) and Lemma 3.5 we obtain from (6.15) inequality (6.10).
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Imposing ν = ν1 + ν2, νi > 0, i = 1, 2, we obtain from (6.13) the inequality

(6.16) |k(1)(t)|22,Ω + ν2e−ν1t+α1(t)
∫ t
0
‖k(1)(t′)‖21,Ωeν1t

′−α1(t′) dt′

≤ e−ν1t+α1(t)
∫ t
0
Γ22(t

′)eν1t
′−α1(t′) dt′ + |k(1)(0)|22,Ωe−ν1t+α1(t).

Utilizing (6.8), (3.23) and Lemma 3.5 we get from (6.16) inequalities (6.11) and
(6.12). This concludes the proof. �

Let

α2(t) = d1
6
3,6,St2

+
∫ t
0
(‖v‖21,3,Ω + |∇h(1)|22,Ω) dt′,

Γ23(t) = (‖v‖21,Ω + |∇h(1)|22,Ω)‖d,x′‖22,3,S2 ,
Γ24(t) = (1 + |d|23,S2)‖d,x′‖

2
2,3/2,S2 + ‖d,t‖

2
2,6/5,S2

+ |g(1)|26/5,Ω + |g
(2)|26/5,Ω + |f3|

2
4/3,S2 + |F

′|24/3,S2 ,

Γ25(t) = |v|24,S2 |h
(1)
,x′ |
2
2,S2 + |v|

2
4,S2‖d,x′‖

2
1,S2 + |d|

2
∞,S2 |h

(1)
,x |24/3,S2

+ |h(1)|24,S2 |h
(1)|22,S2 + |h

(1)|24,S2 |d,x′ |
2
2,S2

+ |h(1)|24,S2 |v,x′ |
2
2,S2 + ‖d,x′‖

2
1,S2 |v,x|

2
2,S2 .

Lemma 6.3. Assume that

(6.17) −νT + cα2(T ) ≤ −
ν

2
T,

(6.18) Γ26(t) ≡‖d,x′(t)‖22,3,S2 + ‖d,t(t)‖
2
2,6/5,S2 + |g

(1)(t)|26/5,Ω + |g
(2)(t)|26/5,Ω

+ |f3(t)|24/3,S2 + |F
′(t)|24/3,S2 + |h

(1)|22,Ω ≤ Γ26(0)e−δ3t.

Then

(6.19) |h(1)(T )|22,Ω + |h(2)(T )|22,Ω ≤ e−δ3T+cα2(T )Γ26(0)ϕ(A)

+ e−νT/2(|h(1)(0)|22,Ω + |h(2)(0)|22,Ω) + c1 sup
t≤T
‖d,x′‖21,S2 ,

(6.20)
∫ t
0
(‖h(1)(t′)‖21,Ω + ‖h(2)(t′)‖21,Ω) dt′ ≤ e(ν1−δ3)t+cα2(t)Γ26(0)ϕ(A)

+ ecα2(t)(|h(1)(0)|22,Ω + |h(2)(0)|22,Ω) + c1 sup
t
‖d,x′‖21,S2e

cα2(t).

Proof. From (3.49) we have

(6.21)
d

dt
(|k(1)|22,Ω + |k(2)|22,Ω) + ν(‖k(1)‖21,Ω + ‖k(2)‖21,Ω)

≤ c(|d1|63,S2 + ‖v‖
2
1,3,Ω + |∇h(1)|23,Ω)(|k(1)|22,Ω + |k(2)|22,Ω)

+ c(Γ23(t) + Γ
2
4(t) + Γ

2
5(t)).
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From (6.21) we have

(6.22)
d

dt
[(|k(1)|22,Ω + |k(2)|22,Ω)eνt−cα2(t)] ≤ c(Γ23(t) + Γ24(t) + Γ25(t))eνt−cα2(t).

Integrating (6.22) with respect to time yields

(6.23) |k(1)(T )|22,Ω + |k(2)(T )|22,Ω

≤ e−νT+cα2(T )
∫ T
0
(Γ23(t) + Γ

2
4(t) + Γ

2
5(t))e

νt−cα2(t) dt

+ e−νT+cα2(T )(|k(1)(0)|22,Ω + |k(2)(0)|22,Ω).

By the interpolation inequalities we get

Γ25(t) ≤ (‖v‖21,S2 + |h
(1)|24,S2 + |d|

2
∞,S2 + |d,x′ |

2
2,S2)

· (‖h(1)‖2θ2+β,ρ,Ω|h(1)|
2(1−θ)
2,Ω + |h(1)|22,Ω) + ‖v‖21,S2‖d,x′‖

2
1,S2 ,

where 3/ρ < 2 + β, 1/θ = 1− κ, κ = 3/(ρ(2 + β)). Assuming

|h(1)(t)|2,Ω ≤ e−δ
′t|h(1)(0)|2,Ω

we have (6.18).

In view of (6.17) and (6.18) we obtain from (6.23) the inequality

(6.24) |k(1)(T )|22,Ω + |k(2)(T )|22,Ω ≤ e−δ3T+cα2(T )Γ26(0)

·
∫ T
0
[‖v‖21,Ω + |∇h(1)|22,Ω + |d|23,S2 + (‖v‖

2
1,S2 + |h

(1)|24,S2

+ |d|2∞,S2 + |d,x′ |
2
2,S2)‖h

(1)‖2θ2+β,ρ,Ω + ‖v‖21,S2 ] dt
′

+ e−ν/2T (|k(1)(0)|22,Ω + |k(2)(0)|22,Ω)

≤ e−δ3T+cα2(T )Γ26(0)ϕ(A) + e−ν/2T (|k(1)(0)|22,Ω + |k(2)(0)|22,Ω).

In view of Lemmas 3.5 and 3.8 inequality (6.24) implies (6.19).

Assuming ν = ν1 + ν2, νi > 0, i = 1, 2, we obtain from (6.21) the inequality

(6.25) |k(1)(t)|22,Ω + |k(2)(t)|22,Ω + ν2e−ν1t+cα2(t)
∫ t
0
(‖k(1)(t′)‖21,Ω

+ ‖k(2)(t′)‖21,Ω)eν1t
′−cα2(t′) dt′

≤ e−ν1t+cα2(t)
∫ t
0
(Γ23(t

′) + Γ24(t
′) + Γ25(t

′))eν1t
′−cα2(t′) dt′

+ (|k(1)(0)|22,Ω + |k(2)(0)|22,Ω)e−ν1t+cα2(t), t ∈ [0, T ].

Utilizing Lemmas 3.5 and 3.8 in (6.25) implies (6.20). �

Finally we prove global existence
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Theorem 6.4. Let the assumptions of Theorem 5.4 for a sufficiently large T
hold. Let the assumptions of Lemmas 6.1–6.5 be satisfied. Then the local solution
determined by Theorem 5.5 can be prolonged infinitely step by step.

Proof. From Lemmas 6.2 and 6.3 we have

(6.26) |h(i)(T )|2,Ω ≤ e−δ0T |h(i)(0)|2,Ω, i = 1, 2, δ0 > 0.

Since the local solution to problem (1.1) in the interval [0, T ] satisfies the esti-
mates

(6.27)
‖h(1)‖2+β,δ,ΩT ≤ A,
‖h(2)‖2+β′,δ,ΩT ≤ A,

we obtain by interpolation the inequalities

(6.28)
‖h(1)‖σ1,δ,ΩT ≤ ϕ(A)e

−δ∗T , σ1 < 2 + β,

‖h(2)‖σ2,δ,ΩT ≤ ϕ(A)e
−δ∗T , σ2 < 2 + β′, δ∗ > 0.

Let ζ(t) be a smooth function such that ζ(t) = 1 for t ∈ [T − t1, T ] and ζ(t) = 0
for t ≤ T − 2t1. Then h̃(i) = h(i)ζ, i = 1, 2, are solutions to the problems

(6.29)

h̃
(1)
,t − divT(h̃(1), q̃(1)) = −v · ∇h̃(1) − h̃(1) · ∇v + g̃(1) + h(1)ζ̇, in ΩT ,

div h̃(1) = 0 in ΩT ,

n · h̃(1) = 0, νn · D(h̃(1)) · τα + γh̃(1) · τα = 0, α = 1, 2, on ST1 ,

h̃
(1)
i = −d̃,xi , h̃

(1)
3,x3 = ∆

′d̃ on ST2 ,

h̃(1)|t=T−2t1 = 0 in Ω,

and

(6.30)

h̃
(2)
,t − divT(h̃(2), q̃(2)) = −h̃(2) · ∇v − 2h(1) · ∇h̃(1)

− v · ∇h̃(2) + g̃(2) + h̃(2)ζ̇ in ΩT ,

div h̃(2) = 0 in ΩT ,

n · h̃(2) = 0, νn · D(h̃(2)) · τα + γh̃(2) · τα = 0, α = 1, 2, on ST1 ,

h̃
(2)
3 = ∆

′d̃, on ST2 ,

h̃
(2)
i,x3
= −2

ν
d,xitζ + 3∆

′d̃,xi +
1
ν
F̃ ′i

+
1
ν
[vj(h̃

(1)
i − d̃,xi),xj + d(h̃

(1)
i,x3
− h̃(1)3,xi)

+ h(1)3 (h̃
(1)
i − d̃,xi) + h̃

(1)
j vi,xj − d̃,xjvj,xi ] on ST2 ,

h̃(2)|t=T−2t1 = 0 in Ω.

Assuming that t1 is small comparing to T , using the decays

‖g̃(i)‖β,δ,ΩT ≤ aie−δ∗T , i = 1, 2,
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exponential decays of norms od d,x′ and (6.26), (6.27), we obtain from problems
(6.29) and (6.30) the decays

‖h̃(1)‖2+β,δ,ΩT ≤ ϕ(A)e−δ
′
∗T , ‖h̃(2)‖2+β′,δ,ΩT ≤ ϕ(A)e−δ

′
∗T ,

where δ′∗ > 0. Hence for sufficiently large T we obtain

‖h(i)(T )‖2+βi−2/δ,δ,Ω ≤ ‖h(i)(0)‖2+βi−2/δ,δ,Ω, i = 1, 2,

where β1 = β, β2 = β′. Therefore local existence in the interval [T, 2T ] can be
proved with the same initial data as for [0, T ]. This implies global existence.
This ends the proof. �

Finally we present a global existence proof much less explicit than the pre-
vious one but implying existence of much more general global solution

Theorem 6.5. Let the assumptions of Theorem 5.4 be satisfied. Then there
exists a sequence {ti}∞i=0 increasing to infinity such that the local solution deter-
mined by Theorem 5.4 exists in the each interval [ti, ti+1], i = 0, 1, . . . , where
t0 = 0.

Proof. Assume that we have proved the existence of local solution with
sufficiently large existence time T . Then we have

∫ T
0
|v(t)|22,Ω dt ≤ c,

∫ T
0
‖v(t)‖ρ2+σ,ρ,Ω dt ≤ c,∫ T

0
|h(i)(t)|22,Ω dt ≤ c,

∫ T
0
‖h(i)(t)‖δ2+βi,δ,Ω dt ≤ 0, i = 1, 2.

Then there exists T∗ < T sufficiently large and there exists t∗ ∈ [T∗, T ] such that

|v(t∗)|2,Ω, |h(i)(t∗)|2,Ω, ‖v(t∗)‖2+σ,ρ,Ω, ‖h(i)(t∗)‖2+βi,δ,Ω, i = 1, 2

are so small that

|v(t∗)|2,Ω ≤ |v(0)|2,Ω,
|h(i)(t∗)|2,Ω ≤ |h(i)(0)|2,Ω,

‖v(t∗)‖2+σ−2/ρ,ρ,Ω ≤ ‖v(0)‖2+σ−2/ρ,ρ,Ω,
‖h(i)(t∗)‖2+βi−2/δ,δ,Ω ≤ ‖h(i)(0)‖2+βi−2/δ,δ,Ω, i = 1, 2, β1 = β, β2 = β′.

Then we can prove the existence of the local solutions in the interval [T, t∗+T ].
Hence in this way global existence follows. �
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(2005).

[2] O. V. Besov, V. P. Il’in, S. M. Nikolskij, Integral Represntations of Functions and
Theorems of Imbedding, Moscow, 1975. (in Russian)

[3] T. Kobayashi, W. M. Zajączkowski, On global motion of a compressible barotropic

viscous fluid with boundary slip conditions, Appl. Math 26 (1999), no. 2, 159–194.

[4] O. A. Ladyzhenskaya, V. A. Solonnikov, On some problems of vector analysis and

generalized boundary value problems for the Navier–Stokes equations, Zap. Nauchn. Sem.
LOMI 59 (1976), 81–116. (in Russian)

[5] O. A. Ladyzhenskaya, V. A. Solonnikov, N. N. Uraltseva, Linear and Quasilinear
Equations of Parabolic Type, Nauka, Moscow, 1967. (in Russian)

[6] W. M. Zajączkowski, Long time existence of regular solutions to Navier–Stokes equa-
tions in cylindrical domains under boundary slip conditions, Studia Math. 169 (2005),

no. 3, 243–285.

[7] , Global existence of axially symmetric solutions to Navier–Stokes equations with

large angular component of velocity, Colloq. Math. 100 (2004), no. 2, 243–263.

[8] , Global special regular solutions to the Navier–Stokes equationsin a cylindrical
domain without the axis of symmetry, Topol. Methods Nonlinear Anal. 24 (2004), 69–105.

Manuscript received November 26, 2004

Wojciech M. Zajączkowski
Institute of Mathematics
Polish Academy of Sciences

Śniadeckich 8

00-956 Warsaw, POLAND
and

Institute of Mathematics and Cryptology

Military University of Technology
Kaliskiego 2

00-908 Warsaw, POLAND

E-mail address: wz@impan.gov.pl

TMNA : Volume 26 – 2005 – No 2


