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ABSTRACT. Global existence of regular solutions to the Navier—Stokes equa-
tions describing the motion of a fluid in a cylindrical pipe with large inflow
and outflow in shown. The global existence is proved under the following
conditions:

(1) small variations of velocity and pressure with respect to the vari-
able along the pipe,

(2) inflow and outflow are very close to homogeneous and decay ex-
ponentially with time,

(3) the external force decays exponentially with time.

Global existence is proved in two steps. First by the Leray—Schauder fixed
point theorem we prove local existence with large existence time which is
inversely proportional to the above smallness restrictions. Next the local
solution is prolonged step by step.

The existence is proved for a solution without any restrictions on the
magnitudes of inflow, outflow, external force and the initial velocity.
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1. Introduction

We consider viscous incompressible fluid motions in a finite cylinder with
large inflow and outflow and under boundary slip conditions. Therefore the

following initial-boundary value problem is examined

ve+v-Vo—divT(v,p) = f in Q7 =Q x (0,7),

diveo =0 in Q7

v-Tm=0 on S{ =S x (0,7),
(1.1) vt -DW) - To+70-Ta =0, a=1,2, on Sy,

v-n=d on ST =S, x (0,T),

n-Dw) Toa =0, a=1,2, on ST,

V|¢=0 = v(0) in Q,

where Q C R3, S = S; U Sy = 90, v = v(x,t) = (vi(x,t),v2(z,t),v3(x,t)) €
R3 is the velocity vector of the fluid motion, p = p(z,t) € R! the pressure,
f=flx,t) = (fi(z, 1), fo(x,t), f3(x,t)) € R3 the external force field, @ the unit
outward vector normal to the boundary S, 7., a = 1, 2, are tangent vectors to S.
By dot we denote the scalar product in R®. T(v,p) is the stress tensor of the
form
T(v,p) = vD(v) — pI,

where v is the constant viscosity coefficient, I the unit matrix and D(v) is the

dilatation tensor

D(v) = {viz; + Vjz, }ij=1,23
Finally v > 0 is the slip coefficient.
By Q C R? we denote a cylindrical type domain parallel to the axis 23 with
arbitrary cross section. We assume that S; is the part of the boundary which is

parallel to the axis x3 and Sy is perpendicular to x3. Hence

Sy ={zx e R®: p(x1,22) = cp, —a < x3 < a},
Sao(—a) ={x € R3: o(x1,m2) < ¢, T3 = —a},
Sy(a) = {z € R® : p(x1,32) < o, w3 =a},

where a, ¢y are positive given numbers and ¢(x1,22) = ¢o describes a sufficiently
smooth closed curve in the plane x3 = const.

To describe inflow and outflow we define

(1.2) di = —v-Tlgy(—a)y o= -Ts,(a),
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sod; >0,i=1,2,and by (1.1)2,3 and (1.2) we have the compatibility condition

(13) o = / d1 dSQ = / d2 dSQ,
Sa(—a) Sa(a)

where @ is flux.

The aim of this paper is to prove the existence of global regular solutions
to problem (1.1) without restrictions on magnitudes of the external force f,
initial data v(0), inflow d; and outflow dy. We show existence of solutions by
regularizing weak solutions. In general we follow the ideas from [6].

Let us introduce an extension a = «a(z,t) € R such that
(1.4) Alsy(—a) =d1,  lsy(a) = da.
Then we introduce the following vector b = aes, where €3 = (0,0,1) is directed
along the axis x3. Let us define the function u = v — b. Therefore,

divy = —divb = —« in

(1.5) e ’

u-m =0 on S.

Equations (1.1)23¢ and (1.3) imply the compatibility condition

/ oy, do = —/ O gg=—q dS2 +/ O gy—a dS2 = 0.
Q SQ(*G) Sg(a)

Hence we can define a function ¢ as a solution to the Neumann problem
Ap = —divb in Q,
(16) ﬁV(p =0 OHS,

/ pdxr =0.

Q

Therefore, we introduce the new function

(1.7) w=u—Vo=v—(b+Vyp)=0v-—79,
which is a solution to the problem

wy+w-Vw+w-Vi+ - Vw —divT(w, p)

=f—06¢—0-Vé+vdivD(s) = F(9, f) in QT
divw =0 in QT
w-m=0 on ST,

vin - D(w) - To +yw - T

= -D(8) T — V- To = B1a(d), a=1,2, on ST,
vit-D(w) - To = =1 - D(S) - To = Bou (), a=1,2, on ST,
wli=0 = v(0) — §(0) in Q,
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where
) 70 — - 9 >0 — —
ﬁ|51=M» 71|51:M7 Fals, = (0,0,1) = &3
\/ P TP, \/ o 0%,
and
(1‘9) ﬁ|SQ :E37 F1|S2 :El7 F2|Sg :E27

where €; = (1,0,0), &2 = (0, 1,0).

The aim of this paper is to prove the existence of global solutions to problem
(1.1) without any restrictions on the magnitudes of initial velocity, the external
force field, the inflow and the outflow. This will be done by increasing regularity
of weak solutions. For this purpose we follow the ideas and methods from [6]. To
show existence of such solutions we need, however, some small parameters. By
such parameters we have Lo-norms of derivatives of v and f with respect to x3
and derivatives of dy, dy with respect to =, ' = (z1, z2).

Hence we introduce the quantities

h(l) =V 3, q(l) = D,x3> h(2) = VU zzxs, q(2) = P.xszs3>

(110 w = vs, X = V2,21 = Vl,zs, 9(1) = fas 9(2) = fasws-

The paper is divided into the following parts. In Section 2 we introduce
notation, define a weak solution to problem (1.8) and find energy type estimate
(see Lemmas 2.4, 2.5). The existence of weak solutions to problem (1.8) can be
proved by the Galerkin method similarly as in [5].

In Lemma 2.4 the Korn inequality for solutions to problem (1.1) is shown.
To prove local existence of solutions with large existence time we need energy
type estimates for h(?), i = 1,2. For this purpose in Section 3 there are found
problems for A1), ¢(1) (see (3.1)), for h(?) ¢ (see (3.9)), for w (see (3.6)) and
for x (see (3.3)). We derive the problems in Lemmas 3.1-3.4, respectively. To
find energy type estimates for solutions of problems (3.1) and (3.9) we have to
make the Dirichlet type conditions homogeneous. For this purpose we construct
functions 21 and h(® which are solutions of problems (3.17) and (3.36), re-
spectively. Utilizing these constructions we define new functions k(1) and k2,
determined by (3.23) and (3.38), which are solutions to problems (3.24) and
(3.39), respectively. For solutions of problems (3.24) and (3.39) we have Korn
inequalities (see Lemmas 3.6 and 3.9) so we are able to find energy type inequal-
ities (see Lemmas 3.7 and 3.10) because the necessary integration by parts can
be performed in view of homogeneous Dirichlet boundary conditions. Utilizing
energy type estimates (3.29) and (3.45) for k() and k(® we find energy type
inequalities for A" and h(?) (see (3.52) and (3.54)). In a similar way we obtain
an energy type inequality for y (see (4.6) and Lemma 4.1).
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Having the energy type inequalities for h(9, i = 1,2, and y we obtain in-
equality (4.17) for ||v||W227,}16(QT).

In the case without inflow and outflow this regularity for v was enough to
prove long time existence (see [6]). However, in this paper in view of boundary
conditions for hz(-’?g (see (3.9)g) we need more regularity for v (see (4.43), where
ve W22 24 0 < 5/p).

Finally,the local existence of solutions to problem (1.1) follows from trans-
formation (5.1) by applying the Leray—Schauder fixed point theorem. The mag-
nitude of the local existence time follows from the proof of Lemma 5.2 and is
inversely proportional to the quantity n(T") = n1(T) +n2(T"), where 7, is defined
in (3.53) and 72 in (3.55), respectively.

To apply the Leray—Schauder fixed point theorem we have to know that
transformation ® described in (5.5) is compact and continuous. These properties
follow from Lemmas 5.1 and 5.4, respectively.

In Section 6 global existence of solutions is proved by prolonging the local
solution step by step. For this purpose we need two facts:

(1) The existence time T of the local solution is sufficiently large.
(2) The norms of data at time ¢ = T are not greater than the corresponding
norms at ¢ = 0.

We present two kinds of proofs: explicit (Theorem 6.4) and non-explicit (Theo-
rem 6.5).

To prove Theorem 6.4 we assume some decay estimates on the external force
and on derivatives with respect to 2’ and ¢ of inflow and outflow.

This implies that we are able to obtain the following decays
IR ()] Ly) < coe™, 8 >0, i=1,2;

where ¢y depends on some norms of data. Then for sufficiently large time 71" we
obtain that

(1.11) IR | a2y < NP O) | Lo@e™"T/2, i=1,2.

In view of Theorem 1 we have the existence of solutions to problem (1.1) and
the estimate

(1.12) 1Ol yasstrssisa g oy S A T=1,2, 81 =5, 82 =5,

where constant A does not depend on T which is possible by assuming that 7;
and 7y (see Theorem 1.1) are sufficiently small.

In view of (1.11), (1.12) and by interpolation we obtain that

1AO ) llyr @y < e,
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where 0; < 2+ 3¢, 6 > 0, i = 1,2. Then the proof of Theorem 6.4 follows
(1-13) ||h(i)(T)‘|W52+5Lz/5(Q) < Hh(i) (O)stzwhz/a(ma 1=1,2.

This gives a possibility to prolong the local existence on the interval [T, 2T and
step by step to prove the global existence.

To prove Theorem 6.5 we use only estimate (1.12) with sufficiently large T
and with A independent of 7. We can express (1.12) in the form

T 1/8
(%) )
([ OOl gy t) <

Hence for sufficiently large T there exists T, < T such that || (T, )||W2+51 @)’

i =1,2, are so small that
IOyt gy < IRDO) et = 1,2

Hence we have (1.13) with T replaced by T. Therefore the local solution can be
prolonged on the interval [T, Ti + 7. Continuing these considerations we prove
global existence.

Finally, we recall definitions of Besov spaces which are necessary for under-

standing main results.

Wo— J/Q(QT) {u = u(x t) ||u||W0,a/2(QT) = Hu||Lp(QT)

| Dl ff] D[O’] (2, t)|P 1/p
([ s i

‘6[0/2 (2,1) 6[0/2] (z, )P ) 1/p
(/// -y wdtdl) <oop,

where Q C R?, 1 < p < oo, 0 € Ry -noninteger and [o] is the integer part of o,

wg«n{uu<>nww«m Jalz, o

D u(a IW](HP N
(// |a:fx’|3+£”(" &) dr dx < oo .

Moreover, we denote W2*#(Q") = B25:5(QT), W2 (Q) = B;,.(Q), where s € Ry
is noninteger, r € [1, 00|, spaces B are introduced in [2, Chapter 3, Section 18].

The above equalities hold in view of [3], where different kinds of differences were
introduced.

Now we formulate main results.
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THEOREM 1.1 (Local existence). Assume that

(a) h@D(0) € W7 720(Q), i = 1,2, x(0) € Lo(9), v(0) € W T77/7(Q),
where 31 =3, 32 =03,0<B8-p'<1/2,5/6 <3+3-p5,3 <o<1,
240 <5/p,5/p<2+0c+p-0,p>6 pe(0,1),5/6 <3+p,
3/6 <248, 0¢€(1,2), Be(0,1), v(0) € W 2"(Q), 5/r —11/9 < s,
v(0) € H' ().

(b) g(l) c szaﬁl/2(QT)7 i = 1’27 d@/ c W63+/3—1/613/2+6/2_1/(25)(SzT) e
H32(ST), d € H52(ST), dos € L3(ST), d € Ly(0,T; Loo(S2)), Fi =
J32i = fis, 1 =1,2, F' = (F1, Fy), F3 = f10, = fo.0
F e W51+,6’—1/5,1/2+,8'/2—1/(25)(SZT)7 Fy e L18/13(QT)-

(c) Let

(L) =lda || Lo 0.0:wi (52)) + 1l 250,716 5(52))
13l 20,7505 (52) + 190 L2075 5020 + 1B (0) ][ 20
12(T) = lld | L 0,mw2(s2)) + 1t oo, miw (52 + M (T)

+ E(Hg(l) ||W65,5/2(QT) + ||d o ||W52+571/5,1+ﬁ/271/(2/5)(SQT)

+ Hh(l)(o)llwf*‘?*z/‘;(g))

2
1 . '
+ C<5>771(T) T Z(”g(z)HLz(O,T;Ls/s(Q)) + 1R (0) o))

i=1

+ Hf3||L2(0,T§L4/3(S2)) + HF,HL2(O1T§L4/3(S2))’

c(1/¢) is increasing,

GU(T) = fllyory + ||f||W;1<f/2(QT) + 1 f3ll 2200714 5(52))
+ 1l Ly a7y + ld o e 075w (52))

Flldllzoomwy s (s20) + 1l Lo (sp)
+ ”dHW;?f//fg’lg/”(sg) + ||9(1)HL2(0,T;L6/5(Q)),

Go(0) = [0(0) 2727 ) + 000y gy + 100) 00270

+ vO)lhe + 1RV 0) a2/ g
2
kE(T) = Z(Hg(z)HWfi,/gim(QT) + Hh(l)(())||W§+ﬁi_2/5(m)
=1

+ ||d o HW;’Hrﬁ’—1/5,3/2+B’/2—1/(26)(Sg)
+||F/||W;w'—1/6,1/2+ﬁ’/2—1/<26)(SZT)7

k3(T) = |d1l|Lg0,5L5(52)) + ||d||W25/2v5/4(52T)-
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(d) Assume that there exists a constant A such that
(1.14) ¢(A,G1(T), Go(0), k3(T)) (m(T) + n2(T)) + cok(T)) < A,
where @ is an increasing positive function (see (5.21)) and (1.14) might

be satisfied for sufficiently small n1 + 2.

Then there exists a solution to problem (1.1) such that

2
Z ||h(7’)‘|W§+Bi,l+ﬁi/2(QT) < A,

i=1

||'U||Wp2+ml+a/2(QT) < @0(‘4761 (T)760(0)v kB(T)a k(T))

THEOREM 1.2 (Explicit proof — global existence). Let the assumptions of
Theorem 1.1 be satisfied. Let us assume the decays

12
1115 0.7525(50)) < 5T

() = llda Ollwzis,) + IdeOllwz sy + 1 F30) Ly a050)
FIF Ol 5050) + 190 Ol Lo s2) + 192 () Lo 5 2) < 11(0)e .

Then there exists a global solution to problem (1.1) such that

2

DM yzsstist 2 g o g ayryy <A Jor all K €N

i=1 s

and

HUHW3+”'1+”/2(Q><(k/T,(k’+1)T))
< o(A,G1(K'T, (K +1)T),Go(0), ks (K'T, (K" + 1)T), k(K'T, (K" + 1)T)).

THEOREM 1.3 (Non-explicit proof — global existence). Let the assumptions
of Theorem 1.1 be satisfied. Then there exists a sequence {T,,}32, increasing to
infinity such that in each interval [Ty, Typi1] with |[Ty, Tni1]| < T there exists
a local solution to problem (1.1) satisfying the estimates

2
> n® lyaestasoi2qup oy S A foralln €N,

i=1

||U||W§+U’1+“/2 (Q X (Tn;TnJrl))
S LPO(A7GI (Tna Tn+1),50(0), k3(Tn, Tn+1), k(Tn, Tn+1)).
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2. Notation and auxiliary results

To simplify considerations we introduce the notation

|u|;D,Q = ”uHLp(Q)’ Q € {QT75T7Q75’}7 pE [L 00]7
lulls.@ = llullms (@), Qe {5}, s e Ry U{0},
”u”s,QT = ||UHW2SaS/2(QT)7 Q S {st}v s € R+ U {0}7
lul, g or = lulli,0rii,@): @€ {2 S} poael,od,
Hu”s,q,QT = ||uHW;fS/2(QT)7 Q S {975}7 s € RJr U {0}7 qc [LOOL
Hu”&q,Q = ”uHW;(Q)? Q € {Q7S}7 ERS R+ U {0}7 q € [1700]'
By ¢ we denote a generic constant which changes its magnitude from formula to
formula. By ¢(0), cx(0), k € N, (o) we understand generic functions which are
always positive and increasing. Moreover, we use the abbreviation form r.h.s.
(Lh.s.) for right-hand side (left-hand side). Finally, we do not distinguish the

scalar and vector-valued functions.

We introduce the space

vEQT) = {u: lully iy = ess sup_fullecey
te(0,T)

)

T 1/2
+ (/ 198 2 e dt) < oo}, ke,
0

Now we recall a certain imbedding for anisotropic Sobolev spaces. Let  C R3.
Then we define

1/2
fulhwg ooy = | [ G+ 9702 4 [V uPyas] ke
Q

where V' = (0y,,0,,). From [6] we have

2/r 1-2/r
(21) Iulq,r,QT S CH’U’”LZ(&T;W;JC(Q))eSS S'l;/lp |u|2,Q / ?
where

2 2k+1 2k +1

2.2 - = .
(2:2) r + qk 2k
For r = q we have

2(4k 4+ 1)
2. =—— 2 =gk
(23) e = q(b)

and the inequality

2 1-2
(2.4) lulgor < CHu||L/:(O7T;W2Lk(Q))eSS sup [l /a
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where 2/¢ < 1. By the Young inequality (2.4) gives
(2.5) [ulg.0r < Eq/2||u\|L2(0 rwie ) T ce= 1 Dess sup |uls.0,
i t

where € € R
From (2.3) we see that ¢(1) = 10/3, q(2) = 18/5, ¢(3) = 26/7, q(4) = 34/9.
Moreover,
lim q(k) = 4.
k—o0
In this paper we use frequently the imbedding
|viu|p7q7QT < CH”||2+Q,5,SZT7 { < 2;
which holds for
3 2
26) - ——=—== +1<24+p0.
P q

In the case where either p or ¢ is equal to co then we have the sharp inequality
n (2.6). Moreover, from [2, Chapter 3, Section 9] we have

(2.7) ul22k41),0 < C||U||W21,k(g)7 QCR.

DEFINITION 2.1. By a weak solution to problem (1.8) we mean a function
w satisfying the following integral identity

(2.8) /QTw,tw dx dt + H(w) -t dxdt

Qr

2
+u/ D(w)~D(¢)dmdt+72/ W Tath - To dS) dt
Qr a=1 ST

2
- Z/ Bmw-ndsgdtz/ F -4 dudt,
ST QT

o,a=1

where H(w) = w-Vw+w -V +J - Vw, which holds for any sufficiently smooth
function ¥ such that
diVQ/}:Oa wﬁ|S:07

and the first integral of (2.8) is understood in the distributional sense.
Now we shall obtain an estimate for the weak solutions to problem (1.8).

LEMMA 2.2. Assume that di € L3(ST), Va € Ly(0,T; L3(Q)), w(0) €
LQ(Q);

L2(t) =lal3 s, + lolg/s 0 + loalé/s 0 + 1+ [la

%,3,Q)|Va|§,9 + |f|(2s/5,Q
and

T
/ I (t)dt < co.
0
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Then, fort < T, the following estimate holds
dils | Ve]?, . ¢
29 g < e MRt T ([ ey ar s o) ).
0

PROOF. Omitting the integral with respect to time in (2.8), inserting ) = w
and using (1.8)3 yield

1d
(2.10) f—|w|§79 + / [w-Vé§-w+9 - Vww]dx + 1/|1D)(w)|§,9 + vw - ?a‘g,sl
Q

2dt
2
= Z/ Bmw-7ad50—|—/F-wda:,
S, Q

o,a=1

where such procedure can be justified by considerations from [5, Chapter 3].
Now we examine the second term on the Lh.s. of (2.10). First we consider

/6-Vw-wdx=/(b+V<p)-Vw-wdz=/(a€3+ch)~Vw-wda:
Q Q o
:/aw,xs-wdx—k/V@~Vw~wdz5[1—|—fg,
Q Q
where

1 1 1
(2.11) L :f/ a(w?) 4, da::f/(ozwz) s d:z:ff/ozmdexzfllJrIf.
2 Ja ’ 2 Ja ’ 2Ja

Integrating in I{ yields
1 1
I = —7/ dyw? dm’—l—f/ dyw? da’.
2 Jsy(~a) 2 Js5(a)

1] < €llwols o+ e(1/e)ldil3 s, 1wl3 o

Hence

Moreover,
17| < ef|wlg o + c(1/e)|a 5 olwl3 -
Summmarizing, we have
L] < er(|wlf g + lwal0) +c(1/e1)(di]3 5, + |azsl30)lwl o
Next we examine
1 2 1 2 1 2
Iy == [ Vp-Vwider=—= | Apw’dr =< | azw’dz,
2 Ja 2 Ja 2 Ja
where (1.5), (1.6) were used. Hence
I < eafw[§ o + e(1/e2)|aq, |3 olwls o
Next we consider

/w-V§-wd$:/w-Vawgdm+/wivingpwjdzzlg—kh,
Q Q Q
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where

|I3] <eslwlg o + c(1/e3)|Val3 glwl3 o,

L] <ealwlf o+ c(1/24)|V V@[3 olwl3a < eslwlg o + c(1/e4) |0z, |5 0lw]3.0-

Utilizing the above estimates and Lemma 2.4 in (2.10) yields

d _
(212) Shwlio+vlwli o +lw -,
2
<clldilys, + Vol lulo+ Y. [ Baw-rads,+ [ Fowds,
o,a=1 S Q

The last two terms on the r.h.s. of (2.12) take the form

—/ (Vﬁ-ﬂ)(é)~?aw-?a+’y(5-?aw-?a)d51—/ vt - D(0) - Tow - To dSo
Sl 52

—I—/(f — 04 —6~V{5)wd$+1// divD(d) - wdx = Jp.
Q Q
Integrating by parts in the last integral of J; we obtain

Ji=—v 6'Faw'?adsl+/(f_6)t—6'V5)'wdl‘
5 Q

—V/ D) - D(w)dx = Jo + J3 + Jy.
Q
Utilizing the form of § we have

[ Jo| <erllw|f g+ c(l/er)(|alss, +[Ta - Vel3s,)
<eillwl|iq +c(l/e)(|al3s, + [Val3o)
| T3] <es|wl o + 0(1/52)(|f\§/s,9 + 5,t|§/5,9 + 16 V6|é/5,9)’

where

19.¢l6/5,0 < latless,o + IVeiless.o

<latless.o + ‘/ VGa y, dys
Q

< (|
6/5,0

6/5.2 1 | zstl6/5,0),

where G is the Green function to problem (1.6) and
16-Vdless,0 < 0]30|Vil20 < cllafizolValza.

Finally,
4] < esllwli g + c(1/e3) D)3 0,
where
IDO)2.0 < ([Valz.a+ [VVel2a) < cValza.
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Summarizing

il <ellwlli g+ c(1/e) (el s, + 1 f13/5.0
+ oy

g/s,@ + ‘O‘,zst|g/579 + ||04||%,3,Q|V04|g,9 + |VO‘|%,Q)'

In view of the above estimates, (2.12) takes the form

d _
(2.13) %\w@,n +vlwll} o +ylw-Tal3 s,
<c(ldlS s, + Va3 o)lwl o + cllel3 s, + | f15/5.0
+ |a,t|§/5,9 + |a,xst|§/5,9 + ||O‘||%,3,Q|VO‘|§,Q + |V01|§,Q)

=c(|dil3 s, + [Val3 o)lwl3 o + I (2).
From (2.13) we have

7C(Id1Ig,G,S£+IVQI§,2,Qt) 7C(|d1|g,s‘s;+|VO‘|§,2‘Q‘)

d
(214) S (ul3ge ) < d2(t)e
Integrating (2.14) with respect to time yields (2.9) for |wl|2 o only.
Next we obtain from (2.13) the inequality
d

(215) Z(wBqoe

_C(IdlIg,s,sé"'lvalg,z,m)

)

_ —c(|da]§ 5 5o TIVl] 5 o)
+ (g + - TaBs)e 1B T b

—c(|dx I§,6,5‘5+|va|§,2,ﬂt)

< cI(t)e
Integrating (2.15) with respect to time yields

(2.16) [w(t) 3 + 1By 1V b0

t
~A(wmaMKQ+vmavﬁua&»e

SCec(ldl|g,6,s§+|vo‘|§,2,m)
t —c(|d 6 | Val? /)
. </ FQ(t')e I 1|3,6,sg I |3,2,Qt dt'+|w(0)|§,ﬂ>.
0

Simplifying (2.16) implies

—clldaly ¢ o TVl

2

/)
- t /
3,2,Q It ,

6
3,6,S.

t
(2.17) Iw(t)|3,9+/0 Wllw@)Ii o +lwt) - Tal3 s,) dt

c(|d1]® . | Val? ' t
< ce (l 1|3,6,32+| |3,2,n )(/ FQ(t/) dt/—‘r |’LU(O)|%)Q)
0
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Omitting the first term on the L.h.s. of (2.17) we obtain
t
(2.18) /O Wllw@)I} o +lwt) - Tal3 s,) dt
c(|Val? ]S t
< 1o e ([ r)ar s o)),
0
From (2.18) and (2.9) for |w|2,q we get (2.9). This ends the proof. O
Using that
) T T
219) 1B qr +v [ IORade+y [ 1507l s, i

T
2 2
< cllof} wr + s + [ ol adt <ox.
0
we obtain from Lemma 2.2 the result

LEMMA 2.3. Let the assumptions of Lemma 2.2 and (2.19) hold. Then the

following estimate is valid
c(]dq]® +|Val? T
220) olfgqr, oot T Hee? ([ r a4 po)

T
+lall3 o 0r + o 13 00,07 +/ la®)F o dt) = 1{(T),
0
where T'(t) is defined by assumptions of Lemma 2.2.

Finally, we prove the Korn inequality.

LEMMA 2.4. Assume that
(2.21) Eq(w) = / (Wie; +Wja;)? dz < 00,
Q

where the summation convention over the repeated indices is assumed. Assume
also that

2
(2.22) Y lw-TFal3s, <00, w-mlsg=0, divw=0.
a=1
Then there exists a constant ¢ independent of w such that

2
(2.23) lwllf o < e(Ba(w) + ) lw-Tal35,) = .

a=1

PROOF. Directly from (2.21) it follows

EQ(w) :2/ ’Ujixj d,I—FQ/wz,x] S Wy g, dl‘,
Q Q
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where in view of (2.22), the second integral equals

—/ Nz, wiw; dSt,
S1

where we used also that n;|s, does not depend on 2/, 2/ = (x1,z2). Hence, we

have
(2.24) Vwl3q <cl.

In the non-axially symmetric case by the contradiction argument (see [7]) we
obtain that for any § > 0 there exists M(J) such that

(2.25) wl3q < 8|Vwl3 o + M(8) Ea(w).

From (2.24) and (2.25) we get (2.23).

In the axially symmetric case we have also (2.24). Let

where 1) = (—x2,21,0), [(w'-ndx =0, a= [, w,dz, w, =w-n.
Since for w’ (2.25) holds, we have

(2.26) /B < 8V g + M(3)Ea(w)

= 6(IVwl3 o +clal?) + eI < 8lwyl5 o + eI,
where Eq(n) = 0 was utilized. Using that
(2.27) wel3 o < clwel3 s, +|0rw]3 o) <,

where w, = w - €,, &, = (—siny, cosp,0) and ¢ is one of the cylindrical coor-
dinates such that z; = rcosp, o2 = rsine.

Assuming that the considered domain is a cylinder of the radius R we have
|wy|2,0 < Rlwy|2,0-
Hence (2.27) implies
(2.28) |wyl2,0 < .

From (2.24), (2.26) and (2.28) we obtain (2.23) in the axially symmetric case.
This ends the proof. O

Let us assume that the extension « defined by (1.4) can be expressed in the
form
a =mnidy + n2da,
where n; = n;(x3), i = 1,2, is a partition of unity such that 7, = 1, 7o = 0 near
Sa(—a) and n; = 0, 72 = 1 near Sz(a).
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LEMMA 2.5. Assume that d € Loo(0,T;W4(S2)) N La(0,T; HY(Ss)), d; €
Ly(0,T; Lgy5(S2)), f € L2(0,T; Lg5(22)), v(0) € Lo(Q2). Then

[vllven < L(?),

(2:29) () <ol L oo 0,6w2 (52))s DI 0,851 (5))
2 2
Fldils/s2,50 + 1 flojs0,00 + w030, t<T,

where  is an increasing positive function.

3. Basic formulations

To prove the existence of global solutions to problem (1.1) we follow [6].
Therefore we need problems for quantities (1.10) First we have

LEMMA 3.1. The quantities h'V, ¢Y) are solutions to the problem

hY — divT(AW,¢V) = —v- VD — i . vy 4 ¢ in Q7

divh® =0 in Q7
n-hY =0 on ST,
(3.1) U - ]D)(h(l)) Fat+vhM 7y =0, a=1,2, on ST,
WY =—d, i=12, on Sy,
hy), = Ald on 83,
Ko = hM(0) in Q,

where A" = 02 482, , d replaces dy and dy, because d|s,(—q) = d1, d|g,(+a) = da-

PrOOF. Equations (3.1)1,2,34,7 follow directly from corresponding equations
in (1.1) by differentiation with respect to x3, because S; is parallel to the axis
xIs3.

To show (3.1)5 6 we recall that

(32) 'U3|S2 = d7 (vi,xg + 1}3717;) So = 0, = ].7 2.
Hence v; 4|5, = —d 2, © = 1,2, and (3.1)5 holds.

From (1.1)2 we have v3 goasls, = — (V1,501 + V2,2520)]8 = @ zyzy + dapas =
A’d. Hence (3.1)g follows. This ends the proof. O

LEMMA 3.2. The function X = Vg 4, — V1,4, 1S @ solution to the problem
Xt +v-Vx— hgl)x + hgl)w,ajl — hgl)w7x2 —vAxy=F; inQ7,
X|s, = _'Ui(ni,ijlj + Tli,xjnj) + %Ujle
(3.3) +v-T1(T2,0, — T1,2,) = X+ on Sf,

Xzs =0 on S{,
Xlt:() = X(()) in €,
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where F3 = fo u, — f1,,, T, 71, T2 are defined by (1.9) and w = vs.

Proor. Differentiating the first equation of (1.1); with respect to zo, the
second equation of (1.1); with respect to z1, and subtracting the results yield
(3.3)1.

To show (3.3)2 we extend vectors 71, T into neighbourhood of S;. In this
neighbourhood v' = (v1,v2) can be expressed in the form

v =V -T1T1+ v -nn.
Then

(3.4) Xls, =[(v-Timie +v-Tn2) 2, — (V- T1T11 + V- TN1) 2,]]s5,

[7% . V(v . 71) +v-T1 (7'12,9c1 - Tll,xz“su

where (1.1)3 was employed and 7y;, n; are the i-th Cartesian coordinates.
Utilizing (1.1)3 in (1.1)4 for oo = 1 yields

(3.5) vn - V(v -T1) = v0i(Ni 2, T1j + Tiie,nj) +yv - T1 = 0.
Exploiting (3.5) in (3.4) yields (3.3)2. By the definition of x and (3.1)5 we have
XozslSs = (V2,205 — Viasws)|sy = —(dayzy — dayay )]s, = 0.
This ends the proof. O
Subsequently we formulate a problem for w.

LEMMA 3.3. Function w is a solution to the problem

wy+v-Vw —vAw = ¢+ f3 in QT

(3.6) W, +yw =0 on ST,
. w=d on ST,
wli=o = w(0) in Q.
PROOF. We have to show (3.6)2 only. Equation (1.1)4 for o = 2 takes the
form
(3.7) 1 (Vipy +V342,) +v0v3 =0 on ST,
Since 7|, does not depend on g, (3.7) implies (3.6)s. O

Let € be a cross-section of 2 by the plane P perpendicular to the axis xs.
Then 9’ = S; N P = S1. Therefore, we can consider the problem

v2,i121 - U17£U2 = X in Ql?
(3.8) Vi, + V20, = fhél) in &,

vem =0 on S7,
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where v/ = (v1,v2), W = (1/|[VO) (P21 P as)s & = QN {planexs = const €
(—a,a)}, S; = S1 N {planexs = const € (—a,a)}, and x5, t are treated as

parameters.

LEMMA 3.4. Quantities h'?, ¢® are solutions of the problem

h2 — divT(h®,¢®) = —=h® . Vo — 20D . VD

—0-VAD 4 @ =~ in Q7
divh® =0 in 7T,
m-h? =0 on S7,
uﬁ-]D)(h(Q)) Ta+vh? Ty =0, a=1,2, on ST,
(3.9) (2) =ANd=s on ST,
h?) = —;d,m +3A'd,, + %F{ sy + %[vj(hgl) —d) a,
+d(hil), = o) + B (Y — d)
+ h§1)vi,zj —d Vi lls, =%, 1=1,2, on 53,
|, = 12 (0) in O,
where dy = d|g,(—a), d2 = dlg,a), A 62 + 822, = fag, — fiz, and

V'd = (d4,,d,5,). Moreover, the summation com)entwn overj from 1 to 2 is
used in (3.9)g.

PrOOF. We have to prove (3.9)5 only. Since

a’l}i 8U3 .
3.10 =d - __d:rv :172a
(3.10) wls,=d, gt -Gl =—da,
we get
0%v 2 9%,
2 3 %
(3'11) hé ) = 8:1; ax ax3 = 517151/’1 + da$2I2 on 52'
3 i

Hence (3.9)5 holds.
To show (3.9)g we consider first two components of (1.1);,

(3.12) Vi — VA — V2 v+ Vip=—v- Vo + f;, i=12.
Differentiating (3.12) with respect to 3 and projecting the result on Sy yield

1 1
(3'13) h(2 ‘Sz = = ;d,mit + A/d,a:i + ;viq(1)|32

1,3
1

1
+—(hV - Vo v vaM)|s, — “gils,s i=1,2,
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To calculate the third term on the r.h.s. of (3.13) we calculate ") from the
third component of (3.12)

(3.14) g ls, = (—v3¢ + vA'vz + V@igvg —v-Vuz + f3)|s,

2
=—d;+ 2wA'd — (Z VU3 g, + 113113@3)

i=1

+f3|523

Sa

where we used that 03, vs|s, = A'd.
Differentiating (3.14) with respect to x; and utilizing in (3.13) gives

2 1
(815) b, = = Sdaa + 30 A + [0 Vo) oy — (0 Vos) 0|5,

1,T3
1 .
+ ;(f:i,zi — fizs)lss, =1,2.
Now we examine the third term on the r.h.s. of (3.15). Utilizing (3.10) we get

(3.16) [(vj - Vi, +V3Vias) a5 — (VjU32; + V3U3.25) 2:]]5,
= [0j(Viws — V3.2,) 2; T V3(Viws — V3.2,) 25
+ V3,25 (Viizs — V3.2;) + VjzsViz; — Vi, V3,2,]l5,
=[os (1" — dg,) o, +d(hG) ~ 53,
+ RSV —d )+ v, — d v

J

Sa» i:172a

where the summation over j from 1 to 2 is used. Exploiting (3.16) in (3.15)
yields (3.9). O

To find the energy estimate for solutions of problem (3.1) we are looking for
a function h(") such that

divh® =0 in €,
E(1)|S =0,
(3.17) ~ay, ,
hi |Sz =—dg, =12,
~(1
RS |s, =0.
First we construct explicitly the function
Ez(‘l)|sz =—dy, 1=1,2,
—(1
s, = 0.

—(1
The construction with be done in such a way that h( ) -7i|s, = 0. This is possible
because the following compatibility condition

2
Zﬁi|51 ' d’xi‘§1ﬂ§2 =0
i=1

holds.
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Let n;, i = 1,2, be the functions introduced before (see the end of Section 2).

)

Then we construct E(l in the form

—(1 .
hi ) = _(nldl,aci —+ 772d2,x,-)7 1=1,2,

Y =o.

(3.18)

Hence, E(l) is a solution to the problem

leB(l) = 7(’[]1A/d1 + T]QA/dg),

Y Fals, =B Falsy a=1,2,
(3.19) 7Y 7ls, =0,
RVls, = —da, i=1,2,
ny)s, =

Now we define a function ¢ such that

(3.20) Ap = —(mA'dy +m2A'dy), n-Vo|s =0,
and we are looking for a function a such that
—Aa+ Vo =0,
diva =0,
_ _ T(1) _
Q- Tals, = —Ta 'V +h - Tals, a=1,2
(321) |Sl @|Sl ‘Sl
« ~ﬁ|sl =0,
allSz = _vz@|527 Z = 17 27
013|52 =0.
Then
(3.22) 20 =7 (0 +vy)

is a solution to problem (3.17).
The above construction of solutions to (3.19) can be found in [4].

LEMMA 3.5. Function (3.22) satisfies

1V he0 < cldallos.

BV o0 < cldarilo,ss,

(3.22))

where o € (1, 00).

PRrROOF. From (3.18) we have

(D)

—(1
17 o 1B o < cldartlos,

o0 < clldar
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There exists a Green function for (3.20) such that
pla) = / G(@,y)0y; (mdry; +12dz,y,) dy = */ VyG(mdy, +12dz,y,) dy,
Q Q

s, =0 and hl(-l) = —d,,,1=1,2, are used. Then

where n;d ,

Vx@ = /vmvybG(l" ?J)(Uldl,yi + 772d2,yi) dy

and
IVelioo <cldallies,:  |Veion < cldoilos,-

Utilizing the existence of the Green function to problem (3.21) we have

BGm _ —(1) _ / aG”
7 - T h ‘Ta d
a;(x) 5. s, (—Ta Ve + To)dS1 + 5, Ins,

(_Vj ©) dSs.
Therefore the estimates hold

—(1
1o+ B [e0) < df

lafl10,0 < c([[Vel

—(1
latloe < (Ve uloa + 5 |n0) < cldatlss,:

darll1,0,5,5

From the above estimates we obtain (3.22'). O

Let us introduce the new function
(3.23) D = pM — M),
Then k() is a solution to the problem

kY — divT(hW,¢W) = —v - VAW

—hW . wu =R 4 g =, in Q7
div kM =0 in Q7
7 kW =0 St
(3.24) " oo
v - DY) 7o + 90V 7, =0, a=1,2, on ST,
KV =0, i=1,2, on ST,
hélg)m =Ad on ST,
kW],—o = hV(0) — M (0) in Q,

where h(!) on the Lh.s. depends on k(1) by (3.23).

Now we find a Korn inequality for solutions of problem (3.24).
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LEMMA 3.6. Assume that § is not azxially symmetric,
¢ 1
KD Z / Y 450 2,
i,j=1

Eo (kM) +Z\k(1 Taldg, < oo,

a=1

|Ad]y,s, + [RS! g;3|2 o+ 125, < 0.

Then for solutions of problem (3.24) we have

2
(3.25) kW o < c(Ba(k™) + D KD Tal3s,)
a=1
¢
+ oA dlE s, + S, s, + [R5, e
Proor. First we calculate
Eq(kW) = 2VED 2, + 2/ kK do,
o ;

where utilizing (3.24), the second intergral takes the form

/<k§};jk§1>),m da :/ kY 6 n; dsy +/ kY kg dS, = 1,
S1

where the summation convention is assumed.
In view of (3.24)5 ¢ the second integral in I equals

/(Ad RS dSs.
Sa

By (3.24)5 the first integral in I; assumes the form

—/ N, kiKY Sy
S1

Hence

2
(3.26) |VEWV 2 < cBo(kM)+e D kW Fof3 g +c
a=1

/(Ad RS kS dSs|.
Sa

By the Poincaré inequality and (3.24)5 we obtain

i=1,2.

(3.27) kP a0 < | VEDY

/h(U dx:/ do d.S5 —/ didS; =0,
Q Sa(a) Sa(—a)

relation (3.23) implies
/kg”dx: —/Egl)dx.
Q Q

Since
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Hence )
/ kg”—/kg” da dxgc/ IVED 2,
Q Q Q ’
SO
1 1 (1 2
(3.28) |k§’|3,gs(:(v1c§>|§,g+] [P ).
From (3.26)—(3.28) we obtain (3.25). 0

Now we shall obtain an energy type estimate for solutions of problem (3.24).

LEMMA 3.7. Assume that v is the weak solution to problem (1.1). Assume
that

t
2
1 = Bsup s, + (14 14 ) [ R s, @

t
4 / 1y
0

2
+ |f3|i/3,2,sg + |g(1)|6/5,2,Q" + |k(1)(0)|§,97

where 1y is defined by (2.20). Then solutions of the problem (3.24) satisfy

%,6/5,52 + ||d7w’||§,3/2,52) dt’

(329) [KV[5q+ V/Ot IEV@)IE @ dt' + kD T3 5
< coxp(|diy g + V0I5 00 )5
PROOF. Multiplying (3.24); by k(1) and integrating over Q yield
Ld 30— /Qdiv’ﬂ'(h(l)7q(1)) kW de = /le kD de,

(3.30) kD
Integrating by parts in the second term on the Lh.s. of (3.30) yields

2dt

_/ ﬁ_T(hu),q(l)).;ak(l).;adgl_/ 7 T(hD, ¢0) . 7k . 7dS,
Sl SZ

+ u/ DD - DM de = I, + I + Is.
Q
In view of (3.24)4 we get
I = v/ WD -7k 7o dS) =y kY 7o 3 s, M/ WO TakV) 7o S
Sl ’ Sl
From 7i|s, = €3 and (3.24)¢ it follows

= ‘/ (2vnl), — g )KL S,
Sa

o [ D a5~ [ @, g asy = 13+ 1
SQ SZ
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where

13| < etk g + e1/e)|Ad]S g,
and to examine I3 we take the third component of (1.1); and project it on Ss.
Then we get

3.31 dy+ - V'd+dhl) —vA'd— fs=vh{) — ¢V on S,
xrs3
where v/ = (v, v2), V/ = (04, 0,,), A = 02 + 02..
Using (3.31) in I yields

1= ‘ / (do+ o'+ V'd+dhg? —vAN'd — f)k{) dS,
Sa

1
<ealk$V R g, + c(1/e2)(1deld 5.5, + 1020, /5.5, 1V dl3rg 3.5
/ dnV kS ds,
Sa

+ Al 5 s, + 1 f3l1)5.5,) +

where 1/A1 +1/X2 =1 and

/ dhg”kgl)dSQZ/ d|k§1>|2d52+/ dh$ kD dSy = T + I,
Sa

2 Sa

where

= 1 1 1
0] < ldls o ks, < esllb” I3 + e(1/25)|d s, |45 .o
and
II| < eallk5” 1.0 + c(1/en)ldll s, V1 0
Finally, to examine I5 we have to use the Korn inequality (3.25).
Next we examine the r.h.s. of (3.30). Utilizing the form of b; we obtain

—/U~Vk(1)~k(1) dx—/u-v}l(l)-k(l) de
Q Q

f/h(l)'Vv-k(l)der/( [IRE R Udm—ZI
Q

Q

In view of the boundary conditions for v we obtain

1 1
I = —f/v-V(k(l))deg 7/ dy (k1)2 dS,
2 Jo 2 Js,
<eldi 3,5,k Ms.5, < cldi|s,s, (63 VED [ g + ek M]3 o)

<es|VEW |3 o + c(1/es)|di[S s, KD 3 o-

By the Hoélder and Young inequalities we get
T3] < e6lk Vg + (1 /26) o o VAD B g,
[Is| < erlk W3 o + e(1/er)(
17| < eslk@ o+ c(1/e8) (1R 5.0+ 19 35.0)-

2, )7
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Utilizing the above estimates in (3.30) and assuming that £ — eg are sufficiently
small yield

1d _
(3.32) 5&““(1)@,9 + V||k(1)||§,n + 7|k(1) : Ta\%,sl
< — [ WY m kW 7, dS) + e(|AdE g, + |d.el3 s,
S1

+ [V, 5, V'l s, 5, + 1G5, BP0 + 1A g, + 151 5,)
1 T(1 T
o[BS B, + 1BV 13.0) + (iS5, kD B g + [02 ol VAV 2

> !
+ Vol gk DB g + RP 250 + 1902 5.0 + V3 alhW]3 ).

The first integral on the r.h.s. of (3.32) is estimated by
eol kM) - Fal3 s, + c(1/20) AV - Fal3 s,
where the second norm is bounded by ||h(!) 1 o, and we use the imbedding
[v'[4/37,,8, < cllv]l1,0,  where A = 3.
Utilizing the above estimates in (3.32) yields
(333 TROBa+ O g+ kD Fulis,
<c(|dl3 s, + Vo) kDS o
+ C(”v”isﬂd,z’\%,sg + |’U|§,Q|Vﬁ(l)|§,sz + |Vv\§,sz|ﬁ(1)|§,sz)
+c(|Ad3 s, + |dili/s s, +1d3 s, IRD3 o + ‘E,(tl)”g/aﬂ
1 B + 05, s, + 1BV 0 + sl s, + 1918 5.0)-

Using Lemma 3.5 in (3.33) gives

d _
(3.34) S EV e + IRV g+ Tald s,

<c(|dil§ s, + VU3 o) KD
+e[(1+1dI3 s,) 1D (1T s, + 12113 65,5,

d 2 2 (12
+ I doll2,5/2,5, + 1 f3l1/3,5, 19" 65,0l

20t clvliollda i s,

where we used that

1) Ja.s, < cllh®

3,23 -

2,3/2,.0 < clld 2 ll2,3/2,5,

which can be proved in the same way as Lemma 3.5.
Integrating (3.34) with respect to time implies (3.29). O

Now we examine problem (3.9). Assume that 7 is such that

(2

ﬁ-E(Q)‘Sl =0, m-h |32 = A/d,
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SO

h )

) = nlA,dl —+ 7’2A/d2, E£2 = 0, Z = 1, 2

Since divﬁ(z) # 0 we construct a function ¢ such that

Ap = fdivE(Z) in Q,

n-Ve =0 on S.

(3.35)

Compatibility condition is satisfied because |, S, 5(2) dSs = f§2 3, Tlg, - d 4 =0.
Then

(3.36) B =1® 1 vy
LEMMA 3.8. Function h(® satisfies

(3.37) BP0 <cldallioss 1B )ne < cldatlios,:

ProoFr. For function 5(2) we have
+(2) —(2)
|h |o,Q < C‘d,(lj/x/|07527 |h,t |U,Q < C|d,x/x/t‘o,52-

Let G(z,y) be the Green function for solutions of problem (3.35). Then
_ o2, —2 =2
o) = [ Gz,y)divh "dy = | V,G(z,y)h dy — Gn-h" dSs,
Q Q Sa

where we used that 7 - 5(2)|51 = 0. Since

Vg = / v.V,Gh % dy — | V.G 1 ds,,
Q Sa

we obtain

|v%0‘079 < C||d,z’|

1,0,S2> ‘V@,t|a,ﬂ < ||d,$’t||1,a,sz-

In view of the above estimates and (3.36) we obtain (3.37). O
Introducing the function

(3.38) 2 — (@ _ {2

we see that it is a solution to the problem

B = aivT(h®,qP) =90 - 3P =5 in 07,

divk® =0 in QT
n-k® =0 on ST,
(3.39) v - D)) 7o +4h P .7, =0 on ST,
k:(f) =0 on ST,
hgs =7, =12, on S7,

o = B2 (0) — k@ 0) = k@ (0)  inQ,
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where 79,71, 72 are defined in (3.9).
First we shall obtain the Korn-type inequality for solutions to problem (3.39).

LEMMA 3.9. Assume that

(k@) Z/k(2)+k2) dr < oo,

3,7=1
2)
|k( : T()é|2751 <00, a= 172

Then solutions of (3.39) satisfy

2
(3.40) K2 o < C(Esz(k(2)) + D K 'Talg,sl)-

a=1

Proor. We have

(3.41) (k) Z/ (k2 + k) )2 da
3,j=1
2
=2|VE@ 2 +22/ ) k) da.
i,j=1

Integrating by parts and utilizing (3.39)2 in the second integral on the r.h.s. yield

$ [ $ [

1,j=1 1,j=1

Z/ niki) K ds, +Z/ nik{ kY dSy = I + Io.

3,J=1 i,j=1
Employing (3.39)3 in I; implies
Z / N, ki kS) dSy
1,7=1

and (3.39)5 in I gives

2
L=Y" / k) KR dSy = 0.
a=1 So
Therefore, (3.41) yields
2
(342 VKO < o Balk®) + 30 K - Tull s, ).

a=1
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Using (3.39)3, the fact that Q is a cylindrical domain, so 7i|s, - €3 = 0, we have
by the Poincaré inequality the estimate

2 2
(3.43) S kPl <> VA 0.
i=1 =1

We outline a proof of this inequality. Let s;, so be two points of S; with the

same coordinate z3. Let 7(s1), 7(s2) be the normal vectors to S; at points

s1, Sa, respectively. Then by the Poincaré inequality we have \k(z) -1(85)]2,0 <

|V (k® -7(s;))]2.0. Since Ti(sy), i(s2) are finearly independent, (3.43) holds.
Similarly, (3.39)5 implies

(3.44) |k§2)|2,9 < C|Vk?:(52)|2,9-
From (3.42)—(3.44) we obtain the Korn inequality (3.40). O

Next we shall obtain an energy type estimate for solutions to problem (3.39).

LEMMA 3.10. Assume that v is a weak solution to problem (1.1). Assume
that

ly =|d o' | oo (0,612(S2)) T 12 (| Lo (0,65272(52) + 1D 1| Lo (0,521 (52) < 005

Is = [0l Ly 06w @) + 10l Lo 0.5 (52))

+ 1Py 00wp @) + 1BV L.t (52)) + 1P| o011 (52)) < 00,

2
le = Z(lg(l)lfs/sg,gt +[£D(0)]2,0) sz zs + lF/|4/3’2755 = o
i=1

Assume that |d| sy < oo. Then solutions to problem (3.39) satisfy

2
(3.45) Z(w |m+u/||w \|mdt+v/|k Ta|251dt)
1

<cexpc |d1|3 6,50 T HU”L2 0.twie) T ||h W HLQ(O t; Wl(Q))}
1+ 1d s +15)(1F + 13) + TG

PROOF. Multiplying (3.39); by k(®) and integrating the result over  yield

(46) dt|k2)|29 / divT(h®, ) - k® dg

= —/(h@) Vo + 20D VAW 4o VR?)) . k@ dy
Q

+/(g<2> — 2y k@ da.
Q
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Integrating by parts in the second term on the L.h.s. of (3.46) implies

_/ ﬁ.T(h@),q(z)).nk@).;adgl_/ 7T(h®, ¢ . 70k® . 7, S,
S1 SQ

+ y/ D(h®) - DE®)de =1, + I, + Is.
Q
In view of (3.39)4 we obtain
L :7/ 2 .7 kP .7, dS)
S1

=7[k® T, [3 5, +~y/ h? 7 k? 7, dS, =1} + 12,
S1
By (3.39) we get

L=~ / (hZ, + hs5 JK® -7, dS,
Sa

2 1
= — / |:— 7d,x(,t + 3A/d7ma + 7Fé|5‘2
So 1% 1%
+ [y (W) = doa) e, + AR, = BED)
+ (WD —d o)+ h P vaw; — doa,vj00)ls, |2 - Ta dSe,

where the summation convention over the repeated indices, o, j = 1,2, is as-
sumed. Continuing, we have

1| < e1lk@ 3 g, +c(1/en)RP 5 5.,

and

|12 §52|k(2)|421,52 +c(1/e2)( d,w't|z21/3,s2 + |A/d,:c'|z21/3,s2 + |F/|i/3,52)
+c(1/22) (R 13 3.5, + [0darar a5, + 1R 5.5, + [(RO)?3 5.5,
+ |h(1)d,z’\421/3,52 + \h(l)v,m’\i/g,SQ +|d 202335,
=eo|kP 3 5, +c(l/e2) (I3 + I3).

By the Holder inequality we have

1
122 SC(‘UI?LSz'h,(w’)'%»SZ + ‘U|421752||d7w’||is2 + |d|zo,Sz
+ |h(1)|421,52|h(1)|§,»92 + |h(1)|%)52|d,w’|421,52
+ RV s, 000135, + lld o

h,(wl) ‘?L/S,S2

|%,Sz |ny|§,52)'
Finally,
I; =vD(EP 3 o + V/QD(E@)) DD de =1} + I2,

where
5| < esl| k3 o + c(1/e3)[|KP]] o
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We express the first integral on the r.h.s. of (3.46) in the form

7/ NORRvAC) d%/ oh M . TR E®) g
Q Q

7
—/u-w(?)k(?) dx—/v-vﬁ<2>-k<2> dr=Y" 1,
Q Q i=4

First we examine I expressed in the form
I, = —/ k> ~Vv~k(2)da:—/ﬁ(2)-Vv~k(2)dlei+lf,
Q Q
where
13| < esk® G o+ c(1/€3)|Vol3 o[ kP[5 o,
3] < eal k@G o+ c(1/€4)|V0l3 o[hP)3 6.
Next, we have
15| < es|k@ 3o+ c(1/e5) (VAW kW3 o + VAV S o[V q),
|I6| < e6|VEP[3 o + e(1/26) 013 o kP13 o
[I7] < €7|k(2)|§’9 +0(1/57)|U|?2>,Q|Vh(2)|§,Q'
Utilizing the above estimates with £; — €7 sufficiently small and the Korn in-

equality (3.40) in (3.46) we obtain

d
(347) P B+ R} o + kP Tald s,

<c(flv

|%,3,Q|k(2)|§,9 + |Vh(1)|§,9|k(1)|§,9 + ”UH%QHﬁ@)”%Q

+ VAR 6ROV o) + (B3 o + 9P 5.0 + BT 25,0
+darl3,4/3,5, + 14413 4736, + 1F'13/3.5,)

+ (v 6, |0 B s, + 103 s, a3 s, + 1d1% s, BD 3 5 5,
+ |h(1)|i,32|h(1)|§’52 + |h(1)|§,32|d,m’|3,5‘2

+ |h(1)|421,52|v,z' g,sz + |

do|[¥ s, |v2l3.5,)-
Utilizing Lemmas 3.5 and 3.8 in (3.47) yields

d

= jAe)
dt

(3.48) KD o+ vlk@2 o +7kP - Tol2s, < o] 50
+ VRO R kDB o + 02 olldar 3.5, + VAV B glldo 13.5,)
+ C(Hd,m/||§74/3752 + ||d,t||%,4/3,s2 + |9(2)\§/5,Q + ‘F/|Z/3,Sz)

1
+ (vl 5,10 B s, + 103 g, lld o 125,
+ |d|c2>o,52|h,(:i)|421/3752 + |h(1)|421,52\h(1)\§,32 + |h(1)|§,s2\d,m'|z21,sg

+ RV s lv.l3 s, + el s, val3 5,)-

2
2,0
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Adding (3.34) and (3.48) implies

(3.49) %(lk(l)lg,g +[EP 5 0) + v(IFV3 o+ I1K2)1T0)

+(kY Tals s, + 6P - Talys,)

<c(|d1|§ 5, + V50 + |Vh(1)|§79)\ ||%73,Q|k(2)|§,ﬂ
+e(llvllfa+ VAV Bo)dar 135, + (1 +1dl3.s,)l1d e 15
+dl? s, + |g(1)|(2;/5 ot |9(2)\§/5 ot \f3|z21/3 s, t |F/\421/3,52)
(ol s, 1S Bs, + ol s, lda I s, + 1l s,
+ \h(l)\i,32|h(1)|2,52 + |h(1 |2,52|d,m/|4,s2
+ W g0 3 5, + 1o 135,003,

).

Integrating (3.49) with respect to time yields
KV @50 + K2 @)50 + V/Ot(lk(l)(t/)ﬂin + KA @) o) dt’
[ RO@) T, + KO Tl )
<cospe|lify g+ [ ) B a0+ 1B 50) 4

t
' {s‘ip”dmlli,sz/o (lo@)IIz D) dt

t
2
(1+ Id|3,oo,S§>/0 (ld.or (E)113,5, + llder ()17 s,) dt’

1
Fowlo@ s, [ W@l sl s, [ R s, 0

t
12, / WO @2 ., d’

t
+ / WD ()3 5, e’ (sup RO g, + sup d.or[s,)
0 t t

251

t t
sl s, [ OB, +swldolts, [ o @)hs, a

) 2
+ |g(1)|6/572,ﬂt + |9(2)|6/5’2»Qt + |f3|i/3,2,sg

2
FIFE s+ KOO B g + |k<2><o>|§,g] .

Simplifying, we have

2

(3.50) Z(]g(" |29+y/ ||k(1 )”1th _,_,y/ |k(z t) - Ta|§,sldtl)

i=1
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t
6
stmﬁagﬁ%+/|mwm&mﬂmwwmﬁ@m5
0

' [(”U”%Q(o,t;wgl(gz)) + Hh(l)”i(o,t;wg(gz))ﬂ d,x'”%oo(o,t;H?(Sg))
+(1+ |d|io,s;)(||d,x’ 125 0.6:52(50))

d. |2 12 o 12
el 20,007 (52))) +sgp\v( )N1,s, ,x/|2,sg

2 2 2 (1)2
+ vl 20,6082 12 1T 0,610 (82)) T+ |d|oo,s;|h,z/ |2,s;

+ (stip |h(1)|?1’s2 + sgp |d 5 |‘21752)|h(1)|§,sg

+ Sltlp |v,$'|g,32|‘h(1)||%2(0,t;L4(S’2)) + U@'@,Sg||d,I'H%OC(O,t;H1(Sz))

12 2)12 2
+ |9( )|6/5,2,Qt + |9( )|6/5,2,Qt + |f3|4/3,2,sg
2
HF 506 + KD (0)[3. o + 13(0)13 -

Utilizing expressions Iy and lg we obtain from (3.50) the inequality

2 t t
(3.51) Z(Ik(“(t)linJrV/ IIk“)(t’)lligdt’Jrv/ KO (') - Fal3 s, dt’)
1 0 0

< cexp C[|d1|g,6735 + HUH%Q(o,t;WSl(Q)) + Hh(l)Hng(O,t;Wsl(Q))]
LR 0, ) + IRV 0,007 )

+ (1 [l 5) (5 + B3 )

+ 00750600082 T |h(1)|§755 + v l3 s1)

1
o+ 5up [0 5,100 3,5, + sup |V, [V
+ Sup Vo135, |nV) ||%2(O,t;L4(Sg)) +13).
Utilizing the form of [5 inequality (3.51) implies (3.45). O

In view of Lemmas 3.5 and 3.7 we obtain from (3.22) and (3.29) the following
inequality

t
(3.52) [RV(®)3q + V/O IRV @3 o dt’ +4[hD - Fal3 o
< ¢(|d1|376)55a |Vv|3,2,ﬂtvllv |d|37oo755)77%(t)7

where ¢ is an increasing positive function, I; is defined by (2.20) and

(3.53)  mi(t) =§/u<12||d,x'(t’) 1,8, + 1d o || Loy (0,521 (52))

Fld il aomwy y(520) T 1F3lys.2,58 + l9M /52,00 + 1RV (0)]2,0.
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Next by Lemmas 3.8 and (3.10) we get from (3.37) and (3.51) the inequality

2 t
359 Y (WOBa+v [ WOWIRad + 10 7l )
=1

< @(|d1|3)67557 |d|oo,s;, ”U”LQ(O,t;WSl(Q))v ||U||L2(o,t;H1(s2)),
9]l 2 0,657 (5200 1B N L0, ) IR L 0,ti2a(52))) + M2 (E),

where ¢ is an increasing positive function and

(3.55) Mo (t) = La(t) + 16 (t) + [PV Lo0.4:1 (52))

where 4 and [5 are defined in assumptions of Lemma 3.10.

4. Estimates

First we replace (2.20) by more appropriate energy estimate

t 1/2
(4.1)  |v(t)|2,0 + ﬁ(/o \|v(t’)||3v21,2(9) dt’) < L(t) + 102, v]2,00 = Ia(t),
for t <T. In view of (2.4), inequality (4.1) implies
(4.2) [v18/5,00 < cla(t), t<T.

Now we shall obtain an estimate for solutions of problem (3.3). First we
construct a function X described by the following problem
Xt—VvAx =0 in or,
< T
Xlsi =x« on Sy,
(4.3) B s .
X7?E3|S2 =0 on S,
Xlt=0 = xo in Q.
To show existence of such function we need the following compatibility con-
dition
2 g
Xews = D [— o (Mia; 715 + Thiay ) + —da 71

ij=1

=0.
§1 ﬂ§2

—d g, 1i(T12,2, — T11,x2)}
Moreover, we need the compatibility conditions

(44) XO‘Sl = X*|t=0a XO,:C3|SQ = Oa

which imply restrictions on yo. From (4.4) we have that yo depends on v in
a similar way as x,. This fact is important for below estimations.
Introducing the new function

(4.47) X' =x—X
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we see that it is a solution to the following problem

X+ 0- VX = hOx + b w,, — b w ., — vAY

=Fy—v-Vy+ Wiy in QT
(4.5) X =0 on ST,
X'ps =0 on ST,

X'li=0 = x(0) = xo in Q.

LEMMA 4.1. Assume that v is the weak solution to problem (1.1), assume
that

W) € Ly(0,T; Ls(R2)) N Lo (0, T; Ly 5(2)) N W5 /2(Q7),
h? € Ly(0,T; H (Q)),

where 5/ —s' < 3/2, v € Wf’s/2(QT) with 5/r — 11/9 < s. Assume that
d € Ly(0,T; Loo(S2)), v(0) € W /"(Q), x(0) € La(92), kD (0) € W, /" (),
F3 e L18/13(QT). Then solutions of problem (3.4) satisfy

t
2
(4.6) [x()Bq +v / ) .2 0y At < cexple(| BV 5 g0 + A1 5 61)]
2
A@O+ IO g+ [PV g o0 + 1)
(lI2 e + [0(0)12—2/1r0)

2
FBOIROL 0+ Fsli i 00 + X0 B
(A2 e+ IBOO) Iy o + VRO B ), t<T.

PRrROOF. Multiplying (4.5); by X/, integrating the result over Q and using
(1.1)5 we get

1d
(4.7) §E|X/|%,Q + VX 50 = —/ dx’? dSs
Sa

+/ hél)x'2 dm—/(hgl)w,xl - hgl)w’xz)x' dx
) Q
+/ Fyx' dx — / v-Vxy dx +/ hél)ix’ dx.
) Q Q
Estimating the first term on the r.h.s. by
c
e 5 s, < il (119X B + S
c
<elVx'3a+ ;|d|c2>o,52‘x/‘§,0?

and the second term on the r.h.s. of (4.7) by

€3|X/\§7Q + C(l/€3)|h(1)|§,ﬂ|x/ 3,97
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utilizing the Poincaré inequality in (4.7), assuming €1 — &3 sufficiently small and
integrating the result with respect to time yield

t
2 2
(48) [X'(t)q +v / I ()12t < cexple([ B |5 5 60+ 1dI 5 5)]

. [/ |h(1)||w7x/||x'|dmdt'—|—/ |F3x/| da dt/
Qt Qt

+ / v V| da df’ + / DTN e i + [x(0) — vol2.0
Ot Qt
t
e [ 2 (@B o,
0

By the Holder and Young inequalities and (2.7) we estimate the first integral on
the r.h.s. of (4.8) in the following way

t
/0 dt'[er X (1) o0 + c(1/e) WD ()] 2 0w ()3 ]

<& / N2t + /DO o B0

We bound the second term on the r.h.s. of (4.8) by
|X'|18/5,Qf|F3|%,Qt < 52|X,|%8/5,Q" + 0(1/52)‘F3|§8/13,Qt'

By the Hélder inequality the third integral on the r.h.s. of (4.8) is estimated by

[v|18/5,0:1VXo/a,0t X |18/5,0t = T
In view of (2.5) and (4.2) we have

I < esX [R50 + c(1/e3)5(DIVXS 400
where to estimate the last norm we apply the imbedding
IVXlo/a,00 < clXlls,r0t

with
(4.9) 5/r—11/9<s, 1<seRy, re(1,9/4).

Applying the Holder inequalities the fourth term on the r.h.s. of (4.8) is bounded
by

X lis5,.0t 1R Y18 /13,00 = o
Assuming that x¥ € WTS’S/Q(QT) with s,r satisfying (4.9) we obtain that ¥ €
L45/11(QT). Hence we get

I < €4|X/|%8/57Qt + C(l/&l)‘h(l)‘52)0/43,Qt||>z||§,r,9t~
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Utilizing the above estimates in (4.8) and assuming that 1 — &4 are sufficiently
small we obtain

t
2
(410) (OB +v / I )2y At < cexplel D3 5 0 + 1L 5 6]

. 2
B + 1BV a5 @) XN e + B () Ih<“l5/2 oo, 2t

IR gyt IO o3l +e [ 102,00t
In view of the imbedding

IXl2,00.0r + IXIl o0, 7507 (02)) < €llXlls 07,

where s and r satisfy (4.9) and in view of transformation (4.4’) we obtain from
(4.10) the inequality

t
2
(411) [x()3q +v / ) 1.2 0y At < cexple([BV] 5 g0 + [dI2 5 61)]

2
(B + 10V 304500 + DIRIZ 00 + BV 00
+ \F3\18/13 ar + 1x(0) = x0l3.0]

+c/ 02.X(t) |29dt+c/ V02, 0[50 dt'.
Solving problem (4.3) we get
(4.12) IX[ls,r0r < cllXslls—1/mrs7 + [IX0lls—2/7r0)
In view of (3.3)2 we need that v € Wf’s/Q(QT) and the estimate holds

X lls—1/mrms7 < cllv]lsm0r-
In virtue of compatibility condition (4.4); we get
Ix0lls—2/r,r0 < cllxols: ls—3/rrs: < cllv(0)]s,[ls—3/r5, < cllv(0)]ls—2/r0-

Therefore, instead of (4.12) we obtain

X 5,7, QT < C(HUHS,T,QT + ”v(O)HS*Q/T,T,Q)'

Assuming that s — 2/r > 0 which holds for > 27/11 we have

Ixol2,0 < cl[v(0)][s—2/rr0-

Otherwise compatibility conditions (4.4) are satisfied.
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To estimate the last but one term on the r.h.s. of (4.11) we express 92, X in
the form 9,,X’. Then (4.3) implies that X’ is a solution to the problem

X —vAX =0 in Q7
X =X, =Xeas onS7,
X =0 on ST,
X'lt=0 = X0 = X0,25 1n Q.
Since x. = 2?21 a;v; we have that y} = Zle a;h;. Then

X' Lo,y < X om0 < ellIXellsr—1/m 0,5t + X0l =272 2)
< (IR |50 + D O)yr—2/r7,00),

where

(4.13) -5 <

5
-

N | W

Finally, we express the last term on the r.h.s. of (4.11) as fot |Vh(2) ()5 dt’
and we have that lg(t) = ll(t) + |Vh(1)‘27Qt.

In view of the above considerations (4.11) takes the form

t
(4.14) x(®)q +v / X, 12 gy ' < cexple( RV, g0 + 1A% 5 50)]
A@® + VA g + RO Ry g 00 + 1)
(l12 e + [000)12-2/0)
+BOIRD]L 5 oo g0 + Pl s 00 + OB 0]
+ (B2 0 e + 1RO )2 g0 10+ IVEP B 00),

where s, r satisfy (4.9) and ', " — (4.13).
Using the imbeddings

|h(1)|90/43,ﬂt < clh(1)|5/2,oo,ﬂt’ |Vh(1)‘279t < C||h(1)||s/,r179t
we obtain from (4.14) the inequality (4.6). O
Now we consider problem (3.8).

LEMMA 4.2. Assume that hV,x € VP(QT)N Ly(0,T; W, 2()). Then solu-
tions of problem (3.8) satisfy, for v/ = (v1,v2) and t < T,

(4.15) o 1 (@) l0 + IVl 0, 6w 2 @) < llxls oo 00 + I Lo 0,6w22 @)

+ |h’(1)|2,oo,ﬂf + ||h(1)||L2(O,t;W21’2(Q))) = CAl(t)
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PRrROOF. For solutions of problem (3.8) we have

(4.16) sup/ [[v' (¢, 23)]I7 dm3—|—/ ||V’v’(t',x3)||iz(07t;wzl(ﬂ,)) drs

t'<t.J—a —a
< C(HXH%/;(W) + ||h(1)‘|%/20(9t))7

where index Q' in the norms on the L.h.s. of (4.16) means that derivatives with
respect to &’ = (x1,22) appear only. Adding derivatives with respect z3 in

corresponding norms to (4.16) implies (4.15). O
Now we obtain an estimate for velocity.
LEMMA 4.3. Assume that
Nt =[1hV g qr + VAP |5 00 < 00,817 satisfy(4.27),
Gi(t) =1fl2r/16,00 + [ flo 52,00 T [F3l18/13,01
+ lldllzs/27,27/16,55 + 1l 0,6k (52)) + 1 utlg s 0,55 < 00

Go(0) = [[v(0)l|22/27,27/16,2 + [x(0) ]2, + [[v(0) [l s—2/rr0
+ ||h(1)(O)HS/_2/T./7T/7Q < oo, where s,r satisfy (4.25) and (4.9).

Then the following inequality holds
(4.17) [v]l2,27/16.00 < G(71(t), G1(t), Go(0)),
where G is an increasing positive function.

PRrROOF. In view of (2.1) and (2.2) we get from (4.15) the inequality

(4.18) [Vl 00 + |v)’$|q7r7m < cAq (1),
where

2,5 _5

ro 2 4
Hence

10|z 0,6w2 ) < cAr(t).

Let us use the imbedding

(4.19) V|0, < cllv']l1,0.0,
with

1 1

=4 =

q o
Utilizing (4.19) in (4.18) yields
(4.20) [v'], . < cAL(t),
where

2
(4.21) 2,5_3
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Inserting o = r in (4.21) gives that » = 54/5. Then (4.20) takes the form
(4.22) [V'|54/5.00 < cAx ().

To increase regularity of v we consider the problem

vy —divT(v,p) = —v" - Vo —wh® + f in Q7
dive =0 in Q7
(4.23)  w-7lg, =0, 7 -T(v,p)-Tals, = =Y Tals,, a=1,2, on ST,
v-mg, =d, T-T(v,p) Tals, =0, a=1,2 on ST,
V|t=0 = v(0) in Q.

In view of the proof of Lemma 4.4 from [6] we have
[v" - Vlar 16,00 < |V |54/5,00[Volo or < cli(t)Ar,
|wh(1)|27/16,9t < |w‘18/5,ﬂt|h(1)|54/17,§2t < CZQ(t)|h(1)|54/17,Qt-
In view of the above estimates we obtain for solutions of problem (4.23) the
inequality
(4.24) [|vll2,27/16,00 < c(liAr + 12|h V|54 17.00) + cllvllinjor,27/16,5¢
+ c(|flar/16.00 + |dll3s/27,27/16,51 + [10(0)[|22/27,27/16,2)-

Exploiting the form of A; defined by the r.h.s. of (4.15) and (4.6) and using the
interpolation inequalities

HU||11/27,27/16,51T < E1||U||2,27/16,QT + C<1/51>|U|2,QT7
[v]ls.ror <ep ™ v]l2,27/16,07 + ce3 7 v]2 0,

where

1/80 5
(425) %1—2<27—r+8><].

we obtain from (4.24) the inequality

(4.26) ||v||§,27/16,9t < CZ% eXP[C(lh(l)li,Q,nt + Idlio,Q,Sé)]
A@E RO g+ 1BOL g + DI0O)2 )0
+ (I 1RDN2 g0 + 1RDE 5 00 e + DY IR
+ BV g+ sl a0 + XO)B 0]
+ B2 (IWOVL o+ B O )0 + IVEPZ 1)

+ C(lg|h(1)|§4/17,nt + |f\§7/16,9t + ||d||§8/27,27/16,5§
+ ”U(O)Hg2/27727/1679 +13).
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Assuming that
(4.27) 5/r' —6/5<s
we have the imbeddings
|0y 500 + 10O 50000 + B saja7.00 < BVl g
Then (4.26) takes the form

(428) [Jolla27/16.00 < el expe(IBDV 20 g + [dI% 5 o)
[ A+ 1D g0+ DI0O)[s—a/mra
+ (I 4 [|BD ) g e + 1)V A0y
+ lth(l)”s/,r’,Qt + [ F3l18/13,0¢ + [X(0)]2,0]
+ el + BV g o 0 1R o 07 e + cli [ VAP |3
+ C(ll||h(1)(0)||s/—2/w,r',9 + | fl27 /16,0
+ Hd”38/27,27/16,5’§ + ||U(0)H22/27,27/16,Q + 11),

where we used that o <[y + ||h(1)H5/’7«/,Qt. From (2.29) we obtain

ll(t) S wl(Hd”Lw(O,t;ng(Sz))a Id,t|6/572’55 + |f|6/5’27Qt + ‘U(O)|2,Q + Hh(l)||3/ﬂ“'79t)7

where ¢ is a positive function, nonlinear with respect to the first argument and
linear with respect to the second one. Utilizinig the above inequalities in (4.28)
yields (4.17). O

To prove the existence of local solutions to problem (1.1) we apply the Leray—
Schauder fixed point theorem. We show existence of a fixed point of a trans-
formation generated by problems (3.1) and (3.9). First we examine problem
(3.1).

LEMMA 4.4. Let v € W2HQT), r > 5/3. Let KV ¢ Ly(QT), ¢V €
Wf’B/Q(QT), h(l)(O) c W62+ﬁ_2/6(9)7 d € W52+ﬁ_1/6’1+6/2_1/(26)(SQT), B>0,
d > 1. Then solutions of (3.1) satisfy
(4.29) ||h(1)||2+ﬁ76,QT + qu(l)Hﬁ,é,QT < 90(||U||2,T7QT)\h(1)\2,QT

+ C(Hg(l)”,ﬁ,é,QT + Hd,ac’”2+ﬁ71/5,5,SZT + Hh(l)(0)||2+ﬁ—2/5,5,9)
= @(|[vllzror) W2 0r + clo(T),
where @ is an increasing positive function.

PRrROOF. Applying [1] to problem (3.1) yields
(4.30) BN ]21p.s.07 + V4D [gs0r < e(lv- VAD)]

+1l9M g0 + ldarllorp—1/86,57 + 12D (0)ll215-2/6.0.0)-

8,5,07 + ||h(1) -Vl gs.0r
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Utilizing Lemma 2.2 from [8] to the first term on the r.h.s. of (4.30) implies
(4.31) o - VAW |5 501 < 0]l g4e/5.5.00 VR |5 qr
+ VAV | gse/5.50.07 [0]5y 00 = T,

where € > 0 is assumed as arbitrary small, 1/4; + 1/8; = 1/6, i = 1,2. To
estimate I; we use the imbeddings

(4.32) vl g4ess.6,,0r + |vlsy 0r < cllv]la,ar
with
5 5 5 5
4.33 22 4g<2 2-2 <o
( ) r 0 +5 ro 0y T

and the interpolation inequalities

|Vh(1)|5;,QT < 8}—%1 ||h(1)||2+a,5,QT +eg] |h(1)|2,m,

(4.34) . . . o
| VA )|‘B+%7627QT < ey WV lopps0r + ey WV |5 or,
with
5 b 1
=22 41)— <1,
' <5 5 >2+B
5 5 1
/
4=(3-2 )
2 2
(4.35) ! 4
2y = §—E-i-ﬂ-i-i—i-l) <1
27\ 6 5 2+5
5 5 € 1
/
=(2-2 Sh1)—.
2 <2 52+5+5+>2+5
From (4.33) and (4.35) we obtain the following restrictions
5 5 ) 5 1 1
4.36) — 24+ —<3 - <24+ =<3, —+<-=1, i=1,2
(436) THO<245 <340, TS24 5 <3, 5Ty L i

which hold for r > 5/3. Applying Lemma 2.2 from [8] to the second term on the
r.h.s. of (4.30) yields

(4.37)  [|KY - Vol sar < VUllgiess.s,.00 B ]5.0r
+ 10 g 1es5.60,07 [VVl5, 0r = I,

where £ > 0 is arbitrary small and 1/6; + 1/} =1/9, i = 3,4.
To estimate I we utilize the imbeddings

(4.38) IVUllgyess,ss.0r + [VUls; ar < c|vl2rar,
with

) 5 5 5
(4.39) 2 2 ugr1<2, 22 41<o,

r 03 ro 0
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and the interpolation inequalities

WD), 0r < ey 7BV ||ay 5 5.0 + ce3 P [BD]y qr,

(4.40) '
1AONlg1esssn0r < ek A [ayp50r + e F AP qr,
with
w-(-Bebe -
(4.41) 0 %)24+5 RSV

2y = §fi+/3+£ L<1 )y = §fi+ﬂ+§ !
t N\ o, s)2a+p >0 AT \2 4, 5)2+

From (4.39) and (4.41) we have the restrictions

5 5 5 5
(4.42) ;+ﬂ<1+—<3+6, ;§1+

— <3, —4 === = 3,4
5 < 9, + ? 4,

5 5 8§

which holds for r > 5/3. Exploiting the above estimates in (4.30) and assuming
that g;, 7 = 1,...,4, are sufficiently small we obtain (4.29). O

To examine problem (3.9) we need more regularity for v. Hence we have

LEMMA 4.5. Assume that v € W2Y(QT), r = 27/16. Assume

Go(T) =ldloo,s7 + ld ol 0,mwis2)) + il Laomiwy (s2)) + [ F3l1s /13,07
+1fla0r + | fllo,p0r + |f3|4/372752T + |g(1)|6/572,QT < 00,

G5(0) = [[v(0)]ls—2/rr0 + [X(0)|2,0 + [[v(0) |10
+ 10(0)l240—2/p.p.0 + Hh(l)(0>||s'—2/rgw,ﬂ < o0.

Assume that 2+ 0 < 5/p, 5/r —11/9 <s, 5/r' — s <6/5, 80/27 —5/r+s < 2.
Then, fort <T,

(4.43) J[vllasapsr < @llvll2.07/16,00 1B 00, VR 2,01, 1, G2(T), G5 (0)),
where @ is an increasing positive function.

ProOOF. To show the lemma we use problem (1.1) in the form (4.23). For
solutions of (4.23) we have

(4.44) vll22.00 <c(jv' - Volyr + |w- BV |y 0 + |
+ [vlli/2,2,81 + [0(0)
< c(|v']5a/5,0t | VUlaz/11,00 + |w|5,Qt|h(1)|10/3,Qt + | fl2,00
+ |vll2,27/16,0t + [[v(0)]
<c(ArL(t)||vll2,27/16,0t + l|v]]2,27/16,0¢ Hh(1)||v20(m)

+ 1 fl2,00 + [vll2,27/16,0t + [0(0)|l1,0) = 11,

2,0t

1,0)

1,0)
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where we used (4.22) and imbeddings

[v]s,00 + [Vvla7/11,00 < clvll2,27/16,08 -
Moreover, we have the imbedding

IVUI3,2,Qt <dv

2,27/16,0t -
From (2.29) we get
() < olldll o 0,6w2 (52))> DUl Loco,:m1 (52))
Flditls/s2,50 + 1 floys,0,00 +10(0)]2.0]-

From the assumptions of Lemma 3.7 we obtain

I3(t) <hlld o || Lo 0,6w2 (52)) + (1 + 1Al L 0,6525(852)) | | Lo (0,657 (52))
+ ||d1t||L2(0,t;W61/5(Sz)) + |f3|4/372755 + |g(1)|6/57279t + ‘h(l) (0)|2,Q

<c(lh + |d|3,oo7S§)’r]1-

Next, (3.52) implies

1B vy < ot 11, 1)l 0,624 (50)) 10]12,27 /16,00 )01

where 7, is defined by (3.53).
In view of (4.6) we have

Ay cexpe(| KV, 5 g0 + 1A 5 s + [BD 2 0 g0 +1)
) (||U||§,27/16,Qt + ||U(O)||§—2/T,T,Q) + l%”h(l)Hggw,ﬂf«
+ | Fslis 13,00 + IXO0)3.0] + c([RV)3 v 0
+ RO 00 + VAP B ge + 1RV 012 200 0 )
2,27/16,Qt5 Hh(l)”s/,r’,ﬂtatv I7) + C(||h(1)”%/20(9t) + |Vh(2)|§,nt)»

=¢(|lv]
where
lr = |d|oo,s1 + [F3l18/13,0¢ + [[0(0)[[s—2/rr0 + X(0)]2,0 + ||h(1)(0)||s/—2/r/,w,sz +11.
Utilizing the above estimates in (4.44) yields
(445)  J[vllz2.00 < @([[vll2,27/16.00 1B |5 .00, 8, 1s) + €| VAP |500 = el
where
ls =7+ [da | o.twi (s2)) + 1l Loo.swy g (s20) 1 f3lajz 2,88 + |g(1)|6/5,2,9t-

Having that v € W2 (QT) we are looking for solutions of (4.23) such that
v E W3+a’1+0/2(QT). For this purpose we examine

[v - Vollopor <1010l Vollore 00 + 10llore 2,00 Volpz .00 < clloll3 200
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where 1/p8 +1/py = 1/p, i = 1,2, ¢ > 0 and the second inequality holds for
2+ 0 < 5/p. Finally, for 3/2 4+ ¢ < 5/p we have

HU||1+071/p,p,S’{ < C||U||272,Qt~
Hence for solutions of problem (4.23) we obtain the estimate

(4.46) ||U||2+0,p,9‘ + ”Vp”cr,p,ﬁ‘
< c([[vl3 2.0t + lvll22.00 + 1]

op,t + ”'U(O)”2+0—2/P»p79)'
From (4.46) and (4.45) the inequality (4.43) follows. O
Now we examine problem (3.9).

LEMMA 4.6. Assume that
ve W nwt ),
hW B3 € Ly(QT), BV e w221,
g ew) @),
d, e W52+ﬁ’71/5,1+ﬁ’/271/(25)(SzT)’
da € W63+5 —1/6,3/2+p /2—1/(25)(53“)’
P W -1/ 2-1/20) (T
K2 (0) € Wit 0(@Q), d e HI2(ST),
where 0 < /' < f<1,5/6<3+0-0,0 <o<1,5/p<24+c+8-0",p>0.
Then solutions of problem (3.9) satisfy the inequality
(4.47) Hh(2)||2+ﬂ',5,QT =+ HVq(2)H[3’,5,QT < 90(||U||2,27/16,QT)|h(2)|2,QT
1
+ 90(€|h(1)||2+ﬁ,6,m7 [vlleto,p.075 dll5/2,2,57 ||d,w'||3+5'—1/5,5,s;>

Wy ar + BV 24 psar + cllda 34176557 10240007
+ (9PN s.0m + 1o ll4p—1/56,57
+1F 148 -1/56,57 + 1B (0) 2457 —2/5,5.0)-
PRrROOF. Applying [1] to problem (3.9) yields
(4.48) 1Moy 5507 + V4|5 501 < c(|lv- VAD |5 507
+ 1KV VAW 5 501 + [P Vol 5.0r + 1192 | 5.5.07
+ ||d,z’t\|1+5'—1/5,5,sg + \|A/d,m’||1+ﬁ'—1/575,sg + ||FI||1+6'—1/575,SZT
1
+ ||Uh,(z/)\|1+ﬁ'—1/6,5,sg + Hvd,z’m'\|1+ﬁ'—1/5,5,sg
1R s p—1y5.5,57 + 1PV g 165,57
+ ||h(1)d,m’H1+ﬁ/—1/6,5,s§ + Hh(l)v,z||1+5/—1/5,5,s§
+ ||d,x'v,z||1+ﬁu1/5,5,sg + ”h(Z)(0)”2-',-6/—2/5,6,9)'
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Employing Lemma 2.2 from [8] to the first and the third terms on the r.h.s. of
(4.48) yields the same relations as (4.31)-(4.42) with the difference that h(!) is
replaced by A and 3 by 3'.

Applying Lemma 2.2 from [8] to the second term on the r.h.s. of (4.48) we
obtain

(4.49) 2 - VAW 5501 < ellhM | g1ess.65.00 VR |5, 0r
+ el VEW| 51e /6,60, 07 |R |51 r = I,

where 1/6; +1/8; =1/4,i=5,6,¢ > 0.
Utilizing the imbedding

1M 1e/5.65.07 + IVRDI5.c/5.60.00 < elhD |24 p,507
and the interpolation inequality
D5 0 + VA |5, or <E BV ||op 507 + c(1/E1)[ MV |2 qr
which hold together for 5/6 < 3 + 5 we obtain that
I < &5|h MV |aqp5.0m + @(1/es, B 21.5.07) WD 207

Finally we examine the terms from eighth to fourteenth on the r.h.s. (4.48).
To simplify considerations we introduce d which is an extension of d into 2. The
eighth term,

1 1
(450)  [[ohGllap—1/85.57 < elvhlylirgrsor
1 1
< cllss or l1hG i+ /5607 + B D lsg 0 [0l prsess.apar = I,
where 1/6; +1/0; =1/4, i = 7,8. By the estimate
[vlsr .01 + V14 4e/s,65.07 < cllvllayop0r
and the interpolation inequality
1 1 — —
(451) 1K1 4es5.50.0m + 1B | ar < ElIRD a4p 5 0r + c(1/22) A qr,
which hold together for 5/p < 2+ o + 3 — 3/ we obtain
Iy < €6||h(1)\|2+5,5,m + (1 /e, HU||2+U,p,QT)|h(1)|2,QT'
The nineth term,

lvdorar 111815557 < cllvdaarllivp 507

< clvllzz.orlldeellzipsar < clvll2z.orlldellsys—1ys6s7

The tenth term,

(4.52) ||dh,(;)||1+ﬁ'71/5,5,sT < Hdh,(;)||1+6',5,m < C||d||3,2,QT||h(1)H2+B’,5,QT

< 57Hh(1)”2+,8,5,QT + o(1/ex, Hd||5/2,2,SzT)|h(1)|2,QT7
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where we used that 8’ < (.
The eleventh term,

(4.53) IR0 5,00 < BV |14 priessse.or BV lsy or = I,

where 1/d9 +1/54 = 1/0.
To estimate Iy we use the interpolation inequalities

1B 145710 /650,07 + 1M |57 07 < EsllM D |lop g 507 + c(1/23) WV |5 g,

which hold for 5/6 —5/6g + 1+ 3 <2+ B and 5/6 — 5/8§ < 2+ . Therefore,
for 5/6 <3+ — [ it follows

I < e7||hW oy g 5.0r + e(1/e7, 1M ]|245,507)1R D |5 0r.
The twelveth term,
(4.54) ||h(1)d,m/||1+,6u1/5,5,s§ < ||h(1)d,m/\|1+3',5,m
< C|h(1)|6{0,QT lld o H1+ﬁ’+6/67610,QT
+ el s prress 500,07l d s, or = I,

where 1/9; + 1/0, = 1/6, i = 10,11. Hence for 5/ < 4+ § — 3’ and by an
interpolation inequality we have

I5 < €8||h(1)|\2+ﬁ,5,m +¢(1/es, ||d,m/||3+,6’71/5,5,32T)‘h(1)‘2,QT-
The thirteenth term,
||h(1)U,x||1+a/—1/5,5,s; < Hh(l)v,m||1+5/,5,ﬂT
< o|h s, orvellisptessmar + clBM s 1e/s 55,07 Valsr, or = I,

where 1/6; +1/6; =1/§, i = 12,13. Assuming the inequalities

5 ) ) )
-—— 4244 <240, - <2450,
p 012 b P g
) ) ) )
~——+1+3 <248, ——5 <l+o,
§ b3 p O3

which hold for o > ', 5/p < 2+0+F—0', p > 0. Hence, applying interpolation
inequalities, we have

Is < &9l AV l24 s 0r + (1/29, [[V]l240p.0m) [PV ]20r
Finally, we estimate the fourteenth term in the way

ldovalliyp-1/5557 < [dovallivp s0r

d,l” |515,QT ||U7$ || 1+B/+5/676/157QT

<clld o145 4e/5,500,07 [Vels, or +

<clldallzrpr .0t lVl2top0r < clldallsip 15557 V240,007
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which hold for 1/6; +1/8; =1/, 4= 14,15 and 5/p < 3+ 0.

The interpolation inequalities, used in this proof, can be found in [2, Sec-
tions 10 and 15] for the anisotropic case.

Summarizing the above considerations we show (4.47). This ends the proof.0J

5. Local existence and uniqueness

To prove the existence of local solutions to problem (1.1) we are looking for
a fixed point of the transformation

(5.1) (M, h®) = &M, 1P, )), Xelo,1],
defined by the following system of problems
hY — divT(AW,¢V) = —A[p(AV, h?) - VA

+ 2 u(hW )] 4 M) in Q7
divhM =0 in Q7
(5.2) n-hM =0 on ST,
v - DAY 7o +4h M T, =0, a=1,2, on ST,
W =—d, i=12, on ST,
hgig =A'd on S7,
hM]—o = K1 (0) in Q,
and
hY —divT(h®,¢®) = —Ap(AW,h?) - Vi
+ WD £ 5@ wy(hWD @) 4+ ¢ i T,
divh® =0 in Q7
7-h® =0 on S7,
v D) 7o +9h? 7, =0, a=1,2, on ST,
(5-3) héz) =Ad on ST,
he) = —%d,zit +3Ad,, + %F{ + %[vj(hz(” —d) o,
+d(hyl), = h50) + B (Y — d,)
+ by —d o vialls,, i=1,2, on ST,
h P |—o = P (0) in Q.

Moreover, the dependence v = ’u(iNL(l) , E(z)) is determined by Lemmas 4.3 and 4.5.

The main problem of this section is to show existence of a fixed point of
transformation (5.1) for A = 1. The above presentation suggests that the Leray—
Schauder fixed point theorem should be applied.
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To define the domain of transformation ® we first examine the mapping v =
v(h™M), h?) defined by Lemmas 4.3, 4.5. In view of assumptions of Lemma 4.3
we define

Mo(Q7) = {hD - BV e W =/2(QT), 5/ — s < 3/2},
No(T) = {hP : h® € Ly(0,T; H(Q))}.

Then Lemmas 4.3 and 4.5 imply the mapping

(5.4) v: My (Q7) x N(QT) — W2t to/2(QT),

Let ®; be a part of transformation ® defined by problem (5.2). Let v be
given. Then to determine the domain of ®; we look for inequalities (4.31) and
(4.37). They imply the space

ml(QT) _ {h(l) . h(l) c Léé (QT) n W£+5/515/2+5/(25)(QT)7
VhW € Ly (QF) nWEH/0P/24e20(qT))

where

5 5 5 5
< 2 <942 <3 el
+[3+5i <2+ 5 < +5+5i7

5 5 5 5

12 942 342

r+62< +5< —&-52,
5 5 5 5
— — <1l4+-=-<3 —,
T—l—ﬂ-i-aé +6 +5+6§

2.5 03y 2

T 54 5 54.

Hence Lemma 4.4 implies the mapping
®1: M (QT) N M (QT) x N(QT) — WZHAITI2(QT),

Now we examine problem (5.3). Let &3 be a mapping determined by (5.3).
To define the domain of ®3 we examine the proof of Lemma 4.6. Let 901 (Q7T) be
defined in the same way as space 9t (QT), where AV is replaced by h(? and 3
by 8’ < 8 (in reality we assume that 3’ is very close to 3).

Examining inequalities in the proof of Lemma 4.6 we introduce the space

5
EIRQ(QT) _ {h(l) . h(l) c ﬂ ng (QT) n Wﬁﬂj—i—&/&ﬂ/2+s/25(QT)’
j=1
Vh € Ly, () nwyte/on/2re/ 25(QT)},

where 1/514-1/5; = 1/6, 1=15,6,0; 6{5%,5&,56, 10, /12}, Ej6{55,57,59,511,512},
€ > 0 arbitrary small and 5/6 < 3+ 3.
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Finally the last but one term on the r.h.s. of (4.52) implies the space
M3 (Q7) = {h(l) p W62+5/71+ﬁ//2(QT)}'
Hence Lemma 4.6 implies the mapping
D1 MG (Q7) NML(QT) N M(QT) x N(QT) NNy (QT) — W2H /2Ty,
Hence ® = {®,, Po}. Let

3 1
mO") = 2@,  wmQ") =[)nm(EQ").
i=0 =0
Then
(5.5) D:M(QT) x MQT) — W22 ) WA I8y,

LEMMA 5.1. Assume that
g e Wf’Bm(QT), 9@ € Wf/’ﬁlm(QT)’
() € W0 (@), h®(0) € W),
d, e W52+ﬂ/_1/6’1+6l/2_1/(25)(Sg),
da € W53+ﬁ_1/5’3/2+ﬁ/2_1/(26)(S{),
Fr e WitH-1/81/208 221/ 08 (g1
dy € L3(Sg);
B <B,5/6<3+B-0,0<0c<1,240<5/p<2+c+03-0,
p >0,
FEWSRQT), Fy€ Lig/15(Q7), x(0) € La(Q), v(0) €W ~2/7(0).

Assume that § € (1,2), 8 € (0,1) are such that 5/6 <3+ 3, 3/§ <2+ (. Then
the imbeddings

(5.6)  WpTPHR@QTy coameT)), w2 cma?),
are compact.

PROOF. In view of interpolation inequalities (4.31) (4.37) (4.49)—(4.54) and
definition of space M3(Q7) we have to show only that the imbeddings

(57) W52+571+5/2(QT) c WO(QT),
(58) W52+ﬁ/’1+6//2<QT) C mO(QT)

are compact.
To show (5.7) we check that the following imbeddings are compact

(5.9)  WEAMBRQTY c s 2Ty % - (5 - s/) <248
T

To show (5.8) we look for the imbedding

(5.10) W22 ¢ L,(0,T; H(Q)
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which is compact for 5/§ < 7/2 + 3.
Since the condition 5/§ < 3 + 8 must be satisfied we have the following
restriction on 5": 0 < 8 — ' < 1/2. Hence (5.6) are compact. O

Now we find an estimate for a fixed point of mapping ®. Let

2 2

(T) = Z(Hh(i)nzwi,é,m +1VgW | gis.0r) = Z%(T),
i=1 =1

where 8! = 3, 32 = 3. Let
ki(T) = ||g(1)||6,6,QT + | d,x'||2+571/5,5,s§ + ||h(1)(0)||2+ﬁ—2/6,5797
ko (T) =19 Nl g s.0r + lld.e

lovgr—1/8,8,57 + 1 darll345—1/5.6,57

(5.11) ! o
+ || F ||1+ﬁu1/5,5,s§ + 1R (0)[l2487—2/5,5,05
k3(T) = |d1|3,6752T + lldll5/2,2,57
Let
2
(5.12) K(T) = ki(T).
=1

LEMMA 5.2. Let the assumptions of Lemma 5.1 hold. Then there exists
a constant A sufficiently large (see (5.22)) satisfying inequality (5.21) such that
for sufficiently small n (T) +n2(T) (see (3.53), (3.55)) we have

(5.13) +(T) < A.

PRrOOF. In view of imbeddings (5.9) and (5.10) we have v1(T) < evy(T).
Therefore (4.17) and (4.43) imply

(5.14) [vll2,27/16,07 < G(¥(T), G1(T), Go(0)),
||U||2+a,p,QT < G(V(T)aél(T)aéo(O))a
where él = G1 + Gs, éo =Gy + G(l)
From (4.29) we obtain
(5.15) T1(T) < @(|[vllg,21.0r) [V |2 07 + cka(T).

From (4.47) we have

(5.16) 7,(T) < W(Hv||2727/167QT)|h(2)|2,QT + (3 (1), ||U||2+U,p,QT)|h(1)|2,QT
+en(@)+ o L)) 1V s ar -+ cha(7).

From (5.14)—(5.16) we obtain for sufficiently small & the inequality

(5.17) NT) < 2o(V(T), G1(T), Go(0), ks(T), 7, (1))
(W Vs 00 + WPy 0r) + ck(T).
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From (3.53) we have

(5.18) \h(l)b,QT < p(k3(T), [vll2,27 /16,07 )m (T)

and (3.54) yields

(5.19) W]y or < o(ks(T), [v]|24-0,p,07 )12(T).

Utilizing (5.14), (5.15), (5.18) and (5.19) in (5.17) we obtain

(5.20) Y(T) < @o(¥(T), G1(T), Go(0), k(T), k3(T),15(T)) - (m +n2) + cok(T),

where ¢ is an increasing positive function.
From (5.20) it follows that for sufficiently small 71 + 1) there exists a positive
constant A such that

(5.21) 9o(A, G1,Go, k, ks, 13)(m +12) + cok < A,
(5.22) cok < A.
Hence, (5.21) implies (5.13). O

Finally, we show the uniform continuity of mapping ®.

LEMMA 5.3. Let the assumptions of Lemma 5.2 hold. Then mapping @ is
uniformly continuous in the product M(QT) x N(QT) x [0,1].

PROOF. The uniform continuity with respect to A € [0,1] is evident. There-
fore we examine a uniform continuity with respect to elements of M () x N(QT)
for any A € [0,1]. Since the dependence on X is very elementary we omit A in
the below considerations because it does not change the proof.

Let (%2”,%22)) € MOT) x N(QT), s = 1,2, be two elements. Therefore we
consider the following problem

") — divT(h(V, ¢(V) = —v, - VA

S

— Y. Vo, + M in QT

divr{Y =0 in Q7

(5.23) rY -7 =0 on S7,
VT - ]D)(h(l)) Fat+vhM 7, =0, a=1,2, on ST,

WY = —d,,, i=1.2 on ST

hgé)’rg =Ad on SQT,

hV|—o = K1 (0) in Q,
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where s = 1,2, and v, = U(hgl), hg)) for s = 1,2. Moreover, we have

Xs,t + Vs - Vxs + ﬁgls)wsﬂl - Egll)wsﬂw
—vAxs = F3 in Q7
2
(524) Xs = sziai = Xsx on S{a
=1
Xs,z5 =0 on SQTa
Xslt=0 = x(0) in Q,

where s = 1,2, a;, 7 = 1,2, depend on S; and are defined by (3.3),.
Next we have the elliptic problem

. /
VUs2,27 — Usl,za = Xs in Q )
_ ) oy
Vsl,z, + Us2,00 = _hsg in )
vl-m =0 on S,

where s = 1,2, Q' and S are cross-sections of Q and S; with a plane perpendic-
ular to axis x3, 7’ = (ny,ng,0).

Finally, we consider the problem

h = divT (b, q?)

S

= —[vs- VA + bV . TR + h®) Vo) 4¢P in QT

)

divh® =0 in 07,
ﬁh‘(f) =0 on 5,11—'7
v -D(hP) - To +902) 7o =0, a=1,2, on 57,
(2) _ A -
(5.25) hiy =4 d2 , on S,
W, = —Zd . +30d,, +—F
@ L »

S

1 -
+ ;[USj(h(l') - d,wi),wj

~(1 ~(1 ~(1) /(1
+ d(hgi,)xg - hgd)a:) + th)(hgi) —dg,)
+ Eg)vsi,mj — d,l‘jvsj,iti”SQ =vei, 1=1,2, on SQT,
Wi = h(0) in €

where s = 1, 2.
First we examine problem (5.24). Let us introduce a function X as a solution
to the problem
Nst —VAXs =0 in QT
Xs = Xs« On S?v
%s,m3 =0 on SQT,

S('s|t:0 = 0 n Q,
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where s = 1,2. Introducing the new function x. = xs — Xs, for s = 1,2, we see
that it is a solution to the problem

Xt + Vs - Vil = RGN + B w0y = B w0,

—VvAX, = F3 —vg - VX5 + Eié)is in QT
X, =0 on ST,
Xews =0 on 83,
Xsli=0 = x'(0) in Q.

Since we are looking for a solution which is a regularization of a weak solution
we use the energy type estimate for the weak solution

[V 0000 + VU2 SU(t), t<T.
Repeating the considerations leading to (4.17) and (4.43) we obtain

(5.26) lvsll2,27/16,0t < G(Vs1(t), Gi(t), Go(0)), t<T,
[vsll240,0,00 < G(ys1(t), Gi(t), Go), t<T,

where 41 (t) is equal to 1 (t), where AV h(?) are replaced by Egl),ﬁg), respec-

tively.
For solutions of problem (5.23) we have
(5:27) B a4 p.5.00 + Ve 15,60
< ellvs - VA 5,500 + 1R - Vogllgs.01) + cka(t),

for t < T. Similarly, for solutions of problem (5.25) we get
(5:28) [P |24 5,00 + Ve 57,500
< e(lh$? - Vsl s + 1R - VA 575,00
+ |lvs - VA |5 5,00 + 1vslli48—1/5,8,55) + cka(t),

for t <T. Let us introduce the space

3
M. (Q7) = ) M(Q").

i=1
In view of theorems of imbedding we obtain from (5.27) and (5.28) the inequal-
ities
(5:29) (11" ]l24 5500 + VeV lp.5.00 < ellvslla.orie.orlB lan. @) + cka (8),
fort <T,s=1,2, and
(5.30) 2P l24pr 500 + IVeP g 600 < cllvsllzor/ion 1P o, @)

+e|hMfan. o) + lvsllatapar + DIAD fan, @) + cha(t),
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for t <T, s=1,2. In view of (5.26) and the definition of M (Q7) and Ny(QT)

we have

(5.31)  [lvs

l2,27/16,0t + [Vsl240,p,00
< (1M om0y + 12 g 2ty G1(£), Go (0))

where s = 1,2, t <T. By (5.29)—(5.31) we get

||hg1)||9ﬁ(szt) + ||hg2)||mmt)
< @(|[h{M oy B ey G (1), Go(0)) + el () + ka(t)),
s = 1,2, t < T. Hence the mapping ® transforms bounded sets in 9(QT) x
MN(QT) into bounded set in M(QT) x N(QT).
Now we shall show the uniform continuity of mapping ®. For this purpose
we introduce
HO — 1) 1,
QY =g —qf’, i=12,
V = V1 — Vg,
K =x1—xe.

Then problem for H) assumes the form

HY —divT(HD, QW) = —v - VA" — vy - VAW

—HY vy, — B8V vy in QT
divHE® =0 in QT
(5.32)
HY-m=0, va-DHY) 7o +7HY -7, =0, a=12, ons],
HY =0, H{) =0, i=12, on 53,
H(1)|t:0 _ O in Q

Next we have the problem for H(?),

HY —divT(H®,Q®) = ~H® . Vo, — b - vV

—2H® . vAM —opV . vHD v . VR — 0, . VAE® i QT
divH® =0 in Q7
n-H® =0, Vﬁ~]D)(H(2)) Fat+vH® .7, =0, a=1,2, on ST,
HP =0, HZ), = [V;h{) +vo,H) = Vid o,

—d(HS), — H)) + BVRG + by B — HYVd,

+ ﬁfj(l)vu’mj +E%)Vi’x]. —dg; Vi), i=1,2, on ST,
H(2)|t:0 -0 in Q.

(5.33)
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For solutions to problem (5.32) we obtain

7 (1
(5.34) |HD|layps0 + IVQW as0r < c(|V - VA 5500
+ vz - VHO 5500 + |HY - Vor||g 500 + RS - VV]|5500)
T(1) 7(1 ad
< (V|2 B8, SV lam. ey + o1, v2lla,r .t 1HD (o, 1)),

where t < T, r =27/16 and

T(1) 7(1 T(1 T(1
1R, B8 om0y = I1BS lam. ey + 12" [l (2

llv1,v2

2.r0t = |[v1]l2r0t + |[V2]l2,r,0-
Assume that Eg”,ﬁff), s = 1,2, belong to a bounded set in 9M(QT) x N(QT).
Hence there exists a constant A such that

2
(5.35) Z(HhS)HDﬁ(QT) + th)”m(m)) < A

s=1

Then from (5.34) we obtain

(5.36)  [[HD |y gs.0 + VW 550 < @(A)[|V]

2,r,0t T ||ff(1)|\9n*(m)]a

where ¢t < T and ¢ is an increasing positive function.

For solutions of problem (5.33) we get

(537) [|H®|21p .00 + IVQP || 500 < c(IH? - Vil 500

+ B -V g s + 1HD - VAD | g 5,00
+ 15" - VHD g 500 + [V - VA |3 5.0
+ vz - VH? || g 500 + 1HD 2450 6,00)
+ (||V7L,(;)||1+5’—1/5,S§ + |\U2ﬁ,(§)||1+5/—1/6,s;
+IVdawllivp 17655 + Hﬁf(l)ﬁ(l)||1+5/—1/5,s;
HIHNd gl 5-1 78,55 + IH VD0 2ll145-1/5,55
ROVl s —1y6.8t + i Vialliep—1/6.51

<[V llzme 1B B oty ) + llon, w2 l2.re [ HP oty 0
+ (o1, vallasapar + [R5 2" llan. @) + DIHD . )
+ (RS, 35 om. ) + DIV [l240,p.00]

<P(A)(|Vl2m0t + 1Vll2to.p.0t + 1HP oty 0y + 1HD [lar, ),

where 5/3 < r < 27/16.
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To show continuity of transformation ® we have to find an estimate for
V]2t For this purpose we consider the problem

Vi—divT(V,Q) = -V’ Vv, — v} - VV = WA —w, HO  in QT

divV =0 in Q7
(5.38)

V-n=0 1n-T(V,Q) Ta+V -Ta =0 a=1,2, on ST,

Vlt:() =0 in Q7

where ’7'5’2 =0, V' = (VlaVvQ)7 W = Vs, qu = (USI;USQ); Ws = Vg3, § = 1, 2.
For solutions of (5.38) we have
(5.39) V2o +|VQ|rar
< eIV Vorlrar + [0h - VV]par + WA |1ar + [wa HD, 00).

We bound the first term on the r.h.s. of (5.39) by ¢|V]5 qt||v1
r > 5/3 we obtain by interpolation the inequality

|20t = I1. For

I < €1||V||2,r,ﬂt + 0(1/51)90(””1H2,r,Qt)|V|2,Q‘~
The second term on the r.h.s. of (5.39) is estimated by
C\VV|5/2,Qt||U/2||2,r,Qt = 1.
Hence for r > 5/3 we can apply some interpolation inequality to get
I < &||Vllgrar + c(1/e2)(||v5]

By the Hélder inequality the third term on the r.h.s. of (5.39) is restricted by

2.0,0t) V2,0t

(W lor 00|y 00 = I,

where 1/01 4+ 1/02 = 1/r.
Assuming that 5/r —5/01 < 2, 5/6 —5/03 < 2 + 3, which are satisfied for
5/8 < 4+ 3, we obtain the estimate

om0+ e(1/e3)o(1h) [la15.6.00) [V ]20r-

Finally, by the Holder inequality the last term on the r.h.s. of (5.39) is bounded
by

I3 < e3||V]|

|w2|P17Q" |H(1) |p2,Q‘ = Iy,

where 1/p1 + 1/pa = 1/r.
Assuming that p; is such that 5/r — 5/p; = 2 we obtan that ps = 5/2 and

Is < cl|va 2,06 [HD |5 /9,00

Utilizing the above estimates in the r.h.s. of (5.39) and assuming that e, — &4
are sufficiently small we obtain

(5.40) IVlior0r +1VQlror < @(A)(IVIzar +1HV 5/2,00)-
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Now we have to estimate the r.h.s. of (5.40) in terms of H®) and H®,

Multiplying (5.38)1 by V and integrating over € yield
ld
2dt
Multiplying (5.32); by H(") and integrating the result over  imply
1d

2 dt

(5.41) =~ |VI3o +v|[V[3g < c(|Vorl2 g+ AT

%,Q)'Vg,ﬂ + C|w2|§,Q|H(1)|§,Q'
(5.42) |HDSZ o+ v|HO|Z

. N
< VA B olVI3 o + clvaly, 5.0l VAR, 50

T 71
+ el Vurli ol VB q + esup 3" o[ TV I3 0,

where 1/A; + 1/X\y = 1. Adding appropriately (5.41) and (5.42) gives
L4
2 dt
< cl|Vorio + 15" 0 + VA BV + clwaff ol HV o

=+ c|02‘§)\1/5,Q|VH(1)|gA2/5,Q + C|V”1|§,9|ﬁ(1) |§Qv

a1
649 so@lVBo+HOB) +v( SIVIEa+ IHOIR )

where ¢1/2 > ¢sup, |7L§”|§)Q. Integrating (5.43) with respect to time yields
t
(5.44) V()30 +IHV ()30 + V/O VT + 1Y @) o) at

12 1)]2
< cexp C(|V”1|z2372,m + |h§ )|3,279t + |Vh§ )|3,279t + |U2|§72,Qf)
2 ~ 1|2 2 ~(1)2
: (|U2|6/\1/5,2;41,Q"|VH(1)|6A2/5,2u2,Qf + |v”1|3,2,9t|H(1)|2,oo,Qt)
where 1/A1 +1/A2 =1, 1/p1 + 1/p2 = 1. By imbedding we have

%,T‘,Qt + Hh(l)H%+ﬁ,5,Qf)'

~ ~ 2
(w23 e VEDE o0+ 013 0 [ HOL, 00 = 5

J,

J < cexp(||vi]3,.qr + lv2

By (5.35) we obtain
~_ 12 ~
T < oA BV 0 g+ IVHD o).

Hence (5.44) takes the form
(545)  [Vlvar + IHVlveion < oD, g0 +IVED b00).
Finally, repeating the proof of Lemma 4.5 for (5.38) yields
(5.46) V210,000 < (A HD o) + 1HP |lnar))-
Finally, from (5.36), (5.37) (5.40) and (5.45), (5.46) we obtain

||H(1)H9n(m) + ||H(2)Hm(nT) < @(A)(||ﬁ(1)||m(m) + ||H(2)||m(m))~

This implies continuity of transformation ® and ends the proof. O
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Finally, by the Leray—Schauder fixed point theorem we have

THEOREM 5.4. Assume that
(a) g0 € W2 (@QT), g e Wi 2@QT), h(0) € W),
B2 (0) € W(32+5/_2/6(Q); da € W§+ﬁ_l/5’3/2+ﬁ/2_1/(26)(Sg),
de H5/2’5/4(Sg), d, € W(52+B_1/5’1+B/2_1/(25)(SQT) dy € Ls(ST),
F' e W;+B/_1/6’1/2-”3//2_1/(26)(Sg), fe ngg/Q(QT)}
Fy € Lig/i3(7), x(0) € La(9), v(0) € W77 (q),
B <B,0 <o<1,6<p,5/6<3+B—-0,2+0<5/p<2+c+8-0,
0€(1,2),8€(0,1),3/6 <2+ 0.
(b) There exists a positive constant A satisfying the inequality

(5.47) ©o(A, G1,Go, k, ks, 13)(m +m2) + cok < A, cok < A,

where @ 1s a positive increasing function defined by the previous lem-
mas, ¢y some positive constant, k;(T), i =1,2,3, k(T) = k1(T) + k2(T)
are defined by (5.11), (5.12); G1 = G1 + G2, Go = Go + G}, appear in
(4.17), (4.43); n1,m2 are expressed by (3.53) and (3.55), respectively; l3
is defined in the assumptions of Lemma 3.7.

(¢) All quantities in (5.47) depend on T. However, for a fized A we can
choose T as large as possible assuming that m1 and ny are sufficiently
small.

Then there ezists a local solution to problem (1.1) in the interval [0,T] such that

2
Z(Hh(i)uzwi,é,m + Vg gisar) <A, B =8, 82=4,

i=1

[V]l215,p,07 < G(A, G1(T), Go(0)).

6. Global existence

To prove global existence of solutions to problem (1.1) we are going to show
that the local existence can be prolonged step by step up to infinity in time.
For this purpose we have to show that the initial data which appear in the
assumptions of Theorem 1.1 do not increase with time. Since the local existence
is proved in the interval [0, 7] with T as large as we want, we are able to show
by applying decay properties that the norms of initial data at ¢ = T are not
larger than at ¢ = 0. For this purpose we also use that the following quantities
are small in the norms of Theorem 1.1.

(1) derivatives with respect to xg of initial velocity and the external force,

(2) derivatives of d; and dy with respect to 2’ = (21, 22) and t.
We are going to prove global existence of solutions to problem (1.1) step by
step using that the local existence with sufficiently large existence time is shown.
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LEMMA 6.1. Assume that there exists a local solution with estimate (5.13).
Assume that
|di = dofa,s, < ce™™ Jaglss, < ce”,

(€T + ni(1)e(A) + esup [d]F g,eT
(6.1) t ’
T
+/O (Vlalzs, + lael?ossa + 1 £15/50) d + e Tw(0)3 o < [w(0)f o,
where T is sufficiently large and 11 (T') (see (3.53)) is sufficiently small. Then

[w(T)[3.0 < [w(0)[3.0,

t
w(t) g + 12 / (e |2 o dt’
0

6.2 v _ _
O < (s M + 2 @)p(A) + esupldf 5,6~
T
LT [ / (Plods, +loelB o s + 11200 dt + [w(0)3).
where t < T.

PrOOF. We use the proof of Lemma 2.2 where the integral
—/U-V(w+§)-wdx:—/v-wadx—/v-V5~wdeI1+Ig
Q Q Q

will be estimated in a different way. Integrating by parts yields

1 1
Ilz—/v.Vw2dx:</ d1w2d$l—/ d2w2d$/>
2 Q 2 Sz(—a) S2(a)

1 1
— 5/5 (d1 — dg)w2 dx’ + 5/5 do (wQ\zsz,a — w2|z3:a) dz' = 111 + I12,
2 2
where
11| < cldi = dala.s, [[w][f o,

and . " "

I? = —5/ do dx’/ dr30,,w? = 7/ do d:c’/ dzswh™.

Sz —a S2 —a

Hence,

1}] < ex|wlf o + e(1/e1)|d2f3 5, 1R V13 .

Next, we examine

Ig:7/(w+5)~V5~wdx:f/qucS-wd:L'—/5~V5~wd:cz[21+122,
Q Q Q

where
L] < ealwlg o+ c(1/€2)| VO[3 glwls o < e2|wlg o + c(1/e2)|aus 3 0lwl3 o)

13| < eslwlg o + c(1/23)|0]5 0l VI3 o < eslwlg o + e(1/e3)]dl5 s, |0vas |3 o-
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In view of the above estimates instead of (2.13) we obtain

d
(6.3) $|w\§79 + V||w||in <cldy - d2|2,52”w”%,9 + C|d2|§,sg|h(1)|§,sz

+ C|a,13|§,ﬂ|w|§,ﬂ + C|d|§,52|a,z3|§,sz

% 6/5.0 + | fl5/5.0) = T D).

+e(ylafs, + lla
From (6.3) we have

d v v
(6.4) S (lwlqe™) <TE(H)e.

To integrate (6.4) with respect to time we use that
t
e_”t/ T2(te dt’ < (e~ + 72 (t))p(A) + csup |d|3 g, e
0

t
e / (Plals, + lolZesa +1F1250) d

which follows from (3.53) expressed in the form ||h(1)||v20(m) < p(A)m(t), from
(6.1); 2 and the existence of local solution with estimate (5.13). Then (6.4)
implies

(65) [w(T)[30 < (7 +ni(T))p(A) + ¢sup jdf3,s,e™"

T
+ / (PlafZs, + sl 6/ + £ 5.0) dt + e Tw(0) .

Inequality (6.2); follows from (6.5) under assumption (6.1)s.
Let v = vy +va, v; >0, i =1,2. Then (6.3) can be written in the form

L wl3a+nlvBa+ulvllg < 30).
Hence we have
(6.6) L (wBae) + vallwlf et < T30
Integrating (6.6) with respect to time we obtain (6.2)y. This ends the proof. O
In view of (1.7) and (6.2); we have
(D)2, < [w(T)l20 + c1]d(T)|2,5, < [w(0)l2,0 + c1]d(0)]2,5, < calv(0)[2,0.

Let

U5(t) = o]} olldar 1T 5.5, + (14 1dI3,5,) ld I3 s,
+ ||d7t||%,6/5,5’2 + |f3|z21/3,s2 + |g(1)|§/579,
6 2
ay(t) = |d1|3,6,S§ + Vol 5 00
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LEMMA 6.2. Assume that there exists a local solution in the interval [0,T].

Assume
(6.7) —%T +ay(T) <0,
(6.8) 3(t) <T3(0)e "
T3(0)e %41 ® 4 51 (0)[5 ge ™"/ < KD (0) 50
Then
(6.10) [WO(T)[3.0 <KD (0)30 + 1 sup |d 213,555
(6.11) WD (1)]3,0 <e 2 OT5(0) + [h1D(0)[3 e 1)

+ersup|da |3 g, (1+ e itentt),
t
t
(6.12) / RO (E)[[3 o dt’ < el =223 (0) + |1 (0)[3 e )
0
t
+cq / ld oz (zf’)||is2 dt' + ¢ sup |d)$,|§,526a1(t).
0 t

PRrOOF. From (3.34) we obtain the inequality

d

(613) -

KW o+ vIkVIR o < clldil3 s, + VoI5 ) B3 o + cT5(2).
From (6.13) we have also

d

SV B+ vEVE g < clldfis, + Vol o) KV g + cT3(2)
which implies
(6.14) %uk(l)@,ge”t—al(t)) < L3 (t)ert=or ™),

Integrating (6.14) with respect to time yields

t
|/€(1)(t)‘§79 < 67ut+a1(t)/ F%(t/)eyt’,al(t’)dt/_F|k(1)(0)‘§7967ut+a1(t).
0

In view of (6.7) and (6.8) the above inequality implies

KO () < T30)e 5T+ 1 K0 (0)3 g7,
which in view of (6.9) gives
(6.15) KT E 0 < KD O o-

In view of (3.23) and Lemma 3.5 we obtain from (6.15) inequality (6.10).
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Imposing v = vy + 19, 1; > 0, 4 = 1,2, we obtain from (6.13) the inequality
wm>wm®&ﬁwemwm/wwwwmwfwﬂw
0
< emntten® / T3t =) g 4 KO 0) et ),
0

Utilizing (6.8), (3.23) and Lemma 3.5 we get from (6.16) inequalities (6.11) and
(6.12). This concludes the proof. O

Let

t
as(t) = |d1|2,6,sg +/0 (HUH%BQ + ‘Vh(l)@,ﬂ) dt’,
T3(t) = ([v]F o + VAV B o) d.ar 11355,
T5(t) = (L +1dI3 s,) 1 d 115 5/2,5, + 1d.¢l15.6/5.5,
+ |9(1)|§/5,Q + |9(2)|§/5,Q + |f3‘z21/3,s2 + ‘F/|i/37527
T3(t) = v} 5,105 3 s, + [0l s, ldar R 5, + 112 s,
+ |h(1)|421,32|h(1)|§,s2 + |h(1)|421,32|d,m’|5,s2
+ |h(1)|i,52|v,z’\§,sg + |

h,(;) |42l/3,52

dam/||%732|v71"3732'
LEMMA 6.3. Assume that

(6.17) — T + cas(T) < —gﬂ

(6.18) T2(t) =|

dar (35,5, + 1de@)l3.6/5,5, + 19V B)1E /5.0 + 197 @) /5.0
+ 1Ol 5.5, + 1F'(0)[3)5,, + 1RV 0 <TE0)e™".

Then

(6.19) [AI(T)3 o+ [REN(T)3 q < e T2 DITE(0)i0(A)
+ e TR(RD ) + M2 (0)30) + e sup ||d.o» I35,

t
(6.20) /0 (L) o + IRPEIF o) di’ < 1m0z OPE(0)p(A)
+ e (R0)5 o + KD (0)[3 o) + e sup [|d o I3 gyece2®).

ProOOF. From (3.49) we have

d
(6.21) %('k(l)@ﬂ + |k(2)|§’9) + V(”k(l)H%,Q + ||k(2)|ﬁ,9)

<clldilis, + 10l 5.0 + IVAVRE (KD o + K13 0)
+c(T3(1) + T3(8) + T5(1)).
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From (6.21) we have

d
%Klk(l)gﬂ + |k,(2)|§’ﬂ)evt—caz(t)} < C(Fg(t) + Fi(t) + Fg(t))el/t—caz(t).

(6.22)
Integrating (6.22) with respect to time yields
6.23) RT3 + KP(T)5q
< g VTHeaz(T) /0 T(rg(t) + T2(t) + T2(t))ert—c=® gy
e e (EO0) o + [k (0)3 0)-

By the interpolation inequalities we get

T2(t) < (|0l 5, + 1PV 26, + 1d% 5, + |darl35,)
2(1-0
(RN 5, hVEEY + RV o) + [vl12 s, a2 s,

where 3/p <2+ 3,1/0 =1 — 3, 36 =3/(p(2+ [)). Assuming

WD ()0 < D (0)

2,0

we have (6.18).
In view of (6.17) and (6.18) we obtain from (6.23) the inequality

(6.24)  [K(T) B0+ KT o < e T2 TE(0)

T
: / UolZ o+ VD R.o + 1., + (0], + RO,

+ld% s, + 1darl3 5, IR V1135 5 5.0 + 017 5,] dt’
+e PRV () o + K2 (0)]3 o)
< e eI (0)p(A) + e 2T (KD (0)5 o + K2 (0)3 )-

In view of Lemmas 3.5 and 3.8 inequality (6.24) implies (6.19).

Assuming v = vy + 1o, v; > 0, ¢ = 1,2, we obtain from (6.21) the inequality

2
1,Q

s

(6.25) KV @) + KD ()0 + vee o2 /Ot(||k(1)(t')|
FED ()] g)err = a'
< emvittean(t) /t(rgw) + T2(t) + T2(t))enrt —co2t) gy
0
+ (KD + K2 (0)[3 g)e 1+t e [0,T].
Utilizing Lemmas 3.5 and 3.8 in (6.25) implies (6.20). O

Finally we prove global existence
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THEOREM 6.4. Let the assumptions of Theorem 5.4 for a sufficiently large T
hold. Let the assumptions of Lemmas 6.1-6.5 be satisfied. Then the local solution
determined by Theorem 5.5 can be prolonged infinitely step by step.

ProOOF. From Lemmas 6.2 and 6.3 we have

(6.26) WO (T) a0 < e T |hD(0)|aq, i=1,2, & >0.
Since the local solution to problem (1.1) in the interval [0, 7] satisfies the esti-
mates
RV < A,
(6.27) 1P 248,607 <

1M 245 500 < A,
we obtain by interpolation the inequalities

(6 28) ||h(1)H0'1,5,QT < @(A)e_é*T, o1 < 2+ ﬁ,
1B, 5.0r < @(A)e™ T, oy <244, 8, >0.

Let ¢(t) be a smooth function such that ((¢) =1fort € [T —¢1,7T] and ((t) =0
for t <T — 2t;. Then h®) = K¢, i = 1,2, are solutions to the problems

B — divT(h®, ) = —v- VAD = 2D .o 4+ g + hOE in QT

divh™ =0 in Q7,
(6.29) - =0, va-DED)-Fo+y0V Ty =0, a=1,2, on ST,
MY = —d,,, n), =Ad on ST,
B} _gy, =0 in Q,
and
G — divT(h®,3?) = —h® . Vo — 200 . vpD
— v VR® £ G 4 H@¢ in 7,
divh® =0 in Q7
n-h® =0, uﬁ-D(ﬁ(Q))-Fa+7E(2)-?azo, a=1,2, onS7,
(6.30) Y = A'd, on ST,

~ 2 ~ 1~
W2 =24, +3Nd,, + ~F!
14 1%

1,3

1 ~ ~ ~ ~
+ [y (A = o)., + (R, — B

1,3

+ hgl)(ﬁgl) — JL) + %y)vmj —d V0, on ST,
E(2)|t=T—2t1 =0 in Q.

Assuming that ¢; is small comparing to 7', using the decays

13D 507 <aie™®T, i=1,2,
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exponential decays of norms od d ./ and (6.26), (6.27), we obtain from problems
(6.29) and (6.30) the decays

1h |24 ps0r < @(A)e T, M ||ppp s0r < p(A)e T,
where ¢/ > 0. Hence for sufficiently large T' we obtain

Hh(i)(T)||2+ﬁuz/5,5,Q < [|n® (0)llogpi—2/550, 1=1,2,

where 3! = 3, 3% = 3. Therefore local existence in the interval [T, 2T] can be
proved with the same initial data as for [0,7]. This implies global existence.
This ends the proof. O

Finally we present a global existence proof much less explicit than the pre-

vious one but implying existence of much more general global solution

THEOREM 6.5. Let the assumptions of Theorem 5.4 be satisfied. Then there
exists a sequence {t;}5°, increasing to infinity such that the local solution deter-
mined by Theorem 5.4 exists in the each interval [t;,t;11], © = 0,1,..., where
to = 0.

PROOF. Assume that we have proved the existence of local solution with
sufficiently large existence time T'. Then we have

T T
| e <e [ @, qd <
| mowkaar <e [ IR0, p0d <0, i=12
Then there exists T, < T sufficiently large and there exists ¢, € [Ty, T] such that

Wtz [hD(t)]20, lv(t)ll2+0,p.05 ||h(i)(t*)||2+ﬁi,6,nv i=1,2

are so small that

[v(t)l2,0 < [v(0)]2,0,
RO ()20 < [RD(0)]2,0,
vt l2+o-2/p,,0 < 10(O)l240-2/p,0.0,
[ (t)ll24pi—2/550 < 2 (O)l24pi-2/560, =12, =8, =4

Then we can prove the existence of the local solutions in the interval [T t, + T.
Hence in this way global existence follows. O
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