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EXISTENCE AND NON EXISTENCE
OF THE GROUND STATE SOLUTION
FOR THE NONLINEAR SCHROEDINGER EQUATIONS
WITH V() = 0

VIERI BENCI — CARLO R. GRISANTI — ANNA MARIA MICHELETTI

To the memory of Olga Ladyzhenskaya

ABSTRACT. We study the existence of the ground state solution of the
problem

—Au+V(z)u= f'(u) z€RN,
u(z) > 0,

under the assumption that limz— oo V(z) = 0.

1. Introduction

In recent years, the stationary solutions of the nonlinear Schroedinger equa-
tion (NSL)

L i it L
ir = (CA+V@)Y = (D) o

have received a lot of attention. In order to find such solutions the following
ansatz is done

Pt x) = u(x)e ™!

and we are led to the study of the following equation:
(1.1) —Au+ (V(x) —w)u = f'(u).
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Now we make the following assumptions

(1.2) lim V() =0,
(1.3) £(0) = f(0) = f"(0) =0

which are natural and used in many physical problems. Under these assumptions
it is well known that there exist finite energy solutions, provided that w < 0 and
f satisfies suitable assumptions (e.g. f(u) = |ul?, p < 2*) (see e.g. [12], [4] and
[2] and the references therein). In this paper, we are interested to analyze the
case w = 0. Thus we are led to the study of the following problem

—Au+V(z)u= f'(u), z€RN, N >3,

(1.4) Fv(u) < 00,
u(x) >0,
where
1 2 1 2
(1.5) Fy(u) == |Vul*de + = Vu®dx — f(u)dx
2 RN 2 RN RN

is the energy functional. Berestycki and Lions [9] proved that, if f(u) = |u|P
and V = 0, problem (1.4) has no solutions. Actually they proved that, if V' =0
a necessary condition for the existence of solutions is that f behaves as |u|? for u
small and |ulP (p < 2* < ¢) for u large. For example, the required assumptions
are satisfied by the function

u? if u <1,
(1.6) flu) = {

a+bu+cuP ifu>1,

where a,b and ¢ are constants which make the function f € C2.
Now we present the main result of this paper: we assume that the function
f satisfy (1.3) and the following assumptions:

e there exists p > 2 such that
(1.7) 0 < uf(s) < f'(s)s < f"(s)s* forall s #0,

e there exist positive numbers cg, ¢, p, ¢ with N < p < 2* < ¢ such that

(1.8) colsf? < f(s) for |s| > 1,
. cols|? < f(s) for|s| <1,
(1.9) |f"(s)] < eals|?72  for |s| > 1,
. [f"(s)| < eals|P~2 for [s] <1,

where 2* = 2N /(N — 2).
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For example the function (1.6) satisfies the above requirements.
We assume that V satisfies the following assumptions:

(1.10) Ve LN2RN)N LYRY)  for some t > N/2,
(111) HV7||LN/2 < S,
where
v 2
S— i deIVUE V(z)~ = —min{0, V(z)}.

ueD12 (fRN |’LL

Our first theorem is a non existence result:

27)2/2"

THEOREM 1.1. If V(x) > 0 for every x € RY and V(x) > 0 on a set of
positive measure then problem (1.4) has no ground state solution.

We recall that a solution of (1.4) is called “ground state” solution if it mini-
mizes the energy on the Nehari manifold

(1.12) NY = {u e DH2(RM)\ {0} : / |Vu|?> + Vu? — f'(u)u = O}.
RN
As far as the existence is concerned we have the following;:

THEOREM 1.2. IfV(z) <0 and V(z) < 0 on a set of positive measure, then

problem (1.4) has a ground state solution.

REMARK 1.3. The assumptions of Theorem 1.2 can be weakened requiring
that

/ V(z)w(z)*dr <0
RN

where w is the ground state solution of problem (1.4) with V' = 0.

REMARK 1.4. The assumption (1.2) implies that the solutions of (1.4) do
not live in H*(RY). Probably, this is the reason why, in spite of the large
literature on the NSE, there are not many results in this direction. As far as we
know, the works related to this problem are the folowing: first of all, there is
the pioneering mentioned work of Berestycki and Lions in which the case V' =0
is analyzed. Moreover, there is a recent paper of Benci and Micheletti [7] where
V =0, but the domain is an exterior domain Q # R . Finally, there is a paper of
Ambrosetti, Felli and Malchiodi [3] where f(u) is replaced by a function f(x,u)
of the type k(z)|uP where k(z) — 0 as |z| — oo.

The plan of the paper is the following: in Section 2 we recall some techni-
cal results concerning the appropriate function spaces required by the growth
properties of f; the proves of these results are contained in [5], [6], [7], [11]. In
Section 3 we prove a “splitting lemma” which is a key ingredient to deal with
problems with lack of compactness. This lemma is a variant of a well known



206 V. BENCI C. R. GRISANTI A. M. MICHELETTI

result of Struwe [13]; see also [6] and [7] for variants of this lemma related to the
space DM2(RY). In Section 4 we prove our main results.

2. Notation and preliminary results

We will use the following notations:

v,(2) = v(z +y),
Br = {z € RY : |z| < R},

I, ={z eRY :|v(z)] > 1},

|A] = measure of the subset A C RY,

DL2(RYN) = completion of C§°(RY) with respect to the norm:

1/2
||u||D1,2(RN)=(/ |Vu|2dx> .
RN

The solutions of problem (1.4) are the critical points of the energy functional
(1.5) on the manifold (1.12). We set

2.1 = inf F

(2.1) m = inf Fo(u)

where

(2.2) Fo(u) = 1/ |Vu|? de — f(u)dx
2 RN RN

and

2.3 = inf F .

(2.3) my = nf Fy(u)

In [9] or in Lemma 3.3 of [7] the existence of a positive and spherically
symmetrical minimizer w of (2.1) has been proved. Hence w is a solution to the

problem

w € DL2(RN).

We are looking for conditions on V' which provide existence or non existence
of minimizers of (1.5). The answers to these questions are contained in Theorems
1.1 and 1.2, which substantially relates the existence to the sign of the quan-
tity [on V(2)w(z)? dz. Indeed, if [pn V(z)w(z)?de < 0 there exists a ground
state solution of problem (1.4), otherwise, if [y V(z)w(z)*dz > 0 and V > 0,
problem (1.4) has no ground state solution.

Given p # ¢, we consider the space LP 4+ L? made up of the functions v: R
R such that

v=uv; +vy withv; € LP(RY), vy € LYRY).
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LP + L7 is a Banach space with the norm:
lvllze+pa = inf{||vi| e + |Jvallza : v1 +vo = v}
It is well known that (see [1]) LP 4+ L7 coincides with the dual of L?' N L7". Then:

2. P9 — (LP N LYY ith r_ P _ 4
(25 A e e

and the following norm is equivalent to the previous one:
v(x)p(x)dx
(2.6 lolllzrs 20 = sup LD L
o0 1ol e + el Lo
Actually LP + L9 is an Orlicz space with N-function (cf. e.g. [1])
A(u) = max{|ul?, |u|?}.

First we recall some inequalities relative to the space LP + L? proved in [6]
(see also [5]).

LEMMA 2.1.

(a) Ifve LP + L9, the following inequalities hold:

1

max | [|v||pe@y—r,) — 1, WHU”LP(FU)

< ollzrsze <max(f[oflLo@y—r,): V],

when T = pq/(q — p).

(b) Let {v,} C LP 4+ L% be and set T, = {x € Q : |v,(x)|] > 1}. Then
{vn} is bounded in LP + L% if and only if the sequences {|T'y|} and
{||vn||Lq(RN,pn) + |vnllzr(r,) } are bounded.

(¢) f'is a bounded map from LP + L9 into LP/(P=1) 0 [a/(a=1),

REMARK 2.2. By Lemma 2.1(a) we have L?” C LP4+L? when 2 < p < 2* < q.
Then, by the Sobolev inequality, we get the continuous embedding;:

DM2(RN)  LP + L.

In order to prove the C? regularity of the functional Fy, we need the following
lemmas proved in [7] (see also [11]):

LEMMA 2.3.

(a) If 0, u are bounded in LP + L9, then f”(0)u is bounded in L*' N L.
(b) f" is a bounded map from LP + L9 into LP/(P=2) 0 [4/(a=2),

(¢) f" is a continuous map from LP + L9 into LP/(P=2) 0 [4/(a=2),

(d) The map (u,v) — uv from (LP + L)% in LP/? + L/? is bounded.



208 V. BENCI C. R. GRISANTI A. M. MICHELETTI

LEMMA 2.4. The functional Fy is of class C? and it holds

(Fj(u),v) = VuVv — f'(u)vdx.
RN

Moreover, the Nehari manifold N is of class C' and its tangent space is:

Trro(u) = {v e DM2(RY) - VuVudz — % f (w)yv— f"(w)uvdz = O}.
RN RN

LEMMA 2.5. Ifthe sequence {un} converges to u in L4+ L7, then the sequence
{Jo [/ (un)uy da} converges to [ f'(u)ud.

LEMMA 2.6. We assume that the sequence {un,} converges to ug weakly in
D2 (RN). We set 1, = u, — ug. Then we have:

a) Jan f'(Yn)¥ndx = fRN (U )t d — f]RN (up)ug dr + o(1),
b) Jon f(Un)de = [on flun)de — [pn fuo) dz + o(1).

3. The splitting lemma

The aim of this section it to prove a splitting lemma which is the main tool
for proving Theorems 1.1 and 1.2.

LeMMA 3.1. If V satisfies (1.10) and (1.11) then there ezists a constant ¢
depending on ||V~ ||n/2 such that

/ |Vul?2 + Vu?® > cljul|pr>  for every u € DV2(R™).
RN

ProoF. It follows at once by the Sobolev embedding theorem. O

LEMMA 3.2. We have inf,cpv ||ul|pr.2 > 0.

PROOF. Let {u,} be a minimizing sequence in N'V'. By contradiction, we
suppose that u, converges to 0. We set t,, = |lun|p12, hence we can write
Up = tpv, where |v,||pr2z = 1. By Remark 2.2 the sequence {v,} is bounded
in LP + L9. Since u, € NV and {t,} converges to 0, we have

1

7/ |Vun|2+Vuidx:/ f! (tn v ) v, da:
RN RN

c
ctp, = ||UnH%12 <
tn

tn

gclt?fl/ |vn\qu+cltﬁ*1/ |v, |P dx
RN\, 0, r

tnun
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~1 —1
<eptd / |vp|? d2 4¢P, / |vn P
RNAT¢,, 0, Ty,
gclt?fl/ |vp |9 dx
RN\T,,,
1 i 1
+ e td” o dz+ath” |vp|P dx
(RM\Lty, 0, )T, r

gclt?fl/ |vn|qd:c+2cltffl/ |vp|P dex.
RN\T,,, r

Hence we get:

c<epti? / |vp |9 da + 2¢,t272 / |vn|P dx
RN\T,,, r

Un

and by Lemma 2.1(b) we get the contradiction.

209

O

LeEMMA 3.3 (Splitting Lemma). Let {u,} C NV be a sequence such that:

Fy(u,) — ¢ asn— oo,

Flav (un) — 0 in (DM?(RN)) as n — oo.

Then there exist k sequences of points {yl }nen (1 < j < k) with |yl| — oo as

n — oo, and k + 1 sequences of functions {ul }nen (0 < j < k) such that, up to

a subsequence:

(a) wn(z) = up (2) + 35— v (x — v,
(b) u%(a:) — uo(x) as n — oo in DL2(RY),
(c) ul(x) — v/ (x) as n — oo in DL2(RY),

where u¥ is a solution of (1.4) and v/ (1 < j < k) is a solution of (2.4). Fur-
thermore, when n — oo:

and

k

||Un||29172(1RN) - HUJOH’QDLQ(RN) + Z HujHDva(RN)
j=1

k
Py (un) = Fy(ug) + Y Fo(u).

Jj=1

PROOF. Step 1. The sequence {u,} converges to u® weakly in D12(RY) (up
to a subsequence) and u° solves (1.4).
First we see that {u,,} is bounded in D2(RY). Indeed by (1.7), Remark 3.1
and the fact that u,, € NV, we have:

(3.1)

1 1
Fy(u,) > = / (|Vtn|* + au?) dz — — I (up)uy, dz
2 RN M JRN

1 1
~(53-3) [0Vl 4 Vi do = cllnlBonsgen
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Since {Fy (uy)} converges, we get the boundness of {u,}. Hence we can extract
a subsequence {uy,} (relabelled) which converges to u® weakly in D12(RY). We
verify that u® solves (1.4). We observe that, if {u,} is a Palais-Smale sequence
for Fy restricted to the Nehari manifold NV, then it is also a Palais-Smale
sequence for Fy, on the whole DV2(RY). Given ¢ € Cg°(RY), we have:

(3.2) lim (FY (up),¢) = lim Vu, Vo + Vunp — f'(un)p] dz = 0.

n— o0 n—oo JpN

By of Lemma 2.3(a), since 0 < § < 1, we get

/ [f (un) — f'(u®))pdx = / " (Oun + (1 — 0)u®) (up, — u®)pdz — 0
RN

supp(¢p)

as n — 00, because u, — ugy strongly in LP(w) for w bounded subset of R¥.
Then

(3.3) Vu, Vo + Vi — f(ug)pdr — / V'V + Vuly — f'(u®)p dx
RN RN

as n — oo. Hence u® solves (1.4) and u® € N'V. Now we set

(34) 'l/]n(x) = un(x) - uo(x)v

s0 1, — 0 weakly in D2(RY).
Step 2. The following equalities hold:

(3.5) [¥nllDr.2 vy = lnlDr2@ry = luollpra@ny +o(1),

Fo(tn) = Fo(un) — Fo(u®) + o(1),

3.6

( ) Fv(%) :FV(“n)_FV(UO)"’O(l)'
We show that

(3.7 /]RN V(x)y2(x)dz — 0 asmn — oo.

In fact, given € > 0 we take R > 0 such that

(3.9) { /R - VN2(3) da

Thus we have

(3.9) / V()i () dr =

2/N
} <.

V()62 (x) do + / V(@)y? (x) de

Br RN —Bp

< IVIzemm l¥nllize gy + 1V ILxr2 @y gy llonl7e-

By the fact that ||¢n|[z2r(5,) — 0 because 2 < 2t' < 2*, by (3.8) and (3.9) we
get (3.7). By (3.7), (3.5) and Lemma 2.6(a) we get the claim.
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Step 3. Assume v, /4 0 strongly in DV2(RY) (otherwise we have the claim).
We show that there exists a sequence {y,} C RY with |y,| — oo as n — oo and
U (x4 y,) — ul(x) weakly in DV2(RY).

Since uy,,u’ € NV, by (3.5) and by Lemma 2.6(a) we have:

(810) [[nlZpzgan, +o(1) = \unuwm 1By + ]2
= [ wde= [t dot [ VeE =@ do+ o
]RN
= [ £ da o)+ [l
< Cl(”d}”Hip(Fn) + ||¢’”’H%‘1(RN—FH)) + ||7/Jn||2Lz(RN) +o(1)

because [on V(u — (u°)?)dz — 0 (the proof is analog to (3.7)). Here I';, =

n

{x : [tp(z)] > 1}. Now we decompose RY into N-dimensional hypercubes Q;,
having length L of the side. This length will be suitably chosen. We set:

Fa=QiNTy,, Zn:Qiﬁ(RN—Fn)
Thus we have:
(311) erlltallly + Il Lo )+ linll2e

25> Wlgr. ) * Wl e + Il
2)
<c12[|wn||m+ TR O N T

+ LN(p_2)/p||wn%P(Qi):|
<c (dn + LN(p—Q)/p)HwnH?_‘LQ(RN)
where
2
dn = sup { mac [[06ully, 0o eul 2'5] -

We choose L such that ¢;LN®P=2)/7 < 1, so by (3.10) and (3.11) we get d,, /> 0
when n — oco. So there exists & > 0 and a sequence {i,} C N such that the
following inequality holds:

p—2)q/p
(3.12) o < max {2,220 ).

Now we call y;, the center of the hypercube @, . If {y;, } were bounded, by
passing to a subsequence, we should find that y;,  would be in the same @Q; so
they coincide. Since [|¢h,[[71.2(,) is bounded, then (up to a subsequence) {1, }
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converges to 1 strongly in LP(Q;) and weakly in H?(Q;). We have ¢ # 0.
Indeed if [|¢n | 1r(q;) — 0, then

(313) [ullpoigr) =0 and /7 (|9 da < /Q nlP dz — 0 as n — oo
3 J
and (3.13) contradicts (3.12). But the fact that 1, — ¢ # 0 weakly in H*?(Q;)
contradicts the fact that 1, — 0 in DV2(RY). Concluding |y;,| — co. Now we
call u! the weak limit in DV2(RY) of the sequence {1, (- + v;,)}. Arguing as
before in the hypercube @Q centered at the origin, we can conclude that u' # 0.
Step 4. u' is a weak solution of —Aul = f’(ul).

First we prove that

(3.14) o V(@)pn(z)p(zx)de — 0 asn — oo,

uniformly for [¢[|p1.2rr) < c5. Indeed we have:

(3.15) . V(@)pn (z)p(x) da

:/RN_B V(2)n(2)p(z)dz + [ V(2)n(2)e(z)de

Br

S HVHL‘(BR)Hwn”th’(BR)||@||L2t/(BR)
IV llor2 ey -y [nll o o
<V Illzellnll pae (5 | Br (2*—2+1)/2

+ VIl Lvre @y —p)ll¥nll 2]

<P||L2*~

Since [|V||pnx/2@y_py) — 0 as R — oo and [[¢hn |2 (5,) — 0 as n — oo, by
(3.15) we get (3.14).
Now we prove that for any ¢ € C5°(RY) we have

316) [ (V0o +5)Vla) = £ (e + ) pla)ldo — 0

as n — o0o. By (3.14) and Lemma 2.3(a) we have:

BAT) [ Voot ) Velo) = £ o+ ))ple) do
= [ Voule) Vel = ) = F (D)oo~ o) da
= [ 1) = ) = £ et = ) da
- [ V@hn(@ela =) da+ o)

- /B /(0 + ) — F 0ol — y) de
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0
[ )~ @t - ) do
RN\Bp

- / F )o@ —ya)dz+ | F W)@ — y) dz + of1)
RN\Bpg Br

<" (W + 0n) = £ (0%n))o (- = yn)ll Ly @y Tn,R
" Wn + 0u®) = £ (Ou)] (- = yn) | Lo ape Me + o(1),

where v, r = ||¥nllLe(Br), Mr = HUOHL;D+L(1(RN\BR) and 0 < € < 1. Since
Mp — 0 as R — oo and, given R, v, g — 0 as n — oo, by (3.17) we get (3.16).
On the other hand, by Lemma 2.1(c), it is easy to see that:

L, T+ ) Ve(o) = F ot p)ole)de = [ ViV pul)pde.
So we get the claim.

Step 5. The conclusion.

By iterating this procedure, we obtain sequences {¢?, (z) = i1 (x+yi~ 1) —
u'~1(x)} and sequences of points {y’} (i > 2) such that |y’ | — oo and I (x +
yl) — ui(x) weakly in DV2(RY) (as n — oo) where u/ # 0 is a solution of (2.4).

Furthermore, by induction:

(3.18) 0 <[[vallpre@yy = 143 HBrz@ay = 107~ Hpra gy +o(1)
-1

= [lunlBr2@ny = 14l D12 @ay — > 4Bz vy + (1),
=1

j—1
(3.19)  Fo(vh) =Fo(u ™) — Fo(w ™) +o(1) = Fo(¥') — Z Fo(u') + o(1).

By (3.7) and (3.6) we have Fy(¢l) +o(1) = Fy (¥}) = Fy (un) — Fy(u®) + o(1).
Thus, by (3.19) we have:

(3.20) Fo(4?) = Fy (upn) — Fy(u®) + i Fo(u') + o(1).
i=1

By Lemma 3.2 we have:
(3.21) 0< inf [0l31,2 vy < 16| pr2em)-

By (3.16), (3.18) and (3.19) we get that the iteration must terminate at some
index k. Finally,

o if k=0, we have ul, (z) = um (),
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e if £ > 0, we have

un (@) = Pl +yp),

k
ub (@) =P tyl) = > ule—y)), 1<i<k—1,
j=it1
k
up (x) = un(z) =Y uh(x —y3).
j=i
In this way we get the claim. O

4. The main result
Now we are ready to study the functional Fy on the manifold V.

LEMMA 4.1.

(a) Fy is of class C?;

(b) NV(RY) is a C* manifold;

(c) for any given u € DV2\ {0}, there exists a unique real number t! > 0
such that ut) € NV and Fy(tYu) is the mazimum for the function
t Fy(tu), t > 0;

(d) the function (V,u) — tY defined on the set {V € LN/? . ||V ||/ < S}
xDV2\ {0} is of class C*.

PROOF. (a) It is an easy generalization of Proposition 2.4.
(b) Since the functional Fy is of class C?, by (f1) we have for u € NV

(4.1) /RN 2|Vul? +2Vu? — f'(u)u — f(u)u? de

= / \Vaul|? + Vu? — ' (u)u? de = / f(wyu — f"(u)u? dz < 0.
RN RN

Given u # 0 we set, for ¢ > 0,

gu(t):FV(tu):/ %(|Vu|2+Vu2)—f(tu)dm.

RN
We have
a(t) = / tVu|* + Viu? — uf'(tu) dr,
RN
gn(t) = / |Vul|? + Vu? — u? f (tu) de.
RN

By hypothesis (f1), if ¢.,(t) = 0 we have

72

e (t) = /R _tuf'(tu) — Pulf" (tu) dx < 0
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then ¢ is a maximum point for g,. Futhermore 0 = g,,(0) = ¢/,(0) and g//(0) > 0
then 0 is a local minimum point for g,. By (1.8), for ¢ > 1, we have

2
(4.2) ult) < /RN %(\VUP + V) do

- CO/ [tu]? dox — Co/ [tul? dx
{Itu<1} {Itu[>1}

t2
S/ —(\Vu\Z—l-VuQ)dx—co/ [tu|P dx
RN 2 {Jtul>1}
t2
<— |Vul? + Vu? dx—cotp/ |ulP dx.
2 Jrw {lul>1}

The last quantity diverges negatively as ¢ — oo since p > 2 and the claim follows.
(d) We consider the following operator of class C1:

(4.3) K(t,V,u) = t/ \Vu|? + Vu? de — f(tu)u dz
RN RN

Here t € R*, V € LN/? with [|V||y/2 < S and u € DV2. If K(to, Vo,uo) = 0
with tg > 0 and ug # 0, then toug € N'V° and, by (1.7) we have:
K(to, Vo, up) = / |Vug|? + Voud dx —/ I (touo)u dzx
RN RN

I’ (touo)
—Up —
gy to

I (touo)ud dz < 0.

By the implicit function theorem there exists a C' function
(V,u) > t(V,u) =tV
such that ut} € NV and

B ffRN Va? dx
Jan f@u)yu/t — f (tu)u® de

(4.4) (tv(V,),V) =

where 7 = ¢(V,u) = tV. O

LEMMA 4.2. Let w be the ground state solution of (2.4), then

(a) there exist t; > 0, to > 0, R(V) > 0 such that t; <tV < ty for
v
ly| > R(V') where tq‘f}y is defined in Lemma 4.1.
(b) t:f)y — 1 as |y| — oo.

PROOF. Step 1. We claim that, given a, there exist to > 0 and R(V) > 0
such that

ty, <to for |y| > R(V).
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First we observe that

. ¢
(4.5)  gu () = Fy(tw,) = §|\wy||§)1,2 + 2 /RN Vw, dm—/R f(tw,) dx

N
2

t
Sl +8 [ Vaido- [ fewds
RN RN

= g0 (t) + t* sz dx.
RN

Following the proof of Lemma 4.1 there exists to > 0 such that g¥(t2) < 0.
Now we consider the last integral in the previous equation. We recall that, if
|yn| — oo then wy, converges weakly to 0 in D':2. Hence, for a fixed R > 0, we
have:

’ /]RN Vwin dzr

S/ |V|w§n d:ch/ \V\wzn dz
Br RN\Bgr )

< IVl 00 I iy + IV g 10 2 vy

Since [[V[|Lv/2@v\pyy — 0as R — oo and |[wy,, || 2 (5, — 0 as n — oo because
2" < 2%, we get that:

(4.6) / Vwi dr — 0 as |y| — oo.
RN

Hence, if R is big enough we have that gl‘jy < 0 and, consequently, tl‘iy < ts.

Step 2. Let be M = [max g% (t) = g% (t*). By (4.6) there exists R(V) > 0
U302

such that, if [y| > R(V) then [ty [,n Vw? dx| < M/3. Hence, by (4.5), we have
that g%, (1Y) = gV (t) > gl (t*) — M/3 = 2/3M. But ¢,(0) = 0 and g{ is
continuous, hence, there exists t; > 0 such that ¢{ (t) < M/3 if t € [0,¢1] and
ly| > R(V). Tt follows that g, (t) < gg,(t) + M/3 < 2M/3 if t € [0,¢1], hence
ty, > .

Step 3. We claim that \tgq —1| — 0 as |y| — oco. By Lemma 4.1 and recalling
that, by definition of w it results th, = to = 1, we have:

1, =11 = B, — 18, | = (6 0V V) = L6V, [ Vil da
where
t B t
f]RN f”(fwy)wg — f'(twy)wy /tdx a f]RN Ftw)w? — f'(tw)w/tdx
t= ti‘: and 0 < 6 < 1. By Steps 1 and 2 we get t; < t < t5 for every y such
that |y| > R(V) and for every 0 < § < 1. Since the function

" 2 f'tw)w
t— RNf (t’LU)'lU —T

LoV, w,) =

dx
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is continuous and strictly positive for ¢ > 0, its minimum on [t1, t5] is positive.
Then L(6V,w,) is bounded and, by (4.6), we have the claim. O

LEMMA 4.3. For every V€ L™/?, it holds my < m.
PROOF. Since wyt,, € NV we have

|FV(wytv‘f)y) —m|= ‘FV(wyt‘u/;y) — Fo(wy)|

< |Fo(wytY,) — Fo(wy)| + (1Y, )? / IV ]w? di
RN

<P = Dllwlpra+ [ 1Fwytl,) = fwl o+ (@, [ Vit da

<((ty,)? = Dwlpr.2
+ [ty —1|/ IF/((0tY +1—0)w)w|de+ (¢, )2/ V|w? dx
Yy ]RN Yy Y RN

where 0 < 6 < 1. Since (Htgy +1—0)w is bounded in LP4L?, by of Lemmas 2.1(c),
4.2 and (4.6) we have:

|Fy (wyty, ) —m| — 0 as [y| — oo
thus we have my < m. O

LEMMA 4.4. For every V satisfying (1.10) and (1.11), and w minimizer
of (2.1), it holds:
(a) if V(x) <0 for every x € RY and V(z) < 0 on a set of positive measure
then my < m,
(b) if fon V(z)w(z)?de <0 then my < m,
(c) if V(z) > 0 for every x € RN and V(x) > 0 on a set of positive measure
then my = m.

PROOF. (a), (b). By Lemma 4.1(b) there exists ¢/, > 0 such that wt), € N'V.
Then we have
0=K(tY,V,w) :t}z/ |Vw|? + Vw? do — f(wt¥)w dx
RN

RN

:(Fé(wt}j),w)—!—tg/ Vw? dx.
RN

w

Lemma 4.1(b) we get tV < t% = 1. Let us observe that by (1.7) the function
s+ [pn (1/2) f'(sw)sw — f(sw) dx is strictly increasing, then, remembering that
thw e NV, we have:

(4.7) Fo(tw) = [ 5P Ew)te - f(ew) ds
RN

Because w > 0 we have [y Vw?dz < 0 and (Fj(wt},),w) > 0. Hence, by

< /]RN %f’(w)w — fw)dzr = Fy(w) = m.
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It follows that my < m.

(¢) By Lemma 4.1(b), for every u € N there exist Y > 0 such that ut €
NV. Then we have:

0= KV, V,u) = (F(tYu),u) + tx/ Va2 da.
RN

Since V' > 0 we have that [,y Vu? > 0 and (F{(ty u),u) < 0. Hence, for
Lemma 4.1(b) we get t¥ > 1 and ¢}, = 1if [, Vu? = 0. Since t}u € NV and
u € N9, like in inequality (4.7), we have:

1 1
Fy(tYu) = / — Yt u— f(tVu) de > / —f'(w)u — f(u)dr = Fy(u).
RN 2 RN 2
Hence m < my and, by Lemma 4.3, we get my = m. O

Now we are ready to prove Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. We suppose that there exists v € N’V such that
my = Fy(v). We know that [ V(z)v(z)? > 0. If [ox V(z)v(z)? = 0 then,
since V(z) > 0, it will be V (z)v(x) = 0 almost everywhere in RY. Thus v solves
the equation:

—Av = f'(v) inRY.
Without loss of generality we can take f even and, consequently we can assume
v > 0. Hence f'(v) > 0 and, by the strong maximum principle, we get v > 0
in RY and this gives a contradiction, since, where V(x) > 0 it must be v = 0.
Thus, it results [pn V(2)v(z)? dz > 0,
0=K(1,V,v) = (Fj(v),v) + /N V(x)v(z)? da
R

and, consequently (F(v),v) < 0. Then, by Lemma 4.1(b), we get t0 < ¢V = 1.
Now we recall that, by (1.7), the function s — [pn(1/2)f'(sv)sv — f(sv) dx is
strictly increasing, so we have

Fo(vt)) = /]RN }f'(tgv)tgv — f(t%) dx < /]RN %f’(v)v — f(v)dz = Fy(v) = my

and we get a contradiction because, by Lemma 4.4(c), my = m. O

PROOF OF THEOREM 1.2. The claim follows from the splitting lemma. In-
deed, let {u,} C NV be a minimizing sequence for Fy,. By Ekeland variational
principle, we can suppose that F{,|zv (u,) — 0 in D2, Now, we can apply
Lemma 3.3 to the sequence {u,} to obtain

k
un () = uf + Y (@~ yh)
j=1

with lim,, . |y| = oo, {u} converging strongly in DY2(RY) to ug solution
of (1.4) and {u}} converging strongly in D»? to u’ solution of (2.4) for every
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j € {1,... k}. Hence, since m, < m it has to be k = 1, ul

a minimum point for Fy . O

= 0 and ug is
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