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EXISTENCE AND MULTIPLICITY
OF NONTRIVIAL SOLUTIONS
FOR SEMILINEAR ELLIPTIC DIRICHLET PROBLEMS
ACROSS RESONANCE

XI1IAOJUN CHANG — YONG LI

ABSTRACT. With the linear growth of the nonlinearity and a new compact-
ness condition involving the asymptotic behavior of its potential at infinity,
we establish the existence and multiplicity results of nontrivial solutions for
semilinear elliptic Dirichlet problems. The nonlinearity may cross multiple
eigenvalues.

1. Introduction

This paper concerns the existence and multiplicity of nontrivial solutions for
the following semilinear elliptic Dirichlet boundary value problem

—Au = f(z,u) in{,

1.1
(L) u=20 on 012,

where  C R™(n > 1) is an open bounded domain with smooth boundary 92
and f € C(Q x R, R).
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Define the functional J: H}(2) — R by

() = %/Q|Vu|2—/QF(x,u) do

where F(z,u) = [, f(z,s)ds. Clearly, J € C*(Hg(),R) (see [31]) and
(VJ(u),z) = / (VuVz — f(x,u)z)dz, for all u,z € Hy(Q).
Q

Thus, u is a weak solution to (1.1) if and only if u is a critical point of J. Denote
by 0 < A1 < ... < M < ... the eigenvalues of (—A, H}(2)). In order to find
nontrivial critical points of the functional J, one usually uses the well known
Mountain Pass Theorem presented by Ambrosetti and Rabinowitz in [2], where
they introduced the superquadraticity condition, that is, for some § > 2 and
M >0,

(AR)sy 0<OF(x,s) < f(z,s)s, forall|s| > M, uniformly for a.e. z € Q,

to ensure that the functional J satisfies the (PS) condition. Clearly, if the (AR)y
condition holds, we have lim |, F'(z, 5)/s? = oo, i.e. f(x,s) is superlinear with
respect to s at infinity. However, for some physical problems (see [32] and [33]),
the nonlinear term f(x,s) is asymptotically linear with respect to s at infinity
and (AR)p is not satisfied. In 1994, D. G. Costa and C. A. Magalhdes [12]
proposed the nonquadraticity conditions, i.e.

F
(F1)q lim sup |(x|, 2) <b< oo uniformly for a.e. z € Q,
|s]—o00
(F3)u llirln inf s/, >| B F(z,s) >a >0  uniformly for a.e. z € Q,
s|—o00 S

sf(xz,s) — 2F (x,s)
]

(F)u lim sup

s]—o0

< —a <0 uniformly for a.e. z € ,

where p > n(q — 2)/2, to ensure the compactness of J. Here the assumptions
(F;t) .. allows the nonlinearity f(x,s) to be superlinear or asymptotically linear.
Note that (F3), implies that

(Fo)+ lim [sf(x,s)—2F(x,s)] = £oo uniformly for a.e. z € Q,

|s]—o0

which is a weaker compactness condition and ensures that J satisfies a weak
version of the (PS) condition, namely the Cerami condition. Recently, H. S. Zhou
(see [36]) obtained some existence and multiplicity results of solutions of (1.1)
by assuming that

f(z,s)

(1.2) lim

= uniformly for a.e. x € (,
|s]—o0 S
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where | € [A;,00) is a constant. Some relate results can be seen in [26], [34]
and [37]. There the fact that the limit of the ratio f(z,s)/s exists at infinity is
very important in their proofs to prove the compactness of the functional J.

In this paper, we obtain some existence and multiplicity results of nontrivial
solutions for the problem (1.1) under a new compactness condition. Motivated
by some ideas in [19], we prove that if f is of linear growth at infinity and the
ratio 2F (x, s)/s? satisfies

2F 2F
(1.3) M X aso(z) < liminf M < lim sup M < Boo () = Apt1,

|s|—o0 52 |s]— o0 52

where k is a positive integer, oo, Boc € L®(2) and a(x) = b(z) denotes that
a(x) < b(z) for almost every z € Q with a(z) < b(x) holding on some subset of
) with positive measure, then the functional J satisfies the (PS) condition. If
imposing some additional behavior of the ratio 2F(x, s)/s? at zero and infinity,
we shall show that some nontrivial solutions of problem (1.1) are obtained. Note
that, under our conditions, the asymptotic behavior of the ratio f(z, s)/s at zero
or at infinity can cross several eigenvalues and the nonlinearity f satisfying (1.3)
may not satisfy any of the compactness conditions previously mentioned. Note
that if the asymptotic behavior of the ratio f(z,s)/s at infinity stays between
two consecutive eigenvalues A\ and Ag41, which is usually called nonresonance
or double resonance, the (PS) condition was obtained in [28] and [15], respec-
tively. However, if the asymptotic behavior of the ratio f(x, s)/s at infinity stays
between any interval [A, B] with A € (0, A\,), B € (Mg, 00) (m < k), i.e. the ratio
f(z,s)/s at infinity interacts with multiple eigenvalues of —A on H{ (), neither
the Landesman-Lazer type condition (see [21]) nor the Ahmad-Lazer—Paul con-
dition (see [1]) holds and hence our results can not be covered by the previous
results. In fact, if we take f to be

A+ A
flz,s) = %sqLCossins forx € Q, |s|] > M >0,
where Cy > 0 is sufficiently large, then we can obtain that, for |s| > M,
Ak + A 2
F(z,s) = %% + Cysins — Cyscos s
and then
lim 2F (z, s) _ Ak +)\k+1’
|s|]—o0 52 2

which implies that (1.3) is satisfied. In addition, it is easy to see that none
of the compactness conditions (AR)g, (F2)1, (1.2), the Landesman-Lazer type
condition and the Ahmad-Lazer—Paul condition is satisfied. Furthermore, we
have

f(z,8)s — 2F(x,s) = Cy[s? sins — 2sin s — 25 cos 5],
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which implies that

lﬁl sup[f(z,s)s — 2F (z,s)] = +o0,

l‘lTj&f[f(‘”’ s)s —2F(z,s)] = —oo0.
Hence the condition (Fg)4 doesn’t hold and so the nonquadraticity conditions
(F1), — (FF), are not satisfied. On the other hand, note that

flzx,s) _ Ak + Akt1
s - 2

+ Cpsin s

with Cy large enough for |s| > M, it follows that the range of the ratio f(x,s)/s
may cross multiple eigenvalues of (—A, H}(€2)). Our methods are based on the
variational methods and the Leray—Schauder degree theory.

The paper is organized as follows. Section 2 contains the statements of our
main results. Some preliminary lemmas are obtained in Section 3. In Section 4,
we get the proof of Theorem 2.1. In Section 5, proofs of Theorem 2.3, 2.5 and 2.7
are given.

For convenience, we introduce some denotations. The space HJ (2) denoted
by H is provided with the inner product

(u,v) :/VU~Vde
Q

and associated norm ||-||; L?(©2)(1 < p < o0) is the usual Sobolev space with inner
product and norm denoted by (-, -), and || - ||, respectively; W*P?(k > 0,p > 1)
is the Sobolev space with norm

1/p
w= (X [1muora)
la|<k

C*(Q)(k € Z*) denotes the space of all k-times continuously differentiable func-
tions defined on © with norm

[l

k
fullex =D [1D*ul|o-
i=0
C1,Cs, ... denote (possibly different) positive constants.

2. Main results

We make the following assumptions:

(H1) f e C(Q xR,R), |f(x,s)] < Ci(1+|s|) for almost every z €  and all
|s| > M > 0.

(H2) f(z,0) =0 for almost every = € Q.
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F(z,s)

2
< limsupT < Poo(@) 2 Apyr,

|s]— o0

(H3) A\ = ax(z) < 1|i;|n_§1;}f%
k > 2 is a positive integer.

(H4) 2F(x,s) < mys% for almost every = € Q, |s| < dg, where §g > 0, n; €
(Am—1,Am) (Ao =0), m > 1 is a positive integer.

(H5) 2F(x,s) > \,_1s% for almost every = € €, |s| < 61, where 6; > 0,7 > 1
is a positive integer.

Our main results are as follows.

THEOREM 2.1. Assume that (H1)—-(H4) with m = 1 hold. Then problem
(1.1) admits at least two nontrivial solutions, one of which is positive, another
one is negative. Furthermore, we have the following results.

(a) If k is even, then problem (1.1) possesses at least three nontrivial solu-
tions, one of which is positive, another one is negative.

(b) If all the critical points of the functional J are nondegenerate, then
problem (1.1) admits at least four nontrivial solutions.

(c) If f € CH(Q2 x R,R) and there exists u € L>=(Q) such that

(2.1) [, s) < pl@) = A

for almost every x € Q and for all s € R, then problem (1.1) admits at
least four montrivial solutions.

REMARK 2.2. For f(z,u) = f(u), H. Amann and E. Zehnder [4] proved that
there exists at least one nontrivial solution whenever the interval (f'(0), f'(c0))U
(f'(00), f'(0)) contains at least one eigenvalue, where f'(0) = lim o f(s)/s
and f'(c0) = lims—s f(s)/s. In [11], A. Castro and A. C. Lazer obtained that
under the conditions of H. Amann and E. Zehnder and the additional condition
1(s) < Agy1 for all s € R, problem (1.1) has at least three solutions. In 1994,
A. Castro and J. Cossio [10] extended this result and proved that if there exists
k > 2 such that

(2.2) F0) <A < A < f(00) < Apaa

and f'(s) < v < Mgt for all s € R, then (1.1) has at least four nontrivial
solutions. In [16], J. Cossio and C. Vélez utilized mountain pass arguments and
Leray—Schauder degree to prove the existence of at least three nontrivial solutions
of problem (1.1) when k is an even positive integer. J. Cossio and S. Herrén [9]
applied the Morse index arguments of the type Lazer—Solimini to show that
there exist at least three nontrivial solutions if (2.2) hold and all the critical
points of the functional J are nondegenerate. We should also mention the work
of T. Bartsch, K. C. Chang and Z.-Q. Wang [6] who applied the Morse theory
to obtain four nontrivial solutions of problem (1.1) under the assumption (2.2)
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and f'(s) > f(s)/s, for all s > 0. When double resonance occurs at infinity,
V. O. V. De Paiva [18] proved the existence of at least three nontrivial solutions
by computing critical groups under the conditions

F(2,0) < M\ < \p < limn inf fla.8) lim sup fl.8) Abs1,
s|—o0 S |s]—o00 S
where k& > 2. Moreover, if f(z,s)/s is strictly increasing on s < 0 and strictly
decreasing with respect on s < 0, he obtained the existence of at least four
nontrivial solutions. Recently, S. J. Li and Z. T. Zhang [25] also dealt with the

case that resonance occur at infinity:

FO) <M < foo= tim L&,

|s| oo 8
whose result still depends on the global bound of the derivative of the nonlinear-
ity. Some related results can also be found in [24] and [27]. Involving the ratio
2F (z,5)/s%, J. Mawhin, J. R. Ward and M. Willem [29] obtained the solvability
of (1.1) by assuming the ratio 2F (z, s)/s? to stay below the first eigenvalue \;.
In [12], D. G. Costa and C. A. Magalhaes obtained a nontrivial solution by as-
suming that f is of subcritical growth and satisfies the nonquadraticity condition
(F1), — (F3), with the following condition
lim sup &Ji’s) < A1 < A < liminf &g’s)

|s|—0 s [s|—o0 s
holds uniformly for almost every € Q. In our results, we obtain multiple non-
trivial solutions by requiring that f is of linear growth and using the asymptotic
behavior of 2F(x,s)/s? at infinity and zero. Thus, as shown in Section 1, the
ratio f(z,s)/s may interact with multiple eigenvalues of —A. In addition, here
the nonquadraticity condition (F;),~(F3), is not required.

THEOREM 2.3. Assume that f € C*(Q x R,R) and (H1), (H3)—(H5) hold
with m = r < k. If there exists y € L>(Q) such that (2.1) holds, then problem
(1.1) admits at least two nontrivial solutions.

REMARK 2.4. In [35], W. M. Zou and J. Q. Liu obtained at least two nontriv-
ial solutions of (1.1) by assuming (H3)-(H5) with m = r < k and the following

conditions:

(a) Ap <liminf| o f(2,s)/s uniformly for almost every z € Q and there
exists @ € C(Q) such that f'(z,5) < a(zr) < Apy1 for almost every
r€QandseR

(b) There exist i € (0,2) and 8 € C() such that

sf(x,s) — 2F (z,s)

|s[F

lim sup < B(z) 20 uniformly for a.e. z € €.

|s|—o0
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Comparing with their result, we don’t require the nonquadraticity condition (b)
which ensures J satisfies the (PS) condition. In addition, the condition A; <
liminf|_ f(,s)/s is replaced by the assumption that f is of linear growth
and A\, = aoo(z) < liminfj,_ o 2F (2, s)/s* and some crossing at infinity may
occur.

THEOREM 2.5. Assume that (H1), (H3), (H4) hold with m = k. If the
following condition holds:

(2.3) 2F (x,8) > A\p_15>  for a.e. x € Q and for all s € R,
then problem (1.1) admits at least one nontrivial solution u with J(u) > 0.

REMARK 2.6. D. G. Costa and C. A. Magalhdes [13] obtained at least
one nontrivial solution by assuming (H4) with m = k, (2.3) and A\, < vy <
liminf |, 2F (2, 5)/ 52 to ensure the link geometry of J and the nonquadratic-
ity condition to ensure the compactness of J. Theorem 2.3 requires (H1), (H3)
but the nonquadraticity condition may be not satisfied.

THEOREM 2.7. Assume that (H1) and (H3) hold. If there exist constants
Mo > Ag+1 and dg > 0 such that

(2.4) 2F(2,8) > o8> for a.e. x €K, |s| < 6o
and
(2.5) 2F(,5) < A\ppos®  for a.e. x € Q and for all s € R,

then problem (1.1) admits at least one nontrivial solution w with J(u) < 0.

REMARK 2.8. Since the work of H. Amann and E. Zehnder [4], some ex-
istence and multiplicity results were obtained by many authors (see [14], [17])
under the assumption A\ < f'(00) < Ag+1 < f/(0) < Agy2. Here, we replace
the ratio f(x,s)/s by the ratio 2F (z, s)/s? and some crossing of eigenvalues is
allowed.

3. Preliminary lemmas

Let ¢; (i =1,2,...) denote the eigenfunction of the operator —A on H}(Q)
corresponding to the eigenvalue \;. F; denotes the eigenspace corresponding to
i (i>1)and N; = E1®...®E;. Then H= N;® N;. In addition, we indicate
by P; the orthogonal projection in L?(£2) onto E;. We have the following results:

LEMMA 3.1. Assume that (H1) and (H3) hold. Then the functional J satis-
fies the (PS) condition.

PROOF. Assume that {u, }neny C H be a (PS) sequence, i.e. for some M > 0,

(3.1) [J(un)| < M, J'(up) —0 asn— oo.
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It suffices to prove that {u,}nen is bounded in H. Then a standard argument
shows that {u, },en has a convergent subsequence, which implies that J satisfies
the (PS) condition.

Since {u,} is a (PS) sequence, there exists a sequence {&,} with €, — 0 in
H;(Q) such that

(3.2) ~Auy, = f(z,un) + &, in Hy'(Q).

By f is of linear growth at infinity it follows that u,, € W249(Q) for some ¢ > n
and by the regularity theory we can see that

[unll2,g < Cillunlloo +Co

holds for some C7,Cs > 0. Then by the Sobolev embedding W24(Q)) — C*(Q)
it follows that there exist constants C3, Cy > 0 such that

Thus it suffices to prove that there exists some C5 > 0 such that
(3.4) [tnlloe < Cs.

Assume by the contrary that there exists a sequence {u,} satisfying (3.1) such
that

(3.5) lunlloo = 00 asn — oo.

Set zp, = Up/||tun|lco- By the linear growth of f and the regularity theory, {z,}
remains bounded in W24(Q)(¢q > n) and so, passing to a subsequence if possible,

we have

2, — 29 weakly in W>9(9),

2z, — 2z strongly in C*(Q).

Clearly, ||z0]loc = 1. On the other hand, for a further subsequence, f(uy)/||tn|lco
converges in L>°(Q) with respect to the weak* topology and the limit function
can be written as m(x)zo(z), where |m(z)| < Cg, for almost every z € Q and
some Cg > 0. It follows that zy satisfies

—Azg =m(z)zp in Q,

(3.8)
zo =0 on 0f).

Moreover, we can obtain, up to a subsequence,

(3.9) /Q @, un)

lln oo

—m(x)zo(z)|dx — 0.
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Indeed, the fact that f(x,uy)/||unllco converges to m(z)zo(z) in L>(Q) with
respect to the weak™ topology means that

/ [f(:mun) —m(z)z0(z)|pdx — 0 for all p € L1().
l[unloo

Then by the LP theory we can see f(x,u,)/||un] 0o converges weakly to m(x)zo(x)
in LP(92) with 1 < p < o0.

By the linear theory, we know that, for every h € LP(Q)(p > 1), the problem

—Aw = h(z) in Q,
w =0 on 0€,
has a unique classical solution w € W, ?(Q) N W22(Q). Furthermore, we have
lwll2,p < Cllh||p- Denote K as the operator mapping h onto w. It is easy to see
that K is invertible. Note that, by (H1), there exist some positive integer m and
M > 0 such that
|f(z,u)| < Aplu|, for all |u| > M.

Then, for every € > 0, there exists C. > 0 such that

o) > L0 e,

m

which implies that, if u is a solution of (1.1), then
2
(3.10) / |f(z,u) - u|dx > / M dx — 6/ u? dz — C.meas(Q)
Q m Q
m 1 1
Z P FII3 + =1t = P)f113 — ellull3 — Cemeas(Q),

WhereP:P1+...+Pm.
On the other hand, we have

(3.11) /|fxu u|dac—/|fxu Kf(z,u)|dx

S;/lejf'Kijd-%'-f—/QKI—P)f.K([_P)ﬂdx
SZL/Qijpder)\er/ﬂ([_szdx

= Z HP FII5 + 7”(1 P)fl3-

Together (3.10) and (3.11), it follows that

1 1 e =11 5 2
(5 - o =P = Y- (5 = 5 )IPLSIB +elulf + Comeas(d),

j=1
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Hence, there exists constant M; > 0 such that
(3.12) I1fll2 < Mi[[Pfll2-

Denote w,, = 2z, — z9. Then w,, satisfies

_ Je)
[l oo
wy, =0 on 0f,

—Aw, —m(z)zo(z) in Q,

which combing with (3.12) implies that

P {szn(x) - m(x)zo(x)}

By the fact that f(x,u,)/u,(z)z, (1) converges weakly to m(z)zo(x) in L?(Q)
and P is of finite dimensional, it follows that

2 — 20ll2,2 = |lwnll2,2 < My

2

2, — 29 strongly in W2(Q),

which implies that f(z,u,)/||un ()]s converges to some function o(z) in L?(Q2),
and for a subsequence,

[z, un)

Thus it is easily seen that go(x) = m(z)zo(x) and (3.9) follows.

— o(z) uniformly for a.e. x € Q.

CrLamM 1. For any point xo € ), there exists x* € 0L, with the segment
[0, 2*] C Q, such that, passing to a subsequence if possible,

Jo T, up (o + ta® — o)) dt
HunHoo

where f(x,s) = f(z,s) —m(z)s.

(3.13)

— 0 wuniformly for a.e. x € Q,

ProOOF. Fix zp € Q. By (3.6), (3.7), (3.9), it follows that

f(x,un) f(x,un) _
(3.14) /Q 7”%1”00 dx S/Q 7||un”oo m(x)zo| dx
n— dx — 0.
—I—/Q\m(x)z m(z)zo| dz — 0
Take B
an(x) = W in Q, an(z) =0 in Bpg, \Q,

where Br, = {x € R": || — z¢||gn < Rp}. Then by (3.14) we can see that

(3.15) / |, (z)| dz — 0.

Bo
Now we introduce spherical coordinates in R™. Without loss of generality, we sup-
pose that x( is the origin of R™. We denote = € FRO as x = (21,... ,%,). Take
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x1 = rcosby,ry = rsinfycosbs,... ,xp_1 = rsinb;...sinf, ocosb,_1,x, =
rsinf;...sinf,_osinf, 1, where r € [0,Ro], 6; € [0,7], i = 1,...,n — 2
¢ € 10,27]. From (3.15) it follows that

Ro
/ </ lan (z(r, 01, ... ,0p_2,0))|
[0,7]"—2x[0,27] 0

D(x1,...,2) >
: dr ) do, ... 0, o dd — O,
D(’/‘,917...,0n_2,¢) ! ? d)

where
D e, Ty
e e(fl ’ 9:72) 5= L (sin 0,)" 2 (sin 62)" 3 . .. (sin fp_o).
Then, passing to a subsequence if possible, for almost every (01,... ,0,_2,9),
Ry
/ et (@(r, 01, .. Ons, )™ dr — 0.
0
For a further subsequence, we obtain that, for almost every (01,... ,60,_2, ),

an(x(ra 01, ce ;971—2; ¢)) - 03
for almost every r € [0, Ry]. Then, for almost every T € dBpg,, there exists
a subsequence of {ay,}, we still denote it by {a;,}, such that
Oln(xo + t(f - :EO)) - 01

for almost every ¢t € [0,1]. Since the functions «,, are uniformly bounded almost
every in B, we obtain by the Lebesgue dominated convergence theorem that

/01 o (zo + (T — x9)) dt — 0.
Hence, taking «* € [xg,Z] N 0N such that
|z* — 2o = min{|z — zg| : x € [z, ZT] N IN},
we can see that (3.13) holds. O

We now distinguish three cases:
(i) 20 > 01in Q,
(ii) 2o < 0in €,
(iii) 2o changes sign in Q.
It will be shown in the following that each case leads to a contradiction. For

convenience we denote s,, = maxu, and t,, = min u,,.

Case (i). In this case we have s, = ||up|lcc — +00 and {t,} are bounded.
By (1.3), we get

oF
(3.16) lim inf 25 (%> n)

n—oo S,%

= ()
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with
(3.17) Ak 2 n(x) 3 Mgy for ae. x € Q.

Define F(z,s) = [ f(x,t)dt. Then by (3.16) it follows that

.. 2F T, Sy . 2F (x, sp,
(3.18) hnrggf % = hﬁnj;p % —m(z)| = n(z) — m(x).

y (3.18), there exists some subset g of  with positive measure such that
(3.19) n(x) —m(z) #0 for a.e. x € Q.

Indeed, if not, we have m(z) = n(z) for a.e. x € Q. However, this together with
(3.17) implies that zp = 0, which is contrary to that ||zo]|c = 1.

For all n, let x, € Q be such that w,(z,) = max, g Un(z). Passing to
a subsequence if possible, we can suppose that =, — o € (Q, and we have
v(xo) = max, g v(z). Let z* € 9Q be a point provided by Claim 1. Set

V() =" +t(wo—27),  Ya(t) = zo + t(zn — 20),

where ¢ € [0,1]. Then by the linear growth of f, the boundedness of Q and (3.3)

we have

+
1
/0 st (3 (8)) (Tt - (2 — 0)) dt

O\H
|

(&, un (Y(8)) (Tt - (0 — ) dt\

+
§ / 7, un (1))

dt[|un | oo | Vunl||2n — 2o
l[wn oo

f x u'n.
\ / H@ e GO) gy, n|oown||dlam<ﬂ>\

frunllee fxun()))dtDSiy

l|n oo

< 07 <|$n Z‘ol + ‘
for some C7 > 0. Thus, by z,, — zg and Claim 1 it follows that

5 — 0 uniformly for a.e. x € Q,

F(x,sn)
Sn
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which leads to a contradiction with (3.18) and (3.19). Hence, (3.5) can’t hold
and so the conclusion follows.

Case (ii). In this case t, = —||up|lcc — —o0 and {s,} are bounded. Then
we can get a contradiction using an argument similar to the proof of Case (i).
We omit it here.

Case (iii). We first prove that there exists a constant m € Z* and 0 < k1 <
1 < K9 such that

max 1y,

(3.20) K1 < K2

—minwu, —
for all n > m. Indeed, if not, we assume by contradiction, that there exists
a subsequence of {u,, }, we still denote it as {u,, } with max u,, — oo and min u,, —
—o00, such that

max max U,

—0 or — — o0.
— min u, — min u,

either

By 2o changes sign in Q and the fact that ||z0]jcc = 1 it follows that

max (tn /||tn]|oo) max zg

=1 (0 .
—min(uy, /||tnllco) — min zq 7 € (0, 00)

A contradiction. Thus (3.20) holds. Hence we have
(3.21) sp, 00 and t, — —oo.

The other parts can be treated as in Case (i).

In a word, we obtained a contradiction to (3.5). Thus by (3.3) it follows that
{tn}nen is bounded in H and standard arguments imply that J satisfies the
(PS) condition.

The proof of Lemma 3.1 is complete. (]

LEMMA 3.2. Assume that f satisfies (H1) and (H4). Then there exist pg > 0
and ro > 0 such that

J(u) > po  for |ul| =70, ue NE_,.
ProoF. By (H1), there exists | > A, + 1 large enough such that
2F(x,5) <1s* for |s| > g, a.e. x € Q.
It is easily seen that
(3.22) 2F (x,5) < 2ls* — 167 for |s| > g, a.e. x € Q.
Denote NJ-_1 =V, & Wy, where

m

Vi =span{dm,... , Py-1}, Wi = span{¢,, ... }.



298 X. CHANG — Y. L1

Here 7 is large enough such that A, > 2n? /(A — m) + 5l + 2. For u = Nj;_,
write 4 = v + w, where v € V} and w € Wj. Since Vj is of finite dimensional,

there exists a constant Cy_; such that

(3.23) lul|ee < Cy—illul| for all uw € V;.
Let A
V= #2—&— “Aw? = F(z,v +w).
If |v + w| < dp, then by (2.4) and the choose of v it follows that
Am 1 1 1
(3.24) 9> %f + Z)Ww2 - fnva - fmwz — 1 |v]|w]
1
> 5O =m)v? + 4 ()\ = 2n)w? — mlvfw|
1
>[50 =m0 =202 = s eljo] 2 0

If |v 4+ w| > dp, then by (3.22) and the choose of v we get

395) 9> MM )\ w? — 1? — lw? —lvw+45
4 O
1 Am 1
> 200 —4hu? +1v? + (I"l - 2l>v2 — lolfw] + 5165
Am
> [(Ay — 4D)Y21M2 — Q) o||w| — (zz :’71> 7152
)\m +T]1 1
> (21 - 4)1;2 + 5153.
Let

O ={zeQ:|v+w| <}, Qo ={ze€Q:|v+w| >}

and

& = 3 (1 - 77)
4(Cy-1)2(81 = A — m) Am
Then by (3.24)—(3.25) we have

(3.26) /19da: :/ 19dx—|—/ vdx
Q 951 Q2
2 L () e
Qo 4

1 1
J(u) :J(v+w):*||v||2+§||w||2*/F(x,erw)dx
Q

Hence

*II I*+ || I” + Aml\vller In - /QF(I,Hw)dI

m 2 2
—1-— - ddx.
+( Am)wn + 4l +/Q :

| \/
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If meas Qy > &, then by (3.26) and the choose of [ it follows that

2 I 2 (1) = (2= 2 el + hel? + 51636

1 m )\ + m
> |3 (1m ) - (2= 22 | + i
1
> =& ||ull® + 515350,
where §; = (81 — A\, — 1 — 1)/4 > 0.
If meas Qg < &, then by (3.23), (3.26) and the definition of {; we get

(329 90 2 (1= 3 Yol + ol?

)\m +m
- (21 = 0371||v||2meas Qs

1 _n 2 o 2

>3 (1= Yl - (1= 22 el
1 7

> g5 (1- 2 )P

By (3.27)-(3.28) we may find pg, 79 > 0 such that J(u) > po for u € N5, with
lu]| = 7o. O

LEMMA3.3. Assume that (H1) and (H3) hold. Then

(a) For any v € Ny, J(v+w) — o0 as w € Nt and ||w| — oo;
(b) J(v) = —c0 as v € Ny and ||[v|| — oo.

PROOF. We just prove (a), for (b) see Proposition 2(d) in [15]. Define
C(w) = / [[Vw|? = Boo(z)w?] dz, w € Nj-.
Q
Clearly, by [, [Vw[*dz > Api1||wl]|3 for all w € NjF, we have

(3.29) C(w) > / Myt — p(x)w? dz >0, for all w € Nj-.
Q

We claim that there exist puo, M > 0 such that

(3.30) C(w) > po|lw||®  for w € Ni- with |jw| > M.

Indeed, we assume, by contradiction, that (3.30) doesn’t hold. Then there exists
a sequence {w,} C W with ||w,|| — oo such that B(w,)/|w,||*> — 0 as n — oo.
Let z, = wy/||wy||. Then ||z,|| = 1. Passing, if necessary, to a subsequence we
assume that z, — zg € W weakly and 2, — 2o in C(Q) with ||29]| = 1. Clearly,
zp is not identical to 0 and hence by z,,z9 € W it follows that

(3.31) 0 < B(z0) < liminf B(z,) = 0,
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which implies that

0= (%) > / [[Vz)? = Apy128] dz > 0.
Q

Thus zp is an eigenfunction corresponding to Agy1. Note that (2.1), (3.29) and
(3.31) imply that zp = 0 on the set Q1 = {z € Q: p(x) < Ag41}, by the unique
continuation principle we get zy = 0. A contradiction. Thus (3.30) holds.

Let 0 < & < paAgt1. Owing to (H3) there exists M. € L'(2) such that

F(z,s) < %(ﬁoo(x) + )8 + M.(z) fora.e. xz € Qand all s € R.
Hence, foru=v+w € H = Ny, GBN,CL7 we have
T = 3l +ulP = [ [P0+ w)da
> S0P+ ol®) = 5 [ (Bla) + )02 + o = [ Moo

1 1 1 1
=*dw—~f/ufd%+4MV—*/}&J@+6w%h—HMml
2 27 Jq 2 2 Jo

L, - ¢ 2,1 2_1/ 2 g —
5 (12 = 5 JWlP + 3101 = 5 [ (0l) 4 200%dn = I

i+

Obviously, (2 —€/Ai+1)/2 > 0. Thus it follows that for given v € N we have
J(v+w) — 0o as w € Ni- and |lw|| — oc. O

4. Proof of Theorem 2.1

PrROOF OF THE FIRST PART OF THEOREM 2.1. Consider the following
truncated problem

~Au = fT(z,u) inQ,
u =0 on 09},

where f*(z,s) = f(z,s),if s >0, fT(x,s) =0, if s < 0. Define the functional
JT:H — R by

J+(u):/QB|Vu|2—F+(x,u) dx,

where F*(z,u) = [} f*(2,s)ds. By (H1), J* € C*(H,R) (see [31]). Similar
arguments as in the proof of Lemma 3.1 imply that J* satisfies the (PS) condi-
tion. In the following we shall show that the functional JT has a mountain pass
geometry. Precisely, we shall prove that J* satisfies:

(a) There exists 7,0 > 0 such that J*(u) > ¢ for all u € H}(Q) with
Jul| =r.
(b) JT(tp1) — —o0 as t — co.
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(a) By Lemma 3.2 with m = 1, this is an immediate consequence of condition
(H4) with m = 1.
(b) By (H1) and (H3), there exists Mz € R and Ay € (Mg, Ag+1) such that

26 (x,8) > Agls|* + My for s > 0.

Then we have

Jt(ter)

2
/%|V¢1\2dm—/F+(x7t¢1)dx
Q Q

IN

t2 9 t2 9
§A1 |¢)1‘ dr — 5140 |¢)1| dr — M2|Q|
Q Q

t2
= —=[\ — Ao] [ |¢1]? dz — M;|Q].
2
Q

By A\ — Ag < A1 — M\ < 0 it follows that JT(t¢1) — —oo as t — oco. Therefore,
by the Mountain Pass Theorem, J* has a critical point ™ with J*(u*) > 0,
which implies that the functional J has a nontrivial critical point u+ > 0. By
the Maximum Principle it follows that 4™ > 0 in . Similar arguments show
that J admits a nontrivial critical point u~ < 0. O

LEMMA 4.1. If P is a bounded region containing the positive solution u™ of
(1.1) and no other critical point of J then

(4.2) deg(VJ, P,0) = —1.

If N is a bounded region containing the negative solution u~ of (1.1) and no
other critical point of J then

(4.3) deg(VJ,N,0) = —1.

Proor. Since vt and u~ are all of mountain pass type, the conclusion fol-
lows immediately by a result of H. Hofer [20]. O

LEMMA 4.2. If 0 is an isolated critical point, then there exists p1 small such
that deg(VJ, B,,0) =1, for all 0 < p < p1, where B, = {x € R" : |z| < p}.

PROOF. Similar arguments as in the proof of the first part of Theorem 2.1
imply that 0 is a strict local minimizer of J. Then the conclusion is obtained by
Corollary 2 of H. Amann [3]. O

LEMMA 4.3. Assume that (H1) and (H3) hold. If u is a solution of (1.1),
then there exists constant C > 0 such that ||ullcx < C.

PROOF. Since f is of linear growth at infinity, any solution u € Hg () of
(1.1) belongs to W24(Q) for some ¢ > n and we obtain by the regularity theory
that ||[ul|2.; < C|luljec + C. Then by the Sobolev embedding Wg'? < C1(Q) it
follows that there exists constant Cs > 0 such that, for any solution of (1.1),
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IVu|loo < Csllu|loc + Cs. Thus it suffices to prove that any solution u of (1.1) is
bounded in L>°(£2). This can be treated as in the proof of Lemma 3.1. We omit
it here. g

Denote g = (Mg + Ak41)/2. Then the following problem
—Au = pou, in £, u=0, on JdN

has the only weak solution 0. Define

1

{UHQ - /Q,uou2 dx}, for all u € H.

Then 0 is the only critical point of ¥. By the Riesz representation theorem there
is a continuous map N on H such that, for each u € H,

(N(u),v) = / povwvdz, for all v e H.
Q

By the Sobolev embedding theorem it follows that N is compact. In view of
(VI (u),v) = (u,v) — (N(u),v), forall u,ve H,

we have V¥ = I — N. Denote B = {u € H : ||ul| < R, R € R*}. We have the
following result.

LEMMA 4.4. There exists Ry > 0 such that deg(VV, Bg,0) = (—1)* for
R > Ry.

PROOF. Since
deg(V¥, Bg,0) = deg(id — N, By, 0) = indexps(id — N,0) = (—1)?,

where
8= Z Bi,  Bj =dimLJker()\j-id—N)i7
A;>1, A €0(N) i=1
it suffices to compute indexpg(id — N,0). If Nu = Au for some A € R and u # 0,
then we have

(Nu,v):/,ouvdac:/)\Vu-Vvdas7 for all u,v € H,
Q Q

which implies that A = ug/)\; for some i € ZT. By Ay < pg < Apy1, we obtain
that A > 1 holds for all i < k, which implies that deg(V®, Bg,0) = (—1)¥ for all
R> R,. O

Applying above lemma, we can obtain the following result.
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LEMMA 4.5. Assume that (H1)-(H3) hold. Then there exists Ry > 0 such
that
deg(VJ, Bg,0) = (-=1)* for R > R;.

ProOF. Consider the following auxiliary problem:
—Au = Af(z,u) + (1 = Npou = fa(z,u), forzeQ, Ael0,1], ulsq =0.
Define
1
Ja(u) = / {2|Vu|2 dx — F(z,u)| dz,
Q

where Fx(z,u) = [ fa(z,s)ds. By (H1)~(H3) and the definition of 1o, we can
see from Lemma 4.3 that there exists R; > 0 large enough such that,

VJ\opg(u) #0, forall R> Ry,

uniformly for A € [0, 1]. Then by the homotopy invariance of the Leray—Schauder
degree and Lemma 4.4, we obtain that

deg(VJa BRa 0) :deg(VJla BR7 O) :deg(VJ07 BR7 O) :deg(v\p7 BR7 O) = (71)167

for all R > R;. ([l

PROOF OF THEOREM 2.1(a). Suppose that the set of all critical points of
the functional J is finite. The assumptions (H1)—(H3) and Lemma 4.3 imply
that the solutions of (1.1) are bounded, so there exists C' > 0 large enough such
that if w is a critical point of J then ||Ju|| < C. Take R > max{R;,C}. Then
from Lemma 4.5 and the fact that k is even it follows that

(4.6) deg(VJ,Bg,0) = 1.

By Lemmas 4.1 and 4.2, there exist p € (0, p1) and r; > 0 small sufficiently such
that

Bmerl(u+) :wv BPQBT’ (ui) :03 BTl(ujL)mBT‘l(ui) :wa

with
(4.7) deg(VJ, B,,0) =1,
(4.8) deg(VJ, B, (u+),0) =—1, deg(VJ,B,,(u"),0)=—1.

By the additivity and excision properties of the Leray-Schauder degree, we have

deg(VJ,BR \ (BP U BT] (’LL+) U BT'l (U_)), 0)
= deg(VJ, BR7 0) - deg(VJ, Bpa 0) - deg(VJa BT‘l (qu)’ 0)
—deg(VJ, By, (u™),0) —deg(VJ,Bg \ (B, U By, (ut) U B, (u™)),0).
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From (4.6)—(4.8) and the excision property of the Leray—Schauder degree we
obtain

deg(VI,Bg\ (B, U By, (ut)UB,,(u7)),0) = 2.
Hence, by the existence property of the Leray—Schauder degree we can see that
there exists u* € Br \ (B, U By, (ut) U B, (u™)) such that V.J(u*) = 0, which
together with u™, u~ gives the existence of at least three nontrivial solutions of

problem (1.1). This completes the proof. O

PrOOF OF THEOREM 2.1(b). Firstly we shall show that the functional J
satisfies the hypotheses of the Saddle Point Theorem. In fact, since f is con-
tinuous and satisfies (H1)—(H3) it follows that J € C1(H,R). Furthermore, by
Lemma 3.1, J satisfies the (PS) condition. Consequently, it suffices to show that
the functional J satisfies the saddle point geometry. But this can be obtained
by a similar argument as in [9]. Hence, using Lemma 1.1 of [24], since J has
finite critical points which are all nondegenerate, there exists a critical u* with
Morse index equal to dimV = k + 1 > 2. Moreover, in view of that 0 is a local
minimum of J and J(0) = 0, it follows that «* is nontrivial. On the other hand,
since J has a nontrivial positive solution u* and a nontrivial negative solution
u~ which are all nondegenerate and of mountain pass type, by [22] it follows
that u™ and u™ are all of Morse index less that or equal to 1. Then

uw*#ut and utAu.

Now, similar as the arguments in the proof of Theorem 2.1(a), we can take
p € (0,p1) and r9, 7 > 0 small sufficiently such that

B,N B,,(u™) =0, B,N By, (u™) =0, B,N B, (u*) =
=0 =0

By, (u") N Br(u”) =0, By, (u")NB(u) =0, By,(u")NBy,(u”) =0,
By, By, (u"), Br,(u”),B;(u") C Br
with
(4.9) deg(VJ, B,,0) =1,

(4.10) deg(VJ, B,,(u"),0) = —1, deg(VJ,B,,(u"),0) = —1.
By the additivity and excision properties of the Leray—Schauder degree, we get
deg(VJ, Br,0) = deg(VJ, B (u"),0) + deg(VJ, B,,0)
+ deg(VJ, B, (u),0) + deg(VJ, B,,(u"),0)
+deg(VJ,Bgr \ (B-(u*) U B, U B,,(ut) U B,,(u™)),0).

Since all the critical points of I are nondegenerate, we have

(4.11) | deg(VJ, B-(z¥),0)| = 1.
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Then, from (4.9)—(4.11) and the excision property of the Leray—Schauder degree,
we obtain

deg(VJ, Bg \ (Br(w") UB, UB,, (") U B, (u")),0) # 0.

Hence by the existence property of the Leray—Schauder degree it follows that
there exists uy € B\ (B;(u*) U B, U B, (u") U By, (u™)) such that V.J(us) = 0.
Thus problem (1.1) has at least four nontrivial solutions: u™, u™, u*, ug4. O

Before proving Theorem 2.1(c), we recall a global version of the Lyapunov—
Schmidt method.

LEMMA 4.6 ([10]). Let H be a real separable Hilbert space. Let V' and W be
closed subspaces of H such that H =V & W. Assume that J € C'(H,R). If
there are 1 > 0 and 7 > 1 such that

(VJ(v+wy) = VJ(v+ws2), w1 —wz) > p|lwr — wal™

forallv eV, wy,ws € W, then we have:
(a) There exists € C(V,W) such that
J(v+1(v)) = UI}IélVI[l/ J(v+ w).
Moreover, ¥(x) is the unique member of W such that
(VJ(w+ ¢ (), w) =0 for allw e W.
(b) If we define J(v) = J(v+ 9 (v)), then J € CY(V,R) and
(VJ(),v1) = (VJ(v+(v),v1) for allv,vy € V.

(c) An element v € V is a critical point of J if and only if v + ¥(v) is
a critical point of J.

(d) Let dim X < oo and P be the projection onto V' across W. Let S C V
and D C H be open bounded regions such that

{v+y@)|veSt=Dn{v+y@)|veV}.
If VJ(v) # 0 for v € S, then
deg(VJ, S,0) = deg(VJ, D,0).

(e) If xo = vo + wyg is a critical point of mountain pass type of J, then v
is a critical point of mountain pass type of J.

PROOF OF THEOREM 2.1(c). Denote V = N, and W = Ni-. Define the
functional f(w): W — R by

Blw) = /Q[\Vw\z — p(x)w? dz, for allw e W.
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As in the proof of Lemma 2.3, we can see that there exist §, M > 0 such that
(4.12) Blw) > dl|wlf?,  [lw] > M.
By the mean value theorem it follows that
(VIJ(v+w) = VJ(v+wy),w—wi)
= [0 = Furl — £, 6@ w - w1 da

2/0W[Vw—Vw1|2—,u(at)(w—wl)Q]dx

)
> (11— — ) |lw—w]
> (152 o= wl

Then by Lemma 4.6 there exists ¢: V' — W such that
J(v+(v)) = min J(v+ w).
Moreover, 1 (v) is the unique element of W such that
(VJ(v+ (), w) =0 forallweW.

Define I: V — R by
I(v) = J(v +¥(v)).
Then T is of class C!, and
(VI(w),v1) = (VJ(v+¢(v))(u),ur) forall v,v; € V.

By (H3), it is easily seen that

J(v) — —oco as ||v]] - o0 and v € V.
Then in view of I < .J(v), we can obtain that

I(v) — —co as |[v|| = occand v € V.
Since V is of finite dimension, there exists vg € V such that

(4.13) I(vg) = max J(v+ ¥ (v)).

Then ug = vg +¥(vp) is a critical point of J, i.e. VJ(ug) = 0. Suppose that vg is
an isolated critical point of I, so ug is an isolated critical point of .J. By (4.13),
vp is a strictly local maximum of the functional I. Then there exists ? in some
neighborhood Sy of vy such that 1(9) < I(vp), i.e.

J(0+ (@) < J(vo + ¥ (v0)),

which means that ug can’t be local minimum of the functional JJ. Thus ug is
nontrivial. On the other hand, if we denote u* = v + 9 (v"), then by Lemma
4.6 we can see that vt is a critical point of mountain pass type of I, which
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implies ug # u*. Similarly, ug # u~. Furthermore, denoting B, (ug) = {u € H |
llu —uol|| < o}, by (4.13) there exists o9 > 0 small such that

deg(V1, B, (ug) |v,0) = (=1)*, for all 0 < o < oy.
Hence from Lemma 4.6 it follows that
deg(VJ, By(ug),0) = (=1)*, for all 0 < o < oy.

Now similar arguments as in the proof of Theorem 2.1(b) implies that there
exists at least a nontrivial critical point u4 of J that different from wug, u™, u=.0

5. Proof of Theorems 2.3, 2.5 and 2.7

PROOF OF THEOREM 2.3. As in the proof of Theorem 2.1(c), there exists
¥: N, — Nit such that J(v + ¢(v)) = min,, ¢y J(v + w). Moreover, the func-
tional I: Ny — R defined by I(v) = J(v + 9 (v)) is of class C' and an element
v € Ny is a critical point I if and only if w = v + ¥(v) is a critical point
of J. By Lemma 3.3(b), we can obtain that I(v) — —oo as |[v|| — oo and
v € Nj. Thus —I is bounded below on Ni. Denote H! = E1 & ... & E,_1 and
H?>=FE,®...® E;_;. Since dim H' < oo, there exists Cy > 0 such that

lulloe < Collull,  for all u e H'.

Then by (2.5), there exists d; > 0 such that, for u € H' with |Ju| < 01,
1

1
(5.1) T(w) > () > g Jul + 5/ 1w dz > 0.
Q

On the other hand, by Lemma 3.2 and the fact that ¢: H' ® H? — N,ﬁ-_l is
of C1, denoting z = u + 1(u), there exists 85 > 0 such that, for u € H? with
lul] < 6,

62 T = I+ v) < P + [ Fes)de>o,

Take 0* = min{d;,d,}. Then (5.1) and (5.2) imply that —I has the geometry
of local linking at 0 on H! @ H2. Since J satisfies the (PS) condition, the
functional —1I also satisfies the (PS) condition (see [5]). Now, by the Local
Linking Theorem(see [8], [23]) it follows that —I and hence J has at least two

nontrivial critical points. (|

PROOF OF THEOREM 2.5. By Lemma 3.1, the functional J satisfies the (PS)
condition. By (2.3) we get

1
J(u) < / §[|Vu|2dx — Ap—1u?]de <0, for all u € Nj_;.
Q

In view of Lemma 3.3(b), there exists R sufficiently large such that J(u) < 0 for
u € Nj with ||ul| = R. From (H1), (H3) and (H4) with m = k it follows that
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there exist 7o > 0 such that J(u) > po for ||ul| = ro, u € Nj-,. Hence by the
Benci-Rabinowitz Linking Theorem (see [7]) we can see that the functional J
admits a nontrivial critical point v € H with J(u) > po > 0. ]

To prove Theorem 2.7, we need the following abstract result.

LEMMA 5.1 ([30]). Let X = X3 & X2 be a Banach space with 0 < k =
dim X; < co. Suppose that J € C*(X,R) satisfies

(1) there exists p>0 such that supg: J <0, where S;={u € Xi : ||u||=p},

P
(I3) J >0 on X,
(I3) there exists a nonzero vector e € Xy such that J is bounded below on
the half-space {se +uz : s >0, uz € Xo}.

In addition, assume that J satisfies the (PS) condition and has only isolated
critical values with each critical value corresponding to a finite number of critical

points. Then J has two different critical points uy,us with J(ui) < 0 < J(uz).

PROOF OF THEOREM 2.7. Let X1 = Npy1 and Xy = Ni5 ;. We come to
verify the conditions of Lemma 5.1. Clearly, dim N1 is of finiteness. By (2.5)
it follows that

1
J(w) > / 5[\Vw\2dx — Mppow?]dz >0, for all w € Nkﬁrl,
Q

which implies (Iz) holds. Lemma 3.3(a) implies that (I) is also satisfied. In
addition, by Lemma 3.1, the functional J satisfies the (PS) condition. Now it
suffices to prove that (Iy) is true. In fact, by (2.4), it follows that, for any ¢ > 0,
g€ (2,2n/(n—2))ifn>qorqe (2,00)if 1 <n < g, there exists C. > 0 such
that

1
F(x,s) > 57]252 —C.ls|P, ae .z e, forall s eR.

Then, by the Poincaré inequality as well as the Sobolev inequality [Jul|g < K||u(|,
we have for u € Ni1,

1 1
I < gl = g [ o+ € [ Juprdo
Q Q

- A - A
< N2 4 KOl = {— 2 2Rl LKL ul|72 | [l
2kl 2Xk+1

Hence, if taking 7 = (12 — Aet1)/(2Aktr10,0.))Y @72 we can obtain
J(u) <0 for u € Niyq1 with |lu]| = p € (0,p),

which implies that (I;) is satisfied. Then, by Lemma 5.1, it follows that J has
at least one nontrivial critical point u with J(u) < 0. O
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