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Coefficient multipliers on Banach

spaces of analytic functions

Oscar Blasco and Miroslav Pavlovicé

Abstract

Motivated by an old paper of Wells [34] we define the space X ®Y,
where X and Y are “homogeneous” Banach spaces of analytic func-
tions on the unit disk ID, by the requirement that f can be represented
as f=3 220 gn*hy, with gn € X, hyy € Y and 3702 | [|gnl|x 1 hnlly < oo
We show that this construction is closely related to coefficient multi-
pliers. For example, we prove the formula (X ®Y), 7Z) = (X, (Y, Z)),
where (U, V') denotes the space of multipliers from U to V', and as a
special case (X ®Y)* = (X,Y™), where U* = (U, H*). We determine
H' ® X for a class of spaces that contains HP and /F (1 < p < 2),
and use this together with the above formulas to give quick proofs of
some important results on multipliers due to Hardy and Littlewood,
Zygmund and Stein, and others.

1. Introduction

Let S denote the space of all (formal) power series f = > 7%, f) =

{f(5) 225 with complex-valued coefficients. We introduce the locally convex

A~

vector topology on X by means of the seminorms p;(f) = f(j), 7 > 0. Thus
fo — f (n — o0) in S if and only if fn(j) — f(]) for each j. Then S is
metrizable and complete and therefore it is an F-space. The Hadamard
product of f and ¢ is defined as

Feo=3 FDiG)

A Banach space X will be called S-admissible if P, the set of all polynomials,
is contained in X, and X C S with continuous inclusion.
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Let Xp denote the closure of P in X, e;(z) = 2/ and v,;(f) = f())
for j > 0. Of course if X is S-admissible so it is Xp. On the other hand for
an S-admissible Banach space X one has that e; € X and v, € X', where X’
stands for the topological dual space. Hence (Xp)" is also an S-admissible
Banach space, identifying ¢ € X’ with the power series ¢(2) = >~ ¢(e;)2’.

Note that /7, 1 < p < oo, the space of all complex sequences a = {a(j)}&°
such that [|al|e = (Z;io |€L(j)|p)l/p < 00, can be regarded as a subspace
of S, denoted A(T) for p = 1, by putting a = Z;’;O a(j)7’. Further examples
of S-admissible spaces are ¢cg = (£*°)p, H*>, ie. the space of bounded
analytic functions and A(D) = (H*)p.

Given two S-admissible Banach spaces X, Y we denote

(X,)Y)={ eS: AxfeY forall fe X}

Then (X,Y') becomes an S-admissible Banach space with its natural norm
(see Theorem 2.1).

We keep the notation X’ for the topological dual and denote X¥ =
(X, A(T)) (the Kéthe dual), X* = (X, H®) and X# = (X, A(D)).

Since H>*, A(T), A(D) are S-admissible Banach spaces then X X* and
X# are also S-admissible Banach spaces.

Following Wells [34] (see also [11] and [33, Sections V.4, VL.3]), given X
and Y S-admissible Banach spaces we define X ® Y as the space of series
h € S such that h =7, f, * gn, where the series converges in S, f, € X,
gn € Y and > 07 |l fullxllgnlly < oo. It is not difficult to see that X ® Y,
normed in a natural way, is also S-admissible (see Theorem 2.2).

We shall show in the paper a quite useful formula connecting multipliers
and tensors of S-admissible Banach spaces (see Theorem 2.3)

(1.1) (XY, Z)=(X,(Y,Z2)).

We are mainly interested in the case where X and Y are Banach spaces
of analytic functions on the unit disk D C C, ie., f = > f(j)2’ with

lim sup; {/ |f(])| < 1. Let Dy C C denote the open disk of radius R centered

at zero (we put D; = D) and let E be a complex Banach space. We write
H(Dgr) (respect. H(Dg, E)) for the vector space of all functions analytic
in Dg (respect. with values in E'), which endowed with “H-topology”, i.e.,
the topology of uniform convergence on compact subsets of Dg, becomes a
locally convex F-space. This topology can be described by the family of the
norms N,(f) = sup, ., | f(2)|[z, 0 < p < R. Since H(Dg) C S, we see that,
formally, there are two topologies on H(Dg): H-topology and S-topology.
However, it is well known and easy to see that they coincide on H(Dg).
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Several authors have formulated some natural conditions (which hold in
most of classical spaces such as Hardy, Bergman, Besov, etc.) to develop a
general theory of spaces of analytic functions. Two basic ones first appeared
in the work by A.E. Taylor (see [29]) are the following:

(P1) There exists A; > 0 such that |f(j)| < 4| ][, j € {0,1,...}.
(P2) There exists A > 0 such that [le;|| < Ay, j € {0,1,...}.

This perfectly fitted with Hardy spaces (see [30]) but, unfortunately these
conditions are too restrictive to include many of the interesting spaces ap-
pearing in the literature. We shall propose in this paper some weaker ones.

A Banach space X C S will be called H-admissible if X C H(D) with
continuous inclusion, H(Dg) C X for all R > 1, and the map f — f|p is
continuous from H(Dpg) to X.

Clearly H-admissible spaces are also S-admissible. Denote, as usual,
C(z) = 1= the Cauchy kernel and f,(z) = f(wz) for w € D. In particular
j; - CL‘* f‘

We shall show that in the setting of H-admissible Banach spaces, the map
w — f, defines an X-valued analytic function, i.e. F(w) = f, € H(D, X).
In particular

Mx(r, f) = ‘Sl|1p | full x
w|=r
becomes an increasing function (where, as usual, we denote M, (r, f) for the
Hardy spaces X = HP?). We shall pay special attention to the subspace of
functions such that F' € H*(ID, X') and denote

X ={feH(D): sup Mx(r, f) < oc}.
0<r<1
Of course if X and Y are H-admissible then (X,Y’) and X ® Y are also
H-admissible (see Theorem 3.1).

Inspired by the Besov-type spaces we denote, for 1 < ¢ < oo, by BX the
space of functions in H (D) such that (1 — 72)Mx(r, Df) € L9((0,1), -2

) 1—p2

where Df(z) =Y (n+ 1)f(n)z".

It is clear that X and BX7 are also H-admissible Banach spaces. It fact
they automatically have better properties.

In the original paper A.E. Taylor also considered some particular prop-
erties (see [29]):

(P3) If f € X then f.o € X and || f.

(P4) If f € X then f, € X with
some A, > 0.

In this paper we propose a general class of H-admissible Banach spaces
of analytic functions, which cover many of the classical function spaces, and
is well-adapted to the study of multipliers.

x = [|fllx, 0 €0,2n].
Ifrllx < A4llfllx, 0 < r < 1, for
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We shall say that an H-admissible Banach space X is homogeneous
if (P3) and (P4) holds, that is, it satisfies ||f¢||x = || f|lx for all |§] = 1
and f € X, and Mx(r, f) < K||f|x forall 0 <r <1 and f € X.

That is to say, for homogeneous spaces, w — f,, defines a function in
H>(D, X). In particular X C X.

Note that the spaces X and B¢ become automatically homogeneous for
any H-admissible Banach space X. Of course if X and Y are homogeneous
so are (X,Y) and X ® Y.

We shall also show in this setting that (see Theorem 7.1)

(1.2) B CH @ X CXp
or that (see Theorem 4.1)
(1.3) (BX1Y) = BXY)ee,

Many more properties are relevant according to the problem in study.
For instance, the class of spaces invariant under Moebious transformations
or G-invariant spaces, i.e. X C H(ID) such that there exists &K > 0 such that
|foollx < K| f|lx whenever f € X and ¢ belongs to the group of Moebious
transformation of D, have been considered by several authors (see [3, 12, 31]).
Among the G-invariant spaces there are maximal and minimal spaces in the
scale, namely the Bloch space and the Besov class (see [6, 26, 32]). Similarly,
in our setting of homogeneous Banach spaces of analytic functions one has
(see Proposition 4.3) that

B Xp C X € B>,

Let us finally recall some extra properties also considered by Taylor:

(P5) If f € X then f, € X and || f||x = lim,—1 || f+||x-

(P6) If f € X then f, € X and lim, 1 ||f, — f||x = 0.

Of course these two conditions are connected to the density of polynomial
in the space X. In fact if X is H-admissible then Xp satisfies (P6) (and
therefore (P5)).

Another one which appears naturally is the following:

(P7) If f € H(D) satisfies that f, € X and sup,_, ||fr]|x < oo then
feX and [ f|lx = lim, .y || f]| x-

This is satisfied by X and B84, Clearly ¢, or A(ID) fail this property. We
shall consider a variation of (P7) useful for our purposes. An homogeneous
space X is said to have (F')-property (Fatou property) if there exists A > 0
such that for any sequence (f,,) € X with sup,, ||fu|lx < 1 and f, — f in
H(DD) one has that f € X and ||f||x < A. (F)-property will be shown to be
equivalent to the fact that X = X or X = X** with equivalent norms (see
Proposition 5.1).
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One of our main goals is to characterize H' ® X. In order to do that
we shall consider a new property, namely, we say that X has the (HLP)-
property if X € BX2. For instance (4 fails to have (H LP) for ¢ > 2, because
B2 = ((q,2) (see Proposition 3.6), and HP has (HLP) for 1 < p < 2 due
to the Hardy and Littlewood result (see [10, 15]) which states that, for
l<p=<2

1
/0 (1— T’Q)MZ?(T, fHrdr < C’Hf||z2,, f e HP.

The vector-valued version of the Hardy-Littlewood theorem was consid-
ered in [5]. A Banach space E was said to have the (H L)-property if

1
/0 (1= r2)M2(r, Fyrdr < C|F|2p ), F € H\(D, E).

Since F(w) = f, € H*(D, X) and ||F||gmp,x) = || fl|x for any f € X and
any homogeneous space X, one concludes that any homogeneous Banach
space X having the (H L)-property satisfies (HLP). The reader is referred
to [5] for examples of such spaces and connections with other properties in
Banach space theory. In particular it was shown ([5, Prop. 4.4]) that LP(u)
has (HL) if and only if 1 < p < 2. Therefore, besides Hardy spaces, also
Bergman spaces X = AP or X = /P for 1 < p < 2 and many other obtained
via interpolation satisfy (HLP).
We shall show that if X has (HLP) property then (see Theorem 7.2)

(1.4) H'® X =955

A combination of our main results (1.4), (1.1) and (1.3) allows us to

recover a number of know results about multipliers. Namely, for spaces
with (HLP) one has

(H', X*) = (X, BMOA) = B~

From this one can recapture many known results on multipliers and to obtain
new ones selecting other spaces with (HLP).

The paper is organized as follows: Sections 2 is devoted to introduce and
prove the basic properties about the S-admissibility showing there the basic
formula (1.1). Section 3 deals with the notion of H-admissibility. We also
introduce in that section the spaces X and B9, We deal with the notion
of homogeneous Banach spaces in Section 4, showing there the basic result
of multipliers (1.3). The Fatou property is studied in Section 5. In Section 6
we present some new facts on “solid” spaces (introduced and studied by
Anderson and Shields [2]). We use Section 7 to study the space H' ® X and
to show (1.2) and (1.4). Finally Section 8 is devoted to applications.
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2. S-admissible Banach spaces: Multipliers and tensors

Definition 2.1. A Banach space X will be called S-admissible if P C X
and X C S with continuous inclusion, i.e. for each j > 0 there exists C}

such that |f(j)| < Gl fllx-

Definition 2.2. Let X and Y be S-admissible Banach spaces. A series
A € S is said to be a (coefficient) multiplier from X to Y if A\x f € Y for
each [ € X.

We denote the set of all multipliers from X toY by (X,Y) and define

My = sup{ A flly = ([ f]lx <13

Theorem 2.1. If X and Y are S-admissible then (X,Y") is an S-admissible
Banach space.

Proof. An application of the closed graph theorem shows that the functional
[l x.yy is finite. That [[Al| xy) = 0 implies A = 0 follows the condition
P C X. The other properties of the norm are immediate consequences of the
definition. Also, it is clear that P C (X,Y). That the inclusion (X,Y) C S
is continuous follows from the inequality

G = 1A *e) ()] < C I ejlly < Cjlleill 1M vy -
Finally, to prove that (X,Y) is complete, assume that
Am = Aallxyy — 0 as m,n — oo. (+)

This implies that there is a bounded linear operator 7" : X +— Y such
that ||T"—T,|| — 0 as n — oo, where the linear operator 7, is defined by
Tof = Ap* f. Hence | T'f — A\, * f]ly — 0 as n — oo, for each f € X. Since
the inclusion Y C § is continuous, we see that

M* f—TfinS. (%)

On the other hand, from (+) and the continuity of the inclusion (X,Y) C S
it follows that A,, — A, — 0 (m,n — 00) in S, which implies that there is a
A € S such that A\, x f — A f in S. This and (%) show that Tf = X\ x f,
which completes the proof. |

We have another procedure to generate S-admissible Banach spaces.

Definition 2.3. We define the space X ® Y, to be the set of all h € S that
can be represented in the form h =" fo* gn, fo € X, go €Y so that
the series converges in S and

(2.1) D M fallx lgally < o0
n=0
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The norm in X @Y s given by

17l gy = f > [ fallx lgnly
n=0

where the infimum is taken over all the above representations.

It follows from the definition that if (2.1) holds, then Y 7 f, * g, €

= < .

The norm in X ® Y is based on Schatten’s definition of greatest crossnorm.

Theorem 2.2. If X and Y are S-admissible space then X ® Y is an S-
admissible Banach space.

Proof. Let us first show that the functional ||-[| v, is actually a norm.
Only the implication ||h|| = 0 = h = 0 requires a proof. Let
1]l xy = 0. Let > 0. Then h= 3" fu*gn, where Y ([ full y l9nlly < €.

Since X and Y are continuously embedded in S, we have | f,,()] < C; || fall
and |G, (7)| < Dj ||gnlly , where C; and D; are constant depending only on j.
Hence

O = |32 FalDan()] < 326505 fall llgnlly < CiDge.
n=0 n=0

Thus h(j) = 0 because ¢ was arbitrary.

Incidentally, this shows also that X ® Y C S with continuity. The fact
that P C X ® Y is immediate. It remains to show that the space X ® Y is
complete.

Let h, € X ® Y (n > 0) be such that Y% /||hn]| ygy < co. We have

ho = 37520 fem * Gin, Where 3507 o || fenllx lgknlly < 21lAnll- It is easily
verified that h := )"  h, converges in S and therefore h € X ® Y. It
remains to prove that

HZhnH — 0, m — .
— lixey

But this follows from

|3 ml|, <D0 3 el llginlly < D 2kl
n=m k=0 n=m n=m

concluding the proof. [ |
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Proposition 2.1. If P s dense in X orY, then P is a dense subset of
X @Y. In particular ( Xp @Y )p =Xp @Y.

Proof. By symmetry of the definition, let assume that P is dense in X. Let
he X ®Y,and € > 0. Then, by the definition, there are a positive integer
nand fy € X, gr € Y (0 < k < n) such that

h — H < e/2.
-3 seal,, <o

Choose polynomials P so that || fr, — Pi||x <&/(2n)||gk|ly. Then we have

T SF S I 10 SV Y ) ST N
k=0 ® k=0 ® k=0 ®

<e/2+ 3 Ifi - Pellx llgully < €
k=0

This concludes the proof because Y ,_, Py * gy is a polynomial. [ |

The following fact can help in determining X ® Y in simple situations.
Recall that a quasinorm on a (complex) vector space A is a functional || - ||
on A satisfying the following conditions:

) 1= 05 [[fIl = 0iff f =0.
(i) [[££1 = [t [f]], for all £ € C, f € A.
(i) || f +gll < K(||f]l + |lg]]) for all f, g € A, where K > 1 is a constant.

The couple (A4, ||-]|) is called a quasi-normed space. A complete quasinormed
space is called a quasi-Banach space. “Complete” means that if {fx} C A
is a sequence such that lim,, ;. || f» — fx]| = 0, then there is f € A such that
limy || fr — fIl = 0. If A’, the space of all bounded linear functionals on A,
separates points in A, then there is the smallest Banach space, [A], such
that A" = [A]’. More precisely, let

Ifll = sup{[Af]: A e A" [IA] <1}

Then ||-||; is a norm on A, and we define [A] to be the completion of (A, ||-||1).
If A C S with continuous inclusion, then the dual A’ separates points

in A because f — f(j), for each j, is in A’. Then we can realize [A] as the

subset of S consisting of those f that can be represented in the form

f:an WlchanHA < 00. (i)
n=1 n=1



COEFFICIENT MULTIPLIERS ON BANACH SPACES OF ANALYTIC FUNCTIONS 423

Moreover we have

1£llpay = inf Y 1l fallas
n=1

where the infimum is taken over all representations of the form (1). It follows
from the condition ) ||f,|la < oo that the series ) f, converges in S.

Proposition 2.2. Let X and Y be S-admissible Banach spaces.
(1) If there exists a Banach space Z such that
XY ={fxg:feX, geY}CZ
then X ® Y C Z.
(ii) If X «Y = A is a quasi-Banach space then X @ Y = [A].

Proof. (i) An application of the closed graph theorem to the operators
f — f * g shows that

sup ||f *g|lz < 0.
1fllx<1

Hence, by the Banach-Steinhauss theorem,

sup | f *gllz < oc. (1)
I1fllx <1, lglly <1

Now, assuming that X «Y C Z, let

S i fallxllgally < oo,

J=1

where f, € X, g, € Y. From this and () we obtain
> llfaxgallz < oo,
n=1

whence ) f,, * g, converges in Z. The result follows.
(i) Let X xY = A. Since A C [A], we have X ® Y C [A], by (i).
In the other direction, let f € [A]. Choose {f,}3° C X *Y = A so that

F=Y fo and||flla <2> | falla
n=0 n=1

Choose g, € X and h,, € Y so that f,, = g, * h,,. Then, as above, ||g, * hy||a
< Cllgnllx||hnlly, where C' is independent of n. The result now follows. MW
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Corollary 2.1. Let 1 < p,q < oo andp*xq = max{ Pq 1} where 2L = 50

p+q’ p+q
if p=o00 or q=o00. Then (P @ (1 = (P*9,

Proof. It is easily seen that, for p, ¢ > 0,

1 1 1
(2.2) P01 =10° where — = - + —.
s P g
The result now follows from Proposition 2.2. |

Here there is a basic formula connecting tensors and multipliers.

Theorem 2.3. Let X, Y, Z be S-admissible Banach spaces. Then
(X 8Y.2) = (X,(Y.2)).

Proof. Let A € (X ® Y, Z). We have to prove that A x f € (Y, Z), for all
feX ie, that \xfxge Z forall f € X, geY. But, since fxge X®QY,
the hypothesis A € (X ®VY, Z) implies A (f * g) € Z. Hence we have proved
that (X @Y, Z) C (X, (Y, Z)).

In the other direction, assume that A € (X, (Y, Z)),and let he X @Y.
Then

h/==§£:f%>kgn, fh S A; 9n € Y:

n=1

and

D I falixllgnlly < 20Alxey-
n=1

Hence Axh =307 | A f, * g, (convergence in §). Since A f,, € (Y, Z), we
have A x f,, x g, € Z, whence

|35 fuvan
n=1

Since Z is complete we have that

, S I fallwzllgnlly < IMlaeezn L fallx lgally < oo.

)\*ifn*gn:i)\*fn*gneZ,
n=1 n=1

ie, A€ (X ®Y,Z). This completes the proof of the theorem. [ |

Corollary 2.2. Let X and Y be S-admissible Banach spaces. Then

(XeY)* =(X,Y5), (XoY) =(X,Y"),
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3. H-admissible Banach spaces

Definition 3.1. A Banach space X C S is said to be H-admissible if

(i) X € H(D) with continuous inclusion, and

(ii)) H(Dg) C X for each R > 1 and f — f|p is continuous from H(Dg)
to X.

Proposition 3.1. Let X be H-admissible. Then
(i) Cx(z) =>",enz" € H(D, X).
(11) OX/(Z) = ZZO:O %12" c H(]D), X/)

(iii) The mapping f — F where F(w) = f,, defines a continuous inclusion
X C H(D, Xp).

Proof. (i) Observe first if X is H-admissible then for any 0 < r < 1 there
is a constant A, < oo, depending only on 7, such that

Moo(r, f) < Acllfllx,  feX.

In particular, r™ < A,|le,|| for all n € N. On the other hand, for each R > 1
and f € H(Dg) then f € X and there exists C'r > 0 such that

Ifllx < Cr sup [f(2)],

|z|]<R

equivalently if f € H(D) then f. € X, for every r € (0,1), and there holds
the inequality
1frllx < Bl flle (0<r <1).

In particular, r"||e,||x < B, for all n € N.
From these estimates one easily deduces that

lim /[le.||x =1,
n—oo

Therefore (i) follows.
(ii) On the other hand

allxe = sup |f(n)] <r "A,
I£lx<t

and 1 < ||v,]lx/|lenl|x- This gives
nh_{go Vv "7n|’X’ =1,

which implies (ii).
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(iii) It follows from (i) that if f € X then

= Z Vn(f)enwn
n=0

is absolutely convergent in X. Hence f,, € Xp for any w € D and w — f,,
is an Xp-valued analytic function on the unit disk D. |

Proposition 3.2. Let X is H-admissible and, for 0 < r <1, write

Mx(r, f) = sup || fullx-

|w|=r
Then

(i) Mx(r, f) is increasing.

(i) Mao(r, £) < Ax(D)fllx, f € X, where Ax(r) = [(Cx)r e
(
)

(iii) Mx(r, f) < Bx(r)l[flloo; [ € A(D), where Bx(r) = [[(Cx)ellr(r.x)-

Proof. (i) Since F(w) = f, € H(D, X) then w — || F(w)|| x is subharmonic.
Therefore Mx(r, f) = supj,—, || fullx is increasing in r.

(ii) Note that Cx/(z) = Yo" 72" € H(D, X') and, for each 0 < r < 1,
the series (Cx/),(2) = > " 72" is absolutely convergent in C(T, X’).
Hence

Z% r"en(2) = (Cxo)r(2)(f),

which implies that M (r, f) < AX( N fllx-
(iii) We write, for f € A(D)

— 9
/ f ! wew

Now, for |w| = r, applying Minkowski’s inequality

2m ] do 2m de
Iulie < 1A MCunllxge < Wl | 1O g

This gives the result. |

Given v : D — [0,00) a continuous weight, let H:° denote the space of
f € H(D) such that sup..pv(2)|f(2)] < co. Hence (ii) in Proposition 3.2
shows the following fact.

Corollary 3.1. Let X be H-admissible and define v;'(2) = Ax(|z]) =
1(Cx)izlleer,xny. Then X C HZ® with continuous inclusion.
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Let us now show that also taking multipliers and tensors preserve H-
admissiblity.
Theorem 3.1. Let X and Y be H-admissible. Then (X,Y) and X @Y are

‘H-admissible Banach spaces.

Proof. Let us take A € (X,Y") and observe that, using Proposition 3.2,
Moo (r,A) < Ay (r)[[ A+ Crfly < Ay (r) [l x ) [|Cr [l x -

This gives that (X,Y) C H(D) with continuity.

Also note that if A € H(D) then

[Ar2llxyy = sup [[(Ax fo)rlly < By(r) sup Moo(r, A* f)
Ifllx<1 Ifllx<1
< By (r)[[Allse sup Moo (r, f) < By (1) Ax (r)[|Allo-
Ifllx<1

This is equivalent to H(Dg) C (X,Y) for any R > 1.

To show that X ® Y is H-admissible Let h = > 7 f, * g, where the
series converges in S and Y77 || fullx||lgnlly < co. Observe that for each
0<r<l1

oo

hr2 - Z(fn)r * (gn)'r

n=0

Hence
Moo, 1) < 3 Mao(r, fo) Moo (7, ga) < Axc () Ay () S [ ull gy
n=0 n=0

Hence, taking the infimum over all representations,
Moo(r?, h) < Ax(r) Ay (r) ||l xey-

This shows that X ® Y C H(ID) with continuity.
Let us now take h € H(Dg) and fix 1 <.S <R. Hence Y |h(n)|S" < oo.
Using that lim, . {/|len]lx]lenlly =1, we can write h =3 7 Jh(n)e, * e,

with convergence in H (D) and

S lhmenlixllenlly < K>S enllxllenlly < oo
n=0 n=0 .
Definition 3.2. If X is an H-admissible Banach space we define X as the
space of functions in H(D) such that w — f, € H*(D, X). We write

Ifllx = sup Mx(r, [).
0<r<1

<r<

—_~—

For instance H? = H? or A(D) = H™.
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Let us collect some properties of X in the next proposition.
Proposition 3.3. Let X C H(D) be H-admissible. Then
(i) X is H-admissible.

o~ ~

(iii) X# C X* C (Xp)* C (X)* with continuous inclusions. In particular
(Xp)* = (Xp)*.

Proof. (i) The fact that || - || ¢ is a norm and complete is standard. Due to
(i) in Proposition 3.2 one has that for 0 < r < 1

MX’(T? f) = ||f7'||X' = MX(Tv f)

From this one easily shows that X is also H-admissible.
(ii) Note that

1frll 5 = Mxyp (r, f) = Mg (r, f),
which gives that X = 5(7; On the other hand if f € P then

1A llx = lim [ fellx < sup Mx(r, f) = [[f]lx-
r— 0<r<1

(iii) The first inclusion is immediate. For the second one note that
(HOO)'p = A(D) and that (X, Y) C (X'p, Y'p)
Let g € (Xp)#. Since f, € Xp one has

(g * frllamy < Cllfellx < C|fll%-

This shows that g € (X)*. [ |

Let us now present some useful lemmas to be used in the sequel.

Lemma 3.1. Let X C H(D) be an H-admissible Banach space. If f,g €
H(D) then
MX(TS7 f * g) S M1(73 f)MX(S7g)a

Proof. Let 0 <r;s <1, |w| =7 and |v'| = s

(f * @ww = ZVn(fw)Vn(gw)en

where the series is absolutely convergent in X. Hence one concludes

do

2
_ —1i0 )
(f * g)ww = /0 f(we )gw ett o
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where the integral is understood in the vector valued sense. Using Min-
kowski’s inequality

2w do
I gl < [ 17(we™ ) gweoll 'y < M £)Mix(s.9)
0
This implies the result. |
Lemma 3.2. Let X C H(D) be an H-admissible Banach space and f €
H(D). Then
1
(3.1) Mx(rs, Df) < (s, f),
1
(3.2) Mx(r, f)dr S/ Mx (rs, Df)ds
0

where Df(z) =Y 1(n+1)f( )"

Proof. Recall that De,, = (n+ 1)e, and Df = K * f where K(z) = =

=2
Use Lemma 3.1 to obtain (3.1).
To see (3.2) simply use that, for each 0 < r < 1 and |£| = 1, one has

rf?“éz/o (Df)seds

as X-valued function. Hence, by Minkowski’s inequality,

rMx (r dr</ Mx(s,Df)d /MX rs,Df)ds
[ |

Definition 3.3. If X is an H-admissible Banach space and 1 < q < co we
write B9 for the spaces of holomorphic functions such that

1/q

1
BXoa — - - ) .
I£lwve = ([ (=)0t D) < o0
0
The case ¢ = oo corresponds to

| fllsx.0c = sup (1 — TQ)MX(T,Df).
0<r<1

Clearly B coincides with BP9, 1 < p, ¢ < oo, consisting of those
f € H(D) for which

1/q
||f||m—(|f o+ /Mq 1y d) .
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(These spaces are called in [14] Hardy-Bloch spaces.) In the case ¢ = oo,
this should be interpreted as

|£(0)] + sup M,(r, f)(1—7r) < oo.

0<r<1

Clearly B°>>° coincides with the Bloch space 8.

It is easy to see that also B¢ = 4.

Definition 3.4. Let 0 < p, ¢ < co. The space €(p,q) introduced by Kellogg
([18]), consists of complex sequences {a(k)} such that

(T upr) ™ en

JEI,
where I, = {j : 2871 < j < 2%}, for k > 1, and Iy = {0}. The quasinorm in
U(p,q) is given by

o

el e = | {( S 1ahP) "}

JE€IK

@

It follows that ¢(p, p) is identical with ¢2. It is not difficult to show that,
for ¢ < oo, the dual of ¢(p, q) is (isometrically) isomorphic to £(p/, ¢’), with
the duality pairing given by

(a,b) — Z a(j)b(j)

J=0

(the series being absolutely convergent), where 1/p’ =1—1/p for p € (1, ]
and p’ = oo for p < 1. Hence, the norm in ¢(p,q), where 1 < p < oo and
1 < ¢ < o0, can be given by means of the formula

e = sup {| 32 4GB0 Wl <1}
j=0

This can be used to derive the following formula for the Banach envelope
of {(p,q) :

o if p,g <1,
(3.3) U(p,q)] = (p,1), fl<p<oo, ¢<1,
(1,q9), ifp<l, 1<q< o0
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Given 0 < u,v < oo let us denote

uw )
, if v <u < oo,
u—v
UV =4y, if u= o0,
00 if u<ow.

(The notation u © v was introduced in [7].) Kellogg proved the following
extension of Holder duality result.

Proposition 3.4. Let 1 < p1,p2,q1,q2 < 00. Then

(U(p1,q1), L(p2,q2)) = L(p1 © P2, 1 © G2)

with equal norms.

It is not hard to generalize the formula (2.2) to the setting of the Kellogg
spaces.
C(p1, q1) * £(p2, q2) = L(s1, 52),

where
1 1 1

5Tn Yy
Then, using Proposition 2.2 and formula (3.3), one proves the following
result.

Proposition 3.5. Let 1 < p,,q; < oco. Then
C(p1, 1) @ L(p2, g2) = L(p1 * P2, 1 * G2).-
Proposition 3.6. Let 1 < p,q < co. Then B"1 = {(p,q).

Proof. The case ¢ = oo follows from the observation that f € ¢(p, 00) can
be rewritten by the condition

D f(n)fPr? < .
D (e

The case g < oo follows from the inequalities, for p,a > 0 and a; > 0,
(see [20] or also [4, Lemma 2.1])

A, 22‘””(; ak>p < /01(1 — r)po‘_1<§: akrk>pdr
Zz (W)

keln
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4. Homogeneous spaces of analytic functions

Definition 4.1. Let X be an H-admissible Banach space. It is said to be
homogeneous if it satisfies:

() I f € X and |¢| = 1, then fe € X and ||fellx = | f]1x.

(i) If f € X and 0 < r < 1 then Mx(r,f) < K||f||x, where K is a
constant independent of f and r.

Observe that for homogeneous spaces Ce € (X, X) with [|Cel[(x.x) = 1
if [£] =1 and C, € (X, X) with supy_,; [|Cr[|(x,x) < K. Note also that in
this case || ful|x = || flw/llx and [|f,]| = Mx(r, f) and X C X with continuity.

We denote by H*(D, X) the space of X-valued bounded analytic func-
tions, and A(ID, X') those with continuous extension to the boundary, i.e.
the closure of X-valued polynomials.

Proposition 4.1. Let X be an homogeneous Banach space.
(i) If f € X then w — f,, € H*(D, Xp).
(i) If f € Xp thenw — f,, € A(D, Xp).

Proof. (i) Note that the H-admissibility guarantees that F(w) = f, €
H(D, Xp). For homogeneous spaces

Mx(r, f) = |S£1|1p | frellx = 1F7 || zroe (0, -
=1

Hence F € H*(D, X).

(ii) It is clear that if f € Xp then lim,_, ||f, — f|| = 0. Now use that
|F' = Fyllme,x) = ||f — fr]| to conclude the result, because F, € A(D, X)
for each 0 < r < 1. |

Proposition 4.2. Let X and Y be H-admissible Banach spaces. Then
(i) X is homogeneous.
(ii) IfY is homogeneous then (X,Y") is homogeneous.

(i) If X and Y are homogeneous then X ® Y is homogeneous.

Proof. The H-admissibility of (X,Y), X ® Y and X was proved in Theo-
rems 3.1 and 3.3 respectively.

(i) To show that X is homogeneous use that My (r, f) is increasing and
the facts, for [ =1and 0 <r,s <1,

Mx(r, fe) = Mx(r, f) and Mx (s, fr) = Mx(sr, f).
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(ii) Given A € (X,Y) and f € X one has that

Ao =A% [

what trivially gives the result using the properties of Y.
(iii) Now given h € X®Y with h = > fxg, with > (|| fullllgnll < o0
one has

MX@Y(T27h) S ZMX(TJ fn)MY(Tv gn) S KQZ ||fn||X||gn||Y
n=1 n=1

Therefore Mygy (1%, h) < ||h]|xey for all 0 < r < 1.
Taking into account that

oo

he =Y (fu)exgn,  1€]=1

n=0

one concludes that ||hel|xgy < ||hl|xgy for || = 1. Therefore ||h¢||xey =
12/l x ey ]

Proposition 4.3. Let X be H-admissible and 1 < q < co. Then
(i) BX4 is homogeneous.

)
(i) (BX9)p = BX1 for 1 < g < oo.
(iii) (B>®)p ={f € H(D) : lim, (1 — r*)Mx(r,Df) = 0}.
(iv)
Proof. (i) The facts that ||-||gsx.« is a norm and the completeness follow from
standard arguments which are left to the reader. The H-admissibility and
homogeneity follow from the fact || fs||mxe = Mpx.a(s, f) and Lemmas 3.1
and 3.2.

(ii) Note that lim,_; Mx(s, f. — f) = 0 for each 0 < s < 1. Hence, using
the Lebesgue dominated convergence theorem, one sees that, for ¢ < oo, if
f € B54 then || f, — fllexa — 0 as r — 1. Since f, € (B*)p the result
follows.

(iii) Since any polynomial f € P satisfies that lim, (1 — 7?)Mx(r, D f)
= 0 then (B%°)p C {f € H(D) : lim,_,(1 — r?)Mx(r,Df) = 0}. Let
f € H(D) such that lim, (1 — 7?)Mx(r, Df) = 0. For each € > 0 there
exists g < 1 such that

v) BX1 C Xp and X C B>,

(1 —s*)sup Mx(r,Df) <e,rg<s<1.

r>s
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Now observe that
| f — fsllwx.o < Mx(ro, D(fs — f)) 4+ 2(1 — 32) sup Mx(r,Df)

< Mx(ro, D(fs — f)) +e.

Therefore f, € (BX>)p approaches f.
(iv) It follows from Lemma 3.2 and (ii). [ ]

Proposition 4.4. Let X and Y be homogeneous Banach spaces. Then
(%X,l’ Y) _ %(X,Y),oo.
Proof. Let f be a polynomial and g € BY)> Observe that

f*xg(z) = %/0 (1 —r?)p2tt Z(n + Dnf(n)g(n)z"
1

= 5 [ W=D (D).~ g

Using that M(xy)(r, g) < M(x,y)(r, Dg) (see (3.2)) one concludes that
1
I£5gly < [ Q=D (Do), =~ g)lyrdr
0

< [ =)Mo 5. (Dg) = ) Mx(r, D

IN

2 [ Myl (PP =)Mo Dojrin

< 2| fllexallgllmocyyco
Using that polynomials are dense in B! one easily concludes that BXY);
C (BXLY).
Let f € (B%1Y). Then
Mxy)(r, Df) = sup{[|[Df * g, [ly : [lg]lx <1}
= sup{[|f * Dg[ly : lgllx <1}
< N fll vy sup{[[Dgy [lsxa = [lgllx < 1}

1
< Ifllwsssupd | Ml Dgi)ds gl < 1),
0

Observe now that
1 ) - 5

/ Mx (s, D*g,)sds = / My (sr, D2g)sds < / Md‘g
0 0 0 — sr

1
lglix v llglx
<A 7 _ds< A 0=
= /o<1—sr>2 Ry

This estimate concludes the proof. |

o
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Corollary 4.1. If X is homogeneous then
(;BX,l)# _ (%X,l)* _ (%X,l)/ _ %X*,oo and (;BX,I)K _ %XK,OO'

Let us give some information on the dual of homogeneous Banach spaces.

Recall that we use the notation A#* = (X, A(D)). Hence, in particular
X# C X’ by means of f — \x* f(1) for A € X#.

Therefore we have the following chain of continuous inclusions between
‘H-admissible Banach spaces:

XK cCX#cCX.
Proposition 4.5. Let X be an homogeneous Banach space. Then X C
(Xp)' C (Xp)# with continuity.

Proof. Let f € X# and define y(g) = f * g(1). One has that v € (Xp)’
and ||| < || fllx# what shows X% C (Xp)'.

Given v € (Xp) define A(z) = >°°  y(en)2". Let f € Xp and observe
that from Proposition 4.1 (ii) the function w — f, belongs to A(D, X).
Hence

A flw) =) ylen) f(n)w" = v(fu):

The continuity of v implies that A x f € A(ID). Moreover
A+ fllaw) = sup [Ax f(w)] < Kly[[[[£]-
w|<

This shows that A € (Xp)# and [|A[| (xp)# < K[| [ ]

Corollary 4.2. If X is an homogeneous Banach space then X* = (Xp)* =
(Xp)# = (Xp) with equivalent norms.

Proof. Since X C X it follows from Proposition 3.3 that
Xp = Xp and X* = (Xp)#
For the other equalities use the previous proposition. |

Proposition 4.6. Let X be homogeneous. Then Xp C X*™ and there exists
A >0 that

[fllxe < [[fllx < K[ fllx-, [ € Xp.
In particular, Xp = (X™)p.

Proof. The inclusion and the first inequality are straightforward.
Let now f € Xp. From Corollary 4.2 and Hanh-Banach theorem,

Ifllx = sup{lv(H)]:veXp), vl <1}

Asup{lg* f(1)| : g € (Xp)7, lgll xpy < 1}

Asup{|lg* fll : g € (Xp)", llgll(xpy# < 1}
Asup{llg* fllo : g € X", |lgllx- <1} < Alfllx~ @

IA A
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5. The Fatou property

In this section we shall now consider a property closely related to (P7).

Definition 5.1. Let X C H(D) be an homogeneous Banach space. X is
said to satisfy F-property, to be denoted (FP), if there exists A > 0 such
that for any sequence (f,) € X with sup, ||fullx < 1 and f, — f in H(D)
one has that f € X and || f||lx < A.

Proposition 5.1. Let X and Y be H-admissible Banach spaces. Then
(i) X and B%9, 1 < q < oo, have (FP).
(ii) IfY is homogeneous with (F'P) then (X,Y) has (FP).
Proof. (i) Let (f,) € X such that || f,]|¢ < 1 and f, — f in H(D). Using

that lim, .o Mx(r, f,) = Mx(r, f) one concludes that f € X. Similar
argument works for 8%,

(ii) Let (f,) € (X,Y) such that || f,]|(xy) < 1 and f, — f in H(D).
Hence for a given g € X with ||g||x = 1 we have (f, * g) € Y such that
| fa*gllxy)y <1and f,xg — fxgin H(D). Since Y has (/'P), one has that

fxgeY and ||f x g|ly < A. Therefore f € (X,Y) with | f[[(xy) <A. N
Let us formulate some equivalent conditions of this property.

Theorem 5.1. Let X be homogeneous. The following are equivalent:

(i) X has (FP).

(i) If f € H(D) and sup,ep || fullx < 0o then f e X.

(iii) X = X with equivalent norms.

(iv) X = X*.
Proof. (i) = (ii) Take f € H(D) with 0 < supy<,.; Mx(r, f) = A < oo,
Select a sequence r, converging to 1 and put f, = A,f. where A,' =
Mx(rp, f). Of course f, — A1 f in H(D) and ||f,]|x < 1. Applying the
assumption one gets that f € X. .

(ii) == (iii) Note that if X is homogeneous one has X C X and ||f[/ 3 <
K| fllx. The assumption means that X C X. The continuity follows from
the open map theorem.

(i) = (iv) Take f € X*. Then f, € (X*)p which, according to
Proposition 4.6, coincides with Xp. Hence we have

Mx(r, f) < KMxpy (1, f) < K'|| fll xp)=-

This gives f € X = X.
(iv) = (i) If X = X*™* then X has (F'P) because (X*, H*) has (F'P)
according to Proposition 5.1. ]
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This characterization allows us to give examples failing to have (F'P),
for instance X = ¢y or X = A(D).

To see that it suffices to consider the Cauchy kernel C' = (f(5)); where
f(]) =1 for all j. Hence C' € (> \ ¢y, but, however, C, x f = Cy, € ¢
for any |w| < 1 and sup,cy [|Cw * flle, = 1. Thus ¢, fails (F'P). Select
f e H*\ A(D) and observe that sup,cy [|Cw * f|lam) = || fllo- Thus A(D)
fails (F'P).

In fact both examples are particular cases of the following corollary.

Corollary 5.1. If Xp has (FP), then X = Xp.

Remark 5.1. There exists a notion closely related to (F'P) in Banach space
theory. Recall that a complex Banach space F is said to have the ARN P if
any bounded E-valued function has boundary limits a.e, i.e if /' : D — FE is
holomorphic and bounded then lim,_,; F/(re?) exists a.e. in E (see [8, 9]).

Since F(w) = f, € H*(D, X), one sees that any homogeneous Banach
space X with the ARN P satisfies (F'P) (note that f.e € X for almost all 6
implies that f € X.)

Since H* fails ARN P but has (F'P) they are not equivalent properties.

Although the space X ® Y needs not to have (F'P) if only one of the
spaces has (F'P) (take X = (> and Y = ¢y and note that X ® Y = ¢) the
following result says that the result holds true if both spaces have (F'P).

Theorem 5.2. Let X and Y be homogeneous with (FP). Then X ® Y
has (F'P).

Proof. Let (h,) € X ®Y such that ||h,| xgy < 1 for all n such that h, — h
in H(D). Let us take a decomposition such that h, = > 72| f. j * gn; Where
[ frsllx = 1lgn.slly and

hnllxey < I fillxllgnslly < lhnllxey +1/n < 2.
=0

Therefore for any sequence (a;); € £ with [|(a;)|l2 = 1 one has that

max{|| Y a;fuillx, 1> ajgnslly} < 2.
j j

Denoting ¢, :Zj a; fn,; and ¢nzzj ajgn.;, one has that sup,, ||¢,||x < 2
and sup,, ||¥n]lx < 2. Since X C (X#) and Y C (Y#), the Banach-
Alaoglu theorem implies that there exists a subsequence k(n) such that
@r(n) converges in the weak*-topology to ¢ and vy ,) converges in the weak™-
topology to ¢. In particular ¢y, — ¢ in H(D) and ¥y — ¢ in H(D).
Using the (F'P) in both spaces X and Y one obtains that ¢ € X and ¢y € Y
with [|¢]lx <2 and [J¢y <2.
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Let us now select (a;); the canonical basis of ¢* and write f; and g;
the functions ¢ and 9 corresponding to such cases. In particular, using a
diagonal process there exists a subsequence k'(n) such that fi,; — f; and
Gk'(n); — g5 in H(D) for all j € N. Taking limits one gets f = 3>, f; * g,
in S. To show that 3 || f;llxlg;lly < oo we shall see that > || f;l|3 < oo
and . ||g;l[§- < oco. This follows using that ¢ = ¢((a;)) and ¢ = ¥((a;))
coincide with ¢ = > a;f; and ¢ = 3 a;g; and the facts || >, a; fj[[x <2
and || >, ajg5lly < 2. u

Theorem 5.3. Let X and Y be homogeneous spaces.
(i) If Y has (FP), then (X,Y) = (X ®@ Y*)*.
(ii) If X and Y have (FP), then X @ Y = (X, Y™*)".

Proof. (i) Use that Y** =Y and Corollary 2.2 to get (X @ Y*)* = (X,Y).
(ii)) We have (X ® V)™ = X ® Y by Theorems 5.2 and 5.1. Again use
(X ®Y)* = (X,Y") to conclude the proof. [ |

6. /> ®Y and solid Banach spaces

Definition 6.1. (see [2]) A set A C S is said to be solid if for any f € A
and g € S with |g(7)| < |f(j)| ,7 =0, implies that g € A.

Remark 6.1. Let X be an S-admissible Banach space. X is solid iff £ C
(X, X).

Let us mention the following elementary facts.

Proposition 6.1. If X orY are solid S-admissible Banach spaces, then so
are (X,Y) and X ® Y.

~

Proof. Let (f(j)); € £~ and A € (X,Y). To show that f* X € (X,Y) take
g € X and observe that (f «x A\)xg = A« (f *g) = f * (A *g). This shows
that (f %« A\) x g € Y whenever X or Y are solid.

The case X ® Y follows from Remark 6.1 together with the trivial inclu-
sion X C (Y, X ®Y) and Theorem 2.3. If X is solid then

X C (X, X)X,V X®Y)=(X®Y,X®Y). =

Proposition 6.2. (see [2]) If X C S is an S-admissible Banach space, then
there is a largest solid S-admissible Banach space s(X) C X. Furthermore
s(X) is the largest solid subset of X and we have

s(X) = (02, X).
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Proof. Denote s(X) = (¢, X). It is an S-admissible Banach space, by
Theorem 2.1. From Proposition 6.1 one has that s(X) is a solid subspace of
X. Now let Y C X be any other solid subset. If f € Y and g € £*°, then
gxfeY C X. Hence fe ({*,X)and soY C (£, X). [ |

Proposition 6.3. (]2, 7]) If X C S, then there is a smallest solid superset
S(X) D X. Furthermore,

S(X)=0*%X, and

S(X)={g € 8:3f € A such that |{(j)| > |3()| for all j}. ()

Proof. Clearly, S(X) is the intersection of all solid sets containing X. Since
the set (> x X is solid, we have S(X) C £*° % X. On the other hand,

(% X Cl*xS(X) (because X C S(X))

and (> % S(X) = S(X), whence (> x X C S(X), and so £* x X = S(X).
For (1), let

B={ge8:3f € X such that | f(5)] > |§(j)| for all j}.

It is trivial to check that B is a solid superset of X. Let D be any solid
superspace of A, and let g € B. Then there is f € X such that | f(5)| > |§(j)]
for all j. Then f € D, and since D is solid we have g € D. Thus B C D,
whence B = S(X). [ |

Denote Sp(X) = £~ ® X. Of course S(X) C Sp(X).

Theorem 6.1. Let X be an S-admissible Banach space. Then Sy(X) is the
smallest solid Banach space containing X. More precisely, if Y is a solid
Banach space containing X, then Sy(X) C Y with continuity.

Proof. Let h € /*° ® X. Then

h= byxf,, where b, € (*, f, € X, and [|bylle= =1, > [l fullx < 0.

n=1 n=1

The series > | b, * f,, converges in Y because

STl fully <3 Cllally <3 CCH fullx < 0.
n=1 n=1 n=1

The sum in Y of this series is equal to h because X and Y are continuously
embedded in §. Thus h € Y, which was to be proved. |
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Corollary 6.1. If S(X) is an S-admissible Banach space then S(X) =
(> ® X, with equivalent norms.

Proof. Since S(X) C (* ® X, by definition, and (* @ X C S(X), by
Theorem 6.1, we see that S(X) and (> ® X are equal as sets. The norms
are equivalent because these spaces are complete and (> ® X C S(X), by
Theorem 6.1. |

Theorem 6.2. If X and Y are S-admissible Banach spaces, then
(S5(X),Y) = (X,5(Y)) = s((X,Y)).
Proof. We have, by Theorem 2.3,
(R X,Y)= (" (X,Y)) = s((X, Y)),

and
(X @0°7V)=(X,(*Y)) =(X,s(Y)).

7. Computing H' ® X in some cases

The aim of this section is to identify H! ® X for some homogeneous Banach
spaces X. According to Theorem 5.3 one can state the following general
result.

Proposition 7.1. If X has (F'P) then we have that
H'® X = (H' X*)* = (X, BMOA)*.

However this is not a direct description of the space, but relies upon the
knowledge of the multiplier space. The following lemma is relevant for our
purposes.

Lemma 7.1. Let X be a homogeneous Banach space. Then there exist
Ay, Ay > 0 such that

Air™||fllx < Mx(r, f) < Aor¥|| fllx, 0<r<1
whenever f(z) = 31", a;2) where 0 < k < m.
Proof. It is well known (see Lemma 3.1 [21]) that
P flloo £ Moo(r, f) < ¥ fllee, 0<r <1
Using Proposition 4.6 one has
rfllx & ™ ([ fllxes m sup{r™(|f « glleo ¢ [lgllx- =1}

< Csup{Moo(r, [ * 9) : llgllx- =1} = [ frllxer = Mx(r, f)
< Crsup{|[[f * glloo - llgllx- =1} < Cr"|[fllxe < Ar®[[ ] x.
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Lemma 7.2. Let X C H(D) be homogeneous and

gn+1
P(z)= Y P(k)ex
k=2n—1
Then there exist constants By and By such that
(7.1) Bi2"|[Px fllx S|P+ Dfllx <B2"||Px fllx, fe X
Proof. We apply Lemma 7.1 to obtain
(7.2) A Pllx < Mx(r, P) < Agr® || P x.
To show (7.1) apply (7.2) for r, =1 — 27" and (3.1) to get first

[P+ Dfllx = [DP*f)lx < AMx(rn, D(P * f))
< A2"Mx(ry, Px f)ds < A2"||P * f||x.

Also applying (3.2) one gets
|Pxfllx ~ Mx(r,,Pxf)< A/ Mx (s, P« Df)ds
0

< A/ 2P+ Dfl|xds < A2~ P % D] x.
0

Theorem 7.1. Let X be an homogeneous Banach space. Then
B C H' '@ X C Xp.

Proof. From Proposition 2.2 it suffices to show that if f € H* and g € X
then fx g € Xp. From Lemma 3.1

My (r?, f#g) < Mi(r, f)Mx(r.g) < K| fll1]lgllx-

Using Proposition 2.1 the polynomials are dense in H'® X and H'®@ X C X,
is shown.

Let us now show that B! ¢ H!' @ X.

Let {W,}& be a sequence of polynomials such that

supp(W,) € 2771, 2" (n>1), supp(Wp) C [0,1], sup |[W, ] < oo

f=Y Wuxf,  feHD).
n=0
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Such a sequence exists (see, e.g., [4, 23, 17, 25] for possible constructions).
Note that

(W s fellxe < K[Walll[frllx < CllFlx,

Hence, since W, x f is a polynomial, [|[W, * f|x < C| f|lx-
Denoting @, = W,,_1 + W,, + W,, 11 we can write

=Y QusWyxf,
n=0
for all f € H(D). Note now that Lemma 7.2 allow us to conclude

D NQull W fllx < KW+ fllx
n=0 n=0

—(n+1)

0 1-2
< KZ/l N 22" || W, * fllxdr
n=0 -

—(n+1)

o0 1-2
gz<§j%ﬁr V2 (W Df||xdr
n=0 -

n

<KZ/ Mx (r,W,, « Df)dr
n=0 v 1-27"

00 1—2—(n+1)
<K Mx (r,Df)dr

n=0 v 1-27"

1
:K/AhmDﬂW:KWMm.
0
[ ]

A property that turns out to be crucial for our purposes is the following
one already mentioned in the introduction.

Definition 7.1. Let X C H(D) be an homogeneous Banach space. We say

that X satisfies (HLP) if X C B%2, i.e. there exits a constant A > 0 such
that

(7.3) / (1= M3, Df)dr < Allfllx

Theorem 7.2. Let X be an homogeneous Banach space satisfying (HLP).
Then H' @ X = B%1
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Proof. Due to Theorem 7.1 we only need to show that H' ® X Cc BX!. It
suffices to see that f * g € BX! for each f € H' and g € X. Now using
Lemma 3.1 we have,

/01 Mx(r, D(f % g))rdr < A/Ol </07" Mx (s, DQ(f*g))ds>rdr
< A/Ol(l—s)MX(s,Dz(f*g))ds
< 2A(/01(1 — )M, (r, Df)Mx(r, Dg)rdr

Now from Cauchy-Schwarz (7.3) for C-valued functions and (HLP) one
obtains

/1(1 — )My (r, Df)Mx (r, Df)rdr <
0

< ([ - oprar) (|

< K[ fllllgllx g

1 1/2
(1 —r?) M3 (r, Dg)rdr)

8. Applications

Our techniques allow us to describe X ® Y in several cases. We only ex-
hibit some applications, although many others can be achieved in a similar
fashion.

As a consequence of Theorem 7.2 and Proposition 3.6 one obtains the
following result.

Corollary 8.1. Let 1 < p < 2. Then
(i) H' @ H? = 8P
(i) H' @ ¢» = (P,

Let 1 < p,q < oo and let H?%* denote the mixed norm spaces of analytic
functions in the unit disc given by the condition

1/q

1
| fll zrpae = (/0 (1— r)aq_lMg(r, f) dr) <00, <00

and
| fllzrpoca = sup (1 —r)*My(r, f) < 00, ¢q= .
0<r<1
Recall that p© ¢ stands for the value co whenever ¢ > p and z%q = % - %

L oinf1 L1
whenever ¢ < p, and that i = min{1, 5t q}.
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Corollary 8.2. Let 1 < q,u,v < 0o. Then BY @ B = Burr,

Proof. This follows from Theorem 5.3, applying that the spaces 8P4
have (F'P) together with the facts that

(BP9 H*) =B, pg>1,
(see [1] for p =1, 1 < ¢ < o0; see [13] for the remaining cases) and
(8.1) (Bhe By = guaov g u,v>1.

Relation (8.1) is only a reformulation the following result on multipliers
(see [17, Theorem 3.5]):

(H(1,¢,1),H(u/,v",1)) ={ A€ H(D) : DA € H(u',qov',1)}.
|

We can now use our techniques to characterize the space of multipliers
from H' in some cases.

Theorem 8.1. Let X be a homogeneous Banach space with (HLP). Then
(H', X*) = BX.
(Hl,XK) — EBXK,OO.

Proof. Apply Theorem 2.3 together with Theorem 7.2 and Proposition 4.4
to obtain

(H', X*) = (H'® X, H®) = (B!, H>®) = 85>,
The other case is analogous. |

In particular the previous theorem yields the following results on multi-
pliers from H' due, among others, to Hardy and Littlewood, Stein and Zyg-
mund, Sledd (the cases H?), to Mateljevi¢ and Pavlovi¢ (the case BMOA)
and to Duren (the case ¢7).

Corollary 8.3. Let 2 < q < 0o. Then
(H', HY) = B9 (see [16], [28], [27]),
(H', BMOA) =B (see [22]),
(H',£7) = (g, 00).

Also we can use our results to obtain spaces of multipliers into BMOA
in some cases.
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Theorem 8.2. Let X be a homogeneous Banach space with (HLP). Then
(X,BMOA) = B%">.

Proof. Combining again Theorem 2.3 together with Theorem 7.2 and
Proposition 4.4 one gets

(X,BMOA) = (X, (H', H®)) = (X @ H', H®) = (B!, H>®) = 8%,
u

Corollary 8.4. Let 1 <p < 2. Then
(HP, BMOA) = B">°  (see [24] and [17]),
(¢, BMOA) = ((p, 00).

The results allow also to recapture some of the multiplier results for
Hardy-Lorentz spaces appearing in [19] using similar approaches.

References

[1] AHERN, P. AND JEVTIC, M.: Duality and multipliers for mixed norm
spaces. Michigan Math. J. 30 (1983), no. 1, 53—64.

[2] ANDERSON, J.M. AND SHIELDS, A.L.: Coefficient multipliers of Bloch
functions. Trans. Amer. Math. Soc. 224 (1976), no. 2, 255-265.

[3] ARAzY, J., FISHER, S. AND PEETRE, J.: Mébius invariant function spaces.
J. Reine Angew. Math. 363 (1985), 110-145.

[4] Brasco, O.: Multipliers on spaces of analytic functions. Canad. J.
Math. 47 (1995), no. 1, 44-64.

[5] Brasco, O.: Vector-valued analytic functions of bounded mean oscillation
and geometry of Banach spaces. Illinois J. Math. 41 (1997), 532-558.

[6] Brasco, O.: Composition operators on the minimal space invariant under
Moebious transformations. In Complex and harmonic analysis, 157-166.
DEStech Publ., Lancaster, PA, 2007.

[7] BUCKLEY, S.M.: Relative solidity for spaces of holomorphic functions.
Math. Proc. R. Ir. Acad. 104A (2004), no. 1, 83-97 (electronic).

[8] BukavALOV, A.V.: On the analytic Radon-Nikodym property. In Func-
tion Spaces (Poznan 1989), 211-228. Teubner-Texte Math 120. Teubner,
Stuttgart, 1991.

[9] BukavALOVv, A.V. AND DANILEVICH, A. A.: Boundary properties of an-
alytic functions with values in Banach spaces. Mat. Zametki 31 (1982),
203-214 (russian).

[10] DUREN, P.L.: Theory of HP-spaces. Pure and Applied Mathematics 38.
Academic Press, New York-London, 1970.



446

[11]
[12]
[13]
[14]

[15]

O. BLASCO AND M. PAVLOVIC

F1GA-TALAMANCA, A.: Translation invariant operators in LP. Duke Math.
J. 32 (1965), 495-501.

FisHER, S.: The Mdobius group and invariant spaces of analytic functions.
Amer. Math. Monthly 95 (1988), 514-527.

FreTT, T. M.: Lipschitz spaces of functions on the circle and the disc. J.
Math. Anal. Appl. 39 (1972), 125-158.

GIRELA, D., PAvLOVIC, M. AND PELAEZ, J. A.: Spaces of analytic func-
tions of Hardy-Bloch type. J. Anal. Math. 100 (2006), 53-81.

HarDY, G. H. AND LITTLEWOOD, J. E.: Notes on the theory of series. XX:
Generalizations of a theorem of Paley. Q. J. Math., Oxford Ser. 8 (1937),
161-171.

HaArDY, G. H. AND LITTLEWOOD, J. E.: Theorems concerning mean val-
ues of analytic or harmonic functions Quart. J. Math., Oxford Ser. 12
(1941), 221-256.

JEVTIC, M. AND PAVLOVIC, M.: Coefficient multipliers on spaces of ana-
lytic functions. Acta Sci. Math. (Szeged) 64 (1998), no. 3-4, 531-545.
KeLLoGa, C. N.: An extension of the Hausdorff-Young theorem. Michigan
Math. J. 18 (1971), 121-127.

LENGFIELD, M.: A nested embedding theorem for Hardy-Lorentz spaces
with applications to coefficient multiplier problems. Rocky Mountain J.
Math. 38 (2008), no. 4, 1215-1251.

MATELJEVIC, M. AND PAVLOVIC, M.: LP-behaviour of power series with
positive coefficients and Hardy spaces. Proc. Amer. Math. Soc. 87 (1983),
309-316.

MATELJEVIC, M. AND PAVLOVIC, M.: LP-behaviour of the integral means
of analytic functions. Studia Math. 77 (1984), no. 3, 219-237.
MATELJEVIC, M. AND PAvLOVIC, M.: Multipliers of H? and BMOA. Pac.
J. Math. 146 (1990), no. 1, 71-84.

MATELJEVIC, M. AND PAVLOVIC, M.: The best approximation and com-
position with inner functions. Michigan Math. J. 42 (1995), no. 2, 367-378.
NowaKk, M.: A note on coefficient multipliers (H?,B) and (H?, BMOA).
In Topics in complex analysis (Warsaw, 1992), 299-302. Banach Center
Publ. 31. Polish Acad. Sci., Warsaw, 1995.

PavLovi¢, M.: Mixed norm spaces of analytic and harmonic functions. I.
Publ. Inst. Math. (Beograd) (N.S.) 40 (54) (1986), 117-141.

RUBEL, L. A. AND TIMONEY, R.M.: An extremal property of the Bloch
space. Proc. Amer. Math. Soc. 75 (1979), 45-49.

SLEDD, W.T.: On multipliers of H? spaces. Indiana Univ. Math. J. 27
(1978), no. 5, 797-803.

STEIN, E. M. AND ZYGMUND, A.: Boundedness of translation invariant
operators on Holder spaces and LP-spaces. Ann. of Math. (2) 85 (1967),
337-349.



COEFFICIENT MULTIPLIERS ON BANACH SPACES OF ANALYTIC FUNCTIONS 447

[29] TAYLOR, A.E.: Banach spaces of functions analytic in the unit circle. I.
Studia Math. 11 (1950), 145-170.

[30] TAYLOR, A.E.: Banach spaces of functions analytic in the unit circle. II.
Studia Math. 12 (1951), 25-50.

[31] TmMONEY, R.M.: Natural function spaces. J. London Math. Soc. (2) 41
(1990), 78-88.

[32] TiMONEY, R.M.: Maximal invariant spaces of analytic functions. Indiana
Univ. Math. J. 31 (1982), 651-663.

[33] TORCHINSKY, A.: Real-variable methods in harmonic analysis. (Reprint of
the 1986 original). Dover Publications, Mineola, NY, 2004.

[34] WELLS, J. H.: Some results concerning multipliers of H?. .J. London Math.
Soc. (2) 2 (1970), 549-556.

Recibido: 29 de junio de 2009

Oscar Blasco

Departamento de Analisis Matematico
Universidad de Valencia (Burjassot)
46100, Valencia, Spain
oblasco@uv.es

Miroslav Pavlovié¢
Matematicki fakultet
Studentski trg 16, 11001
Beograd, p.p. 550, Serbia
pavlovic@matf.bg.ac.rs

The first author is partially supported by Spanish project MTM2008-04594/MTM. The
second author is supported by MNTR Srbija Project 0ON174017.



