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ROTATION NUMBERS FOR PLANAR ATTRACTORS
OF EQUIVARIANT HOMEOMORPHISMS

BEGONA ALARCON

ABSTRACT. Given an integer m > 1 we consider Zm-equivariant and orien-
tation preserving homeomorphisms in R? with an asymptotically stable
fixed point at the origin. We present examples without periodic points
and having some complicated dynamical features. The key is a preliminary
construction of Zm,-equivariant Denjoy maps of the circle.

1. Introduction

This work is motivated by the study of the global behavior of a planar map
having a fixed point which is asymptotically stable but is not a global attractor.
For instance, the authors show in [3] that it can happen even when there are no
periodic points different from the fixed point. They construct examples of planar
dissipative homeomorphisms f such that the set Rec(f)\ {p} is a Cantor set with
almost automorphic dynamics, being Rec(f) the set of recurrent points of f and
p the asymptotically stable fixed point. Besides, they show that this behaviour is
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strongly related to the fact that these planar attractors have irrational rotation
number.

Let f:R? — R? be an orientation preserving homeomorphism with a fixed
point which is not a global attractor and its basin of attraction is unbounded. In
that case, the theory of Prime Ends due to Carathéodory is applied and f induces
an orientation preserving homeomorphism f* in the space of prime ends. Since
this space is homeomorphic to the circle, it is possible to associate a rotation
number to f being the rotation number of f*.

Under these condition, the authors in [9] prove that periodic orbits different
from the fixed point will appear when the rotation number is rational. However
the converse seems to be a very difficult problem with interesting and strong
applications. One way to tackle this problem is assuming that f has some sym-
metry.

Given a Lie group I' acting on R?, a map f:R? — R? is said to be I'-
equivariant (or a T-symmetric map) if for all z € R? and 0 € T

flow) = o f(x).

When the homeomorphism is equivariant with respect to a subgroup of O(2), the
symmetry forces the existence of a global attractor in all cases except Z,, and
SO(2) (see [1]). Authors in [2] give a family of Z,,-equivariant homeomorphisms
with an asymptotically stable fixed point and rotation number 1/m. So we might
be led to think that the presence of the Z,,-symmetry implies that the rotation
number of the homeomorphism should be rational. One consequence would be
that the asymptotically stable fixed point is a global attractor if and only if there
are no periodic points different from the fixed point.

In this article we give examples showing that this is false. We prove the
existence of Z,,-equivariant and dissipative homeomorphisms with an asymptot-
ically stable fixed point such that the induced map in the space of prime ends
is conjugated to a Denjoy map, which is also Z,,-equivariant. The idea is to
reproduce the construction given in [3] in the context of symmetry. Hence, this
paper shows that for Z,,-equivariant homeomorphisms one can not guarantee
that the rotation number is rational and proves the existence of Z,,-equivariant
homeomorphisms with some complicated and interesting dynamical features.

This work is organized as follows: In Section 2 we explain some notations and
results of Denjoy maps in the circle that will be used. In Section 3 we explain
the problem in the context of symmetry and construct Z,,-equivariant Denjoy
maps in the circle. In Section 4 we prove the existence of homeomorphisms of
the plane which induce a symmetric Denjoy map in the space of prime ends with
the help of some results in [3] and Section 3.



ROTATION NUMBERS FOR PLANAR ATTRACTORS OF EQUIVARIANT HOMEOMORPHISMS 329

2. Notation and Denjoy maps in the circle

We introduce the same notation as in [3]:

We consider the quotient space T = R/Z and points § = 6 + Z, with § € R.
All figures are sketched on the umit circle S' = {z € C : |z| = 1}, which is
homeomorphic to T.

The distance between two points 01,05 € T is

distr(01,02) = distg(0; — 02,7)

where distg indicates the distance from a point to a set on the real line.

A closed counter-clockwise arc in T from p to ¢, p # ¢, will be denoted by
«a = pg and by « its corresponding open arc.

We define the cyclic order as follows: Given three different points pg, p1,p2 €
T we say that pg < p1 < p2 if p1 € popa.

We define the cyclic order for arcs as follows: Given three pairwise-disjoint
arcs ag, a1, as C T, we say that ag < a1 < ag if pg < p1 < p2 for some pg € ),
p1 € a1, p2 € Q2.

A Cantor set C is any compact, totally disconnected, perfect subset of T
(see [4]). The set C can be expressed as

oo
C=T\ U G,
k=0
where {ai}r>0 is a family of pairwise disjoint closed arcs in T. The sets of
accessible and inaccessible points will be denoted by A and I, respectively. The
set A is composed by the end points of all ay, thus

I = (C\ U Q.
k=0
Using C we define an equivalence relation on T by putting 6; ~ 02 (mod C)
if 6, = 65 or 01,0, € ay, for some k > 0. Thus, the Cantor function associated
to C' is a continuous function P: T — T such that

'P(gl) = 7)(92) <~ 51 ~ 52.

The intuitive idea of this type of maps is to collapse every arc ay into a point
in such a way that the cyclic order is preserved. See [3] and [11] for more details.

The Cantor function P is onto and P(A) is a countable and dense subset
of T. See [8] for more details.

The rotation Ry: T — T is defined by Ry(6) = 0 + n, where 1,0 € R. Given
a homeomorphism f of T, the f-orbit starting at a point § € T is denoted by O(6).
The w-limit of a point § € T is denoted by w(#). It is well known (see [11]) that
an orientation preserving homeomorphism f in T with rational rotation number
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has periodic points. However, if f has irrational rotation number p(f) =7 ¢ Q,
then:

(a) w(f) is independent of 6.

(b) f is semi-conjugate to the rigid rotation map R The semi-conjugacy
takes the orbits of f to orbits of Rr, is at most two to one on w(f) and
preserves orientation.

(c) If w(f) =T, then f is conjugate to R and the minimal set of f is the
whole circle T.

(d) If w(f) # T, then the semi-conjugacy from f to R= collapses the closure

of each open interval in the complement of w(f) to a point. Moreover,
the only minimal set of f is a Cantor set C' in T.

An orientation preserving homeomorphism f: T — T is said to be a Denjoy
map if f has an irrational rotation number 7 and f is not conjugated to any
rotation. In that case, f admits a Cantor minimal set C'y that attracts all orbits
in the future and in the past — and every point in C; is a recurrent point of f.
We can associate to C'y a Cantor function P which is unique up to rotations and
such that P o f = RzoP. So P is a semi-conjugacy from f to Rr.

The construction in [11] of a Denjoy map with irrational rotation number 7
consists of choosing a point € T and determining a family of pairwise disjoint
open arcs in T with decreasing lengths whose sum is one and the complement of
the union of all of them is a Cantor set. Each arc is identified with an element of
the orbit of 8 via Ry which is always dense in T. They also are put in the same
order as the elements of the orbit, that is, preserving the cyclic order. These
open intervals correspond to the gaps of the Cantor set and the union of the two
extremes of all the intervals is the accessible set A of C'y. Next step is to define
f on the union of the intervals and then extend the map to the closure.

However it is also possible to generate a Denjoy map considering the R#orbit
orbit of more than one point. Markley proved in [8] that given an irrational
number 7 ¢ Q and a countable set D # () in T such that R=D = D, there exists
a Denjoy map with rotation number 7 and minimal Cantor set with Cantor
function verifying P(A) = D and being unique up to rotations. For instance,
the construction in [11] corresponds to the countable set P(A) composed by the
orbit of a unique point @ € T by the rotation R+, say

P(A) ={¢+nt:necl}

Figure 1 illustrates the construction of a Denjoy map considering the orbit of
two different points, which is well explained in [3]. The corresponding countable
set is

PA) ={p+nt:neZU{Yp+nr:necZ}
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P e+
Y+T

FIGURE 1. Construction of a Cantor set with two orbits

3. Zpy-equivariant Denjoy maps in the circle

Observe that the construction in Figure 1 depends on the points 3,1 € T.
Since it can be made with every two points, in this section we consider ) = R; /2P
in order to look for any symmetry of the Denjoy map (see Figure 3). This
motivated us to study the more general case when the countable set D is the
union of the orbits of points which are the rational rotation R« of a given point
© € T for same k = 0,... ,m — 1. That is, given a point @ 2 T and numbers
7 ¢ Q, m € N we consider the set

m—1
P(A) = U {¢*+nr:neZ}

k=0

where 7" = Rym®, for k=0,...,m — 1. See Figure 2.

FIGURE 2. Construction of a Cantor set with 3 symmetric points

Since Z, = {Rk/m}’,?:_ol, given a point 7 € T we define the set {F*}7"7' as
the orbit of the group Z, (or Z,-orbit) of B, where g% = Ry/m®.
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In addition, Z,, is a cyclic compact Lie group generated by R;,,. So, in
order to stay that a map f is Z,,-equivariant, we only need to prove that

f(@'f‘l) Zf(@‘f'i'
m m
See [6] for more details.

In this section we prove the existence of Z,,-equivariant Denjoy maps. For
simplicity, details of the proof will be explained only in case m = 2 because the
case m > 2 is analogous. Firstly we construct a Cantor set which is invariant
under the rotation Rjp. Secondly we prove the existence of Zs-equivariant

Denjoy maps in the circle with the constructed Cantor set as its minimal set.
Finally, we give the keys of the proof in case m > 2.

LEMMA 3.1 (Herman [7, p. 140]). Let D1, D3 be two dense subsets in R, and
¢: D1 — Dq be a strictly increasing map which is onto. Then ¢ can be extended
to a monotone strictly increasing continuous map from R to R.

LEMMA 3.2. Let 7 ¢ Q. Given a point @ in the circle, there exists a Can-
tor set C' such that Ry/;C = C and the associated Cantor function P:T — T
verifies:

(a) P(A) = {p+n7/n € Z} U{¢' +n7/n € Z} C T, where A is the
accessible set of C and P = Ry 2P

(b) P is Za-equivariant.

PROOF. Given an angle 7 ¢ Q and an orbit {¢ + n7/n € Z} C T we consider
the countable dense set

D={p+nt/neZ}U{y +nr/neZ}CT,

such that @' = Ry /2.

FiGUrRe 3. Construction of a Cantor set with two symmetric points
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We claim that there exists a family {Ay,}nen of compact subsets of T such
that
A =T\ |JBUs, B UB_,),
neN neN
where {8, Bn}tnez is a family of pairwise disjoint closed arcs in T such that
8, = R%ﬂn. See Figure 3.
We construct the family {4, }nen by induction on n € N. It verifies:

2k(n) _
(a) A, = U P, where 4] = al’b? is a closed arc in T with end points
i=1

af,bi'. In addition v/' N~} = 0 for all i # j with 4,5 = 1,...,2k(n),

277

where k(n) = 2n — 1. Moreover, Vi) = Bavj for j=1,... L k(n).

(b) U {17 1}2*U71 < A,. That is, every extreme point of each arc
j=1

7 of Ay, belongs to A, for k=1,... ,n—1.
(¢) A, C Ap_y.
(d) RyjpAn = A,
(e) The correspondence which associates to each point By = ¢ + N7 the
arc Oy, for all [N| < n — 1, preserves the cycle order. Equivalently, if
PN, <P, = Pn,» then By, < Bn, < B, for all [N;| <n —1.
Consider Ag = T. We associate to the points §, = ¢ + 07 and @}, = ¢’ + 07
two open arcs fp and () = Ry /20, respectively, preserving the cyclic order such
that Bo N Gy = 0 and p(T\ Bo U By) < pu(Ao)/2 = 1/2. We define

A1 = A\ BoU By =1 Una,

where 71,74 are closed, v{ N~vy4 = 0 and 74 = Rl/g'yll. Clearly, Ry/241 = A1
and A; C Ap. See Figure 4.

‘Ao Al

FIGURE 4. The subsets Ag, A1

Now we associate to the points ;, = o+ 7, §_1 =9 — 7, ¢] = ¢ + 7 and
¢y =¢' — 7 four open arcs in Ay, say f1, S-1, 1 = Rify and 5., = R4,
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respectively, preserving the cycle order and being pairwise-disjoint such that

(A1),

N =

AL\ fLUpUB L Up ) <

We define

Ag = A\ BLUBLUBUBL =17 U UAG,
where 72,... ¢ are closed, pairwise-disjoint and 73 = R1/2712, V2 = R1/2'y§
and 7§ = Ry/273. Clearly, Ry/5Ay = Az and {a},bi,a3,b3} C Az C Ay. See
Figure 5.

FIGURE 5. The subset Ao

Suppose by induction that there exists A, verifying assumptions (a)—(e).
As 7 ¢ Q, the orbit of ¢ is dense in T so we can associate to the points

Pn=9+tnT,po_, =¢—nt, @, =¢ +n7 and ¥_, = ¢’ —n7 four open arcs
in A,_1, say Bn, B-n, B, and (., respectively, such that

e they are pairwise-disjoint and preserving the cyclic order,

° 3, = Rl/zﬁn and (., = R1/2ﬁ—n7

o if Py, <Pn, < Py, then By, < fn, < On, for all |N;| < n.

In addition, the arcs verify

n(y\ B) < %u(’yl‘)

where (§ can be one arc 3, S_n, 3, and 5”,, or the union of two of such arcs.
The arc 7} is the component of A,, containing each (.

Figures 6 and 7 show how one component of A,, could be cut by two arcs or
by one. But in both cases the obtained new arcs should have less measure than
the first one. That is,

Case 1. Suppose the component ~* is cut by only one arc (3, (respectively

B",,), then there appear two new closed arcs 7;-”'1, ;-fll in 47 such that

ntl n+'1)§ 1

w(v; jri ) S RO
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Case 2. Suppose now the component 4" is cut by the two arcs (8, and 5,
Then there appear three closed arcs 7”+1,7:I11,7f121 in 47" such that

1
(U U < o)

Observe that in the first case the arc 'yl-” = Ry/p7;* has also been cut
by the arcs ], and (_, such a way that the obtained new arcs are 7;-"“ =
Ry 9y "H,’ijl'l Rl/fy;’:ll and ’y;-TQ'l = Rl/Qv;’IQI, all in ~,". The case that
the arc 7* had been cut only by one arc 3 is analogous.

We define

2k(n+1)

Apyr =An\ B UBUB,UB., = U SR

where k(n) = 2n—1 and {7 H}QlC "1 is a family of pairwise-disjoint and closed
arcs in T such that Vk(m+1)+z Ryjoy ™ for alli = 1,... ,k(n+1). Clearly,

R1/2An+1 = An+1 and
{al, b2V G U el i c A C Ay C L C Ay,

that is, the two extreme points of each arc v¥ of Aj belong to A,4; for all
k=1,...,n. Therefore, the family {A,} is well defined and

N A =T\ |JBus,Ubnup_,)

neN neN

FIGURE 6. The subset As. Case 1

Now we claim that u( N An> = 0, where p denotes the Lebesgue measure.
n=0

By construction, for each m > 0 there exists a natural number o(m) > m such
that p(As(m)) < p(Am)/2. The compact set A, is the o(m)—th element of
the family {A,,}22, such that every component of A,, have been cut by an arc
B or B, with k € Z at least once.
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Let us consider the subfamily {Aq,, (m)}neo Where the compact set A

on+1(m)
is an element of {A,}72 such that every component of A, () have been cut

by an arc S or ), with k € Z at least once. Then,

1

M(A0n+1(m)) (A (m)) fOl" all n 2 0

bl
and A, . (m) € Ao, (m) for all n > 0. So

1

1
—’2nM(A ) < gn+1

0 S M(A0n+1(m))

and

0< u( N An> < u( N Aan<m>> = lim p(As, (m)) = 0.

n=0 n=0

A2 AS

B 1 y;Yi’,r”' Y?o
g 7 N ’[j v, —— }Yg
B—l \ ’YA 4 / y 2

=

R
3 \/ 3 N Y"?
Vs YZ

B/

0

FIGURE 7. The subset As. Case 2

Now we claim that

neN neN
is a Cantor set. C'is compact because it is an intersection of compact sets. Sup-
pose that there exists a connected component of C' different from a singleton {p},
then there exists an arc belonging to C. Therefore p(C) # 0. This is impossible

since () A, has zero measure. So C is totally disconnected. Now take a point
neN
x € C, then x € A, for all n € N. In particular, for each n € N, there exists

a i(n)-th compact component of A4,, such that z € ’y;‘(n). Let x,, be an extreme
of 'Yﬁn) such that z,, # z. By construction, as n increases the component %-"(n)
is being cut appearing other arcs with smaller measure, so the distance between
Ty and x is also getting smaller. That is, for all € > 0 there exists a ng € N and
a component VZn) such that, if x is an extreme of yl.”(n),

d(zp, ) = L(ZnZ) = p(Vi(n))



ROTATION NUMBERS FOR PLANAR ATTRACTORS OF EQUIVARIANT HOMEOMORPHISMS 337
where L(T,z) denotes the length of the arc z,z. Then,

1 1
d(@n, ) = p(V(n)) < 5/1(7?;;)) <<y <s for all n > ng.

And if x € "yi"(n), then

1
d(zy,x) < d(Tn,y) < o <& for all n > ny,

where y is the other extreme of ’yz(n Then C' is perfect.

Note that, by construction, R;,2,C = C and the set of accessible points of C
is the union of the two extremes of all components v for all n € N.

Let now to define the associated Cantor function P: T — T of C. Consider

the function

P U(BnUB’n)—>{90+n7:n€Z}U{g0’+nT:n€Z}
nez

such that P.(8,) = {®, } and P.(3',,) = {#,}, for all n € Z. Tt is easy to verify
by induction that it is well defined considering the functions

i1=—n

such that Pn(Ax) = Bn: Palf'n) = B Pulfn) = B n, Pu(0'_n) = 2,
for all |IN| < n and a given n € N.

Observe that P,(3,) = P.(Bn) +1/2 for all n € Z by construction. This
implies that Py o Ry = Ry o Px and Py is Zo—equivariant.

Now we extend P, to the function P at the points in the closure of |J (Bn U
nes

3..) applying Lemma 3.1.

Actually, Q@ = { (6, U, is open and u(T \ Q) = 0, so  is dense in T.
neL
Note that D = {gp—i—nT :n € Z} U {gp +n7 : n € Z} is also dense because

7 € R\ Q. Let consider Q C R and D C R be the lift of Q and D, respectlvely
As P, is onto and preserves the cyclic order, the function ’P* Q — D is onto
and strictly increasing. Then, by Lemma 3.1 the function P, can be extended
to a homeomorphism P:R — R such that P(z + 1) = P(z) + 1, for all z € R
(see Construction (3.II) in [7, p. 144] for more details).

Therefore P can be consider as a lift of a cyclic order preserving and conti-
nuous function P: T — T such that P o Ry, = Ry/; 0P and P(A) = D, where
A is the union of the two extremes of every component +;* for all n € N, the set
of accessible points of the Cantor set C. O
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PROPOSITION 3.3. Let 7 ¢ Q. Given a point g € T, there exists a Denjoy
map [:T — T such that:

(a) f is Zo—equivariant.

(b) p(f) =7

(¢) f has a minimal Cantor set as in Lemma 3.2.

PROOF. Let 7 ¢ Q and consider a point € T. By Lemma 3.2, we can
construct a Cantor set C such that R;,C = C and the associated Cantor
function P: T — T is Zs-equivariant.

Let now to define the Denjoy homeomorphism with minimal set the Cantor
set C. We are going to apply Lemma 3.1 in the same way as the construction of
P in Lemma 3.2.

Consider the bijection

FelUGnudn) = UJBau g
ne”Z nez

verifying:

e For each n € Z, f.(an) = ant1, fo(bn) = bnt1, fi(al,) = aj,; and

felbr,) = b%+1'
) f*OR% :R% o fe.
Analogously to the definition of the Cantor function associated to C, it is

easy to verify that f. is well defined considering for each n € N the bijection

o J@us)— |J Biug)

lij<n li]<n+1
verifying:

o fulai) = air1, fa(bi) = bit1, fula}) = a2+1 and f,(b;) = b;+1'
i fnoR% = Ry20 fn.
Let @ = J (3, U/,). Consider Q and f.:Q — Q being the lift of Q
nez
and f,, respectively. As f, is a bijection and preserves the cyclic order, f* is
a strictly increasing bijection. Then, by Lemma 3.1, it can be extended to a
homeomorphism f:R — R such that f(z + 1) = f(z) + 1 for all z € R (sce
Construction (3.IT) in [7, p. 144]). Moreover, f o Ryj5 = Ry 0 f. So f can
be consider as a lift of an orientation preserving Zs-equivariant homeomorphism
fiT—T.
By construction, R=oP = P o f. Therefore, f is an orientation preserving
Zo-equivariant Denjoy homeomorphisms of the circle with rotation number 7.[J

THEOREM 3.4. Let 7 ¢ Q and m € N. Given a point g € T, there exists
a L -equivariant Denjoy map with rotation number 7.
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PROOF. The case m = 2 is given in Proposition 3.3. The case m > 3 is
analogous considering the dense and countable set

m—1

D= U{(pk—l—m':nEZ}
k=0

If Ap = T, we may associate to {@} 7', the orbit of B, = P, the family

2
m—1
of pairwise-disjoint open arcs {85} such that ,u( U Bg) < u(Ag)/2=1/2
k=0

m—1
and define 4; = 49\ U BF.
k=0
Analogously to case m = 2 we can define by induction the sets

m—1

Appr= A\ | BEUBr,, forallneN
k=0

such that
mk(n) —
(a) An = U 97, where 7] = a}'b} is closed and ' N7 = () for all i # j
i=1
and 4,j = 1,... ,mk(n). Moreover, k(n) = 2n—1and 7}, ,,; = Rj/m"}"
forj=1,..., m—landi=1,...,k(n).
(b) ‘Ul{ag_l,bg_l}?iﬁ(j_l) C A,,. That is, every extreme point of each arc
j=
7 of Ay, belongs to A, for k=1,... ,n—1.
(C) A, CA,_1.
(e) The correspondence which associates to each point gy = ¢ + N7 the
arc Oy, for all [N| < n — 1, preserves the cycle order. Equivalently, if
PN, <P, = Pn,» then By, < Bn, < B, for all [N;| <n —1.
Then, the set

m—1
C=A=T\{J U Brusk,)
neN neN k=0
is a Cantor set such that R;,,,C = C and the set of accessible points of C' is the
union of the two extremes of all components 7;* for all n € N.
If we consider the functions
m—1 m—1
P*:U( Bﬁ)—>U{<pk+m':neZ}
nez k=0 k=0
such that P*(ﬁ,’j) =@k forall k =0,...,m—1,n € Z, where ¥ = % + nr.
Analogously to case m = 2, P, is well defined and for all k =0,... ,m — 1,

k
k — J—
P.(8}) = Pu(B) + .
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By Lemma 3.1 we can extend P, to a function P: T — T which is the asso-
ciated Cantor function to C such that P(A) = D and it is Z,,-equivariant.
Now consider the bijection
m—1 m—1
rU(Us)—U (U
nezZ ~ k=0 nezZ ~ k=0
verifying:

e Foreachn € Zand k = 0,...,m — 1, f.(aF) = a* | and f.(bF) =
bE 1, where af bk and a%_ ,, bk | are the two extremes of 3% and 3%, ,,
respectively.

* fi °©Ri/m = Riym o e

Analogously as in Proposition 3.3 f is well defined. Moreover, by Lemma 3.1,
we can extend f, to a function f: T — T such that:

(a) f is Zy,-equivariant.

(b) p(f) =7

(¢) f has a minimal Cantor set. O

4. Main result

In this section we construct Z,,-equivariant homeomorphisms with an asymp-
totically stable fixed point and irrational rotation number. Consequently, sym-
metry properties does not give any extra information about global dynamics in
the case Z,,.

We say that h: R? — R? is an admissible homeomorphism if k is orientation
preserving, dissipative and has an asymptotically stable fixed point with proper
and unbounded basin of attraction U C R?. Note that U is non empty, so the
proper condition follows when the fixed point is not a global attractor. Since
h(U) = U, we can obtain automatically the unboundedness condition if we
suppose that h is area contracting.

Let h:R? — R? be an admissible homeomorphism and consider h:S? — S?
being the compactification of h to the Riemann sphere. Hence U C S? = R? U
{o0}. A crosscut C of U is an arc homeomorphic to the segment [0, 1] such that
a,b¢ U and C = C\ {a,b} C U, where a and b are the extrems of C. Every
crosscut divides U into two connected components homeomorphic to the open
diskD={zeC:|z| <1}.

Let 2* be a point in U. For convenience we will consider only de crosscut
such that z* ¢ C. We denote by D(C) the component of U \ C that does not
contain z*. A null-chain is a sequence of pairwise disjoint crosscuts {C, }nen
such that

lim diam(C,)=0 and D(C,+1) C D(Cy),

n—oo
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where diam(C,,) is the diameter of C,, on the Riemann sphere.

Two null-chains are equivalent {Cy, }nen ~ {C5 }nen if given m € N
D(C,) c D(C;) and D(C;) C D(Cp),

for n large enough. A prime end is defined as a class of equivalence of a null-chain
and

P=PU)=C/~,
where C is the set of all null-chain of U and P is the space of prime ends.

The disjoint union U* = U UP is a topological space homeomorphic to the
closed disk D = {z € C : |z| < 1} such that its boundary is precisely P.

It is well studied in [10] that the Theory of Prime Ends implies that an
admissible homeomorphism £ induces an orientation preserving homeomorphism
h*:P — P in the space of prime ends. This topological space is homeomorphic
to the circle, that is P ~ T, and hence the rotation number of h* is well defined,
say p € T. The rotation number for an admissible homeomorphisms is defined
by p(h) = p.

Note that two admissible homeomorphisms hq, ho with the same basin of
attraction U verify that

(h1ohg)" = hiohs.

Let h be an admissible homeomorphisms with basin of attraction U. Suppose

his Z,,—equivariant and U is also invariant by R;,,. Hence, the following holds:

Since R} m is a periodic homeomorphism of T! with rotation number 1/m,
RT/m is conjugated to the linear rotation R/, and h* is said to be Z,-equiva-
riant in the space of prime ends.

In [3] the authors prove that given an irrational number 7 ¢ Q and a Denjoy
map f:T — T, there exists an admissible homeomorphism h:R? — R? with
rotation number 7. That motivates us to prove the existence of Z,,-equivariant
homeomorphisms of the plane which induce a Denjoy map in the circle of prime
ends using the construction given in Section 3.

PROPOSITION 4.1 (Corbato, Ortega and Ruiz del Portal, [3]). Given a T €
(0,1)\ Q and a Denjoy map f, there exists an admissible homeomorphism with
rotation number T and such that h* is topologically conjugate to f.

THEOREM 4.2. Given an irrational number 7 ¢ Q and an integer m > 1,
there exists a Zy, -equivariant and admissible homeomorphism in R? with rotation
number T € T and such that induces a Denjoy map in the circle of prime ends
which is also L, -equivariant.
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PROOF. Let 7 ¢ Q be an irrational number, let m > 0 be an integer and
let € T be a point in the circle. By Theorem 3.4, it is possible to construct
a Denjoy map f: T — T which is Z,,-equivariant and has minimal Cantor set C'
verifying that Ropr/,C = C, forall k =0,... ,m —1.

By Proposition 4.1, there exists an admissible homeomorphism with rotation
number 7 and such that the induced map in the space of prime ends h* is
topologically conjugate to f.

Authors in [3] define the homeomorphism % in polar coordinates by:

h: 61=Ff(0), p1=R(0p)
where R: T x [0, 4+00) — [0, +00) such that

1 £, <L
- i -
5 P Py

_ 3 _ 1

R@p) =4 (3-m@) -+ ity <p<i,
1 1 _
§p—|—§—H(9) if p>1,
and II: T — R is such that

0 if € C,

(h) = 1 istr (9 _
(9) distr(d, C) 7 e g

k(|n| + 1) length(8k)
We claim that h is Z,,-equivariant. Since f is Z,,-equivariant, we obtain that

f(?—i—ﬁ) =f(§)+£, for all § € T
m m

so we only need to verify that

or equivalently,

Indeed, if @ + k/m € C then § € C and M(0 + k/m) = T1(#). Otherwise,
there exists an arc 3J such that 0 + k/m € (7. In this case, § € 4% and
distg (0, C) = distr(0 + k/m, C), so IL(0 +k/m) = I1(§) and h is Z,,-equivariant.

The rest of the proof is the same as the proof of Proposition 2 in [3]. O

Observe that the Z,,-equivariant and admissible map constructed in Theo-
rem 4.1 depends on the initial point .
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