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A MODIFIED SWIFT-HOHENBERG EQUATION

MARIA B. KANIA

ABSTRACT. We consider the initial-boundary value problem for a modi-
fied Swift-Hohenberg equation in space dimension n < 7. Based on the
semigroup theory, we formulate this problem as an abstract evolutionary
equation with sectorial operator in the main part. We show that the semi-
group generated by this problem admits a global attractor in the phase
space H2(2) N H} () and characterize the contents of the attractor.

1. Introduction

Let Q C R" be a bounded domain with the boundary 92 of class C*. In this
paper we study the fourth order parabolic equation

(1.1) u + (—A)2u+eAu+ u+glu) =0, z€Q, t>0,

where parameters ¢ and § are positive. This equation is considered with the
initial-boundary conditions

(1.2) u(0,x) = up(z) for z € Q,
(1.3) Au(t,z) =0 forz € 9Q, t > 0.
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When the parameter ¢ = 2 and the nonlinear term g(u) takes the form of
u? — au? — Bu +v|Vul?, o, 8,7 € R, then the equation (1.1) can be written as

(1.4) ug + (I + A)2u +ud — au? — ku + fy|Vu|2 =0,
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where k = 3—62+1. The above equation is known in the literature as the Swift—
Hohenberg equation when o« = 4 = 0, and as the modified Swift—Hohenberg
equation when a # 0 or v # 0.

The Swift—-Hohenberg equation was introduced in 1977 by J. B. Swift and
P. C. Hohenberg [18] in connection with Rayleigh-Bénard’s convection. Later,
it has been shown that this equation is also a useful tool in the studies of a va-
riety of problems, such as the Taylor—Couette flow [8], [15] and in the study
of lasers [11]. The Swift—-Hohenberg equation plays a central role in studies of
pattern formation.

The problem of existence of the global attractor for the Swift—-Hohenberg
equation has been considered in [12], [13] and for the modified Swift—-Hohenberg
equation in [9], [14], [16]. In [12] the Swift-Hohenberg equation was equipped
with the initial condition (1.2) and the boundary conditions

u(t,z) = %u(tw) =0 forxzeodQ, t>0,

where 2 is a bounded planar domain with the smooth boundary 0. In [13]
A. Mielke and G. Schneider proved the existence of the global attractor for the
Swift—-Hohenberg equation in a weighted Sobolev space on the whole real line.
A. V. Ion in [9] studied two-dimensional modified Swift-Hohenberg equation
(1.4) with v = 0 both in the case of a bounded and an unbounded domains
Q. M. Polat in [14] showed that the problem (1.2)—(1.4), where  is an open
connected bounded domain in R?, a = 0 and ug € H3 () has a global attractor
in H3(Q). L. Song, Y. Zhang and T. Ma generalized this result in [16]. They
proved that for any k > 0 the Polat’s problem has a global attractor in Hy. The
fractional order spaces Hy, k > 0, are defined as follows

Hy:=L*(Q), Hyjp:=H*(Q)NHy(Q), Hy:= closure of Hy in H'(€),
Hy:=H{; o)(Q), Hy:=H"(Q)NH, fork>1.
In this paper we study another modification (1.1) of the equation
ug + (I + A)*u+u® — ku = 0.

Notice that instead of the terms 2Au, u and (u® —ru) we consider the terms eAu,
5%u and g(u), (g,0 > 0), respectively. The first two exchanges imply that the
equation (1.1) changes its properties depending on the value of the parameters
¢ and §. This equation has 3 dissipative terms ((—A)%u, eAu, §%u) and one of
them (¢Awu) has a bad sing. Therefore we can expect that the equation (1.1) will
have nice properties if the term eAu is subordinated to (—A)?u and §?u. Our
main goal here is to show that if the parameter ¢ is sufficiently small compare to
§ and p” (the least positive eigenvalue of —A on Q with the Dirichlet boundary
condition), then the semigroup generated by the problem (1.1)—(1.3) admits
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a global attractor A in H2(Q) N Hg (). Moreover, we show that A = M(Ep),
where M(Ejy) is an unstable manifold of the set Ey of the equilibrium points for
the semigroup {T'(¢)}.

In this article we assume that ¢g: R — R is a function satisfying the following
main assumptions:

(1.5) g € C'(R;R),
(1.6) 9(0) =0,
(1.7)  there exists ca > 0 such that for all s1,s2 € R
|9(51) = g(s2)| < cafs1 — s2|(1 + [s1]? + |s2]7),

where ¢ > 0 can be arbitrarily large if n <2 and 0 < ¢ < 4/(n — 2) if
n >3,

(1.8) there exist 0 < ¢4 < M; and ¢5 > 0 such that for all s € R
—g(s)s < ca8® + 5,
where the constant M is specified in the condition (2.3) below,
(1.9) there exist ¢cg > 0 and 0 < ¢7 < 62 such that for all s € R
—g'(s) < cos + 7,

(1.10) there exists M > 0 such that for all s € R
S
—G(s) = —/ g(z)dz < M.
0

Note that if 8 < 62 and « is sufficiently large (i.e. (cg — 2)? < 12(c7 — 3)),

3

then the function g(u) = u3 — au? — Bu satisfies the stated above assumptions

for n < 3. When 3 > §2, regardless of space dimension, the assumption (1.9) is

3

not satisfied. Moreover, the function g(u) = u® — au? — Bu grows too fast, when

n > 4, i.e. the assumption (1.7) is not satisfied.

Notations. The norm of L?(Q) is denoted by || - || and the scalar product
on this space by (-, ). We reserve the letter C' to denote arbitrary positive
constants, which may vary from line to line. || denotes the measure of §2.

We denote by (—A) the negative Laplacian in L?(Q) with the domain

D(—=A) = H*(Q) N H}(Q).

Since (—A) is a self-adjoint and positive definite operator (see [3, p. 41]), we can
define for each a > 0 its fractional powers (—A)®. The domain D((—A)%) of
(=A)* endowed with the norm

10l p((—a)) = [I(=A)*¢)|| for ¢ € D((=A)%)
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is a Hilbert space (see [7, p. 29]). In particular
D((—A)*?)) = {¢ € Hy(©) : (~A)¢p € Hy()}
={p € H*(Q) : ¢ = Ap = 0 on 9} =: H{; oy.
and
D((=A)%) ={é € H*(Q) N Hy () : (~A)¢ € H*(Q) N Hy(2)}
={p € H'(Q): ¢ = Ap = 0 on 00} =: H{} Ay
Moreover, we infer from [5, Theorem 5.1.3] that the operator
(=2)%:D((=A)) — L*(%)

is also positive definite and self-adjoint for each o > 0.

2. Operator A.s and its properties

Let £,6 > 0. We denote by A.; the operator (—A)? +eA+46%1 in L*(Q) with
the domain D(Ags) = H?LA}. We will show that A.s is bounded from below,
self-adjoint and has compact resolvent. Let the constant ¢; be such that the
interpolation estimate

(2.1) IV6I2 < cilAglloll, for all ¢ € H2(Q) N HE(Q)

holds. Using the Cauchy inequality we can write it in a more suitable for us form
Cc1€ 2

(22 cIvalP < 180l + (57 ) ol

PROPOSITION 2.1. The operator A.s is bounded from below. Moreover, if
€ €(0,20/c1), then A.s is positive definite (the constant c1 is as above).

PRrOOF. Integrating by parts we obtain

(Aes0,0) = | AGI* — e VoII* + 6°[|¢]|.
The estimate (2.2) implies that

Cc1€

23) st 2 (5 () Y 1oiP = amfo 0

PROPOSITION 2.2. The operator A.s is self-adjoint in L?(Q).

ProOF. Using the Cauchy inequality and the Nirenberg—Gagliardo inequa-
lity:
1Al < el (=22 ¢l for all ¢ € H{; 4y,
we obtain
(ce)?

1 2
Al < gl + 5=,
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By [10, Theorem 4.3] we infer that the operator (—A)? + A is self-adjoint, and
hence A.s is self-adjoint as well. |

3. Setting of the problem and its local solvability
Consider the Cauchy problem in € for the modified Swift—-Hohenberg equa-
tion
u + (=AYu+eAu+8u+gu) =0 forz e, t>0,
(3.1) u(0, z) = ug(x) for x € 0,
u(t,z) = Au(t,z) =0 for x € 09, t > 0,
where 6 > 0, 0 < & < 2§/c1 (the constant ¢; was defined in (2.1)), Q is
a nonempty, bounded, open subset of R” and 9Q € C*. In the study of local
solvability of (3.1) we need that g:R — R is a function satisfying the following
assumptions
(3:2) g € C(R;R),
(3.3) there exists ¢4 > 0 such that for all 51,82 € R
|9(s1) = g(s2)| < chls1 — sal(1+ [s1]7 +]s2|7),
where the exponent ¢’ > 0 can be arbitrarily large if n <4 and 0 < ¢’ <
4/(n—4)ifn > 4.
REMARK 3.1. Note that the conditions (3.2) and (3.3) are weaker than (1.5)
and (1.7), respectively.

REMARK 3.2. To simplify the presentation we formulate explicitly a direct
consequence of the conditions (3.2) and (3.3)

(3.4) there exists ¢3 > 0 such that for all s € R
l9(s)] < ea(l+]s]),
q' as above.

With the use of the operator A.s the problem (3.1) on L?(Q) will be rewritten

in an abstract way as

up + Acsu = —g(u) for t > 0,

(3.5) A )

u(0,x) = up(x).

Note that the Nemytskii operator g: H*(Q) N H} () — L?(2) corresponding to

the function ¢: R — R (which we denote also by ¢ for simplicity) is well defined.
Indeed, for u € H2(2) N H}(Q), thanks to (3.4), we have

1/2 )
39 ol <o [ 14RPTDar) < O00l )
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Then as a consequence of the Sobolev type inclusion

(3.7) H*(Q) C LP(Q),

where p is arbitrarily large if n <4 and p < 2n/(n —4) if n > 4, we obtain

lg(w)ll < CO+ lull i ig)nm )-

THEOREM 3.3. Under the assumptions (3.2) and (3.3) for each ug € H*(Q)N
H} () there exists a unique local solution u of the problem (3.5) in L*(Q), defined
on its mazimal interval of existence (0, Tmax) and satisfying

u € C([0, Tmax), H2(2) N H(£2)) N CH((0, Tamax ) L2 () N C((0, Tax ) D(Acs)).

PROOF. Since A.s is a sectorial operator, it suffices to show (see [3, Chap-
ter 2], [7, Chapter 3]) that the nonlinearity g: H2(Q) N HE(Q) — L%(Q) is Lip-
schitz continuous on each bounded subset of H2(Q)NH{ (). Fix such a bounded
set G and let u,v € G. From the assumption (3.3) we obtain

lo(0) = 9001 = ([ Ju—oP 1+ P+ 1) dx)1/2.

If ¢’ = 0, then the proof is obvious, so we assume that ¢’ # 0. Using the Holder
inequality we get

lg(w) = g)l < C(llu—= vl + o= vll L2rs -1 0y (]| 2 vy + [ @)

where r > max{1,1/(2¢')} and r = n/(¢'(n —4)) for n > 4. Then, thanks to
(3.7), we deduce that

lg(w) = 9@l < Clllu = vl m2(@ynmye) (1 + g amy) T 1052 0)nm @)

< C(G)[lu = vl g2@)nHL (@)

which proves the claim. O

4. Global solutions

In this section we study the global solvability of (3.5) in the case of space
dimension n < 7. We prove that when the parameter ¢ is sufficiently small (i.e.
the condition (4.2) is satisfied), under the additional growth restrictions on the
function g, local solution can be extended to the global ones.

As usual, to show global in time extendibility of the local solution to (3.5)
obtained in Theorem 3.3, we need first to get suitable a priori estimates.
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First a priori estimate. To get a priori estimate in L?(£2) we assume that
the condition (1.8) holds. Multiplying (3.1) by w and integrating by parts we

have L d
gl + 1ul? eVl + 1l + [ gwyude =0,

Then, thanks to (2.2) and (1.8), we get an estimate

1d

5 g 1l” + Mollul® < 5|2,
where My = (M7 — ¢4) > 0. Consequently,

Q‘ _ C5|Q|

41 N2 < 2 sl 2Mat .
(4.1) L e (e B

Second a priori estimate. Let the parameter € be such that
20
(4.2) O<5<min{,uf’,},
C1

where pP denotes the least positive eigenvalue of —A on Q with the Dirichlet
boundary condition and the constant ¢; was defined in (2.1). To obtain a priori
estimate in H}(Q) we need the following extra assumptions on the nonlinear

term g:
(1.5) g€ C'(R;R),
(1.6) 9(0) =0,

(1.9) there exists cg > 0 and 0 < ¢z < §2 such that, for all s € R,
—g'(s) < cgs + 7.

Multiplying (3.1) by —Aw and integrating by parts, due to (1.6), we obtain

1d
5 IVull? + VAU — el| Aul|® + 8| Vu]* = —/ g ()| Vul® da.
2dt Q
Thanks to (1.9) and the Holder inequality we get
1d

53 ValP + 1980l = Al + 6 — en)[Tul? <co [ uVul do
Q

< Cllullllulfyrae)-

Then using the Nirenberg—Gagliardo inequality

[llwia@) < C||¢H1_7]||¢H7]7{3(Q)
with some n € ((4+n)/12,1), n < 8, we obtain

1d

571 Vul? + IVAu]® = el Aul® + (6% = e7) | Vul?

_ 2 _
< Clul*="|ul2 ) < CllulP~>" [V Au]>.
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By the Young inequality we get next

S IVl + (1~ IV A — el dul? + (5 — er)|[Vul? < Cllul =200,
where ( is sufficiently small, such that ((1 — )uP —¢) > 0. Using Poicaré’s
inequality

IVol? > utll¢]?,  for all ¢ € Hy (),

we can write

LI 9ul? + (1 = O = )| Au]? + (52 = er)]| Va2 < Ol =20/0=,

2 dt
Finally, we have
1d
(43) 52 IVl + (52 = en)|Ful? < Cllul¢-20/0-w,

which gives the required H}(Q) estimate.
From now on we assume additionally that the condition (1.7), stronger than
(3.3), holds.

THEOREM 4.1. Let n < 7 and the parameter € be such that the condition
(4.2) holds. Under the assumptions (1.5)—(1.9) the local solution u to (3.5) ewxists
globally in time.

PROOF. Note that for every p€|l,00) if n=1, 2, and for every p€|[1, (n+2)/
(n—2)) if n > 3, we have the following Nirenberg—Gagliardo type inequality

(44) 60120y < CHA%z sy e 19l gy

with some 7 € [0,1/p).
Estimating ||g(u)| as in (3.6) we get

lg(u)|| < C(1+ ||u||%-;(1q+1)(9))'

Then, thanks to (4.4), we obtain

1 1 “+1
(4.5) lg@)ll < CO+ lull i m Il oy ™)
1 —+1
< Cmax{l Hu||]—]1(7§]z))(q+ )}(1 + ||UH1I7-I(2q(Q))ﬁHé(Q))

with some 7 € [0,1/(¢ + 1)). Finally, it follows from [3, Theorem 3.1.1] and the
estimates (4.1), (4.3) and (4.5) that any local solution to (3.5) exists globally in
time. 0

Denote by {T'(t)} the C° semigrup of global solutions to (3.5), which is
defined on H%(Q) N H}(Q) via the relation

T(t)ug = u(t), ¢>0.
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5. Existence and the structure of the global attractor for (3.5)

Following [3, Chapter 4] and [4, Section 1.6] we will study now existence and
structure of the global attractor for the semigroup {7T'(t)}. We know that the
resolvent of A.s is compact. If we prove that the set of Ey := {v € H?*(Q) N
H}(Q): T(t)v = v for allt > 0} is bounded in H2(Q)NHE(Q) and that there exists
a “nice” Lyapunov type functional L for {T'(t)}, then {T'(¢)} will have a global
attractor A coinciding with the unstable manifold of Ey in H(Q)NH(Q) (see [3,
Theorem 4.2.3] and [4, Theorem 6.1]). We first show that the set Ej is bounded
in H2(Q) N H (D).

5.1. Stationary solutions of the problem (3.1). We present here some
simple estimates of the stationary solutions v € H?(2) N H} () of the prob-
lem (3.1). Note that the stationary solution v solves the problem

(—A)2v +eAv+5%v+g(v) =0 forx € Q,
(5.1) v(x) = vo(x) for z € Q,
v(z) =Av(z) =0 for z € 0.

Multiplying the equation (5.1) first by v then by —Awv and estimating as in the
first and the second a priori estimates above it is easy to show that

Y C o
lo]|? < BV [Vo||? < mHUH@ 2m)/(1=n)
and
|Av|? < 4Hv”(372n)/(1ﬂ7).

(1= Quf —e)
It follows from the above estimates that the set Ey of stationary solutions is
bounded in H2(Q) N H ().

5.2. Lyapunov functional. In this subsection we discuss properties of
a Lyapunov type functional L: H2(Q)NHg (2) — R (connected with the problem
(3.1)) defined by

L(u) = [|Au]|? — & Vu[* + 62 [|u]]* + 2/ G(u) da,
Q

where the function G is a primitive of ¢ and satisfies the assumption (1.10).

REMARK 5.1. Notice that as a direct consequence of the condition (1.7) we
obtain:

(5.2) there exists cg > 0 such that, for all s1,s2 € R,
G(s1) = G(s2)| < esfs1 — s2|(1+ [s1]7H 4 [s2]7T),

where ¢ > 0 can be arbitrarily large if n < 2 and ¢ € [0,4/(n — 2)) if
n > 3.
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Indeed,
G(51) = G(s2)] = 9(E)lls1 — s < e3(L+ [€]7F)[s1 — s2l,
but |£] < max{]|s1|;|s2|}, hence
G(51) = G(s2)| < e3(L+ [sa|TH + [s|7F)[s51 — s2].
REMARK 5.2. Since G(0) = 0, due to (5.2), it is easy to show that
(5.3) |G(s)| < 2cs(1+|s]7F?), sER,

where ¢ and the constant cg are as above.
Note that L is well defined. Indeed, for u € H?(Q) N HZ(£2), we have
L)) < ClIAul? +des | (14 [ul)do < COL+ [Aul® + a2 )
Q
< O+ Al + [ull 520 s )
We have the following properties of the functional L:
THEOREM 5.3.

(a) L is bounded from below.

(b) L is continuous on H?(Q) N HL(Q).

(c) For each u € H*(Q) N HL(Q) the function (0,00) 3 t — L(T(t)u) € R
18 monincreasing.

(d) If for some to > 0 and v € H?*(Q) N HY(Q) the equation L(v) =
L(T(to)v) holds, then v =T (t)v for all t € [0,1o].

PROOF. (a) Since € < 26/¢q, thanks to (2.2) and (1.10), we obtain that L is
bounded from below by —2M|Q}|. Indeed,

L(u) > My |lul® + 2/ G(u)dx > —2M|9Q|
Q

(the constant M; was defined in (2.3)).
(b) Let u,u, € H2(Q)NH(Q), n € N, be such that |w—tn|l 2 (@)nm2 () — 0

as n — 00. Since
[ L(un) = L(w)] < [[Aup — Aul|([|[Aun || + [Au])) + /Q |G (u) — Gun)| dz
+elVun = V|| ([Vunll + [Vall) + 8 lun — ull([Junll + Jul)
it suffices to show that [, |G(u) — G(uy)|dz — 0 as n — oo. From (5.2) we have
/Q |G(u) — G(uy)|dz < csg /Q [u — | (1 + [u]7h + |u, |97 da.
Using the Hoélder inequality we get

1 1
0 |G(u) = G(un)| dr < Cllu— un”LT/(T*U(Q)(l + ||u‘|%t(q+1)(ﬂ) + ”unni—t(qﬂ)(g))v
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where r > 1 and r = 2n/((q + 1)(n — 4)) for n > 4. Thus from (3.7) it follows
that

/ G () — Glun)| dz < Cllu — tnll 2(ynrrd )

+1
(1 + ||u||31qz(g NHE(Q) + Hu"HH2 Q)mHl(Q))

(¢) Multiplying (3.1) by 2u,, we obtain
d
2l + 5 (18012 = el Val? + 21l + 2 [ Glade) =0,
Q
hence
d
dt
(d) Let to > 0 and v € H2(Q2) N H}(Q) be such that L(v) = L(T(ty)v). We
know that

< Lu(t)) = —2u | <o.

d

aL(u(t)) = —2l|lu|?, t>0.
Since the expression L(T'(t)v) is nonincreasing in time (see (c)) the equality
L(v) = L(T (to)v) implies that L(v) = L(T'(to)v) for all ¢ € [0, o], so that

d
ZL(u(t) =0, te(0,t]

Consequently, u;(t,z) = 0 almost everywhere in 2 for ¢ € (0, o). |

REMARK 5.4. Note that from the condition (d) of Theorem 5.3 it follows
that

(d)’ If for some ty > 0 and v € H?(Q)NHE () the equation L(v) = L(T (to)v)
holds, then v = T'(t)v for all ¢ > 0.

Indeed, let tg > 0 and v € H3(Q2) N H}(Q) be such that L(v) = L(T(to)v).
The condition (d) of Theorem 5.3 implies that

(5.4) v=T(t)v forallt e [0,t].
Since {T'(t)} is the semigroup, thanks to (5.4), we have
L(T(2to)v) = L(T(to)T (to)v) = L(T(to)v) = L(v).

So that v = T'(t)v for all ¢t € [0, 2t9]. By induction, we obtain that v = T'(t)v for
t>0.

THEOREM 5.5. Let n < 7 and the parameter € be such that the condi-
tion (4.2) holds. Under the assumptions (1.5)—(1.10) the semigroup {T'(t)} has
a global attractor A coinciding with the unstable manifold of the set of stationary
solutions Eg in H*(Q) N HJ ().

The proof is a direct consequence of [3, Theorem 4.2.3] and [4, Theorem 6.1].
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