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COMPACT COMPONENTS OF POSITIVE SOLUTIONS
FOR SUPERLINEAR INDEFINITE
ELLIPTIC PROBLEMS OF MIXED TYPE

SANTIAGO CANO-CASANOVA

ABSTRACT. In this paper we construct an example of superlinear indefinite
weighted elliptic mixed boundary value problem exhibiting a mushroom
shaped compact component of positive solutions emanating from the trivial
solution curve at two simple eigenvalues of a related linear weighted bound-
ary value problem. To perform such construction we have to adapt to our
general setting some of the rescaling arguments of H. Amann and J. Lépez-
Godmez [2, Section 4] to get a priori bounds for the positive solutions. Then,
using the theory of [1], [4] and [5], we give some sufficient conditions on
the nonlinearity and the several potentials of our model setting so that the
set of values of the parameter for which the problem possesses a positive
solution is bounded. Finally, the existence of the component of positive so-
lutions emanating from the trivial curve follows from the unilateral results
of P. H. Rabinowitz ([18], [14]). Monotonicity methods, re-scaling argu-
ments, Liouville type theorems, local bifurcation and global continuation
are among the main technical tools used to carry out our analysis.

1. Introduction

The main goal of this paper is to give sufficient conditions on the poten-
tials W(x),a(x) € Loo(§2) and the nonlinearity F'(z,u) so that the superlinear
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indefinite weighted elliptic mixed boundary value problem

(1.1)

Lu =AW (x)u —a(z)F(z,u)u in Q,
B(b)u =0 on 02,

has a compact component of positive solutions of (1.1) bifurcating from the trivial
branch (A\,u) = (\,0) at two bifurcation values of \, o1, 02, of # 0%, which
are simple eigenvalues of a certain linear weighted elliptic mixed boundary value
problem. In order to guarantee the existence of such compact component we first
adapt, to cover our more general setting here, some of the re-scaling arguments
of H. Amann and J. Lépez-Goémez in [2, Section 4] about the existence of a priori
bounds for the positive solutions of (1.1), valid for the special case W = 1, to
show the existence of a priori bounds for the positive solutions of (1.1) for general
W € Loo(Q). Then, under adequate assumptions on the nonlinearity F(z,u) so
that the positive solutions of (1.1) have a priori bounds, and using the results
in [4] and [5], we give some sufficient conditions on the weights W (x), a(x) so that
the range of values of the parameter A for which (1.1) possesses a positive solution
be bounded, as well as to guarantee the existence of two different bifurcation
values to positive solutions from the trivial branch (A, u) = (A,0). These values,
ol and o2, are simple eigenvalues of a related weighted elliptic mixed boundary
value problem. Finally, thanks to the Rabinowitz global bifurcation theorem
(see [18]), the existence of a compact component of positive solutions of (1.1)
connecting the two bifurcation values (of,0) and (0%,0) is shown.

Throughout this paper, we make the following assumptions:

(a) © is a bounded domain in RN, N > 1, of class C2, i.e. Q is an N-
dimensional compact connected C2-submanifold of RV with boundary 99Q of
class C2.

(b) A € R is regarded as the bifurcation and continuation parameter, W €
Lo (Q) is a potential in front of A, and

N 52 N 5
(1.2) L:=- ”221 Qi (x)iaxi(’)xj + ; Oti(z)af% + ao(z)

is an uniformly strongly elliptic differential operator in €2 with
(13) Q5 = O € 61(6)7 o; € C(ﬁ)7 oo € LOO(Q)7 1<4,5 < N.

In the sequel we denote by p > 0 the ellipticity constant of £ in Q. Then, for
any £ € RV \ {0} and x € Q we have that

N
> ()& > plgl
=1
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(c) As for as the potential a(x) € Lo (), we assume that the weights

at(z) = max{a,0} and a =a" —a

the positive and negative part of a, respectively, are two nonnegative bounded
potentials with disjoint supports, belonging to a very general class of nonnegative
potentials A(2) C Lo (£2), which will be introduced in Section 2. Hereafter, Q9
and Q0_ will stand for the maximal open subsets of Q where a™(z) and a™ ()
vanish, respectively, and Qaﬁ and Qat the sets satisfying

Qf ={zeQ:a"(2) >0}, QO ={reQ:a (z)>0}.

In the sequel, we will set Q,+ := Q;ﬁr and Q.- := QI,.
In Section 2 we will introduce all the details about the structure and prop-
erties of the sets Qg+, 0o

a—"?

Q.+ and Q,-. Since we are assuming that the po-
tentials a*(x) and a~ () have disjoint supports, it follows that Q,+ N Q,- =0,
and hence,

(1.4) Qo+ QY- and Q,- C QY.

In the sequel we will denote by €y the maximal open subset of 2 where a €
L () vanishes and by [QY_]%, the maximal open subset of Q0 where the
positive part of a, a*, vanishes. It should be noted that they coincide, that is
to say,

(1.5) Qo = 92910,

We advance that with the assumptions that it will be imposed over the potential
a, the open set Qg will satisfy

(1.6) Op € C? and diSt(Fl, 0 N Q) > 0.

(d) As for as the nonlinearity F(x,u): Q x [0,00) — R, satisfies the following
assumptions:

(F1) F € CH(Q x [0,00); R),

(F2) lim, o F(z,u) = co uniformly in Q,

(F3) F(-,0) =0 and 0,F(z,u) > 0 for each (x,u) € Q x (0,00),
and the following growth condition at infinity

(1.7) lim £ %)

u, 00 ur—1

= l(l’) uniformly in Qa—v

where r > 1 and | € Lo (€Q,-) is positive and bounded away from zero.
(e) B(b) stands for the boundary operator

U on Iy,
(1.8) B(b)u = 0
Odyu+bu onTq,
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where I'g and I"; are two disjoint open and closed subsets of 92 with ['(UI'; = 02,
beCy), v=(r,..,v)€CH,RY) is any outward pointing nowhere
tangent vector field satisfying

N
(19) Vv, = Zaijnj, 1 S 7 S N,
j=1
on I'; N 9Qy, where n = (nq,... ,ny) denotes the outward unit normal to Q on

Ty, Oyu := (Vu,v) and Q the vanishing set defined by (1.5). It should be noted
as a consequence of (1.6), each component I'* of T'; satisfies either T'* N 9Ny = 0
or I'* C 0. Thus, (1.9) implies that if I'™* is a component of I'; satisfying
' C 09, then v is the conormal field on T'* and 0,u stands for the conormal
derivate of u on T'*; and if I'* is a component of I'; satisfying that T'* N 9Q = 0,
then v

r« € CH(I'*,RY) is any outward pointing nowhere tangent vector field to
Q on I'*. Moreover, I'y and I'; possess finitely many components. Thus, B(b)
is the Dirichlet boundary operator on I'g, denoted in the sequel by D, and the
Neumann or a first order regular oblique derivative boundary operator on I';. It
should be pointed out that either I'g or I'y may be empty.

Throughout this paper, we regard to the positive solutions of (1.1) as couples
(A, uy) or simply by uy, where X is the bifurcation parameter. Moreover, for each
potential a(z) with a™,a™ € A(Q) and each nonlinearity F(z,u) satisfying the
(d) assumptions, we will denote by A(a, F') the set of values of A for which (1.1)
possesses a positive solution.

This paper is strongly motivated by the previous work [18], [8], [1], [12], [13],
[10], [2], [5] and [4] and the main technical tools used to get our results are
monotonicity methods, re-scaling arguments, Liouville type theorems, local and
global bifurcation and continuation methods.

To explain the main results of this paper, we need introducing some addi-
tional concepts and notations. By a principal eigenvalue of the operator L in the
domain €2, we mean any value of A\ € R for which there exists a positive function
o satisfying

Lo=)\ in Q,
(1.10) { [

B(b)p =0 on 9.

The existence and the uniqueness of the principal eigenvalue under our general
assumptions goes back to H. Amann ([1]). In the sequel o$*[£, B(b)] will denote
the principal eigenvalue of (1.10). Also, given any proper subdomain Q of Q of
class C? with

(1.11) dist(I'1,0QN Q) > 0,
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we will denote by B(b, SNE) the boundary operator build up from B(b) through by
© on 80N Q,

(1.12) B(5,0) = { B(b)p on 90100

When Q = Q we set B(b, Q) := B(b). If Q C Q, then Q2 C Q and B(b, Q)p = ¢
by definition. So, B(b, §~2) becomes into the Dirichlet boundary operator, denoted
in the sequel by D. Also, we denote by O’? (£, B(b, (NZ)] the principal eigenvalue of
the linear boundary value problem

Lo=A\ in Q,
(1.13) v _
B(b,Q)¢o =0 on 09.

We now recall the concept of principal eigenvalue for a domain with several
components.
DEFINITION 1.1. If Q is an open subset of  with a finite number of com-
~. =i =J
ponents of class C2, say 7, 1 < j < m such that Q@ NQ =0 if i # j and

(1.14) dist(I'1,0QN Q) > 0,
then the principal eigenvalue of (£, B(b, ﬁ), §~2) is defined through
(1.15) oL, B(b, Q)] = min o[£, B(b, Q7).

1<j<m

REMARK 1.2. Since € is of class C2, it follows from (1.14) that each of the
J

principal eigenvalues O’? (£, B(b, Qj)], 1 < j < m, is well defined. This shows
the consistency of Definition 1.1.

Hereafter, for each A € R we will denote by £()) the differential operator
(1.16) L(A) =L —AW(x).

Note that £(A) is uniformly strongly elliptic in €, with the same ellipticity
constant p > 0 as L.

We now introduce some concepts and results concerning with the existence
and multiplicity of principal eigenvalues for a general class of weighted linear
elliptic mixed boundary value problems.

DEFINITION 1.3. For each W € L, (£2), any value of A for which the problem

{ Lo=\W¢p inQ,

(1.17)
B(b)p=0 on 09

admits a positive solution ¢, it will be called a principal eigenvalue of (L, W,
B(b), ). If X is a principal eigenvalue of (£, W, B(b), Q) with

N[L — A\W] =spanlp] and Wep & R[L — \WV],
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then it will be said that A is a simple eigenvalue of (L, W, B(b), Q).

The previous concept of simple eigenvalue is consistent with the concept
of simple eigenvalue of (£ — AW, W) in € introduced in [8]. Thus, from Def-
inition 1.3 and due the uniqueness of the principal eigenpair associated with
(L — AW, B(b),?), guaranteed by [1, Theorem 12.1], the principal eigenvalues of
(1.17) are given by the zeroes of the map

(1.18) S(A) = ol [L(N),B(b)], NeR,

where £(\) is the differential operator just defined by (1.16)
Hereafter, for each a € Lo (Q2) with a™ € A(Q) we will consider the map

(1.19) So(A) 1= 07 [L(N), B(b, 204 ).

It should be noted, that the boundary operator B(b, Qg+) and the principal
eigenvalue (1.19) are well defined in the sense of (1.8) and (1.10), respectively,
since as we will see in Section 2,

(1.20) QY. eC? and dist(Ty,00% NQ) >0,

are followed from the fact that a™ € A(Q).

Throughout this paper if \ is a bifurcation value to positive solutions of (1.1)
from the trivial branch (A, u) = (),0), we will denote by C*()) the global con-
tinuum of positive solutions of (1.1) emanating from the trivial branch at the
bifurcation point (X, 0), where by continuum we mean closed and connected. The
main result of this paper establishes the following

THEOREM 1.4. Let a € Loo(2) be where the positive and negative parts of
a, a* = max{a,0} and a~ = a* — a satisfy

at,a” € AQ), Q0. is connected, at € A(Q2), 09, €C,

where A(QY) is a very general class of nonnegative measurable bounded potential,
named Class of Admissible Potentials in Q, that will be introduced in Section 2.

Assume in addition that
(1.21) a” (z) = C(z)dist(x, 0Q,-)7, =€ Q4

with v > 0 and C:Q,- — [0,00) is a continuous function bounded away from
zero near 0, - .
As far as the growth condition (1.7) assume that either N < 2 and r > 1 or

N+2 N+1
(1.22) N>3 and T<min{ ks JW}.

N-2" N-1
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Further, suppose that the weight W satisfy that there exist two open subsets D
and D_ of Qg+ for which infp, W > 0 and supp, W < 0 with DL N Q- # 0
and

(1.23) sup X(A) > 0,

AER
where Y(\) is the map just defined by (1.18). Finally, set of < 0% the unique
roots of the map L()\) and N\ < N9 the unique roots of the map So(N\), whose

existence will be guaranteed. Then:

(a) Aa, F) C (A}, )\9) and therefore, A(a, F') is bounded.

(b) The roots ot, i = 1,2 of the map X(\) are simple eigenvalues of (L, W,
B(b),Q) in the sense of Definition 1.3 and they are bifurcation values to
positive solutions of (1.1) from the trivial branch (A, u) = (X, 0).

(c) The global continuum C*(ol) of positive solutions emanating from the
trivial branch at (\,0) = (01,0), it is bounded in R x Lo (Q) and comes
back again to the trivial branch at the bifurcation point (\,0) = (a%,0).
The same occur with the global continuum C*(0%), which comes back to
the trivial branch at the bifurcation point (\,0) = (o1,0). Therefore,

(1.24) Ct(o}) =C"(a?).
(d) (o1,07) C Ala, F) C (A, A9).

Figure 1.1 ilustrates a typical situation where (1.1) exhibits a mushroom
shaped compact component of positive solutions

Ct:=C%(o]) =CT(c}),
emanating from the trivial solution curve at the bifurcation values (of,0) and

(02,0), situation whose existence is guaranteed under the assumptions of Theo-
rem 1.4.

ct

FIGURE 1.1. Mushroom shaped compact component of positive solutions
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We now shortly describe the distribution of this paper. In Section 2 are ex-
plained all the properties of the nonnegative measurable bounded potentials be-
longing to the class A(£2) of Admissible Potentials in . Section 3 contains some
preliminaries, among them the existence and some properties of the principal
eigenvalue o{![£, B(b)] found in [1], the characterization of the strong maximum
principle found in [2], some of the main properties of the maps X(A) and Xg()\)
found in [5] and a result about the existence of positive supersolutions of a very
general class of sublinear elliptic mixed boundary problem, found in [4]. Also
we definitively fix the notations used throughout the paper. Section 4 contains
results concerning with the existence of positive solutions of (1.1) and bifurcation
values to positive solutions of (1.1) from the trivial branch (A, u) = (), 0). Sec-
tion 5 contains the results concerning with the existence of a priori bounds for the
positive solutions of (1.1), where we have adapted the theory of H. Amann and
J. Lépez-Gémez ([2]) to our setting. Finally, Section 6 contains the main result
of this paper, in which are given sufficient conditions to (1.1) exhibits a bounded
global continuum of positive solutions connecting two different bifurcation values
to positive solutions of (1.1) from the trivial branch (A, u) = (A, 0).

2. Class A(Q2) of admissible potentials in

In this section we introduce a very general class of nonnegative measurable
bounded potentials which will be denoted by class A(§2) of admissible potentials
in Q. It will play a crucial role troughout this paper.

DEFINITION 2.1. It is defined the class A(£2) of admissible potentials in €,
as the set of nonnegative measurable bounded potentials V' > 0 for which there
exist an open subset Q(‘), of Q and a compact subset Ky of Q with Lebesgue

measure zero such that

(2.1) Ky n(@Qy Uly) =0,
(2.2) OF i={zeQ:V(z)>0} =0\ (@) UKy),

and each of the following conditions is satisfied:

(A1) QY possesses a finite number of components of class C2, say Q(‘)/’j , 1<
j < m, such that ﬁ(‘)}l ﬂﬁ?}j =0 ifi+# j, and
(2.3) dist(T'y,0Q% N Q) > 0.
Thus, if we denote by I}, 1 < i < ny, the components of 'y, then for
each 1 <4 < ny either I'l € 99, or 't N INY, = (). Moreover, if I'| C

9%, then I/ must be a component of Q). Indeed, if I'} N 9NY, # 0
but I'} is not a component of 9QY,, then dist(T'%, 9Q% N Q) = 0.
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Let {i1,... ,i,} denote the subset of {1,... ,n1} for which TJNa0Y, =0
if and only if j € {i1,... ,4,}. Then, V is bounded away from zero on
any compact subset of

P
ofuJry.
j=1

Note that if 'y C 9, then we are only imposing that V is bounded
away from zero on any compact subset of Q‘JQ

Let T, 1 < i < ng, denote the components of Iy, and let {i1,... ,iq}
be the subset of {1,...,ng} for which (99, UKy ) NI # 0 if and only
if j € {i1,...,iq}. Then, V is bounded away from zero on any compact
subset of

q y .
QFu [Urg (09% UK)]|.
j=1

Note that if (9929 UKy ) NIy = 0, then we are only imposing that V is
bounded away from zero on any compact subset of Qé}
For any n > 0 there exist a natural number ¢(n) > 1 and ¢(n) open
subsets of RN, G7, 1 < j < {(n), with |G| < n, 1 < j < £(n), such that
£(n)
N N ep - .
GInG=0 ifti#j, Kycl|JGl,
j=1
and for each 1 < j < {(n) the open set G? N Q is connected and
of class C2.

FIGURE 2.1. An admissible configuration



54 S. CANO-CASANOVA

In Figure 2.1 we have represented a typical configuration for which V' € A(Q).
In this case, we have I'y = 1 UT?, Ty = 1"(1) U I‘%, and Q‘JZ — dark area, as well
as Q?, — white area, consists of two components; the compact set Ky, consisting
of a compact arc of curve. For such configuration, conditions (A;) and (Ay4) are
trivially satisfied. Moreover, (As) is satisfied if, and only if, V' is bounded away
from zero in any compact subset of Qi UT'}, and (A3) holds if, and only if, V
is bounded away from zero in any compact subset of Q% U (I'2\ 9QY); V can
vanish on the component T

3. Preliminaries and notations

In this section we collect some of the main results of [1], [5] and [4] that are
going to be used throughout the rest of this paper.

For each p > 1 we denote

W7 50y (Q) = {u € WHQ) : B(b)u = 0},

and use the natural product order in L,(€2) x L,(09),
(f1,91) > (f2,92) & f1 = fa A g1 > ga.

It will be said that (f1,91) > (f2, 92) if (f1,91) > (f2,92) and (f1,91) # (f2. 92).
Since b € C(I'1), it follows from [17] that for each p > 1

B(b) € LIWZ(Q), W2 /P(Tg) x Wy~ H/P(T'y)).

Moreover, there exists a least real eigenvalue of the problem

{&pz)«p in Q,

3.1) B(b)p =0 on 09,

denoted in the sequel by o$}[£, B(b)] and called principal eigenvalue of (L,B(b),
Q). The principal eigenvalue is simple and associated with it there is a positive
eigenfunction, unique up to multiplicative constants, denoted by [z 5) and
called principal eigenfunction of (L, B(b),2). Thanks to Theorem 12.1 of [1] the
principal eigenfunction satisfies

1B € Wy (Q) € H(Q)
and it is strongly positive in €2 in the sense that

reBey(z) >0 forallz e QUL and  Jypz ey () <0 forall x € T,



CoMPACT COMPONENTS OF POSITIVE SOLUTIONS 55

In addition, o$?[£, B(b)] is the only eigenvalue of (3.1) to possessing a positive
eigenfunction, and it is dominant in the sense that any other eigenvalue o of
(3.1) satisfies

Ro > o'[L, B(b)].
Furthermore, setting £, := E\szvs(b)(ﬂ), for each w > —o$[L,B(b)] and p > N
we have that (w + £,)7' € L(L,(Q)) is a positive, compact and irreducible
operator (cf. [19, V.7.7]).

Suppose p > N. Then, a function u € Wg(Q) is said to be a positive strict
supersolution of (£, B(b), Q) if w > 0 and (L, B(b)u) > 0. A function u € W2(Q)
is said to be strongly positive if u(xz) > 0 for each x € QUT'; and dgu(z) < 0 for
each ¢ € 'y with u(z) = 0 and any outward pointing nowhere tangent vector
field 3 € C1(I'o, RY). Finally, (£, B(b),Q) is said to satisfy the strong mazimum
principle if p > N, v € W}(2), and (Lu, B(b)u) > 0 imply that u is strongly
positive. Recall that for any p > N

(3.2) W2(Q) — 2~ N/P(Q)

and that any function u € W2(Q) is a.e. in Q twice differentiable (cf. [20, Theo-
rem VIII.1]).

The following characterization of the strong maximum principle provides us
with one of the main technical tools to obtain most of the results used in this
paper. It comes from [15], [13] and [2].

THEOREM 3.1. The following assertions are equivalent:

(a) of'[£,B(b)] > 0,
(b) (L, B(b),Q) possesses a positive strict supersolution,
(c) (L£,B(b),Q) satisfies the strong mazimum principle.

The following results provides us with some of the main monotonicity proper-
ties of a$’[L, B(D)]; they are taken from [5], (cf. there in Propositions 3.2 and 3.3).

PROPOSITION 3.2. Let  be a proper subdomain of Q) of class C? satisfying
(1.11). Then,

oL, Bb)] < oT(L, B(b, D)),
where B(b, Q) is the boundary operator defined by (1.12).

PROPOSITION 3.3. Let Py, Py € Loo(R2) such that Py < Py on a set of
positive measure. Then,

oYL + P, B(b)] < oSY[L + Py, B(b)].

As far as the maps X(\) and X () just defined by (1.18) and (1.19) it should
be noted that for each a € Lo (Q2) with a™ € A(€), the open subset 20, C Q
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satisfy (1.20) and thanks to Proposition 3.2 we have that
(3.3) E(A) < Eg(N).

Now, in order to collect some of the main properties of above maps, which
will play a crucial role in the sequel, we introduce the following concept

DEFINITION 3.4. Let W € Lo, (2) be. We will say that W changes of sign
in €, if there exist two open subsets D, and D_ of €2 for which

(3.4) infW >0, supW <0.
Dy D_

The following properties of 3(\) will be used along this paper and can be
found in [5, Section 12].

THEOREM 3.5. Let W € Lo () be. Then, the map 3(\) defined by (1.18)
is real holomorphic and concave. Therefore, either ¥"(\) = 0 for any A € R, or
there exists a discrete set Z C R such that 3" (X) < 0 for each A € R\ Z. By
discrete it is meant that Z N K is finite for any compact subset K of R.

Assume in addition that W changes of sign in Q) in the sense of Definition 3.4.
Then:

(a) The asymptotic behaviour of the map 3(\) is
(3.5) )\11/11010 Y(A\)=—oc0 and )\{IJIEIOOE()\) = —00.
In particular, there exists Ag € R for which
3 (Ng) = sup X(N).
AR
Moreover, ' (Ag) = 0, Z'(A) > 0 4f A < Ao, and X'(N) < 0 4f A > Ag.
Therefore, \g is unique.

(b) The eigenvalue problem (1.17) possesses a principal eigenvalue if and
only if (o) > 0. Moreover, Ao is the unique principal eigenvalue
of (1.17) if 3(Xo) = 0, whereas (1.17) possesses exactly two principal
eigenvalues, say of < o, if X(\o) > 0. Moreover, in this case o} <
Xo < 0%, and o4, i = 1,2 is a simple eigenvalue of (L, W,B(b),Q) in
the sense of Definition 1.3 and [8].

It should be noted that for each a € Lo (2) with a™ € A(R), the previous
result can be applied to the map 3(A), just defined by (1.19), substituting 2
by Qg+ and considering the restriction of W to Qg+.

Finally, we will say that a function u € Wg () with p > N is a positive strict
supersolution (resp. a positive strict subsolution) of (1.1), if u > 0 and

(LW)u + a(z)F(z,u)u, B(b)u) > 0 (resp. < 0).
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The following is [4, Theorem 1.3] and it provides us a sufficient condition about
the A-parameter for the existence of positive strict supersolution of a very general
sublinear elliptic weighted mixed boundary value problem.

THEOREM 3.6. Assume the general conditions of the introduction and let
consider the sublineal weighted elliptic mixed boundary value problem

{ Lu=\Wu—-V(z)f(z,uw)u inQ,

(3.6) B(b)u =0 on 082,

where the potential V € A(Q) and the function f € C1(Q x [0,00);R) satisfies

li/m f(x,u) = oo uniformly in Q.

Then, (3.6) possesses a positive strict supersolution arbitrarily large and bounded
away from zero in Q, provided A € R satisfies

(3.7) o 1L(N), B(b, Q%)) > 0.

4. Existence of positive solutions and bifurcation values

In this section we give a necessary condition for the existence of positive
solutions of (1.1) and we characterize the bifurcation values to positive solutions
of (1.1) from the trivial branch.

DEFINITION 4.1. A function uy: ) — [0, 00) is said to be a positive solution
of (11) if uy € W2(Q) with p > N, uy > 0 and uy satisfies (1.1)x almost
everywhere in €.

LEMMA 4.2. Let ug be a positive solution of (1.1)x,. Then ug is strongly
positive in  and ug € Wé(b)(Q). In particular, ug € C*7(Q) for all 0 < v < 1.
Moreover, ug is a.e. in § twice continuously differentiable.

PRrROOF. Indeed, if (A\,u) = (Ao, up) is a positive solution of (1.1),,, then
ug € W2(Q) for some p > N and thanks to Morrey’s Theorem, uy € Lo ().
Thus,

a(VF (- uo(-)) € Loo(9)
and ug satisfies
EQU/O =0 in Q,
{ B(b)up =0 on 09,
where Lo := L(Xo) +a(-)F(-,uo(+)).

In other words, ug is a positive eigenfunction of £ associated with the eigen-
value 0. Thus, by the uniqueness of the principal eigenpair, (0, ug) is the princi-
pal eigenpair of Ly in Q and therefore ug € Wé(b) (Q) and wug is strongly positive
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in Q (cf. [1, Theorem 12.1]). The remaining assertions follow easily from the
embedding W2 (Q) C C2~N/P(Q) for each p > N, and [20, Theorem VIIL1]. O

It should be pointed out that thanks to Lemma 4.2, (1.1) admits two kinds of
non-negative solutions. Namely, u = 0 and the positive solutions of (1.1), which
are strongly positive in Q.

The following result gives a necessary condition for the existence of positive
solutions of (1.1).

PROPOSITION 4.3. Under the general conditions of the introduction, if (A, uy)
is a positive solution of (1.1), then

(4.1) 20(/\) > 0,
where Xg(A) is the map just defined by (1.19).

PROOF. Indeed, if (A, uy) is a positive solution of (1.1), then uy is strongly
positive in €2,
Uy € Loo(Q), a()F(-,ux(+)) € Loo(Q),
and (0,uy) is the principal eigen-pair associated with
(LA) +a(-)F(-,ux(+)), B(b), ).
Moreover, since a™ € A(f2), we have that
Q% ec? QY cQ, dist(l',000. NQ) >0
and hence, Proposition 3.2 gives

(4.2) 0 =0l [LN) + (aF —a™)F(-,uy), B(b)]

<o L) — am (- uy), B(b, Q0,)].
On the other hand, owing to (F3) and (1.4) a™(-)F(-,ux(-)) > 0in Q% , and
hence, Proposition 3.3 gives that
(13) o IO = 0" F(-yun), BO.S) < 07 [£0), B, 2%0)] = So(V).
Therefore, (4.2) and (4.3) imply the result. This completes the proof. O
In the sequel we will denote by
(4.4) A = {NeR:5(N) > 0},

and therefore, Proposition 4.3 establishes that A(a, F') C A for any a € Lo (Q)
with a™ € A(Q) and F(z,u) satisfying the (d) requirements of the introduction.

The following result provides us with a necessary condition for the existence
of positive strict supersolution of the sublinear elliptic problem associated to
(1.1) in the vanishing set of the negative part of the potential a € Lo (€2).
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PROPOSITION 4.4. Let a =at —a™ € Loo(Q) with a™,a™ € A(Q). Assume
in addition that the C?-domain Q°_ is connected and that a* € A(Q0_). Then,
the sublineal weighted elliptic mized boundary value problem

Lu=AWu—a(z)F(z,u)u inQ0_,
(4.5)

B(b,Q° ) =0 on 990 _,

possesses a positive strict supersolution arbitrarily large and bounded away from
. =0 . )
zero in Q,—, provided A € R satisfies

(4.6) o [L(N), B(b, Q)] > 0,
where Qo stands for the vanishing set just defined by (1.5).

PROOF. Indeed, since a~ € A(R), the vanishing set QV_ satisfies (A1) and
hence
Q0 eC? and dist(I';,000- NQ) > 0.
Therefore, the boundary operator B(b,Q0_) is well defined in the sense of (1.12).
On the other hand, since Qg_ is connected and a™ € A(Qg_), the vanishing set

of the potential a™ in the domain Qg_ , denoted by [Qg_]g+ which coincides with
Qo, satisfies again the assumption (A1) and hence,

Qo €C? and dist(I';,090 N Q) > 0.

Therefore, the boundary operator B(b, ) also is well defined in the sense of
(1.12). Now, since QV_ is connected, a™ € A(Q%_) and thanks to assumptions
(F1) and (F2), (4.5) becomes into the abstract framework of (3.6) and therefore,
Theorem 3.6 implies the result, provided A € R satisfies (4.6). This completes
the proof. O

REMARK 4.5. It should be noted that to impose that a™ € A(Q7_) assuming
previously that a™ € A(Q) in some situations does not suppose any additional
restriction since under certain structural conditions about the domain Qg_ it is
satisfied that

A(Q) € AQ,-),
that is to say, it is satisfied that if the potential a™ € A(£2), then the restriction
atlgo € AQY_). In [7, Section 3] are given sufficient conditions about a

subdomain Q of Q to ensure that the nonnegative measurable potential Vg €

A(Q) provided that V' € A(£2). We do not include them by do not enlarge the
exposition.

Now, we characterize the set of bifurcation values to positive solutions of (1.1)
from the trivial branch (A, u) = (A, 0).
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THEOREM 4.6. Let W € Lo (2) be and set O := {\ € R : ¥(\) = 0} where
3(N) is the map just defined by (1.18). Assume that W changes of sign in § in
the sense of Definition 3.4 and

(4.7 sup X(A) > 0.
AR

Then, Xo is a bifurcation value to positive solutions of (1.1) from the trivial
branch (A, u) = (X,0), if and only if Ao € O.

PROOF. The positive solutions of (1.1) are the zeroes of the operator H: R X
UT — U, defined by

HNu) i=u— (L+ M) AW () + M)Ju—a(-)F(-, Tu)Tul,

where U = W2(Q), p > N, J:U" — L,(Q) is the inclusion operator, which is
compact, and

M > —o[L,B(b)].
Moreover, H(\,0) = 0 for each A € R and

DuH(A0) =T — T(\)
where for each A € R, 7(\):UU+ — U is the operator defined by
T :=(L+M)"'DW () +MT
and 7 is the identity operator in U/T. Also,
DuaH(A,0) := —(L+ M) 'W.

Tkanks to the compactness of 7()\) as an operator in U™, for each A € R we
have that the operator D, H(A,0) is a Fredholm operator of index 0. Moreover,

N[D,H(A,0)] = N[L(N)].

We now prove the necessary condition. Indeed, if Xo is a bifurcation value
to positive solutions of (1.1) from the trivial branch (A, u) = (A,0), necessar-
ily dim[N[D,H(X,0)]] > 1 and hence, N[£(X)] # 0. Thus, it follows from
the uniqueness of the principal eigenpair of the problem (E(Xo), B(b), ), that
E(XO) = 0 and therefore, XO € (. This proves the necessary condition.

We now prove the sufficient condition. Let Xo € O. Since W changes of
sign in Q and (4.7) is satisfied, it follows from Theorem 3.5 that g is a simple
eigenvalue of the problem (£, W, B(b), ) in the sense of Definition 1.3. Hence, if
o denotes the principal eigenfunction of L’(XO) associated with Z(Xo) =0, then

N[D,H(Xo,0)] = N[L£(Xo)] = span|eg),
(4.9) Weo ¢ R[L(No)).
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Moreover,
(4.10) DuaH (R0, 0)¢0 ¢ R[DuH(Xo,0)],

because if (4.10) is not satisfied, then W, € R[£(Ao)] and this contradicts (4.9).
Thus, due to the fact that D,H(\g,0) is a Fredholm operator of index 0 and
owing to (4.8) and (4.10), we find that

dim N[D,H (Ao, 0)] = codim R[D,H (Ao, 0)] = 1,
DurH(Xo,0)00 ¢ R[DuH (o, 0)].

Therefore, 0is a Du,\H(Xo, 0)-simple eigenvalue of DUH(XO, 0) and [8, Lemma 1.1,
Definition 1.2] implies that \g is a bifurcation value to positive solutions of (1.1)
from the trivial branch (A, u) = (A, 0). This completes the proof. O

5. A priori bounds for the positive solutions of (1.1)

In this section we adapt to our general setting some of the re-scaling ar-
guments showed in the previous work of H. Amann and J. Lépez-Gémez [2,
Section 4], to get a priori bounds for the positive solutions of (1.1). To deal with
this problem, firstly we show that if the positive and negative part of a € Lo (£2)
satisfy certain structural conditions, then the existence of a priori bounds for
the positive solutions of (1.1) in Q,- implies the existence of a priori bounds
for them in Q. Throughout this section we will suppose that the positive and
negative part of a € Lo (), a¥ and a~ respectively, satisfy the assumptions of
Proposition 4.4.

THEOREM 5.1. Let a =a™ —a™ € Loo(R2) be with a™ and a™ satisfying the
assumptions of Proposition 4.4. Assume in addition that there exists a constant
C > 0 such that

(5.1) supu < C
Q-

for any positive solution w of (1.1). Then, there exists a constant C; > 0 such
that

(5.2) supu < C

Q
for any positive solution of (1.1). Moreover, if (5.1) is satisfied for all A in a
compact subinterval (o, B] C AJ, then (5.2) also holds uniformly in [a, 3].

PROOF. Let (A, uy) be a positive solution of (1.1). Then, Proposition 4.3,
implies that

(5.3) Eo(A) >0,
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and Lemma 4.2 gives that u) is strongly positive in 2. Then, it follows from
(5.1) and the above arguments that u, satisfies the following sublineal elliptic
boundary value problem in Qg_

Lu = \Wu—at(z)F(z,u)u inQ°_,

ou+bu=0 on 8Qg_ﬂI‘1,
(5.4)

u=0 on 9Q°_ NTy,

O<u<C on 9Q°_ NQ.

Thus, u) is a positive subsolution of the following sublineal elliptic mixed bound-
ary value problem

Lu= Wu—at(z)F(z,u)u inQl_,

ou+bu=0 on 392,01"1,
(5.5)

u=0 on 0Q%_ NTy,

u="C on 892, N Q.

On the other hand, since a™ € A(Q2_), due to the fact that F(z,u) satisfies
(F1) and (F2) and since (5.3) is satisfied, it follows from Theorem 3.6 that the
sublineal elliptic problem

Lu=IAWu—a(z)F(z,u)u inQ)_,
(5.6)

B(b, Q0 )u=0 on QY _,

possesses a positive strict supersolution arbitrarily large and bounded away from
. =0 .
zero in ), since
0 10 0
Qo = [Qg-]o+ C Qg+,

and by Proposition 3.2 we have that

a0 [L(N), B(b, Q)] > Zo(A) > 0.
Let 00 € W[?, p > N, a positive strict supersolution of (5.6) satisfying
(5.7) 0 >C in Q.

Then ¢ is a positive strict supersolution of (5.5) and since uy is a positive
subsolution of (5.5), it follows from (F3) and Theorem 3.1 that

(5.8) uy < 0c in Q.
Therefore, (5.1) and (5.8) imply that supg uy < C4, by taking
Cl = max{||90HLoo(Qg_), C}

This completes the proof. O
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COROLLARY 5.2. Let I := [a, 3] C AJ, with a < 3, such that the positive
solutions of (1.1) do not have uniform a priori bounds in I. Then, there exists
a sequence (g, ur) of solutions of (1.1) with A\, € I, k > 1 and a sequence of
points x € Qq—, k > 1, such that

(5.9) lm wuy(x) = oo.
k—o0
PRrROOF. It follows from Theorem 5.1 taking into account that if u; grows to

infinity on 0€,-, then it grows to infinity close to the boundary and therefore
the 2} s can be taken in Q,-. This completes the proof. O

PROPOSITION 5.3. Suppose that either

(5.10) r>1 and N=1,2
or

N +2
(5.11) "< ﬁ and N > 3.

Let I := [o, 3] C Ad be such that the positive solutions of (1.1) do not have
uniform a priori bounds for X € I and let (A\g,u), k > 1, be a sequence of
positive solutions of (1.1) with

.12 1. oo = .
(5.12) kgT;oHUkHL Q) = 0

For each k > 1, let x3, € Q,- be such that

(5.13) ug(zp) = sup ug.
Q

Then,

(5.14) klim ug(zy) = oo,

and for any compact subset K C Q,-, K contains at most a finite number of xy,.
In particular, by choosing a subsequence, if necessary, we can assume that

(5.15) klim (Mg, k) = (Moos Too) € I X 0, -

PrOOF. Thanks to Theorem 5.1, (5.12) and (5.13) imply (5.14). Let K be
any compact subset of 2,-. To show that K contains at most a finite number
of points z, k > 1 we argue by contradiction. Then, by taking a subsequence,
if necessary, we can assume that

lim 2, =25 € K C Q,-,

k—o0

and hence,
_dist (200,09,-)

d:
2

> 0.
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Now, for each k& > 1, we set

(5.16) My = ug(z1),  pr o= M2
Then, thanks to (5.14), limy_ o, My = oo and since r > 1,
(5.17) kli_)rg@ pr = 0.

It can be easily seen that the change of variables
T — Tk 2/(r—1
yim = )=l ),

transforms the differential equation of (1.1) into

(5.18) Ly, = pidsWur +a™ (wk + pry) F(xx + pry, py 2o (y) pRok (),

provided xy + pry € Q,-, where the operator Ly, is defined by

N 2 N

0 0
Lyo=— Y aijlae+ s > pro(ak + 0wt provo(k + pry).
et vidy; = Yj

Moreover, by definition of d, for k sufficiently large we have that |z — x| < d
implies & € Q,-. Thus, |y| < d/pi implies x, + pry € Q,- and therefore, (5.18)
holds. Hereafter, Qs will stand for the ball of radius § > 0 centered at the origin.
Note that since limg_,o d/pr = 00, given any radius R > 0, Qr C Qayp,, for k
sufficiently large. Moreover, it follows from (5.16) that

(5.19) O<uvp <p/" VM =1 in Q.

Thus, by the growth condition (1.7),

2/(r—1)

Jim |pRF(xk + pry, py, ve())or(y) — Wzx + pry)vi(y)] = 0.

Fix R > 0. Thanks to (5.19), by the elliptic L? estimates we have uniform
bounds for vy in W7(Qg) for each p > 2. Thus, by Morrey’s theorem (see [16]),
we also uniform bounds for vy in C1'(Qpg) for each v € (0,1). Therefore, by
taking a subsequence, if necessary, we can assume that vy — v in W?2(Qg) N
C*(QRg),p > N. By Holder continuity v(0) = 1. Moreover, since 2 — T, and
pr — 0 as k — oo, the following relations are satisfied

e aiq (@, + pry) = aij(reo),
Jm ppa (zk + pry) = Jm proo(zr + pry) =0,
hm Wxg + pry) = ( 00) >0,
lim a” (xx + pry) =0 () > 0,
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uniformly in y € Q. Therefore, passing to the limit as k — oo in (5.18) we find
that v(y) is a non-negative solution of

N
8%v
2 -3 ay(ta) om =a” r 1
(5.20) ijzlau(xoo)ayiayj a” (zoo)l(zoo)v",  ©(0) ,

in Qr. The same argument of the last paragraph of [11, p. 889] shows that

in fact v is well defined in all of RY. By [11, Theorem 1.2] necessarily v = 0,
a contradiction, since v(0) = 1. This completes the proof. g
THEOREM 5.4. Let a € Loo(Q2) with
at,a” € AQ), QY connected, at € AQY_), 09Q,- €C',

a

where
(5.21) a” (z) = C(z)dist(x, 0Q,-)7, =€ Q4

with v > 0 and C:Q,- — [0,00) is a continuous function bounded away from
zero near 02,-. Assume in addition that either

(5.22) N<2 and r>1
or

C(N+2 N+14n
. > .
(5.23) N >3 and r<m1n{N_2, N1 }

Let I C A(‘f be a compact interval. Then, the positive solutions of (1.1) have
uniform a priori bounds for X € I.

PRrROOF. We argue by contradiction. Assume that (1.1) does not admit uni-
form a priori bounds in I. Then, due to Corollary 5.2 and Proposition 5.3,
there exists a sequence (Ag,ux) of positive solutions of (1.1) with Ay € I and
a sequence of points z € Q,-, k > 1 such that

lim zp = Too € 00—,
k—oo

ug(xg) = supug — oo as k — oo.

a

Now, for each k > 1 we consider M} and pj defined by
(524) Mk = uk(mk), péQ—i—’y)/(r—l)Mk =1.

Then, the change of variables
x—x —
(5.25) y=" u) =p ),

transforms the differential equation of (1.1) into

(5.26) Lyvg = pideWoy — pra(zy + pry) F(zk + pry, p;;(2+7)/(T71)Uk(?J))Uk(y)-
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Since 09, is of class C', by a change of variable we can assume that near z., €
0Q, -, 08, is contained in the hyperplane %V = 0 and that 2% > 0 if, and only
if x € Q,-. This can be achieved by straightening 0€2,- in a neighbourhood of
Zoo by & non-singular change of coordinates. Hereafter, we shall denote by 7 the
j-th coordinate of z. Given € > 0 small enough, assume that € Q. (o) N Q-
Then, for k large enough, |z — x| < 2¢ and hence

N ay
(5.27) Yy € Hy = Qac/p, N {y > —}.
Pk
Thus, for large k, vy, is well defined in Hy, defined by (5.27). Moreover, if y € Hy,
Tk + pry € Q- and so, a™ (xy + pry) = 0. Therefore, in Hy, (5.26) reduces to
(5.28) Lyvr = p MW+ pia™ (zr+pry) F (21 + pry, p,:@ﬂ)/(rfl)vk(y))vk(y).
In Hy, we have 0 < vy, < vi(0) = ug(zx) = 1, and by the assumption (5.21),
a” (zx + pry) = Clar + pey) (23 + pry™)7,
where we have used that 2V = dist(z,9Q,- ). Setting
(5.29) dp = ay = dist(z, 0Q)
yields
— Yy N dk} K
a” (zr + pry) = Clow + pry)pp (y° + o)
and therefore, (5.28) can be written as
2 24y N dy, 7
(5.30) Livi = pi e Wor + PL Clzy + pky) Y+ Pik

D0 (1) ok (y)-

- F(xi + pry, py,

In the sequel we shall distinguish three different situations according to the
behaviour of dy/py as k — oo.

Case 1. The sequence di/pk, k > 1 is not bounded away from zero. Then,
by choosing a subsequence, if necessary, we can assume that

d
(5.31) lim — = 0.
k—oo Pk
Then, using (5.29) and taking into account that limg .. pr = 0, it is clear

that the Hj defined by (5.27) approaches the half-space y¥ > 0, and the same
compactness argument of the proof of Proposition 5.3 shows that along some
subsequence vy — v, where v is a non-negative regular solution of

Uk

N
82 Ny~v,r N
(5.32) - Z aij(zw)m = C(Zoo) (o) (y™ )70 in y* > 0,

ij=1
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such that v(0) = 1. By assumption either (5.22) or (5.23) this is impossible, since
due to [3, Corollary 2.1], v = 0 is the unique non-negative solution of (5.32).

Case 2. The sequence dy/pi, k > 1 is not bounded above. Then, by choosing
a subsequence, if necessary, we can assume that
(5.33) lim — = co.

k—oco Pk

Now, the Hj, defined by (5.27) converges to R and so, vy, is defined on arbitrarily
large balls for k large enough. Moreover, the change of variables

O v/2 y
ﬂk = <dk> y RI= @’ wk(z) = vk(y)7
transforms (5.30) into

(5.34) Arwi = piBidpwy + p?"yC'(:l:k + pkﬂkz)(ﬂi/7+1zN +1)7
F(zn + pBiz, pp ST g (2))yw(2)

where Ay, is the differential operator defined by

N 2

0
Ap = — i]z::l ij(Tr + pkﬂkz)iaziazj
N

0
+) prBra(ak + PrBr2) 5 — + piBrco(zr + prBr2).
=1 !
By (5.33), limg—,o B = 0. Thus, the same compactness argument of the proof
of Proposition 5.3 shows that along some subsequence wy — w, where w is a

non-negative regular solution of

N
(5.35) - Z aij(xoo)iazj = C(2oo)l(zoo)w” in RY,

82wk
ij=1 Zi
such that w(0) = 1. Sincer < (N +2)/(N — 2), it follows from [11, Theorem 1.2]
that w = 0, which is impossible.
Case 3. The sequence di/pi, k > 1 is bounded above and bounded away
from zero. Then, by choosing a subsequence, if necessary, we can assume that

d
(5.36) lim — = s> 0.
k—oo Pk

Then, passing to the limit as k — oo in (5.30), we find that there exists a positive

solution v of

N

820 N Yo s N
(5.37) _1'32:31 aij(l"oo)m = C(Zoo)l(Too)(y™ +5)70" iny" > —s,
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such that v(0) = 1. The change of variable 2/ =y, 1 < j < N—1, 2N = yN 435,
w(z) = v(y) transforms (5.37) into

N
0*w .
(5.38) *”2 () 5 = C(@oo)l(T00) (V) 0", in 2 >0,
with w(0,...,0,s) = 1. Since r < (N +~v+1)/(N —1), of [3, Corollary 2.1]
implies w = 0, which again is a contradiction. This completes the proof of the

theorem. n

Theorem 5.4 shows that if N < 2, then we always have uniform a priori
bounds on compact subintervals of A\. When N > 3, it provides us with the
folllowing result

COROLLARY 5.5. Let a € Lo () with

at,a” € A(Q), QO connected, at € AQY.), 099, €C.

a

Assume in addition that N > 3,

N +2
(5.39) r< g
and
a” (z) = C(x)dist(z, 00— )", =€ Qy-,
where
2N
4 > —
(5.40) T2 ¥

and C:Q,- — (0,00) is a continuous function bounded away from zero near
00— . Then, the positive solutions of (1.1) have uniform a priori bounds for A
varying on any compact subinterval of A7 .

PROOF. Under condition (5.40), (5.23) becomes into (5.39). This completes
the proof. O
6. Compact components of positive solutions of (1.1)

Throughout this section, we will assume that we are working under the as-
sumptions of either Theorem 5.4, or Corollary 5.5. In any of these cases, we have
a priori bounds for the positive solutions of (1.1) in compact subset of AS’ .

THEOREM 6.1. Let a =a™ —a™ € Loo(R) be with a* and a™ satisfying
at,a” € AQ), Q0_is connected, at € A(Q0), 09, €cC".

Assume in addition that the potential W changes of sign in Qg+ in the sense of
Definition 3.4 with D, satisfying Dy N Q- # 0 and

(6.1) sup X(A) > 0.
AER
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Set o < 0? the unique roots of the map L(N\) and X} < Ay the unique roots of
the map Xo(\), whose existence will be guaranteed. Then:

(a) Ala, F) C (A),\Y) and therefore, A(a, F) is bounded.

(b) The roots o, i = 1,2 of the map X(\) are simple eigenvalues of (L, W,
B(b), ) in the sense of Definition 1.3 and they are bifurcation values to
positive solutions of (1.1) from the trivial branch (A, u) = (A,0).

(c) The global continuum C*(oi) of positive solutions emanating from the
trivial branch at (\,0) = (01,0), it is bounded in R x Lo (Q) and comes
back again to the trivial branch at the bifurcation point (X,0) = (¢%,0).
Therefore,

(6.2) CH(oy) =CT (o).
(d) (of,0f) € Ala, F) C (AL, A9).
PROOF. (a) Indeed, thanks to (6.1), it follows from (3.3) that

(6.3) sup Xo(A) > sup Z(A) > 0.
A€R PYSI
Moreover, since W changes of sign in Qg+, W changes of sign in 2 and hence,
thanks to Theorem 3.5, it follows that
lim ¥(A\) = lim X(\) = -0

A—00 A——o0

and

)\hm E()()\) = /\hm E()()\) = —0Q.

Thus, thanks to (6.3) and the concavity of ¥(\) and £g(\) guaranteed by Theo-
rem 3.5, it follows that eachone of the maps 3(A) and 3 (A) have two real roots
denoted by o1, 02 and A{, A9, respectively. Then,

(6.4) Ag = (A1, 29),

and owing to Proposition 4.3, A(a, F) C (A},)\9). In particular A(a, F) is
bounded. Moreover, thanks to the fact that D, N Q,- # 0, arguing as in
Lemma 3.4 and Theorem 3.5 of [2], we have that A(a, f) is strongly contained
in (A, AY), that is to say, A(a, F) C (AJ,\9).

(b) Due to the fact that W changes of sign in  and thanks to (6.1), the
result it is straighforward from Theorems 3.5 and 4.6.

(c) Set CT (%), i = 1,2 the global continuum of positive solutions of (1.1) em-
anating from the trivial branch at the bifurcation point (\,0) = (¢%,0), i = 1,2,
whose existence is guaranteed by (b). Since we are assuming the assumptions of
either Theorem 5.4 or Corollary 5.5, the existence of a priori bounds in compact
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subset of A for the positive solutions of (1.1) is guaranteed. Hence, thanks to
thanks to the fact that (a) is satisfied, the continuum

Ct(o}) C (A, A9) x [0,M], i=1,2

for M > 0 sufficiently large. Therefore, owing to Rabinowitz global bifurcation
theorem (see [18], [14]), the continuum CT (o}) must necessarily come back again
to the trivial branch at the bifurcation point (\,u) = (¢2,0), since o} and o3
are the unique bifurcation values to positive solutions of (1.1) from the trivial
branch and they are simple eigenvalues for the problem (£, W, B(b),?) in the
sense of Definition 1.3. The same occur with the continuum C*(0%), which
must necessarily come back to the trivial branch at the bifurcation point (o1, 0).
Therefore, (6.2) is followed.

(d) Since (6.2) is satisfied,

C* (o) N{(N0)} = {(e1,0)} U{(0F,0)},

and the A-projection Py(C*(c})) of the continuum C* (o) on the A-axes is con-
nected, we have that (of,0%) C PA(CT(0})), and hence, (o},0%) C A(a, F).
Now, the result it follows from (a). This completes the proof. O

THEOREM 6.2. Under the assumptions of Theorem 6.1, set Ct the global
bounded continuum of positive solutions of (1.1) emanating from the trivial
branch at the bifurcation points (A\,u) = (01,0) and (\,u) = (0},0), whose
existence is guaranteed by Theorem 6.1. Then, the following is satisfied:

(a) If CT emanates subcritically from the bifurcation point (\,u) = (o1,0),

then there exists A} satisfying A < \j < of such that

(6.5) A5, o2) C Ala, F) € (A2, 09).

In particular, (1.1) possesses a positive solution for A = of.
(b) IfCT emanates supercritically from the bifurcation point (A, u) = (02,0),
then there exists Ny satisfying o3 < X3 < A3 such that

(6.6) (01, 23] C Aa, F) € (A, A9).
In particular, (1.1) possesses a positive solution for A = o3.

PROOF. Set P(C*) the A-projection of CT.

(a) Indeed, by taking A := minP,(C*'), and due to the fact that C* em-
anates subcritically from the bifurcation point (o1,0), we have that \} < of.
Moreover, thanks to the existence of a priori bounds for the positive solutions
of (1.1) it follows by an standart compactness arguments the existence of a non-
negative solution uj of (1.1) for A = Af. Now taking into account that of and

0% are the unique bifurcation values to positive solutions of (1.1) from the trivial



CoMPACT COMPONENTS OF POSITIVE SOLUTIONS 71

branch and thanks to Proposition 4.3 and (a) of Theorem 6.1, it follows that u}
is a positive solution of (1.1) for A = A} € (A, o). Then, since C* is connected,
it follows (6.5) and thanks to the simplicity of the eigenvalue o{, (1.1) possesses
a positive solution for A = of.

(b) Tt follows arguing as in (a) by taking A3 := max P, (CT). This completes
the proof. O

REMARK 6.3. It should be noted that it might exist either A* or u* satisfying
A < M <minPy(CT) or supPr(CT) < p* <\,

for which (1.1) possesses a positive solution uy- or u,-, since the existence of
other continuum of positive solutions of (1.1) bounded away from the trivial
branch are not discarded. Nevertheless, under the assumptions either Theo-
rem 5.4 or Corollary 5.5, and thanks to Proposition 4.3, any global continuum c
of positive solutions of (1.1) bounded away from the trivial branch (A, u) = (},0)
is bounded in R X L () and exactly

C* c (A, A9) x (0, M)
for M > 0 sufficiently large.
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