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INFINITE MANY POSITIVE SOLUTIONS
FOR NONLINEAR FIRST-ORDER BVPS
WITH INTEGRAL BOUNDARY CONDITIONS
ON TIME SCALES

YONGKUN LI — LIJUAN SUN

ABSTRACT. In this paper, we investigate the existence of infinite many
positive solutions for the nonlinear first-order BVP with integral boundary

conditions
e (1) + p()a” (1) = £(t,2° (1)), te (0.,
2(0) = poo(1) =a | " e () 2g(s)
- o g 3

where % = z oo, f:]0,T]r x RT — R is continuous, p is regressive and
rd-continuous, «, > 0, ¢:[0,T]r — R is a nondecreasing function. By
using the fixed-point index theory and a new fixed point theorem in a cone,
we provide sufficient conditions for the existence of infinite many positive
solutions to the above boundary value problem on time scale T.

1. Introduction

In recent years, boundary value problems with integral boundary conditions
constitute a very interesting and important class of problems and have attracted
the attention of Khan [7], Gallardo [4], Karakostas and Tsamatos [6], Lomtatidze
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and Malaguti [16] and the references therein. Also, more and more attentions
have paid on discussing the solutions for boundary value problems on time scales
and have obtained many good results of the existence of solutions for two-, three-
and multi-point boundary value problems. To mention a few, we refer the reader
to some recent contributions [1], [3], [5], [8], [9], [12]-[15], [17], [21]-[27] and
references therein. For example:

In [22], [3], the authors studied the following first-order BVP on time scales:

{ a®(t) = f(27(t)), te[0,T]r,
z(0) = pz°(T),

where x° = z o 0. By using the twin-fixed-point theorem due to Avery and

(1.1)

Henderson, Sun [22] investigated the existence of at least two positive solutions
for BVP (1.1) when 0 < 8 < 1. Cabada [3] developed the method of lower and
upper solutions coupled with the monotone iterative techniques to obtain the
existence of extremal solutions for BVP (1.1) when § = 1.

Sun and Li [23] studied the following BVP on time scales:
(1.2) { z2(t) + p(t)z7 (t) = g(t,2° (1)), t € [0,T]r,

z(0) = z°(T).

By applying novel inequalities and the Schaefer fixed point theorem, the existence
of at least one solution for BVP (1.2) is obtained.

In [24], Ge and Tian studied the following first-order three-point BVP on
time scales:

(1.3)
z(0) — ax(§) = (1),
where a, 8 > 0 with a/e,(§,0) + 3/e,(0(T),0) < 1. By using several fixed point
theorems, the existence of at least one positive solution and multiple positive
solutions for BVP (1.3) are obtained.
In [1], Anderson interested in the following first-order (n + 2)-point BVP on

time scales:

{ w2 (t) + p(t)27 () = f(t,27(t)), t €[0T,

y2 () + p()y7 (1) = Af(t,y7 (1), t€(0,T)r,

(1.4) n
y(0) =y (T) + ;%ym)-

In the study, conditions for the existence of at least one positive solution for
BVP (1.4) is discussed by using the Guo—Krasnosel’skii fixed point theorem.

To the best of our knowledge, up to the present, few papers have been pub-
lished on the existence of solutions of BVPs with integral boundary conditions
on time scales (see [11]).
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In this paper, we are concerned with the following nonlinear first-order BVP
with integral boundary conditions on time scale T:

f(t, 27 (1)), te (0,T)r,
T)

o
2(0) = B2°(T) = a /O 27(5) D g (s),

a®(t) + p(t)z7 (¢)

(1.5)

where f:[0,T]r x RT — R* is continuous, p: [0, T]r x RT — R is regressive and

rd-continuous, a, 3 > 0, ¢:[0,T]r — R is an increasing function. The integral

in (1.5) is a Riemann—Stieltjes one on time scales, which is introduced in [18].
For convenience, we introduce the following notation:

-1

r = [1 _ O[/O‘T(T) ep(0,0(s))Ag(s) —ﬁep(o,g(T))} o= %’

m = TBe2(0,0(T)),
o(T)
M =Te,(o(T),0) (1 + Bep(0,0(T)) + a/o g2 (s)e, (0, a(s))As).

Throughout this paper, we always assume that I' > 0.
The main purpose of this paper is to establish some criteria for the existence
of infinite many solutions for BVP (1.5) by using the fixed-point index theory

and a new fixed-point theorem in a cone.

REMARK 1.1. Let {t;}7_;(n € N) be a finite sequence of distinct points in
(0,77 satisfying ¢1 < ... < ty, thny1 = T. In system (1.5), we set

g(s) = Z aix(s — t;),

where ay, ... ,a, are nonnegative constants, and x(s) is a characteristic function,
that is,
(s) 1 for s >0,
X(s) =
0 fors <0,

which implies that g(0) =0, g(T) = >_ a; and
i=1
0 for s € [0,¢1)T,

g(s) = Z%X(S —t;) =

!
Sa; for s €[t tip1)r, L=1,...,n.
i=1

By some basic concepts and time-scale calculus formulae in [2], one can easily

obtain that
T n
/ z7(s)Ag(s) = Zaix(ti).
0 i=1
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Then system (1.5) reduces to the following (n + 2)-point BVP
22 (1) +p(O)x7 () = f(t,27(t)), t e (0,T)r,
x(0) = Bz (T) = a Y, a;x(t;).
i=1

Obviously, BVP (1.1)—(1.4) are special cases of BVP (1.5). Therefore, the BVPs
with integral boundary conditions on time scales include two-, three-, multi-point
and nonlocal boundary value problems as special cases.

The paper is organized as follows. In Section 2, some basic definitions and
lemmas on time scales are introduced. In Section 3, some useful lemmas and
theorems are established. In Section 4, by using the fixed point index theory and
a new fixed-point theorem in cones, some sufficient conditions for the existence
of infinite many positive solutions for BVP (1.5) are obtained.

2. Preliminaries

In this section, we shall first recall some basic definitions and lemmas which
are used in what follows.

DEFINITION 2.1 ([2]). A time scale T is an arbitrary nonempty closed subset
of the real set R with the topology and ordering inherited from R. The forward
and backward jump operators o, p: T — T and the graininess p: T — RY are
defined, respectively, by

o(t):=inf{seT:s>t}, p(t):=sup{seT:s<t}, put):=0c() —t

In this definition we put inf @ = sup T (i.e. o(t) = ¢ if T has a maximum ¢) and
supf = inf T (i.e. p(t) = t if T has a minimum ¢). The point ¢ € T is called
left-dense, left-scattered, right-dense or right-scattered if p(t) = t, p(t) < t,
o(t) =t or o(t) > t, respectively. Points that are right-dense and left-dense at
the same time are called dense. If T has a left-scattered mazimum my, defined
Tk = T — {m,}; otherwise, set T* = T. If T has a right-scattered minimum mso,
defined Ty, = T — {ms}; otherwise, set Ty = T.

DEFINITION 2.2 ([2]). A function f is rd-continuous provided it is continuous
at each right-dense point in T and has a left-sided limit at each left-dense point
in T. The set of rd-continuous functions f will be denoted by Cyq(T). A function
g is left-dense continuous (i.e. 1d-continuous), if g is continuous at each left-dense
point in T and its right-sided limit exists (finite) at each right-dense point in T.
The set of left-dense continuous functions g will be denoted by Ciq(T).

DEFINITION 2.3 ([2]). A function p: T — R is said to be regressive provided
1+ pu(t)p(t) # 0 for all t € T*, where u(t) = o(t) — t is the graininess function.
The set of all regressive rd-continuous functions f: T — R is denoted by R while
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the set RT is given by {f € R:1+ u(t)f(t) > 0} for all ¢t € T. Let p € R. The
exponential function is defined by

entt) = [ Gunotmar).

where §j,(.) is the so-called cylinder transformation.

DEFINITION 2.4 ([2]). If FA(t) = f(t), then we define the delta integral by

/ f(s)As = F(t) — F(a).

LEMMA 2.5 ([2]). Letp, ¢ € R. Then

(a) ep(t,s) =1/ep(s,1);
(b) ep(t,s)ep(s,r) = ep(taT)Q
(©) ep(-,8) =pep(-,s).

LEMMA 2.6 ([2]). Let a € T*, b € T and assume that f: T x T* — R is
continuous at (t,t), where t € TF with t > a. Also assume that f2(t, -) is
rd-continuous on [a,c(t)]. Suppose that for each € > 0 there exists a neighbour-
hood U of t, independent of T € [a,0(t)], such that

[f(@(t),7) = f(s,7) = f2(8,7)(0(t) = 5)| < elo(t) —s|, foralls €U,

where f2 denotes the derivative of f with respect to the first variable. Then:

(a) g(t) ::/ f(t, 7)AT implies gA(t) :/ fA(t,T)AT+ flo(t),t);

(b) h /ftTAszplzesh /fAtTAT—f(())

LeMMA 2.7 ([2]). Ifa,be T, f,g € Cyq, then

/f DAL = [fg]’ /fA At

LeEMMA 2.8 ([2]). If f,9: T — R are delta differentiable at t € T*, then
(F)2(t) = F2 (g (1) + [7 (g™ (8) = F(D)g™ (1) + [*(D)g” (2).

LEMMA 2.9 ([18]). Let a,b,c € T with a < b < c¢. If f is bounded on |[a,c|t
and g is monotonically increasing on [a, c|t, then

chAgz/abng+/bcng.

The set of all functions that are A-integrable with respect to g in the Rie-
mann-—Stietjes sense will be denoted by Ra(g,I).
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LEMMA 2.10 ([18]). Let I = [a,blr, a,b € T. Then, the condition f €
Ral(g,I) is equivalent to each one of the following items:

(a) f is a monotonic function on I,

(b) f is a continuous function on I;

(c) f is regulated on I;

(d) f is a bounded and has a finite number of discontinuity points on I.

LEMMA 2.11 ([18]). Let I = [a,b]r, a,b € T. Suppose that g is an increasing
function such that g® is continuous on (a,b)r and f7 is a real bounded function
on I. Then f7 € Ra(g,I) if and only if f7g™ € Ra(g,I). Moreover,

b b
/ £ (6)Ag(t) = / £7 (09> (1) At

LEMMA 2.12 ([18]). Let I = [a,b]t, a,b € T, suppose that g is an increasing
function such that g™ is continuous on (a,b)r and f7 is a real bounded function
on I. Then

/  f7 g = [fgl! - / N

3. Foundational lemmas

In this section, we first introduce some background definitions, the fixed-
point index theorem and a new fixed point theorem in a cone. Then present
basic lemmas that are very crucial in the proof of the main results.

DEFINITION 3.1. Let (E,| - ||) be a real Banach space. A nonempty, closed,
convex set P C FE is said to be a cone provided the following are satisfied:
(a) if y € P and A > 0, then Ay € P;
(b) if y € P and —y € P, then y = 0.
If P C F is a cone, we denote the order induced by P on F by <, that is, x <y
if and only if y —x € P.

THEOREM 3.2 ([10]). Let E be a Banach space and P C E be a cone in E.
Let r > 0 and define Q, = {x € P : ||z|| < r}. Assume that T: P(\Q, — P is
completely continuous operator such that Tx # x for x € 0S).

(a) If |Tx| < ||z|| for x € OQ,., then i(T,Q,, P) = 1.

(b) If |Tx|| > ||z|| for z € 0Q,, then i(T,Q,, P) = 0.

Here i(T, ., P) is the index of operator T with respect to Q. in P, which can be
found in [10].
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THEOREM 3.3 ([19]). Let P be a cone in a Banach space E. Let a, 8 and
be three increasing, nonnegative and continuous functionals on P satisfying, for
some ¢ and M > 0,

1(2) < Bla) < alw), lle| < M(x) for allx € P(,0),

where P(y,¢) = {xz € P :~v(x) < c} (P(B3,b) and P(a,a) are similarly defined).
Suppose that there exists a completely continuous operator T: P(y,c) — P and
0 <a<b<c such that:

(a) v(Tx) < ¢, for all x € OP(v,c¢);
(b) B(Tx) > b, for all x € OP(3,b);
(¢) P(a,a) # 0, and a(Tx) < a, for all z € P(,a).

Then T has at least three fized points x1,xo,x3 € P(v,¢) such that

0<a(r) <a<a(r), Br2) <b<pP(xs), ~(zs) <ec

Let E = C([0,0(T)]T,R) with the norm |[z|| = sup |z(¢)|. Then it is
t€[0,0(T)]r
a Banach space.

For h € FE, we consider the following linear BVP:
T2 (t) + p(t)x°(t) = h(t), t € (0,T)r,
o(T)
20) = 52T =a [ a"(5)8g(5).
0

LEMMA 3.4. Suppose h € E, then x is a solution of
o(T)
() = / G(t, s)h(s)As, t € [0,0(T)]r,
0

where

Te, (s, ) {1 - a/oﬁ(g) gA(r)ep(O,a(r))Ar} 0<s<t<o(l),

o(T)

Py (s.1) {ﬂep(OJ(T)) vaf A0 a<r>>Ar] ,

G(t,s) =

if and only if x is a solution of BVP (3.1).

PROOF. Assume that z(t) is a solution of (3.1). By the first equation in
(3.1), we have

[2(t)ep(t,0)]% = e, (t, 0)h(t).

Integrating the above equation from 0 to t leads to

2(8)ey (£, 0) = 2(0) + /0 e, (5,0)h(s) As,
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and so
z(t) = ep(0,1) [w(O) + /Ot ep(s70)h(s)As} .

By the boundary condition in BVP (3.1), one has

w0 =r{a " Agts) / " o Nh(r)A / " eyl (T)n(s) s .

Then

2(t) = e, (0, t)l“{ﬁ / M (s o (T h(s)As + a / o / " A @en(s, o
- a/U(T) /U(‘S r)ep(s,o(r))Arh(s )As} /0 ep(s,t)h(s)As

o(T)
= /0 G(t,s)h(s)As.

This means that if z is a solution of (3.1) then z satisfies (3.2).
On the other hand, if = satisfies (3.2), we have

(1)
a(t) = /O G(t,s)h(s)As, te[0,0(T)r.

Then o)
2(t)ey(t, 0) = /O H(t, s)h(s)As, t € [0,0(T),
where
o(s)
Te,(s,0) {1 - a/o g (r)e, (0, O’(T))AT:|7 0<s<t<a(T),
H(t,s) = o(T)

Te,(s,0) |:ﬂ€p(070(T)) + a/g(s) gA(r)ep(O, U(T))AT‘] ,

Notice that

{ /0 " Hit, s)h(s)As}

- r[ /0 t e,(s,0) (1 —a /O " g2 (r)e, (0, a(r))m> h(s)As]

+r| | " e5.0) (sent0.0)+a [ Z)T)g%)ep(o, s(r)ar ) ns)as) 0

A

A

—rleto(1-a [ " 2 e, 0 s(r)ar) o)
o(T)

-t t0) ey 0.0+ [

N <r>ep<o,a<r>>m)h<t>}
— o (£, 0)h(t).
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Hence, we get from (3.3) that
(@(t)ep(t,0))> = h(t)ey(t,0),
that is
2 (t) +p(t)a’ (t) = h(t), te (0,T)p.
Finally, we can obtain from (3.2) that
2(0) — Ba?(T)
o(T) o(T)
:/ G(0,8)h(s)As — ﬁ/ G(o(T),s)h(s)As
0 0

_ /0 "Te,(5,0) [1a /0 " gA(T)ep(O,U(r))AT]h(S)As

o(T)

+/J(T) Te,(s,0) {/Bep(O,o’(T))—Fa/g gA(r)ep(O,o(r))Ar] h(s)As

' ®)
_ /OtFep(S,U(T))[l—a /0%) gA(T)ep(O,J(r))Ar] h(s)As
)

- 5{ / " ey (s.0(T)) [ﬁep«), o)+ | ::)g%)ep(o, o(r»m] h(s)As}

=« /OU(T) g2 (s) [/OJ(T) G(z7(s), r)h(r)Ar} As

o(T) a(T)
=« A(8)z%(s)As = 2% (s s).
—a [t @as=a [ e a0

So the proof of this lemma is complete.

LEMMA 3.5. Let G(t,s) be defined in Lemma 3.1, then:

(a) G(t,8) >0 for allt,s €[0,0(T)]r;
(b) m < G(t,s) <M forallt,s € [0,0(T)];

(c) G(t,s) >~ sup G(t,s) for allt,s € [0,0(T)]r.
(t,s)€[0,0(T)]rx[0,0(T)]1

PROOF. Since
—1

o(T)
[1 - a/ ep(0,0(s))Ag(s) — Bey (0, O’(T)):| >0,
0
then it is clear that (1) holds. Now we will show that (b) holds.

Tep(s,t) [1 — a/OJ(S) g2 (r)e, (0, O’(T’))A’I"], 0<s<t<o(T),

o) — o(T)
G(t,s) g2 (r)ey (0, J(T))AT]’

0<t<s<o(T),

Te,(s,t) [ﬁep((), o(T) + o /g—(s)
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o(s)
Tep(s,0)ep(0,1) [1 - a/o gA(T)ep(O,J(T‘))AT ,

Y

Fep(sv O)eP(O’ t)ﬁep(oa U(T));

L'Be2(0,0(T)), 0<t<s<ao(T),

>TBe2(0,0(T)) = m.

Hence, the left-hand side of (b) holds. And it is easy to show that the right-hand
side of (b) also holds.
Now we will show that (c) holds. For all ¢,s € [0,0(T)]r, it follows that

G(t,s)zmzﬁ x M > m sup G(t,s),
M M (t,5)(0.0(T)lzx [0.0(T)l
which implies that (c) holds. This completes the proof of Lemma 3.2. O

Define a cone P C E by
P={zeFE:x(t) >0, z(t) > ||, t €[0,0(T)|r}

and an operator A: P — P by

o(T)
(a)) = [ Glts) (a7 ()
0
where G is defined the same as that in Lemma 3.1.
LEMMA 3.6. Ifx € P, then Ax € P.

ProoF. Clearly, (Ax)(t) > 0, for all ¢ € [0,0(T)]r. On the other hand, we
have

o(T)
(e)(t) = [ Gt (5.7 (9)s
o’(T)
>m/ (s,27(s))As f’yM/ (s,27(s))As

o(T)
>y sup G(t, s)/ f(s,27(s))As
(t,s)€[0,0(T)]rx[0,0(T)]T 0

o(T)
>y sup / G(t,5)f (5,27 (s))As = || Az

te[0,0(T)]r J 0O

So it is easy to see Ax € P. The proof is complete. O

Clearly, the fixed points of the operator A are the solutions of BVP (1.5).
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LEMMA 3.7. A: P — P is completely continuous.

PrOOF. Firstly, we will show that A is continuous. Let z,, * € A and
hm xy, = x. For t € [0,0(T)|r, we have

o(T)
(A (1) — (Az)(t)] < / G(t, )| f(5,25(5)) — F(5.2°(s))|As
o(T)
<M / (s, 25(5)) — £(s,27 (5))|As.

Since f:[0,T]t x Rt — RT is continuous, we have ||Az,, — Az| — 0 as n — oo.
That is, A is continuous.

Secondly, we will show that A is compact. Let Q C P be a bounded set,
that is, there exists an L > 0 such that for any « € Q, ||z(¢)|| < L, for all
t € [0,0(T)]r. Then, for z € ), we have

< Mo(T) sup f(s,27(s)),
s€[0,0(T)]r,|lz|I<L

o(T)
(Az) (1)) < / G(t, 5)f (5,27 (s)) As

which shows that A(Q) is bounded. Finally, we will show that A is equi-
continuous. Let z € Q, t1,t2 € [0,0(T)]r. It follows that

|(Az)(t2) — (Aw)(

_ tl? {[ /“‘T’ /“(” (5,0(r)) £ (5,27 (5)) s Ag(s)

8 / " ep<s,a<T>>f<s,xU<s>>As] - 7 (s 0) /s o (s)As)

|5 tl, { { / w / ") (5,27 () AsAg(s)

48 /am (5,0(T)) (5, 2°(s ))As] / 0070527 )
1

tl, ’ [ /G(T)/ 7)) f(s,27(s))AsAg(s)

.
wa e " (@) (s, o
tl, ‘/tzePSO (s,27(s))As

ep(ta,0

1
(t27

t1, ‘/ (5,0)f(s,2% (s))As
ep(t%o) tl, ’ [ /U(T)/ 7)) f(s,27(s))AsAg(s)

+
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[ " ey (s, (5,27 ()

1 1
ep(t2,0) a ep(ti,
[t2 —tal (t2,0) sup f(s,2)
ep(t1,0) "7 seo o lal<L

1 1 1 1
ep(t2,0) a ep(t1,0) ep(t2,0) - ep(t1,
+ ‘t2 - t1|6p(t2at1)M3

1 1
ep(tQ,O) B ep(thO)
< (W te[(ileT)]Tpep(t, 0)|ta — t1| (M1 + M>)

+ ‘tQ - t1|€p(t2at1)M3’

+

0) ‘F /OtQ ep(s,0)f(s,27(s))As

+

M, +

M-
0)’ ?

’(Ml + My) + |ta — t1]ep(ta, t1)Ms

which shows that |(Ax)(t2) —(Ax)(t1)| tends uniformly to 0 as |[to—t;| — 0. Using
the Mean Value Theorem [2] and Arzela—Ascoli Theorem [20], so the operator
A: P — P is completely continuous. This completes the proof. O

4. Main results

The first main result of this paper is the following Theorem 4.1, which pro-
vides sufficient conditions for BVP (1.5) to have infinite many positive solutions.
The following conditions will be used in later statements.
(Hy) feC(0,T)y x RY,RT) and f(t, ) is bounded on [0, (T")]r when z is
bounded.
(Hs) There exists a sequence {t;}5°, such that 1 < ¢; < t;11 < T/2, lim ¢; =
to <T/2and ty € [0,0(T)]r. o

THEOREM 4.1. Assume that (Hi)—(Hs2) hold. Let {0;}32, be such that 6, €
(te trt1), k=1,2,... Let {rp}32, and {Ri}3>, be positive numbers such that

Ri_1 < e <1 <

Tk
mo(T)
Furthermore, for each k, we assume that f satisfies:

(Hs) f(t,x) > ri/(mo(T)) for all 1/0) <t < Ok, yri < x < ry;
(Hy) f(t,x) < Rp/Mo(T) for all0 <t <T,0<z < Ry.

Then BVP (1.5) has infinite many solutions {x!*1}2° | such that

re < oM™ <R, k=1,2,...
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PROOF. Since 1 <ty < O < ti41 < tog < T, k=1,2,..., then for for all
k€ Nt and x € P, by the definition of cone we have

1
o) 2 llell, t€ |50
k

Consider the sequence {2 132, and {1 }7° ; of open subsets of E defined by
Mg ={zeP:|z|l<r}, k=1,2,...,
Qo ={z€P:|z|| <Ry}, k=12,...

For a fixed k and © € 9y j, from (4.1) we have

re =zl = sup fx(t)[= sup x(t) = 7lxl| =7
t€[0,0(T)] te[1/0k,0k]

By (H3), we have

T
ma(T)

flt,x) > for all ¢t € {;,Gk}
k

and

o(T)
A =' [ Gt nas

. mo(T)

=7 = [|l2].-

>m /OU(T) J(s,27 () As > mo(T)

Thus, an application of Theorem 3.1 implies that i(A4, Q; x, P) = 0.
On the other hand, let = € 92 j;, we have

w(t) < sup ()] = ||zl = R
te[0,0(T)]

By (Hy), we have

Ry,
Mo(T)

ft,z) < for all ¢t € [0,T7.

So

o(T)
JA@)@)] =' [ at s nas

Ry,
Mo (T)

a(T)
<M / f(s,2% (5))As < Mo(T) - = Re = |la].

Thus Theorem 3.1 implies that i(A,Q; x, P) = 1. Hence, since r, < Ry for
k € N*, it follows from additivity of the fixed-point index that

i(A,Qg7k\§17k,P):1, k€N+.
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Thus A has a fixed point z*! in Qax \ Q11 such that r, < |l2%|| < Ry with
Azl = zF e

o(T)
z¥(t) = /O G(t,s)f(s,2°(s))As, t€[0,0(T)]r.

Since k € N is arbitrary, z*! are positive solutions of BVP (1.5). The proof is
complete. 0

Our next result uses Theorem 3.2. Let ri, € (1/0g,0;) where 6y € (tx,tp+1),
k=1,2...
We define the following nonnegative increasing continuous functions ag, Gk

and py by
= t) =z(60
W = e, o0 = )
Op(z) = min  a(t) = z(rg),
te[ry,0k]T
= t = .
11 () te[l%agwx() (k)

It is obvious that, for each x € P, ug(z) < Br(x) < ag(x). In addition, for each
z € P, pp(z) = x(ry) > v|z||. Thus

llz|| < L(x), for all x € P.
v

In the next result, we let py, = MO, n, = mry.

THEOREM 4.2. Suppose that conditions (Hy) and (Ha) hold. Let {0,}72
be such that 0 € (ti,try1), k= 1,2... Let {ar}32, {br}2, and {ci}2, be
positive numbers such that

C
Ch—1 < ap < vbp < b < i, Prbr < mpck, k=2,3...
Y

Furthermore for each natural number k we assume that f satisfies:

(Hs) f(t,x) < cp/px for all 1/0; <t <0, 0 <z < ci/v;

(Hg) f(t,x) > br/ng for all0 <t < T, b <x < bg/v;

(H7) f(t,z) < ag/pk forall0 <t <T,0<z<ag/y.
Then BVP (1.5) has three infinite families of solutions {xl*k1}ge =~ {x[2kl}c
{aBkI} | for k=1,2... satisfying:

0 < a(@™) < ap < a(@P¥), BBy <bp < BB, p(@P) < ¢

PROOF. We define the completely continuous operator A by (3.4). It is easy
to check that A: P(ug,ci) — P for k€ NT.
‘We shall show that all the conditions of Theorem 3.2 are satisfied. To make

use of condition (a) of Theorem 3.2, we choose & € OP(ug,c). Then ux(x) =
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max  x(t) = z(rr) = ck, this implies that 0 < z(¢) < ¢, for ¢t € [0, r;]. Recall
1/0,<t<rp

that ||z]| < px(x)/v = /7. So we have 0 < z(t) < ¢/, t € [0,0(T)]r. Then
assumption (Hs) implies f(t, ) < ci/pk, t € [1/0k,0k]. Therefore
(o) = | e (A4)0) = (A0)(r) = [ Glt5) (5,27 (9)As
0

1/60k<t<ry
O
< G(t,8)f(s,27(s)As < O, - M - ;i .
0 k

Hence condition (a) is satisfied.

Secondly, we shall show that condition (b) of Theorem 3.2 is fulfilled. For
this end, we select € OP(0, br), then Bi(x) = glti?a z(t) = x(rg) = by, this

TekSUSUE

means x(t) > by, for t € [rg,0k]r. So we have ||z| > by, t € [rg, Ok]r- Noting
that ||z|| < pr/v < Br/v = br/v, we have by, < x(t) < bi/v, t € [rk, Ok]r.

By (Hg), we have f(t,x) > bg/nk, t € [rk, Ok]r. Therefore

Ok(Az) = min (Az)(t) = (Ax)(rk)

T <t<0
r by
= / G(t,s)f(s,27(s))As > — - ry, - m = by,
0 Nk
and so the condition (b) is satisfied.

Finally, we verify that condition (c¢) of Theorem 3.2 is also met. We note
that zo(t) = ag/2 is an element of P(ag,ar) and ag(xo) = ar/2 < ag. So
P(ag,ar) # 0. Now let © € OP(ag,ax), then ay(x) = te[{r/lgicek]m(t) = aj. This
implies that 0 < z(¢) < ay, for t € [1/60,0;]. Together with Iz < p(x)/y <
ag(x)/y = ar/y. Then we get 0 < z(t) < ar/v, t € [0,T].

By (Hy), we have f(t,z) < ar/px, t € [0,T]. As before, we get

ap(Az) = max (Az)(t) = (Az)(6k)

1/0,<t<0,
O ar
= / G(t,s)f(s,27(s))As < O - — - M = ay,.
0 Pk
Thus condition (c) of Theorem 3.2 is satisfied. Since all the hypotheses of The-
orem 3.2 are satisfied, A has three families of solutions {z[*kI}2 =~ {z[2k}2e
{aBkI} 2 | satisfying

0 < a(zl™) < ap < a(@PH), BEPY) <t <pEPM),  p@BM) <o,

for k =1,2... The proof is complete. O
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