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TOPOLOGICAL METHODS
FOR BOUNDARY VALUE PROBLEMS
INVOLVING DISCRETE VECTOR ¢-LAPLACIANS

CRISTIAN BEREANU — DANA GHEORGHE

ABSTRACT. In this paper, using Brouwer degree arguments, we prove some
existence results for nonlinear problems of the type

~V[6(A2m)] = gin (@, Aa) (1 <m < —1),
submitted to Dirichlet, Neumann or periodic boundary conditions, where
o(x) = |z|P72z (p > 1) or ¢(z) = z/\/1— 2|2 and gm:RY — RV

(1 < m < n—1) are continuous nonlinearities satisfying some additional
assumptions.

1. Introduction and notation

In this paper, using Brouwer degree arguments, we prove some existence
results for nonlinear problems of the type

—VIp(Azm)] = gm(Tm, Azy) (1< m<n-—1),

submitted to Dirichlet, Neumann or periodic boundary conditions, where func-
tions g,:RY — RN (1 < m < n — 1) are continuous and the discrete vector
¢-Laplacian operator is defined as follows.

Let n, N be positive integers, 0 < a < oo and ¢: B(a) C RY — R¥ be
a homeomorphism such that ¢(0) = 0. (In what follows B(p) denotes an open
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ball with center in zero and radius p). For any z = (zo,... ,7,) € [RY]""! we
define
Ay = Tyl — Ty, (0<m<n-—1)
and if |Az,,| < a (0 <m <n—1) we define
Vip(Axy,)] = p(Azp) — d(Azpm—1), (1<m<n-—1).
Discrete vector p-Laplacian generated by the homeomorphism
hy:RY = RNz |22z (p> 1),

and the relativistic discrete operator generated by
x

VI-Tal

are important special cases. Here and in what follows | - | denotes the Euclidean

¢:B(1)cRY - RN, z—

norm generated by the Euclidean scalar product (- | -).

In the p-Laplacian case (¢ = hj), our main results (Theorems 2.4 and 2.8) are
discrete versions of some interesting results from [5] (see also [4]). It is worth to
point out that the main tool used in [5] is the Leray—Schauder a priori estimation
method applied to some fixed point operators acting in the Sobolev space WP,
In the discrete case, we use a different strategy based on the main properties
of the Brouwer degree: the homotopy invariance, existence property, Borsuk’s
theorem. Note also that Corollary 2.5 is a discrete version of [6, Theorem 7.1].
For interesting applications of Brouwer degree to nonlinear difference equations
the reader can consult [8].

In the singular case (¢ < oo) our main result (Theorem 3.4) is a discrete
version of [1, Theorem 5] and the particular case N = 1 and A = 0 = B is
considered in [2].

If Q C X is an open subset of a finite dimensional normed space X, xg € X
and S:Q — X is a continuous function such that ¢ ¢ S(99), then dp[S, Q, z0]
denotes the Brouwer degree of S with respect to 2 and zy. For the definition
and properties of the Brouwer degree see [3], [7].

2. The p-Laplacian case

Dirichlet boundary value problems. Let f,,: RY — R be a continu-
ous function (I < m < n — 1) and consider the following nonlinear Dirichlet
boundary-value problem involving the discrete vector p-Laplacian

(2.1) —Vhp(Azy)] = f(zm) A<m<n-1), xo=0=uw,.

First of all notice that the solutions of (2.1) can be seen as the zeros of the
continuous mapping F: Vi ~* — [RN]"~! defined by

F(z) = V[hp(Azp)] + fn(zm), (1<m<n-1),
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where the (n — 1) N-dimensional vector space V™! is defined by
Vet ={z e RN i2g =0 =12,}.

We endow the vector space Va~! with the norm || - ||, defined by

n—1 1/p
||x|p=[2|xmp} L @enp ).
m=1

On the other hand, the mapping || - ||, o defined by

n—1 1/p
(20, - -+ s 2n)||pa = [Z |A:cm|p] o (w0, ,xn) € VETY
m=0

is also a norm on Vﬁfl. We introduce the eigenvalue-like constant

n—1
Z | Az, [P

(2.2) A =inf{ "= (20,... ,z,) € RN\ {0}, 20 =0 =1,
D lzml”
m=1
In the next Lemma we prove that the constant A\; is strictly positive and we
obtain a Poincaré type inequality.
LEMMA 2.1. The constant N1 defined in (2.2) is strictly positive and
(2.3) Ml < |lz|[P o for allz e V1.
PRrROOF. From the definition of \; it follows that

M = inf{[al[p o s € VI [lall, =1},

and using that || - ||, and || - ||,.a are norms on Vi~ ! it follows that there exist
x € V! such that ||z|[, = 1 and \; = |[z[[} o. Hence, \; > 0 and (2.3) follows
immediately from the definition of A;. O

In the next Lemma we prove a summation by parts type formula for vectors
belonging to V.

LEMMA 2.2. We have that

n—1 n—1
24) = (@m | Vihp(Azn)) = > |Azy [P for all (z,... ,2,) € V.
m=1 m=0
ProoF. Let (xqg,...,z,) € VJG*1 be fixed. For all 1 < m < n — 1 we have

that

(Tm | v[hp(Axm)D = |A$m|p72(xm | Tmy1) + |Amm,1\p72(xm,1|xm)

- |A$m|p_2|xm|2 - |Amm71|p_2|xm|2-
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On the other hand, for all 0 < m < n — 1 we have that
AL, [P = | Az P2 [|2m|* = 2(2m | Zmy1) + [Zmga 7).

It follows that

n—1
Z(mm | v[hp(Axm)])
m=1
n—1
= [|A$m|p72(33m | Tmy1) + |A33m—1‘p72(xm—1 | 2m)]
m=1
n—1
- [|Axm|p72|xm|2 + |Amm—1|p72|xm|2]
m=1
n—1 n—2
= |A1’m|p72(xm | Trmg1) + Z |Al‘m|p72(xm | Tm+1)
m=1 m=0
n—1 n—2
- Z | Az P72 |* — Z | AL [P |24 |
m=1 m=0
n—1 n—1
= Z{|Amm|p72“xm|2 = 2(@mlTmr) + [T ]} = — Z | Az, |7,
m=0 m=0
and the proof is completed. O

Now, we consider the homotopy F:[0,1] x V™' — [R¥]?"~1 defined by
Fm () = V[hp(Azp)] + Afm(zm), 1<m<n-—1).

Notice that F(1, -) = F and F(0, -) is the discrete vector p-Laplacian operator,
which is odd. On the other hand for A € [0,1] one has that = € V™' is a zero
of F(A, -) if and only if  is a solution of the Dirichlet boundary-value problem

(2.5) —Vihy(Azw)] = Afm(xm) 1<m<n-1), zo=0=uz,.

In the next Lemma we obtain a priori estimations for the possible zeros of F.

LEMMA 2.3. If
(2.6) limsupM <A foralll<m<n-1,
|| — o0 |x|p

holds, then there exists p > 0 such that any possible zero (\,x) of F satisfies
lzllp < p-

PrOOF. Let (A, z) € [0,1] x V2! be such that F(\,z) = 0. Tt follows that
x = (zg,...,%n) is a solution of (2.5). Multiplying (2.5) by ,, summing from



TOPOLOGICAL METHODS FOR BOUNDARY VALUE PROBLEMS 269

1 to n — 1 and using Lemma 2.2 it follows that

27) S 18w =AY (| ).
m=0 m=1

Using (2.6) and the continuity of f,, it follows that there exists o € (0, A1) and
k1 > 0 such that
(2.8) (Y| fm) <olylP + k1 forally e RY, 1<m<n—1.
From (2.3), (2.7) and (2.8) we deduce that
Mllellf < ofz][ + (n = 1)k

Hence, using that o € (0, A1) and p > 1 it follows that there exists p > 0 such
that [|z||, < p. O

THEOREM 2.4. If (2.6) holds, then (2.1) has at least one solution.

PRroOOF. Using Lemma 2.3 and the invariance of the Brouwer degree under
homotopy it follows that

(2.9) dp[F(1, ), B(p),0] = dp[F(0, -), B(p), 0].

On the other hand F(0, -) is odd, so the Borsuk theorem implies that
dp[F(0, -), B(p), 0] # 0,

which together with (2.9) imply that
dp[F (1, -), B(p),0] # 0.

Hence, using the existence property of the Brouwer degree, we deduce that
F(1, -) has at least one zero which is also a solution of (2.1). O

An immediate consequence is the following

COROLLARY 2.5. Let A, (1 <m < n—1) be a N x N-matriz. If there
exists o € (0, A1) and R > 0 such that

(x| Apz) < olz|> forall|z|>R, 1<m<n-—1,
then the Dirichlet boundary-value problem
—Vihp(Azy)]) = Aplhp(zm)] +1m 1<m<n-1), zy=0=uz,

has at least one solution for any (l,... ,l,—1) € [RN]"71.
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Periodic boundary value problems. Let f,,: RY — RY be a continuous
function satisfying

(@] fm(x))

(2.10) lim sup PR

|| — o0

<0 (I1<m<n-1),

and consider the following nonlinear periodic boundary-value problem involving
the discrete vector p-Laplacian

(2.11) =V[hp(Azp)] = fr(zm) A <m<n-—-1), zo=21z,, Azo= Azy_1.

Note that, from (2.10) it follows that there exists o1 € (0,1) and o2 > 0 such
that

(2.12) (x| fm(z)) < —01]z|P + 09 forallz € RN (1<m <n—1),

and that the solutions of (2.11) can be seen as the zeros of the continuous map-
ping F:Up~ ' — [RN]"~! defined by

Fp(z) = Vlhp(Azm)] + fm(zm), (1<m<n-1),
where the (n — 1) N-dimensional vector space Uy~ is defined by

U]7\l] ! {(.130,. .. ,l’n) S [RN]n+1 L Xy = Ty, Agjo = Awn—l}
:{(x()v ce ,I'n) € [RN}n+1 Xy = (xl + xn—l)/Q = xn}

We endow the vector space Uy ' with the norm || - ||,

LEMMA 2.6. If (zg,...,2n) € U}\’fl, then

n—1

Z (VIhp(Azm)]|zm) < 0.

m=1

PROOF. One has that

n—1

Y (Vih(Azm)]|zm)

= (hp(Az1) = hy(Amo)|21) + ... + (hp(Azn—1) = hp(Azp—2)|Tn-1)
=(hp(Azy)|z1) = ( p(A$0)|$1) (hp(Az2)|z2) — (hp(Az1)|22) +
+ (hp(Azp—1)|Tn—1) = (hp(ATp—2)|Tn-1)
— (hp(Azo)|z1) — (hp(Az1)|Az1) —
hop(

( p(An_2)|Azy_2) + (hp(Azn_1)|2n-1)
-2
=— |Az,|P —

=1

|Azp_1 P72 |21 — 21 ]2

<0.
B) =

3
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LEMMA 2.7. If L:UR" — [RN]"~1 is the odd continuous function defined
by
L, (z) = Vihp(Azw)] — hp(zm), (1<m<n-1),

then dg[L, B(p),0] # 0 for all p > 0.

PROOF. Assume that (xg, ... ,z,) solves the problem
L(zg,... ,2,) =0, (x0,...2,) € Un "

It follows that

n—1

Y AV (Az)]|zm) = (hp(@m)lem))} = 0.

m=1

Using Lemma 2.6 we deduce that

n—1 n—1
Z |2 [P = Z(v[hP(AIm)me) <0,
m=1 m=1
and g = ... =z, = 0. Now the result follows from Borsuk’s theorem. O

THEOREM 2.8. If (2.10) holds, then (2.11) has at least one solution.

PROOF. Let H:[0,1] x Up~! — [R¥]"~! be the homotopy

Hon(@) = Vlhp(Am)] + M) — (1= Np(m) (1< m <7~ 1),
It is clear that

HO0, Y=L, H(1, )=F

Let also (A\,z) € [0,1] x Un~" be such that H(\,z) = 0. Using (2.12) and
Lemma 2.6 we deduce that

0 <A (el fnem)) — (1= N2l
m=1

< =Aar]|z[lp + (n = 1oz — (1 = A)|[=][}.

Hence, ||z||, < p for any p > ((n — 1)o2/01)'/P. Using Lemma 2.7 and the
invariance under homotopy of the Brouwer degree, it follows that

dp[F, B(p),0] = dp[L, B(p),0], dg[F,B(p),0] # 0,

for p > ((n — 1)oa/01)Y/P. Then, using the existence property of the Brouwer
degree it follows that F has a zero which is also a solution of (2.11). 0
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Neumann boundary value problems. Let f,,:RY — RY (1<m<n—1)
be a continuous function satisfying (2.10) and consider the following nonlinear
Neumann boundary-value problem involving the discrete vector p-Laplacian

(2.13)  =V[hp(Azp)] = f(zm) A1<m<n-—1), Azg=0= Az, ;.
Using the same strategy like in he periodic case one can prove that (2.13) has at
least one solution.

3. The ¢-Laplacian case with singular ¢

Let n, N be positive integers, a > 0, ¢: B(a) C RY — R¥ be a homeo-
morphism such that ¢(0) = 0; we call it singular. The space [RV]"*! will be
endowed we the norm

[lloo = D lzm| (z € RV]™).
m=0

Nonhomogeneous Neumann boundary value problems. Let A and B
in RY be fixed.

LEMMA 3.1. Letly,... ,l,_1 € RN, Forced problem
(3.1) V[p(Azy)] =1, (1<m<n-1), ¢(Ax)=A4, ¢(Ar,—1)=DB

1s solvable if and only if

n—1
(3.2) > lm=B-A
m=1
In this case the general solution (zg,... ,x,) is given by

ly) ERN,
T = X9+ ¢71(A)5

m—1 7
T =T+ ¢ (A) + Z¢_1(A+Zlk> 2<m<n-1),

j=1 k=1

n—2 7
T, =z + ¢ (A) + ¢ (B) + Z¢1(A+ sz).
j=1 k=1

PRrROOF. The proof follows by s simple computation and is left to the reader.[]

Let g:RY x RY — RN (1 < m < n — 1) be continuous and consider
nonhomogeneous Neumann boundary value problem
v[d)(AIm)] = gm(xma Axm) (1 <m<n-— 1)7

(3.3)
d(Axy) = A, ¢(Ax,—1) = B.
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Let Q: [RY]"~1 — R¥ be defined by

QU = =3

m=1

It is clear that (3.3) can be written in the equivalent form

Vip(Azm)] = gm(Tm, Axr) — Q[s(xm, Azpy)] (1< m<n-—1),

(3.4)
d)(A:CO) = Aa QS(AIn—l) = B7
and
(3.5) Q[s(xm, Azy,)] =0,
where

(3.6)  sm(Tm, Azy) = gm(Tm, Azm) — %(B —4) 1<m<n-1).

Now, we reformulate (3.4), (3.5) as a fixed point problem. Consider the operator
M: RN — [RY]HL - M (2) =,
Yo =0 + Q(s),
y1 =0+ Q(s) + ¢~ 1(A),

m—1 7
Ym =0+ Q(s) + o (A) + ) ¢1<A+Zlk> (2<m<n-1),
j=1 k=1

n—2 J
=0+ Q)+ 07 () + 67 (B + 07 (44 300,
j=1 k=1

where s is given in (3.6) and
(3.7) I = gm(@m, Azy) — Q(s) (1<m<n-—1).
Then, using Lemma 3.1 one has the following

LEMMA 3.2. The vector x € [RN]"*! is a solution of (3.3) if and only if
M(z) ==.
In order to prove that M has at least one fixed point, we define the homotopy
M:[0,1] x [RY]™E — [RYN]™1 0 M(A,2) =y,
Yo =xo + Q(s),
y1 =20+ Q(s) + ¢~ (MA),

m—1

Ym =20 + Q(5) + ¢~ (AA) + Z¢‘1(A[A+k§:lk]> 2<m<n-1),

Jj=1

Yn =20+ Q(s) + o7 (AA) + o7 (AB) + §¢_1 (/\ {A + zj:zk} )

k=1
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where s and ! are defined in (3.6), (3.7) respectively. Note that M(1, -) = M.
We introduce the following assumption:

(Hg,a,8) There exists R > 0 such that

n—1

Z Im (T, AZy) # B — A,

m=1

for all x € [RN]"*1 satisfying

min |z,| > R and max |Az,| < a.
0<m<n 0<m<n—1

LEMMA 3.3. Assume that (Hy 4 p) holds. If (\,z) € [0,1] x [RN]"F! is such
that v = M(\, ), then
[|z]lcc < R+ na.

PROOF. Let (\,z) € [0,1] x [RV]"*! be such that x = M(\,z). It follows
that

max | Az, | < a,

0<m<n—
and
n—1
Z Im(Tm, Azp,) = B — A,
m=1
implying that
min |z,| < R.
0<m<n
Hence, using that
n—1
|Zm| < Ogrllr%nlxml + Z |Az;| (0 <m<n),
7=0
we get the result. O

Consider the continuous function
n—1
v:RY RN, ¢ Z gm(c,0).
m=1

THEOREM 3.4. If assumption (Hy 4 p) holds, then for all sufficiently large
p >0,
dpll = M(1, -), B(p),0] = (~1)"dp[v, B(R), B — A].
If furthermore
dply, B(R), B — A] #0,

then (3.3) has at least one solution.

PRrROOF. Note that, from assumption (Hy 4 p) it follows that v(c) # B — A
for all |¢| > R, which implies that the Brouwer degree dg[y, B(R), B — A] is



TOPOLOGICAL METHODS FOR BOUNDARY VALUE PROBLEMS 275

well defined. On the other hand, taking p > R + na, using Lemma 3.3 and the
homotopy invariance of Brouwer degree, we get that

dB[I - M(]-a ')7 B(p)vo} = dB[I - M(O, : ), B(p)a 0]
But, the range of M(0, -) is isomorphic to RY. Actually,
Mm(0,2) = o+ Q(s)(z) (0<m <n)

where s is given in (3.6). Hence, using the reduction and excision properties of
the Brouwer degree we have

dpll = M(0, -), B(p), 0] = dp[l — M(0, -]z, B(p), 0]
= (-1)"dp[y, B(R), B - A].
Now, the result follows from the existence property of the Brouwer degree. [
An immediate consequence of Theorem 3.4 is the following
COROLLARY 3.5. Assume that there exists ¢ € {—1,1} and R > 0 such that
Sgm(@+1:2) = (n—1) "1 (B = A)la) > 0
foralll <m <n-—1,|z| >R, |y| <na and |z| < a, then (3.3) has at least one
solution.

REMARK 3.6. Similar considerations hold also for Dirichlet and periodic
boundary value problems. In these cases, in order to construct the associated
fixed point operators (see [2] for N = 1), ¢ must be of gradient type like in [1].
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