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DIMENSION OF ATTRACTORS AND INVARIANT SETS
OF DAMPED WAVE EQUATIONS
IN UNBOUNDED DOMAINS

MARTINO PRI1z71

ABSTRACT. Under fairly general assumptions, we prove that every compact
invariant set Z of the semiflow generated by the semilinear damped wave
equation

ut + aug + B(z)u — Au = f(z,u), (t,z) € [0,+oo] X Q,
u =0, (t,x) € [0, +00[ x 09,
in H}(Q) x L?(Q) has finite Hausdorff and fractal dimension. Here Q is
a regular, possibly unbounded, domain in R3 and f(x,u) is a nonlinearity
of critical growth. The nonlinearity f(z,u) needs not to satisfy any dissipa-
tiveness assumption and the invariant subset Z needs not to be an attractor.
If f(z,u) is dissipative and Z is the global attractor, we give an explicit

bound on the Hausdorff and fractal dimension of Z in terms of the structure
parameters of the equation.

1. Introduction
In this paper we consider the damped wave equation:

utt+aut+ﬁ<x)u_Au =f(33,u), (tax) € [07—|—OO[>< Q7

(1.1)
u=0, (t,z) € [0, 4o00[ x O0.
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Here € is a regular (possibly unbounded) open set in R3, 3(x) is a potential such
that the operator —A + §(z) is positive, and f(x,u) is a nonlinearity of critical
growth (i.e. of polynomial growth less than or equal to three). The assumptions
on f(z) and f(x,u) will be made more precise in Section 2 below. Under such
assumptions, equation (1.1) generates a local semiflow II in the space H}(Q) x
L?(Q). Suppose that the semiflow IT admits a compact invariant set Z (i.e.
II(t)Z = 7 for all ¢t > 0). We do not make any structure assumption on the
nonlinearity f(x,u) and therefore we do not assume that 7 is the global attractor
of equation (1.1).

Our aim is to prove that 7 has finite Hausdorff and fractal dimension and
to give an explicit estimate of its dimension. The first results concerning the
dimension of invariant sets of dynamical systems are due to Mallet-Paret [14]
and Mané [15]. For a comprehensive study of the subject, see e.g. [3], [12], [21]
and [25].

When  is a bounded domain and f(x,u) satisfies suitable dissipativeness
conditions, the existence of a finite dimensional compact global attractor for
(1.1) is a classical achievement (see e.g. [12], [25] and the references therein).

When Q is unbounded, new difficulties arise due to the lack of compactness
of the Sobolev embeddings. These difficulties can be overcome in several ways:
by exploiting the finite speed of propagation property (e.g. in [7]), by introducing
weighted or uniform spaces (see e.g. [Z]), by developing suitable tail-estimates
(see e.g. [18]).

Concerning the finite dimensionality of the attractor, in the unbounded do-
main case very few results are available. In [Z] Zelik proved finite dimensionality
of attractors in the context of uniform spaces, assuming that §(z) is constant
and f(z,u) is independent of x and satisfies f(u)u <0, f'(u) < L for all u € R.
The technique exploited by Zelik seems not to give explicit bounds for the dimen-
sion of the attractor. In [11], Karachalios and Stavrakakis considered an equation
of the form:

uy + auy + B(2)u — g(z) " Au = f(u) + h(zx),
where g(-) is a positive function belonging to L N L3/2. In this case the weight
g(x)~1 “forces” the operator —g(x) 1A to have compact resolvent: the result
then is achieved by exploiting directly the technique of volume tracking developed
by Temam and other authors for bounded domains (see [25]).

In this paper we do not make any structure assumption on the nonlinearity
f(z,u). Our only assumption is that 9, f(x,0) is non negative and belongs
to L" () for some r > 3. The positivity of 9, f(x,0) is not a real restriction,
because its negative part can be absorbed in B(x). Under this assumption,
we shall prove that Z has finite Hausdorff and fractal dimension in the energy
space H}(Q) x L2(2). Also, we give an explicit estimate of the dimension of Z,
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in terms of the main parameters involved in the equation and of the quantity
sup{||(w,v)|| | (u,v) € T}. In order to achieve our result, we shall exploit the
technique of wvolume tracking, as expounded in [25]. However, we cannot apply
directly the arguments of [25], since the operator —A + ((x) does not have
compact resolvent. Indeed, in the bounded domain case (resp. in the weighted
Laplacian case considered by Karachalios and Stavrakakis) the key point is that

(1.2)

Ul

d
Z/\j_l—>0 as d — oo,
j=1

where (););en is the sequence of the eigenvalues of —A (resp. of —g(z) tA).
In general the operator —A + (), when  is unbounded, does not satisfy such
property, since it possesses a nontrivial essential spectrum and its eigenvalues
below the bottom of the essential spectrum are finite or form a sequence which
accumulate to the bottom the essential spectrum. Yet, a more accurate analysis
shows that the numbers \; in (1.2) can be replaced by A;, where (););en is the
sequence of the eigenvalues of the following weighted eigenvalue problem:

where U = (u,7) € Z. It turns out that (1.3) has a pure point spectrum. More-
over, thanks to the Cwickel-Lieb-Rozenblum inequality, it is possible to deter-
mine the asymptotics of the sequence (5\j) jen independently of U € Z, and the
result will follow.

The paper is organized as follows. In Section 2 we introduce notations, we
state the main assumptions and we collect some preliminaries about the semiflow
generated by equation (1.1). In Section 3 we recall the definition of Hausdorff and
fractal dimension and we prove that any compact invariant set Z of II has finite
Hausdorff and fractal dimension in Hg(2) x L%(€2). In Section 4 we specialize
our result to the case of dissipative equations and we show that the dimensions
of the attractors of (1.1) remain bounded as a@ — .

2. Notation, preliminaries and remarks

Let 0 > 1. We denote by LZ(RY) the set of measurable functions w: RY — R
such that

1/o
elag = swp ([ et ar) " <o,
yERN B(y)

where, for y € RY, B(y) is the open unit cube in RV centered at .

In this paper we assume throughout that N = 3, and we fix an open (possibly
unbounded) set 2 C R3.
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PROPOSITION 2.1. Let o > 3/2 and let w € LI (R?). Set p :=3/20. Then,
for every € > 0 and for every u € Hj (),

/Q w(@)lu(@)[? dz < [w]ng (seMBlulZy + (1 — p)e=?/OPul2,),

where Mp the constant of the Sobolev embedding H'(B) C L(B) and B is the
open unit cube in R3. Moreover, for every u € H} (),

2 2 2(1—
/Q (@) (@) 2 dr < M2 | g [ul2 [ul 207,

PROOF. See the proof of Lemma 3.3 in [19]. O

Let 3 € L9(R?), with ¢ > 3/2. Let us consider the following bilinear form
defined on the space H}(€):

a(u,v) = / Vu(z) - Vu(x) dx +/ B(x)u(z)v(z)de, wu,v € H&(Q)
Q Q
Our first assumption is the following:

HyprOTHESIS 2.2. There exists Ay > 0 such that
(2.1) / |Vu(z)|? de —|—/ Bx)u(z)|* de > Mlul2e, w € HY(Q).
Q Q

REMARK 2.3. Conditions on f(x) under which Hypothesis 2.2 is satisfied
are expounded e.g. in [1], [2].
As a consequence of (2.1) and Proposition 2.1, we have:

PROPOSITION 2.4. There exist two positive constants Ao and Ao such that
Nolul3 < / |Vu(x)? do —|—/ B(x)|u(z)|? de < Aolul%:, u € Hy(Q).
Q Q
The constants \o, Ao can be computed explicitly in terms of A1, Mp and |B|Ls.

PRrOOF. Cf. Lemma 4.2 in [18]. O

It follows from Proposition 2.4 that the bilinear form a( -, -) defines a scalar
product in Hg (), equivalent to the standard one.

NoOTATION 2.5. From now on, we set (-, )y :=a(-, -) and we denote by
||l zzy the norm associated with (-, -) 1. Also, we shall use the notation || - || »
to denote the LP-norm in LP(Q2), 1 < p < oo.

Let A be the self-adjoint operator on L?(2) defined by the differential op-
erator u — [(z)u — Au. Then A generates a family X*  k € R, of fractional
power spaces with X ~% being the dual of X* for x € |0, +o00[. For x € |0, +o0],
the space X" is a Hilbert space with respect to the scalar product

(u,v)xr = (A u, A®v) 2, u,v€ X"
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Also, the space X" is a Hilbert space with respect to the scalar product
(+, - )x-~ dual to the scalar product (-, -)x=, i.e.

(W' v x—n = (Rglu',Rglv’>Xn, u,v € X ",

where R.: X — X% is the Riesz isomorphism u — (-, u)x~.

We make the following assumption:

HyYPOTHESIS 2.6. The open set Q is a uniformly C? domain in the sense of
Browder [4, p. 36].

As a consequence, by elliptic regularity we have that D(—A) = H?(Q) N
H}(2) € L>°(Q). In this situation, the assignment u — ((z)u defines a relatively
bounded perturbation of —A and therefore D(—A + 3(z)) = H?(Q) N HL(Q).
It follows that X" C L*>°(Q) for x > 3/4 (see [9, Theorem 1.6.1]).

We write

H,=X"? gkeR.

Note that Hy = LQ(Q>7 H, = H&(Q), H = H_l(Q> and Hy = HQ(Q)HH&(Q>
For k € R the operator A induces a self-adjoint operator A,: H,1o — H,.
In particular A = Ay. Moreover,

(u,v) g1 = (Aou,v)r2, u€ D(Ag), v € H3(Q).

For k € R set Z,, := Hyy1 X H;,. For a > 0 define the linear operator
B.:Zi41 — Zs by

B, (u,v) = (v, — (v + Agu)), (u,v) € Zii1.

It follows that B,, is m-dissipative on Z, (cf. the proof of Proposition 3.6 in [19]).
Therefore, by the Hille-Yosida—Phillips theorem (see e.g. [5]), B,; is the infini-
tesimal generator of a C-semigroup Ty(t), t € [0, +00[, on Z,.

Given a function g: Q xR — R, we denote by g the Nemit’skii operator which
associates with every function u: Q — R the function g(u): Q@ — R defined by

g(u)(z) = g(z,u(x)), =€

If I C R, X is a normed spaces and if u: I — X is a function which is differen-
tiable as a function into X then we denote its X-valued derivative by (9; | X) u.
Similarly, if X is a Banach space and u: I — X is integrable as a function into X,
then we denote its X-valued integral by [, u(t) (dt|X). If X and Y are Banach
spaces, we denote by L£(X,Y) the space of bounded linear operators from X
toY. If X =Y we write just £(X).
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HyPOTHESIS 2.7.

(a) f:Q xR — R is such that, for every u € R, f(-,u) is measurable and
f( " 0) € L2<Q))
(b) for almost every x € Q, f(z, -) is of class C?, d,f(-,0) € L>=(Q2) and

there exists a constants C > 0 such that

[Ouuf (z,u)| < C(L+ |ul), (x,u) € QxR.

The main properties of the Nemit’skii operator associated with f are collected
in the following Proposition, whose proof is left to the reader.

PROPOSITION 2.8. Assume Hypothesis 2.7. Then f: HY(Q) — L*(Q) is con-
tinuously differentiable, D f(u)[v](x) = Oy f(x,u(x))v(x) for u,v € H(Q), and
there exists a positive constant C' > 0 such that the following estimates hold:
(2.2) IF@)llz2 < OO+ ullyy), u € Hy (),

(2.3) IDF ()l 2oz z2y < O+ IlullF), u € Hy(Q),
(24) D (u1) = Df (ua)ll gqarg.pey < O+ Il + ezl ) lur = wall g
U, Ug € H&(Q)
If w € HY Q) and v € L*(Q), then @(u) -v € H™YQ) and the following
estimates hold:
(2.5) 10uf (W)l eqz2 -1y < CO+ [lullfy), u € Hy (%),
(2.6) [10uf(u1) = Ouf(u2)llcizz. -1y < COAA+ fJuallgy + lluall ) llwr — ual .
uy,us € HY(Q).
We consider the following semi-linear damped wave equation:
utt+aut+6($)u_Au :f($7u)v (tax) € [O7+OO[>< Qa
u =0, (t,x) € [0,400] x 09,

with Cauchy data u(0) = wug, u:(0) = vo.
We recall the following classical result (see e.g. Theorem I1.1.3 in [8]):

(2.7)

THEOREM 2.9. Let X be a Banach space and let B:D(B) C X — X be
the infinitesimal generator of a CY-semigroup of linear operators T(t), t € R
Consider the abstract Cauchy problem

= Bu(t) + f(t) forteRy,
u(0) = up.
Assume that ug € D(B) and that either
(a) feC(R4,X) takes values in D(B) and Bf € C(R4, X), or
(b) feC Ry, X).

(2.8)
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Then (2.8) has a unique solution u € C* (R ) with values in D(B). The solution
s given by

(2.9) u(t) =T(t)uo + /0 T(t—s)f(s)ds.

Using Theorem 2.9, we rewrite equation (2.7) as an integral evolution equa-
tion in the space Zg = H}(Q) x L?(Q), namely

(2.10)  (u(t),v(t)) =To(t)(uo,vo)+/0 To(t = p)(0, f(u(p))) (dp | Zo).

Equation (2.10) is called the mild formulation of (2.7) and solutions of (2.10) are
called mild solutions of (2.7). Note that by Proposition 2.1 the nonlinear operator
(u,v) — (0, f(u)) is Lipschitz continuous from Zj into itself. A classical Picard
iteration argument shows that, if (ug,vg) € Zp, then (2.10) possesses a unique
continuous maximal solution (u(-),v(-)): [0, tmax| = Zo (see Theorem 4.3.4 and
Proposition 4.3.7 in [5]). We thus obtain a local semiflow on Zj, which we
denote by II(¢)Uy, Uy = (uo,v0) € Zo, t € [0, tmax(Uo)[. Notice that the solution

(u(-),v(-)) of (2.10) also satisfies

~

(2.11) (U(t),v(t))=T—1(t)(uOvvo)+/0 T_1(t = p)(0, f(u(p))) (dp | Z-1).

Therefore, it follows from Theorem 2.9 that (u(-),v(-)) is continuously differen-
tiable into Z_; and

(2.12) (Or [ Z-1)(u(t), v(t)) = B_a(u(t),v(t)) + (0, f(u(t))).
In particular, one has

{ (9| Ho)u(t) = v(t),
(9 | Ho1)o(t) = —av(t) — A_yu(t) + Flu(t)).

DEFINITION 2.10. A function (u(-),v(-)):R — Zp is called a full solution
of the semiflow IT generated by (2.10) if and only if, for every s, t € R, with
s < t, one has

(u(t), v(t)) = II(t = s)(u(s), v(s))

DEFINITION 2.11. A subset Z of Zy is called invariant for the semiflow
generated by (2.10) if for every (ug,vo) € Z there exists a full solution (u(-),v())
of (2.10) with (u(0),v(0)) = (uo,vo) and (u(t),v(t)) € Z for all t € R.

From now on we assume that 7 C Z; is a compact invariant subset of the
semiflow II.
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NotAaTION 2.12. If B is a Banach space such that Z C B, we define

|Z|5 := max{||u|lg | u € T}

We recall the following result:

THEOREM 2.13 (cf. Corollaries 2.10 and 2.13 in [16]). Assume that Hypothe-
ses 2.2, 2.6 and 2.7 are satisfied. Let T C Zy be a compact invariant set of the
semiflow generated by (2.10). Then T is a bounded subset of Zy. Moreover,
|Z|z, can be explicitly estimated in terms of |Z|z, and of the constants in Hy-
potheses 2.2 and 2.6.

Let Uy = (0, Do) € Z, and let U(t) = (u(t),(t)), t € R, be the full bounded
solution through Ug. Given Hy = (hg, ko) € Zo, let us denote by U(Uy;t)Hy the
mild solution of

(2.13) (h(t),k(t))=To(t)(ho,ko)+/0 To(t — p) (0,0 f (@(p))h(p)) (dp | Zo):

Notice that U(Uy;t) coincides with the restriction to Zy of the evolution
family U_1(t,s) generated in Z_; by the family B_; + C_4(t), t € R, where
C_1(t)(h,k) := (O,a—}(ﬂ(t))h) (see [16] and [10]).

A standard computation using Gronwall’s inequality and Proposition 2.8
leads to the following:

PROPOSITION 2.14. For everyt > 0,

sup [{UUo; )l c(z0,20) < +00,
Uoel

and

s MO@) - DOT) U T - Tl

=0 T her T2 = Uil z,
O<HU1—U2HZO<E

where Ui = (u;,v;), i = 1,2,3.
3. Dimension of invariant sets

Let & be a complete metric space and let L C X be a compact set. For
d € R" and € > 0 one defines

np (K, d,€) == inf { er

el

Kc UB(xi,m), r; < 5},

iel
where the infimum is taken over all the finite coverings of I with balls of radius
r; < e. Observe that pp(K,d,e) is a non increasing function of € and d. The
d-dimensional Hausdorff measure of I is by definition

:LLH(ICv d) = g% [LH(’C, da 5) = Sl>110) ,LLH(IC, d7 5)'
€
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One has:
(1) pu(K,d) €0, +oc];
(2) if pg(K,d) < oo, then g (K,d) =0 for all d > d;
(3) if py (K, d) > 0, then py(K,d) = +oo for all d < d.
The Hausdorff dimension of K is the smallest d for which uy (K, d) is finite, i.e.

dimyg (K) :=inf{d > 0 | ug(K,d) = 0}.

Now let ni(e), € > 0, denote the minimum number of balls of X of radius e
which is necessary to cover K. The fractal dimension of I is the number

. . log ni(e)
dimp(K) :== llrglj(l)lp Togl/e
There is a well developed technique to estimate the Hausdorff dimension of
an invariant set of a map or a semigroup. We refer the reader e.g. to [25] and
[12]. The geometric idea consists in tracking the evolution of a d-dimensional
volume under the action of the linearization of the semigroup along solutions
lying in the invariant set. One looks then for the smallest d for which any
d-dimensional volume contracts asymptotically as ¢t — oo.
We fix § € R and we introduce a change of coordinates in the space Z,,
k € R, by
Rs:Zy — Zy, (u,v)— (u,v+ du).
The constant § is to be fixed later. Clearly the transformation Rj is linear,
bounded and invertible, with inverse Rgl = R_s. We define the semiflow

H(s(t) = R5 o H(t) o R_5

and we set Zs := RsZ. Then Z; is a compact invariant set of Ils, it is bounded
in Z1, and dimZs = dimZ. For Uy € Z5 and t > 0 we set

Us(Ug;t) := Rs o U(R_sUp; t) o R_s.

Then the conclusions of Proposition 2.14 hold with I1(¢), Z and U (U; t) replaced
by Is(t), Zs and Us(U; ).

Let Uy = (@, %) € Zs and let U(t) = (a(t),5(t)) = Hs(t)Up. Let o,
i =1, ..., d, be linearly independent elements of Zy, ®o; = (¢, %0,:). Set
@, (t) == Us(Uy; 1)@ ;. We denote by G(t) the square of the d-dimensional volume
delimited by ®1(t), ..., ®s(t), that is

G(t) = @1(t) A A Da(t)][7az, = det((Ri(t), ®;(1)) 2, )ij-

We need to find a differential equation satisfied by G(¢).
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LEMMA 3.1. Leti and j € {1,...,d} be fized. Then the function
t= (Di(t), ©;(t)) z

18 continuously differentiable, and

d

(@i ®j)z0 = —20(i &)y — 2 = 0) (Wi, j) 12 + 8(a = 8) (i, ¥j) 12

+ (i, 85)12) + (O f @) sy ) 12 + (W3, B f(@(1)) ) 12)-

ProoF. First set Uy := R,gﬁo, U(t) = R,[;(}(t), ©0, = (B0, Xx0,4) =
R_5%0,, I = 14,7, and ©,(t) = (0,(¢), xu(t)) := R_sPi(t), | = i,j. Notice that
O01(t) =UUo;t)O0,4, L =1,j. It follows that

(@i(1), @;(1) z, = (Rs©i(t), Rs©;(1)) z,

Now we shall apply Theorem 2.6 in [19]. Set:
(1) Z = Zo ® Zo;

(2) T'(t) := To(t) ® To(t);

(3) B:=By® B(), e

(4) g(s) = (0 Du F((1))0:(£)) @ (0,0, f (W(t))0; (1);
(5)

5) 2(t) = ©(t) ® 0,(t);
(6) V(Uy,Us) := (RsUy, RsUs) z,

A standard computation shows that V is Fréchet differentiable in Z; moreover,
for Uy @U; € D(B) and H; @ H; € Z,
V(U; @ Uj)[B(U; © Uj) + H; © Hj]
= (v; + hyyuj) gy + 0(vi + iy duy +v5)r2 + (—av; + ki, duj +vj) e
— (Aoui, 0uj +v;) 2 + (u;, v + hj>Hé + 6(0u; + vi,v5 + hyj) e
+ (du; + vi, —ow; + kj) 2 — (du; + v, Aguj) g2
= = 20Qui, uj)mp + (Chiyug) ap + (wis hyj) my)
+ ((ks, 0uj +vj) 2 + (Ou; + v, kj)r2)
+ ((0(vi + hi) — aw;, duy + vj) 2 + (Su; + vi, 0(v; + hj) — avj)2)
where U; = (u,v;) and H; = (hy, k), | = i, 7. It follows from Theorem 2.6 in [19]
that

d

%«Di’ (I)j>

Zo Z%V(@ia@)y‘)
= —26(0;,0;) 3 + (((6 — @)xs,60; + X;) 12
+ (60, + xi, (0 — @)x;) 12 + ((Buf (@(1))05, 605 + X5) 12

+ (06; + X, @(ﬂ(t))eﬁp
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= —20(d, dj) p — 2(cv — 6)(vi, ¥5) 12
+ (= 6)({Pi, Vi) L2 + (Vi b5)12)
+ ((Ouf (U(t))@is i) r2 + (Wi, Ou f(u(t))B) 12)
and the proof is completed. O

Let U = (u,v) € Zs and let ¥4 be a d-dimensional subspace of Zy. on ¥4 we
define a self-adjoint operator By s,.5 DY

B 5,5, 0), (&) 20 := =26(u, §) gy — 2( = 6){v, m) L2
+ 6 = 0)({u,m) 12 + (0,€)12) + (Duf @, m) 12 + (0,0 F (@) 12),
for (u,v) and (&,7n) € 4.
Now let Uy, U(t), ®y,; and D,(t), i = 1,...,d, and G(t) be as above. We

set Xy(t) := span(®q(t),..., P4(t)) and we define a (d x d)-matrix (b;;(t)); such
that

d
Bi () s sPi(t) = D bu(t)®i(1).

=1
It follows from Lemma 3.1 that

d
(1), 2507, = (B, 0. B1(0), B5(1) 7, = > bult) 010,250
=1

A straightforward computation now shows that

d d
-Gt = (; bii(t)) G(t) = Tr By 5,05 G (1)

Therefore we get:

t
[@1(E) Ao AP() |2z, = 1Po1 Ao A RoallFag, exp/O Tt (B (4) 5,(0).0) 45
For j € N, define the quantities
(3.1) p; = sup{Tr By 5, ;) | Uels, % C Zy, dm¥; = j}.

It follows from the results in [25, Chapter V, pp. 287-291] that if for some d one
has pg < 0 then the Hausdorff dimension of Zs in Zj is finite and less than or
equal to d, and the fractal dimension of Zs in Zj is finite and less than or equal

to d | nax 1(1 + (pj)+/Ipal). Therefore we must choose 6 > 0 in such a way that
<j<d—
we can find d such that pg < 0.
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First we observe that, given an orthonormal basis @1, ..., ®4 of X4, then
d
Tr(Bgy,s) = Z(B[77Zd75(bia ;) 7,
i=1

d
= 3 (-200ull3 — 2Aer— ) [l + 25— 8) (i, P e + 2(0uf @) i) 1),
=1

where ®; = (¢, %;), i = 1,...,d. Now, following the arguments of [24], we
choose § := A\ja/(a? + 4)\1). With this choice of §, using Cauchy—Schwartz and
Young’s inequalities and setting

)\104

3.2 a = )
(3:2) . Va2 + 4\ (a+ Va2 + 4)\)

we get

d
Tt (B g, 5) < —2vad + Y _(—allthil|3s + 2000 F(@)i, i) )

i=1

using again Cauchy—Schwartz and Young’s inequalities, we finally obtain

d
1 —_— —~ ~
(33 T By g, ;) < ~2ad + - S 1.7 @l3.

i=1

REMARK 3.2. Our choice of d, according to [24], is better than the classical

0 < § <min{a/4,\1/2a} (see e.g. [25]): indeed, when considering attractors of

dissipative wave equations, it yields dimensional bounds which are independent
of a.

In order to prove finite dimensionality of Zs, we have now to find d sufficiently
large, so that the right hand side of (3.3) is negative, uniformly with respect to U
and ¥5. We introduce the following fundamental Hypothesis:

HYPOTHESIS 3.3.

(a) Ouf(z,0) >0 for almost every x € Q;
(b) there exists r > 3 such that 0, f(-,0) € L"(Q).

Notice that property (a) is not really a restriction, since the negative part of
Ouf(-,0) can be absorbed by [(-).

We observe that, by Hypotheses 2.7 and 3.3, we have:
|0uf(z,u)| < Ouf(z,0) + C(1+ |u])|u|, (x,u)eQxR.

Take p € S (the Schwartz class) with p(x) > 0 for all € R? and, for ¢ > 0,
define

(3.4) Wz () := 0uf(2,0) + C(1 + [u|p=)|u(x)], =€,
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and

Wi (x) = Wg(z) +ep(z), ze.
The reason for introducing the correction ep(z) will be made clear later. Notice
that W5 _(-) € L"(Q) for ¢ > 0 and W5 _ > 0 for € Q and ¢ > 0. Moreover,

y€

10uf @ullZ: < [Waulll < Wz ull2,  u € Hy ().

It follows from Lemma 4.5 in [17] that the assignment u +— W5 _u defines a com-
pact linear operator from Hg(€2) to L?(Q2). Let us define the following operator
Sﬁ 6: ZO — Zol

S~

7)== (0,Wg u), U= (u,v)€ Z.

Then S _ is compact, and the same is true for its adjoint Szij - We have
Wy ullf2 = (S5 .U, S5 U)z, = (S5 S5.UU)z,, U= (u,v)€ Z.

The operator 51*7’53(7,5 is compact, self-adjoint and non-negative. It follows

that its spectrum is

0(5%765[778) ={0tu{pg, ,;li=12,...}
where (“ﬁys,j) jen is a non-increasing sequence of real numbers tending to 0. The
numbers B e o j € N, are the eigenvalues of 55,85675, repeated according to
their multiplicity. In principle, the sequence (”17,5,]') jen can be ultimately null,
but we shall see that this is not the case. Finally, the sequence (ug _ ;)jen is
characterized by the min — max formulae:

~ = min max (St S= UU)g,.
HGeje1 = i, hax (55 .55..U,U) 2

Ul zo=1

Let Py be the Zy-orthogonal projection onto . Arguing as in the proof of The-
orem XIII.3 in [22], we obtain

d d
(3.5) Do 0uf@illz: <D (S5 Sy i Bi)z,
=1 =1

d
Tr (Pg o (S5 S )lz) < > B
1=1

It follows from (3.3) and (3.5) that

d
d 1
(3.6) Tr(Bgy,q) <~ (ZVaa - > “ﬁ,e,z)'
i=1

d
Now, since p5 _; — 0 as i — 0o, then also the Cesaro means (1/d) ) pg ., — 0
s =0

as d — co. Therefore there exists d = d(U) such that the right-hand side of (3.6)
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is negative. The problem is that d((NJ ) depends on U , so we must perform a more
careful inspection of the asymptotic behavior of the sequence (5 . j) jeN.

Let (u, ®) be an eigenvalue-eigenvector pair of 55’655’6, with p # 0. This is
equivalent to say that

(3.7) (S5 S5.9,U)z, = w(®,U)z, forallUe Z.

More explicitly, (3.7) reads

/ 7. Voudr = p (/V¢ Vudat—&-/ﬁ qbudx—l—/z/wd:c)

for all U € Zy, where ® = (¢,9) and U = (u,v). Choosing first u = 0 and
letting v € L?(Q) be arbitrary, we get that ¢ = 0. It follows that ¢ must satisfy

/ Voudr = p (/Qng'Vuder/Q/B(x)qﬁudx) for all u € Hj.

Thus we have obtained that (u, ®) is an eigenvalue-eigenvector pair of St Sp.
with g # 0 if and only if ¢ = 0 and (u, ¢) = (A71, ¢), where (), ¢) is an eigen-
value-eigenvector pair of the weighted eigenvalue problem

(3.8) /V¢ Vuder/ﬂ Youdr = A /W~ Voudr for all u € HY ().

In order to study (3.8) we proceed as in [11]: we denote by LQW 6(Q) the

closure of H}(€) with respect to the scalar product
(uy,u9)p, / Wg u1u2 dx.

It turns out that L%W (Q) is a separable Hilbert space, and H{ (£2) is compactly
embedded into L%W (Q) This is a consequence of the fact that lej’e € L'/?(Q)
with » > 3 and W (@) > 0 almost everywhere in €. The latter observation
makes clear the reason for which we introduced the correction ep(x). It follows
from the general theory of self-adjoint operators with compact resolvent (see
e.g. [6]) that the eigenvalues of (3.8), counted according to their multiplicity,
form a sequence (A s])jGNv with Ay ej — Fooasj — oo Now let A > 0; we

want to find an estimate for the number N (W, ) A) of eigenvalues of (3.8) which

U g’
are strictly smaller than . To this end, we exploit a trick due to Li and Yau
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(see [13, Corollary 2]). Namely, we notice that, for ¢ € H}(Q),

/|V¢\2dm+/ﬁ )¢? dx—/QXWﬁ}E(a:)Qqﬁdx

/q’) dx
/ )22 da /\v¢|2dx+/ﬁ )¢ dx
/¢ dx [ Wo w2 ar

It follows that, given a finite dimensional subspace E of H{ (), the expression

DY

on the left-hand side in (3.9) is negative on E if and only if the expression on
the right-hand side (3.9) is negative on E. Now we observe that the mapping
u— —AWg E(x)2u is a relatively compact perturbation of —A+ 3(z). Therefore,

by Weyl’s Theorem, the essential spectrum of —A+3 (x)—XW,; _(x)? is contained
in [A1, +oo[. Then, thanks to the min — max characterization of the eigenvalues
of self-adjoint operators (see e.g. [22]), we deduce that

N Wz A) = n(—A+ B(z) — AWg _(x)?),

where n(—A + f(z) — XWﬁ _(x)?) is the number of negative eigenvalues of the

operator —A + (B(x) — XWﬁs(x)z. The latter can be estimated by mean of
Cwickel-Lieb-Rozenblum inequality in its abstract formulation due to Rozenblum
and Solomyak (see [23]). Namely, we have

B10)  n-B B W ) S M, [ (W

where M, is an constant depending only on r, A1, |G| Lo, and on the constant
of the embedding H?(Q2) C L>(Q) (see also [17, Section 5] for details; we stress
that the constant M, can be computed explicitly, though the determination of
its optimal value seems out of reach). We have thus obtained that

N(Wg ., ) SXT/QMT/QVW

Now fix j € N. For)\>)\U€jwehave

j<NWg ) < XT/QMT/ W5 _(z)" da.
: o T,

By letting X tend to Af c.j We get
r/2
= )\U EJM /
It follows that
Ag ey 2 MW 252
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whence
(3.11) Py < MWy |7 5727

Putting together (3.6) and (3.11), we get

d
d 1 :
Tr (By .y, ;) < — <2ya - EE :Mz/ Wz .|

2/r)

Letting & tend to 0 and taking into account (3.4), we finally get

MYTCT2d [ 2weo 1<,

~ _ r a®¥ - — /r

(3.12) Tt (Bg g, 4) < - <M2/’” 2 2_: )

where

(3.13) C(T) = [0uf(-,0)lL- +C(1+ sup |fullz=) sup [ur-.
(u,v)ET (u,v)ET

We have thus obtained an estimate for Tr (Bg s, 5) which is uniform with respect
to U and Y.q. Now we are in a position to state and prove the main result of the
paper:

THEOREM 3.4. Assume Hypotheses 2.2, 2.6, 2.7 and 3.3 are satisfied. Let
I C Zy be a compact invariant set of the semiflow II(t) generated by (2.10).
Let vy and C(I) be defined by (3.2) and (3.13) respectively, and let M, be the
constant of the Cwickel-Lieb—Rozenblum inequality (3.10). Let d > 0 be such
that

d
(3.14) y Z =2/ <

Then the Hausdorff (resp. the fractal) dimension of T in Zy is finite, and is less
than or equal to d (resp. 2d).

—_

2/7‘0(1—)2 '

PROOF. Let p;, j € N, be the numbers defined by (3.1). If d satisfies condi-
tion (3.14), then (3.12) implies that pg < —v,d. Moreover, for j =1,...,d—1,
one has

M2/r 2] 1 M2/r~1—2 d
(Pj)+ i< C( ) D i < .

=1 i=1

It follows from Proposition 2.14 and from the results in [25, Chapter V, pp. 287—
291] that

dlmH(I) < d and dlmF(Z) < d1<m<a;< 1(1 + (pj)+/|pd|) < 2d. O
sSjsa—
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REMARK 3.5. We can give an explicit estimate of d just noticing that

d d
1 .9 1 72/ T _9
- L Tds = d /r.
d;Z _d/o )

It follows that

e 9 r/2
(3.5) dimy (T) < ( r M) )

r—2 Vo O
and
~ r/2
r MYTC(T)?
. i 7)<2 .
(3.6) dimp(Z) < (T_2 o

Notice that v,a — A as a — oo. Therefore, if we have a family Z,, of in-
variant sets of II(t) = II,(¢) and if we can control |Z,|z:1 independently of «, we
obtain that the dimension of 7, remains bounded as v — oo. This is actually
the case when the non-linearity f is dissipative and Z, is the compact global
attractor of I, (), as we shall see in the next section.

4. Dissipative equations: dimension of the attractor
In this section we consider the equation
euy + w + B(z)u — Au = f(z,u), (t,x) € [0,+o00[ x Q,
u =0, (t,z) € [0, 400 x O,
where € € ]0,1]. Besides Hypotheses 2.2, 2.6, 2.7 and 3.3, we assume:

(4.1)

HYPOTHESIS 4.1. There exists a positive number u and a function c(-) €
LY(Q) such that:

(a) flz,u)u —pF(z,u) < c(z);

(b) F(x,u) < c(x).
Here, F(z,u) := [, f(z,s)ds, (z,u) € 2 xR.

It was proved in [19] that, under Hypotheses 2.2, 2.7 and 4.1, for every
€ €]0,1] equation (4.1) generates a global semiflow in Zj, possessing a compact
global attractor A.. Moreover, there exists a positive constant R such that

sup sup{[[ul7;, +ellvllZ: | (u,v) € A} < R.

£€]0,1] 0
The constant R depends only on the constants in Hypotheses 2.2, 2.7 and 4.1
and on ||¢(+)]|z1, and can be explicitly computed (see [19]). In particular, R is
independent of €. Moreover, it was proved in [16] that there exists a positive
constant R such that

sup sup{lulfensy + [0l | (1) € A} < R
ee€|0,
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Also, the constant R depends only on the constants in Hypotheses 2.2, 2.7 and
4.1 and on ||¢(+ )|z and can be explicitly computed (see [16]). In particular, R is
independent of . By a time re-scaling (t = £'/2s) we see that (4.1) is equivalent
to

f(z,a), (s,x)€[0,+o00[ x Q,
=0, (s,x) € [0,400[ x 09,

¢
I

i y i— A
(4.2) eligs + @ Us + B(x)0

where a := ¢~1/2. Equation (4.2) possesses a compact global attractor Ag, such
that

Ao = {(,0) € Zo | (1,00) € Ag—2}.
It follows that |A4|z, < R and |A4|z, < R. As a consequence, the constant
C(A,) in (3.5) and (3.6) can be explicitly computed, and in particular it is
independent of . We have then

. . - r ME/TC(.A 71/2)2 r/2
dlmH(AE) = dlmH(Asfl/z) S <r ) l/E71/2€il/2 >

and

. . < T Mf/TC(.A 71/2)2 r/2
dimp(Ae) = dimp(A.—1/2) §2(T_2 Z/E—1/2€i1/2 > .

Since voa — A1 as @ — 0o, we obtain that dimpg(A.) and dimp(A.) remain
bounded as € — 0, coherently with the fact that the A, “converge”, as ¢ — 0,
to the attractor of the parabolic equation

u + B(x)u — Au = f(z,u), (t,z) € [0,+o0] x Q,
u=0, (t,z) € [0,400[ x 0Q
(see [20] and [16]).
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