Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder University Centre
Volume 39, 2012, 93-105

EXISTENCE RESULTS FOR THE p-LAPLACIAN EQUATION
WITH RESONANCE AT THE FIRST TWO EIGENVALUES

MING-ZHENG SUN

ABSTRACT. In this paper, by a space decomposition we will study the
existence and multiplicity for the p-Laplacian equation with resonance at
the first two eigenvalues.

1. Introduction
In this paper, we consider the boundary value problem

—Apu = f(z,u) inQ,

1.1
(L) u=0 on 0f,

where  is a bounded domain in RY (N > 1) with smooth boundary 92, A,u =
div(|Vu[P~2Vu) with 1 < p < oo, and assume that

(fo) f € C(Q x R,R) satisfying the growth condition:

If(z, )] <c(1+t|9h), forallz e, teR,

for some ¢ > 0 and ¢ € [1,p*), where p* = Np/(N —p) if p < N and
p*=o0if N <p.
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Let Wy () be the Sobolev space endowed with the norm

1/p
full = ([ 1vurar)
Q

Under the condition (fp), it is well known that the weak solutions of (1.1) corre-
spond to the critical points of the functional I: Wy (Q) — R defined by

I(u)zl/ |Vu|pdx—/F(x,u)d:E,
pPJa Q

where F(z,u) = [ f(z,t)dt.

In recent years, there are many papers that have studied the equation (1.1)
with the non-resonant or resonant conditions. For example, in order to obtain
the existence of the solutions, the authors in [10], [13], [20] study the case

F
w < A1, uniformly for x € ),
|u]—o0 |u\1’
and the paper [1], [3], [23] has used the following condition

A1 X (z) = liminf f(z,u) flau) k(x) < Ag,

lu|l—oo |ulP~2u lulp=2u

< lim sup

lu|—o0
uniformly for x € 2, where A\; and Ay are the first and second eigenvalues of
—A, in WyP(Q), respectively (see [19]), and A; < I(z) means that \; < I(x)
and the strict inequality holds on a set of positive measure.

Equation (1.1) is called a resonant problem at the first eigenvalue if

f(z,u)

|u|—o0 |u|P—2u

(1.2)

= )\1, uniformly for x € Q.

In [18], the authors have obtained the existence of multiple solutions of equation
(1.1) with (1.2) and the following non-quadratic condition

lim (uf(xz,u) —pF(z,u)) = —oco, uniformly for z € Q.

ul—o0
Moreover, under the condition (1.2) and

lim (uf(z,u) —pF(r,u)) =00, uniformly for z € Q,

lu|—o0

the paper [20] has proved that I is coercive, and the same result can also be
found in [1], [18] which assume that
1
| l‘im (F(z,u) — —A1|ul?) = —oco, uniformly for z € Q.
u|—o00 P

With other versions of the non-quadratic conditions, a lot of papers have studied
the case

g FE e fw
e e e e

= b(.’E) < Ag,
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uniformly for = € 2, see for example [22], [24], [25]. In addition, for the solvability
of resonant (1.1) with the Landesman-Lazer type conditions, we refer to [9], [14]
and references therein.

Since the function f depends on z, the aim of our paper is to study the
equation (1.1) with the condition:

(f1) there exists a constant M > 0 such that

f(x,u)

a(x) < |u‘p72u

< b(x), for|ul>M, zeq,

where a and b are continuous functions.

Let A\1(a) be the first eigenvalue of the equation
~Apu — a(x)|ulP?u = Nu[P2u

with the Dirichlet boundary value, it is well known that A;(a) is simple and
isolated (see for example [19]), then the second eigenvalue

Aa(a) = inf{\ > Ai(a) | \ is the eigenvalue of — A, — a(x) on Wy (Q)}

is well defined. By the monotonicity of Aj(a) (see [11]) and A2(b) (see [2]), the
condition (1.3) implies that

)\1(&) <0< )\Q(b)

For the first eigenfunction o1 (a) > 0, if we assume V' = span{¢j (a)}, and denote
by
ve={ueni@ ‘ [ ertartude =of.
Q

then we have
(1.4) WP Q) =Vaovt

Moreover, from [14], we know that there exists A(a) € (A\1(a), \2(a)] such that
/(|Vu|p —a(z)|ulP) dz > X(a)/ |u? dz, for any u € V.
Q Q

Similarly, we can define A;(b), ¢1(b) and A(b).

Now, we state the assumptions

(f2) | l‘im (F(z,u) — 1b(:r)|u|p) dx = —o0,
ul—oo Jo P

(f3) lim (wf(z,u) —pF(z,u)) = —o0,

|u|—o00

and the main result in this paper is the followings:
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THEOREM 1.1. Assume that (fy) and (f1) hold. If one of the following con-
ditions is satisﬁed

(a) Ai(b) >

(b) A1(b) > 0 and (f2) holds,

(e) Aia) <0 <A(),

(d) Ai(a) <0< Ab) and (f3) holds,

then equation (1.1) has at least one solution.

REMARK 1.2. (1) For the case p = 2, we can take A\(b) = A2(b), and the
results of (c) and (d) can be found in [16], [17]. Since the spectrum of —A,
in the general case p # 2 is still being established, it remains an open question
whether the A(b) in our theorem can be replaced by Az (b).

(2) The proof of our theorem is based on the linking theorem. There are two
difficulties when one wants to treat the condition (f;). One is the Palais-Smale
condition for I and the other is to construct linking sets. For the case a = \;
and b = Xy, we can decompose the space W, ?(Q) as Wy ?(Q) = E, @ Ei- where
Ey = Ker(—A, — A\1). But in our case, we have to give a decomposition of the
space W, P (Q) according to the eigenfunctions of different functions a and b (see
Lemma 3.2). For p = 2, this method of space decomposition has been used by
[16], [JS] and the paper [12] which studies the periodic boundary value problem.

The paper is organized as follows: In Section 2, we will prove that the func-
tional [ satisfies the Palais—Smale condition. In Section 3, we give a decompo-
sition lemma for Wol’p(Q), which is the basis of the proof of Theorem 1.1. In
Section 4, we are interested in finding the nontrivial solutions of equation (1.1).
In the sequel, the letter C' will be used to denote various positive constants whose
exact value is irrelevant.

2. The Palais—Smale condition

In this section, we will prove the following Palais—Smale condition for I.

DEFINITION 2.1. The functional I is said to satisfy the Palais—Smale con-
dition at the level ¢ € R ((PS), for short) if every sequence {u,} C W, ()
with

(2.1) (un) = ¢, (luall + DI'(un) =0, asn— o,

possesses a convergent subsequence. [ satisfies the (PS) if I satisfies (PS). at
any c € R.

This Palais—Smale type condition was introduced by G. Cerami in [6], and it
was shown that this condition suffices to get the linking theorem (see [4]).
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LEMMA 2.2. Under the assumptions of Theorem 1.1, the functional I satis-
fies the (PS) condition.

PROOF. Case 1. We will show that the functional I is coercive on W, ().
Since A1 (b) > 0 and b € C(Q), we have

/Q\Vu\pdx:/Q[|Vu|p—b(x)|u|p] da:—l—/ﬂb(x)\mpdx
S/Q[|Vu|p—b(a:)|u|p] dx+C/Q|u\pd:c
< [Ivulr —b@lul)do + 555 [ 1967 = ba)fup) da
C/Q[|Vu|p—b(x)|u|p] dx

then there is a constant § > 0 such that

(2.2) /Q[|vu|p b uf?) do > 5/9 Vul? dz, for any u € WEP(Q).
From (fp) and (f1), we get that

(2.3) F(z,u) < 1b(x)\u|p +C,

this together with (2.2) implies that

/|Vu|pdx7/ F(z,u) do

Pdx — — z)|u|? de — xuflxu”x
:];/medx p/ﬂb()lld /Q<F<,> b)) d

Zé/|Vu|pdx—C
pPJo

Then we get that I(u) — oo as |ju|| — oo, this proves the case.

Case 2. We will also show that the functional I is coercive on WO1 Q).
By contradiction, we assume that there are a sequence {u,} C T/VO1 P(Q) and
a constant Cy such that

(2.4) I(uy) < Co,  as [lup| — oo.

Set v, = Uy /||ty ||, then there exists a v € Wy () such that, passing if necessary
to a subsequence,

v, = v weakly in WP (Q),

v, — v strongly in LP(Q),

v, — v fora.e. x € Q.
Using (2.3) and (2.4), we have
C 1
52 [ (Vo — bl ) da
Q

[unllP” — p

c

[[n[?

)
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which implies that

(2.5) limsup/ Vo, |P de < / b(x)|v|P dx.
Q Q

n—oo

Moreover, since A1 (b) > 0, from the lower semi-continuity of the norm we get
[ v < [ 1vopds < tmint [ 90,
Q Q n—oo [

this together with (2.5) gives [|v,|| — ||v]|, as n — co. Since Wy (Q) is uniformly
convex, we have v, — v in W, *(Q), as n — oo with ||v]| = 1 and

/b \v|pdx—/ |VoulP de.

With no loss generally, we assume that A;(b) = 0, then we can take v = 1 (b),
which implies that |u,(x)| — oo almost everywhere in Q.
By (f2) it follows

lim [ (F(x,u,)— 1b(a:)|un|1”) dx = —o0,
p

n—oo Q

then we have

/ [V, P dm—/ F(z,uy,)dz
/ [Vu,|P de — 1/ b(x)|u,|P dz — / (F(z,un) — 1b(:v)|un|p) dx
P p Q Q p
>— / (F(z,uy) — fb(x)|un|p) dx — 0o, asn— 0.
Q p

This is a contradiction with (2.4).

Case 3. We assume that {u, } C W,?(Q) and satisfies (2.1), by (fo) it suffices
to show that {u,} is bounded (see [10]).

By contradiction, we assume ||u,|| — oo as n — oco. Let z, = u,/||u,||, then
there exists z € Wol"p (Q) such that, passing if necessary to a subsequence,

z, =z weakly in W, *(Q),
zn — z strongly in LP(Q),
zn, — z for a.e. xz € (.
Let gn(z) = f(x,un)/||un]/?~t, then g, is bounded in LP'(Q) with 1/p +
1/p’ =1, and for a subsequence, we assume that
(2.6) gn — ¢ weakly in LPI(Q).
The proofs of the following two claims are similar to Lemmas 2.6 and 2.7 in
the paper [3], respectively.
CLAIM 1. g = 0 almost everywhere in 2\ A, where A = {z € Q| z(z) # 0}.
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CLAIM 2. Set
g(z) on
i) = { F@pEm
a(z) on Q\ A,
then we have
(2.7) a(z) <m(z) < b(z), a.e in Q.

CLAIM 3. z, — z in W P(Q) and z is a nontrivial solution of the equation

(2.8)

—Apu = m(z)|ulP~2u for z € Q,
u=0 for x € 0.

Indeed, from (2.1), for any ¢ € W, () we have

(2.9) / V20?2V 2, Ve dav — Me) dz = o(1)||¢|-
Q a llunll?
Let ¢ = z,, — z, it is easy to see that
lim f(@, tn) (zn, — 2)dz =0,

n—co Jo [lun P~

this together with (2.9) gives

lim |V2,|P "2V 2,V (2, — 2) dx = 0.
Q

n—oo

From the fact that —A,, is of type ST (see [10]), we conclude that z, — z in
WP () with [|z] = 1.
Using (2.6) we deduce that

lim M¢dmz/g¢dm,
Q

n=o0 Jo [[un[[P~1

then from (2.9) and our claims we have
/ |V2[P2V2V ¢ dr = / m(x)|z|P?2¢ da,
Q Q

which implies the equation (2.8).
By (2.7), the monotonicity of A1(a) (see [11]) and A2(b) (see [2]) gives

Ar(m) < Mia) <0, Az(m) > Az (b) = A(b) > 0,

then 0 is not an eigenvalue of —A, —m(x), which contradicts the equation (2.8).



100 M.-Z. SuN

Case 4. By contradiction, we assume that {u, } € W"*(€2) and satisfies (2.1),
but ||u,| — oo as n — oo. Let z, = t,/||u,]|, then there exists z € W, ()
such that, passing if necessary to a subsequence,

zn — 2z weakly in WyP(Q),
zn — z strongly in LP(Q),
zZn — 2z for a.e. x € Q.

From (fy) and (f3), it is easy to show that
(2.10) F(z,u) < Clu|’ + C.
Combining (2.1) and (2.10), we obtain that
1
“J[un[” = Cllun|l; = C < C,
p
which implies that
1
- —=C|z||F <0,
5~ Cl=l
so z # 0. If we define ' = {x € Q| z(z) # 0}, then we have
mes(Q') >0, |up(z)] — 00, asn— oo, x€Q,
which implies that

lim (pF(z,u,) — unf(z,u,)) =00, z€Q.

n—oo

From the Fatou’s lemma we conclude that

lim [ (pF(z,upn) — unf(z,u,))de = oco.

n—oo Q

However, using (2.1), it follows that
lim (pF(x,un) - unf(xvunD de = —DC.
n—oo Q

This contradiction completes the proof. O

3. Proof of the Theorem 1.1

In this section, we will first give a decomposition of Wol’p (Q) which is the
basis of the linking theorem. We recall the following lemma:

LEMMA 3.1 ([21]). Let E be a vector space such that for subspaces X andY,
E=XaY. IfY is finite dimensional and Z is a subspace of E such that
XNZ={0} anddim (V) =dim (Z) then E=X & Z.

Let ¢1(a) and ¢1(b) be the first eigenfunctions of A;(a) and A (b), respec-
tively. If we set Ey = span {p;(a)} and Fy = span {¢1(b)}, then similar to (1.4)
we have

1,p _ 1 1,p _ 1
WoP(Q) = By @ BE-, WIP(Q) = By & EL.
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LEMMA 3.2. If the continuous functions a(z) < b(x) for x € Q satisfying
Ai(a) <0< A(b),
then we have that Wy *(Q) = Ey @ E4-.

PROOF. From the Lemma 3.1, we only need to prove that £y N Ey = {0}.
With no loss generally, we assume that {x € Q | a(x) # b(x)} is not empty, so it
is easy to see that if u € Ker(—A, — a) N Ker(—A, — b), then we get v = 0.

For any ug € Ey N E5, by the assumptions, we get

0> /\1(a)/ |ug|? do = /(|Vu0|p —a(z)|uo|?) dz
Q
ZM/OVUMp—b()WMp /ﬁudp¢r>o
Q

which implies that ug € Ker (—A, — a) NKer (—A, — b), then uy = 0. O

Now, we are ready to give the proof of our theorem.

PRrROOF OF THE THEOREM 1.1. (a) and (b). Since in each case the functional
I is coercive on WO1 P(Q), the existence of a solution is trivial.

(c) Now, we want to prove that:

(1) I(u) —» —oo as ||lul]| — o0, u € Ejy.

From (fp) and (f1), if we set G(z,u) = F(x,u) — (1/p)a(x)|u|?, then

(3.1) G(z,u) > —C.
Since A1(a) < 0 and dim (E7) < oo, (3.1) gives that

I(u) = 1/|Vu|pdmf/F(x,u)dx

/|Vu|pdx—f/a(m)|u\pdx—/QG(x,u)d:c

<———/WPM+CS—QWW+Q
p Q

then I(u) — —oo as u € E; and ||ul| — oc.

(2) I(u) is bounded from below on Ej .

Similarly, if we set Gy(z,u) = F(z,u) — (1/p)b(x)|u|?, then Gy(z,u) < C,
which implies that, for any u € Ey,

:1/|Vu|pdx—/F(x,u)dx

pJa Q

:1/ |Vu|pdx—l/b(x)|u|pdx—/Gl(x,u)dm
pJa P Ja Q

Z@/M”daz—Cz—C,
P Ja

so I(u) is bounded from below on Ej-.
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(3) Now, we fix an R such that sup,copp)ng, () < 8 — 1, where 8 =
inf e gy I(u), and B(R) = {u € Wy (Q) | [|ul| < R}. Set

I ={y:B(R)NE, — W;?(Q) | y(u) = uif u € Ey, ||u| = R},

¢ = inf max I(u).
vel'ueB(R)

Since dB(R) N By and Ey are linking and the (PS) condition holds for I,
¢ > [ is a critical value of I (see [7]). So there is a critical point uy € W, " (2)
such that I(ug) = c¢. The proof of this case is finished.

(d) Similar to (¢) we only need to prove that I(u) — —oo as ||ul| — oo,
u € FEy.

Indeed, we still write G(z,u) = F(z,u) — (1/p)a(x)|ulP~?u, and g(x,u) =
f(x,u) — a(z)|u|P~2u, then using (f3) we have

lim (g(z,u)u — pG(x,u)) = —o0,

lu]—o0
which implies that (see [18])
(3.2) | llim G(z,u) =00, forxz € .

Then for any u € E1, (3.2) and the fact dim (E;) < oo give that

1
I(u) = f/ |VulP de — | F(z,u)dx
b Ja Q

1 1
= 7/ |VulP de — f/ a(z)|u|Pde — [ G(x,u)dx
b Ja b Ja Q

A
S8 [pde— [ Gayde oo, asful oo O
p Q Q

4. Multiplicity results of equation (1.1)

Now, we are interested in finding multiple nontrivial solutions of equation
(1.1). First, let us recall some results of Morse theory that will be used below,
for details, we refer to [7]. Let X be a real Banach space and ® € C1(X,R)
and satisfies the Palais—Smale condition. Let K = {u € X | ®'(u) = 0} be the
critical set of ®. Let u € K be an isolated critical point with ®(u) = ¢ € R, and
U be an isolated neighbourhood of u, i.e. K NU = {u}. The group

Co(®,u) = Ho(®°NU,®°NU\ {u}), *=0,1,...,

is called the *-th critical group of ® at w, where ®° = {u € X | &(u) < c},
H,(-, ) are the singular relative homology groups with a coefficient group G. By
the excision property of the homology groups, the critical groups are independent
of the choices of U, then they are well defined. In particular, if u, v are the critical
points of @ and C, (P, u) # Cy(P,v) for some ¢ then u # v.
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Our result in this section reads as follows.

THEOREM 4.1. Under the assumptions (c) or (d) of Theorem 1.1, if the
following condition holds,

(f2) f(z,0) =0 and there is a continuous function I(x) such that

F
im PE@) it a0 > 0, 2 e
ful=0 uf?
then equation (1.1) has one nontrivial solution.

REMARK 4.2. Obviously, (fs) is weaker than the condition

F
m w:l(x)j)\l, x € Q,
lul—0  |ul?
which implies that 0 is a local minimum of I (see [8], [18]).
LEMMA 4.3. Under our conditions, 0 is a local minimum of the functional I.

PROOF. Since A;(l) > 0, there exists a constant € > 0 such that A;(I4+¢) > 0
(see for example [15]). From (fy), there is a § = §(¢) such that

Fla,t) < %(l(x) Le)tP, for | <6, e
Moreover, for p < s < p* we can find C' > 0 such that
F(z,t) <CJt|*, for |t| >4, =€
Then we get

(4.1) F(z,t) < =(l(z)+e)|t|P + CJt|°, forteR, z €.

bR

Similar to (2.2), combining (4.1) and the embedding theorem, we have
1
I(u) = 7/ |Vu\pdx—/ F(z,u)dz

pJa Q
1 1

> f/ IVl dz — 7/(l(x)+5)\u|pdx—/C|u|sdgc
P Jo pJa Q

2 Cllul]” = Cllullf = Cllull” = Cllul]* > 0,

as 0 < |Ju|| < 1, which implies that 0 is a local minimum of I. O

PrOOF OF THE THEOREM 4.1. From Lemma 4.2, we obtain that
Cy(I,0) = 04 0G.
Using the results in [5], the solution ug obtained by Theorem 1.1 satisfies
Ci(1,uo) # 0.

Hence ug is the nontrivial critical point of I. O
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