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Abstract
In this paper the following question is investigated. Given a natural
number r and numbers o, 8; for 7 = 0,1,...,r satisfying ap < a1 <

- < ap and

iﬁa,?_ 0 ifk=0,1,...,r—1
ST itk =

is there a 2m-periodic, r — 1 times continuously differentiable function f
such that

hmsuph (Zﬁj (x+ o h )—hmsuph (Zﬁj (z + ajh ): 00,

lignﬂigfh_r(jzoﬁjf(x—&—ajh))—hmmfh (Z@ (z + ash ):—

for every x € R?
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1.2 Reader’s Motivation

Let r be a natural number and let g < a3 < --- < «,. There are numbers
B; #0,5=0,1,...,r (see Theorem 1) such that

T .
0 ifk=0,1,...,r—1
k: )+ )
>_ B {r! itk=r
Jj=0

(we denote 0° = 1). In this paper the following question is investigated.
Is there a 2m-periodic, r — 1 times continuously differentiable function f such
that

hmsuph (ZBJ (x + ajh )—hmsuph (Zﬁj (x + ajh ):oo7

hmmfh (Zﬂj T+ ajh )7hmmfh (Zﬂ] (z + ajh ):—

for every x € R?
For each finite real function f on R = (—o00,00) and for each pair of real
numbers z, h set (see Notation 1)

o(frx,h) = Zﬂﬂ x + ajh)

As a particular case let

T

L) = 5 174 () 7o+ 2= ).

J=0

The question posed is answered affirmatively for L.(f, z, h) provided r is odd
(see Corollary 3).
Also let

Ly(fo ) = Y (1) ()t im.

=0

In this case the answer to the question is also positive provided r > 3 (see
Corollary 4).
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2 Notation and Elementary Theorems.

Theorem 1. Let r be a natural number and let g < a7 < --+ < «,.. There
are 3; such that

T .

0 ifk=0,1,...,7r—1
> Biak = )
— ifk=r.

r!

Furthermore By - -+ By # 0.
(If we have k =0 and a;j = 0 for some j then we denote by a? =1.)

PRrROOF. The matrix (a?) is a Van der Monde matrix and hence invertible.
More precisely

B= (1)
H(%‘ — o)
iZ

O

Notation 1. Let r, 5,85, =0,1,...,7 be as in Theorem 1. For each finite
real function f on R = (—o0,00) and for each pair of real numbers x, h set

o(frx,h) = Zﬂﬂ z + ajh)

Theorem 2. Let M € (0,00) and let f be a function such that |f(’")(x)| <M

M T
for each x € R. Set u = F2|a§ﬂj|. Then, |Ly(f,z, h)| < p|h"| (z,h €

et
R).
TARICD)
PROOF. Let z,h € R. Set a, = o (k=0,...,r—1). There are &; such
that X ‘
flo+azh) =Y apalh® + " f0) (&) /rl.
k=0
Therefore
o(frz,h) ) Zofﬁj

which easily implies our assertion. O
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The proof of the following assertion is straight forward.

Theorem 3. Let d be real number. Let w be a bounded function on R, which
is continuous at 0 and such that

w(2x) = dw(x) for eachx € R.

Then, w is constant.

Note that if d # 1, then w = 0 on R and if d = 1, then w = w(0) on R. The
continuity of w at 0 is needed only in the case |d| = 1.

3 Auxiliary Theorems.
The proof of the following assertion is easy.

Theorem 4. Let g be a natural number, 0 =y < v1 <72 < -+ <4 and let
ag,a1,b1,...,aq,by be real numbers. Set

+ (ay, cosygx + by sin ygx).

q
%0

2
k=1

Then for every xg € R

aj =2 lim {(x — )" /w f(t) cos(v;t)dt} (5=0,...,q9)

Tr—00

b; =2 lim {(z — x0)~ /f )sin(vy;t)dt} (j=1,...,q).
Tr—r 00

IffZOOn (IO;OO)7 th@n ‘aj‘ga(% |b]|§a0 (]:1,7(])

Theorem 5. Let J, K be intervals such that J is compact. Let f be a contin-

wous function on J x K, and suppose that for each x € J there is an h € K

such that f(x,h) > 0. Then there is a compact interval M C K such that
inf{max{f(:c,h); h € M};x € J} > 0.

ProoOF. Let K1, Ko,... be compact intervals,

o0
KiCKyC-, | JKn=K.
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For each z € J and for each m € N there is a h,,(z) € K, such that
f(@, hm(2)) = max {f(z,h);h € Ki,}. Let Gy, = {z € J; f(@, hin(z)) > 0}.
The sets G, are easily seen to be open in J. Since J is compact and since the
sets GG, are increasing with m with union equal to J, there is an mg such that
J C Gpy,. Then set M = K,,,. It is easy to show that this choice satisfies the
assertion. O

Theorem 6. Let o, 55,7 =0,1,...,7r be as in Theorem 1. Define
¢(h) =Y Bjcos(azh), w(h) = B;sin(a;h).
j=0 j=0

There is a natural number q and real numbers a;,b;,~y; such that
0<y <7 <--- <74 and

o(h) = G+ ajeos(yh).  w(h) =D bsin(yh).  (2)

PrROOF. The conclusion of the theorem is clear if either g > 0 or oy =
0. Assume ap < 0 and let I' = {\aj| ij = 0,1,...,r}. Order the positive
elements of I" as 0 < 71 < 72 < -+ < 7. Let 7 € I'. If there are ¢ < j
such that v, = —a; = o, then combine the two corresponding terms in ¢
into (B; + B;) cos(yxh) and in 9 into (—B; + B;)sin(yxh). That’s the most
difficult case. The other cases are if v, = —a; or if 4, = ;. The final case to
consider is if there is a j with o; = 0. Then the corresponding term in ¢ is
Bj cos(ajh) = B; and in ¢ is 5 sin(cjh) = 0. O

It should be mentioned here that, as a consequence of Theorem 4, the set
of functions

{1,sin(ygh), cos(yh); k=1,2,...,q}

is a linearly independent set of functions, which is why the representations of
¢ and v in (2) are more useful than the original definitions.

Theorem 7. Let o;,55,7 =0,1,...,7, q,a0,a4,b;,7 =1,2,...,q and ¢, be
as in Theorem 6. For each finite real function f on R and for each pair of real
numbers x,h let L, be as in Notation 1.

1) If ¢ is constant, then r is even, v = 2q,a; = 284—; = 2B4+; # 0,b; =
0,7 = —aq—j =g, =1,2,...,q, ag=0 and

q

Lo(f,2,h) = Aof(z) + Y Aj(f(x +v;h) + (2 —;h))

j=1
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for some A; € R,j=0,1,...,¢q

2) If ¢ is constant, then r is odd, r = 2¢ —1,a; = 0,j = 0,1,...,¢,b; =
_QBq—j = Qﬁq-&-j—lv'yj = —aq_j = aq+j_1,j = 1,2,. .., q and

q
o(f,2,0) =Y Bi(f(z+ k) — f(z — ;b))
j=1

for some B € R,j =1,2,...q.

3) At most one of the functions ¢, is constant.

ProoOF. 1) If ¢ = ¢ on R for some ¢ € R, since ¥(0) = 0, we get ¢ = 0.

Therefore ¥ (h Z Bjsin(ajh) = 0 for every h € R. By differentiation we

get

Zﬁj cosozj h)=0,i=1,2,... for everyh € R.

For h =0

T
> B l=0,i=1,2,....

Jj=0

I s
If r is odd, then Zﬂjag = 0 which contradicts Z@»a? = rl. Thus r is
j=0 j=0
even. Since ¢¥(h) = 0 for every h, the linear independence shows that all
the coefficients in the representation of ¢ in equation (2) are 0. The only
case of Theorem 6, which does not contradict 8; # 0, j = 0,1,...,r with
r=2q,is v = ag4; = —0g—j, 7 = 1,2,...,q and ay = 0. For each j =
1,2,...,q, the corresponding term in ¢ is (8q+; + Bq—;) cos(y;h) and in ¢ is
(Bg+j — Bq—j)sin(vyjh). Consequently b; = Bg; —qﬁq,j =0,j=12,...,q,

ao = 28q, a; = 2Bq+j = 2B4—;, and ¢(h) = By + 2 Zﬁqﬂ‘ cos(v;h)).
j=1
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Consider now

o(f,z,h) Zﬁj (z + ajh)

:Zﬁq if(@—=5h) + Bef x)JFZﬁqu(er'th)
j=1 J=1
= Aof(z) + Y Aj(f(z +7;h) + f(z — v;h))

=1

Where AO = Bquj = 5q+j = /Bq—j7j = 172, o q
2) The proof is similar to the proof of part 1) with minor modifications.
3) r can’t be both odd and even. O

4 Main Results.

In this section Theorem 10 (also see Notation 2) indicates what is sufficient
to obtain a positive answer to the major question dealt with in the paper and
Theorem 8 is the first result, which refers to the methods of succeeding it (see
Corollary 1). Theorem 11 (see Notation 2 and Theorem 9) may also have some
independent interest.

Notation 2. Let r,a;,85,7 = 0,1,...,7 be as in Theorem 1. Let V be the
system of all continuous 2m-periodic functions f such that for each x € R there
are hy, hy € (—00,0) and hs, hy € (0,00) with

(=1)'Ly(f 2, hy) >0 (i=1,2,3,4). (3)

Let V* be the system of all 2m-periodic functions f such that f"~Y is contin-
wous on R and that, for each © € R,

limsuph™"Ly(f,z,h) =limsuph™"Ly(f,z,h) =
b0 AN\O
and (4)

h]}fln/lglfh Lg(fw,h):hin\l(r)lfh Ly(f,z,h)=—

Let W be the system of all continuous 2mw-periodic functions f such that for
each x € R there is an h1 > 0 and an hy < 0 with

Lo(fim,hi) #0 (i=1,2).
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Let W* be the system of all 2m-periodic functions f such that =Y is con-
tinuous on R and that, for each z € R,

lim sup |h*TLg(f, x, h)| = lim sup |h7rLg(f, x, h)| =
h,0 hN\O

Theorem 8. Let f1(z) = cosz, fa(z) = cosz+sin(2z). Suppose that ¥ (h) # 0
for some h. Let a; be as in Theorem 6. If |ag| > |ao| for some k, then f1 € V.
If =0 on R, then fy € V.

PROOF. It is easy to see that

Lgy(cos, z,h) = ¢(h) cosx — p(h)sinz, (5)
L,(sin,z, h) = ¢(h)sinz + ¢(h) cos z. (6)
1) Let k be a number such that |ag| > |ag| and let z € R. It follows from (5)
that
Ao COST |
Ly(f1,2,h) = = + Z a; cosz cos(yjh) — b; sinxsin(y;h)) (h € R).

j=1

a) If cosz = 0, then |sinz| =1,

a
Ly(fi,z,h) = —¢(h)sinz = — ij sin z sin(y;h)

j=1

and Ly(f1,2,—h) = —Ly(f1,z,h) (h€R).

i)

ii)

If L,(f1,2,-) > 0on (0,+400), then by Theorem 4 we have |—b; sin x| <
0 and consequently b; = 0 for all j =1,...,q. Hence ¢(h) =0 for
every h contrary to ¢ (h) # 0 for some h. Therefore L, (f1,z,h3) <

0 for some hg € (0, +00). Setting ho = —hs, gives Ly(f1,x, he) >0
for some hy € (—00,0) .

If Ly(fi,2,-) <0 on (0,4+00), then

q
—Ly(f1,2,h) = ij sinzsin(y;h) > 0 for every h € (0, 4+00).
j=1

Asin i), L,(f1,x,ha) > 0 for some hy € (0,400) and setting hy =
—hy yields Ly(f1,z, k1) < 0 for some hy € (—o0,0).
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b) If cosz # 0, then from (5) it follows that

Qg CoS T
2

q
—+—Z (a; cos x cos(yjh)—b; sinzsin(y;h)) (h € R).

Jj=1

Lg(flvxa h) =

i) If Ly(f1,2,-) > 0on (0, +00), then by Theorem 4 we have ag cos z >

0 and |a; cosz| < ag cosx = |ap| [cosz| for j =1,2,---,q. Because
cosz # 0, |a;| < |ao| for j =1,2,--- , ¢ contrary to the assumption
that for some k, |ax| > |ao|. Therefore Ly(fi,x,hs) < 0 for some
hs € (0,400).

ii) If Ly(f1,2,-) < 0 on (0,400), then —Ly(f1,2,-) > 0 on (0, +00).
As in i), Ly(f1,2, ha) > 0 for some hy € (0,400) .

iii) If Ly(f1,,-) > 0 on (—o0,0), then setting h’ = —h we have

ap Cos

q
5+ Z (a; cosz cos(y;h') + by sinzsin(v;h')) > 0

Jj=1

for every b/ € (0,400). Asin i), Ly(f1,2z,h1) < 0 for some hy €
(—00,0).
iv) If Ly(f1,2,-) <0 on (—o0,0), then setting b’ = —h we have

—ag CcosT

q
5 T > (= ajcoswcos(y;h') — by sinasin(y;h')) >0

j=1

for every h’' € (0,400). As in i), Ly(f1,x,he) > 0 for some hy €
(—00,0).

Now it is easy to see that f; € V.

2) If 4 is not constant, then 1 (x), ¥(2x) are linearly independent. Indeed,
let for some c¢1,co € R, c19(x) + cotp(22) = 0 for each z € R. If ¢5 # 0,

then 9(2x) = —c—lw(x) and by Theorem 3, 1) is constant contrary to the
C2

assumption that ¢ is not constant. Thus ¢ = 0 and ¢19(z) = 0, but
¥(x) # 0 for some x. Therefore ¢; = 0.

Suppose that ¢ = 0 on R; let € R. First L,y(f2,x, h) must be written in
a form that satisfies the hypothesis of Theorem 4. By (5) and (6) and the
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property Lg(f(2-),z,h) = Ly(f,2z,2h)

Ly(f2,z,h) = —¢(h)sinz 4+ ¢(2h) cos(2z) (Apply Theorem 6)

(Z (bj sin(v;h ) sinz + (zq: b, sin(27jh)> cos(2z)

1 =1

J

q
Z —b; sin ) sin(y;h) +Z (bj cos(2z)) sin(2v;h).  (7)
j=1

Jj=1

Let 0 < 81 < 2 < --- < &4 be the ordering of the set {v, : j=1,...,q} U
{2v;:7=1,...,q}. Combining terms from the two sums in (7) having the
same angle yields

q
o(f2,m,h) = b;sin(d;h) = +Za cos(d;h) +st1n6h
j=1

where ag = a} = - = a;, = 0. Also it is easy to see that

Lg(f2,$7—h):—Lg(f2,£C,h) (hGR)

a) If Ly(fo,2,-) > 0 on (0,00), then by Theorem 4 |b;‘ <ay,=0 (j=
1,2,...,q¢') and Ly(fa,2,h) = 0 for each h, but ¥ (h),(2h) are linear
independent. Thus sinz = cos(2z) = 0, a contradiction. Therefore
Ly(f2,2,h3) < 0 for some hy € (0,400). Setting ho = —hg yields
Ly(f2,2,he) > 0 for some hy € (—00,0).

b) If Ly(f2,z,-) < 0 on (0,00), then —Ly(f2,2,-) > 0 on (0,00). As in
a), Lg(fa,x, ha) > 0 for some hy € (0,+00) and setting hy = —hy gives
Ly(f2,2,h1) <0 for some hy € (—00,0).

Now it is easy to see that fo € V.
O

Theorem 9. Let fi1, fo be as in Theorem 8. Let fs(x) = sinx + cos(2z). Then
at least one of the functions fi, fa, f3 is in W.

PRrROOF. On account of Theorem 7 at most one of the functions ¢ and 1 is
constant. If ¢(h) = 0 for every h, then by Theorem 8 fo € V. So fo € W.
Thus we may assume ¢(h) # 0 for some h.

1) Suppose ¥(h) # 0 for some h and let x € R. If Ly(cos,z,h) = 0 for each
h > 0, then by (5) and Theorem 4, agcosz = 0 and if cosxz # 0, the
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function ¢ = 0, otherwise cosx = 0 in which case ¥ = 0; i.e., one of the
functions ¢, is identically zero contrary to the assumption ¢ # 0 and
1 # 0. Now we can see easily that f; = cos € W.

2) Suppose ¥(h) = 0 for all h € R and let z € R. Then, by (5) and (6),
Ly(fs,x,h) = ¢(h)sine + ¢(2h) cos(2z). As was shown in the proof of
Theorem 8, the functions ¢ (h) and ¥(2h) are linearly independent. Sim-
ilarly, the functions ¢(h) and ¢(2h) are linearly independent. This easily
implies that f3 € W.

O

Theorem 10. If V # (), then V* = ().
PrROOF. Let ® € V. Theorem 5 (where we take J = [0,27]) implies that

there are positive numbers 7,6 and H such that for each x € R there are
hi,hy € [—H,—0] and hs, hy € [0, H] such that
(—1)'Lg(®,2,hi) 2 (i=1,2,3,4). 8)

Ui

(B0l + -+ - +16r)
|® — P| < 0 on R. There are positive numbers A, u (see Theorem 2) such that

H A
|Ly(P,z,h)| < min(u|h|",\) for all z, h. Set A = 6”—, B = 6—. Choose a
n n
natural number a > 1+ A such that

. There is a trigonometric polynomial P such that

Set(5:2

a" > (1+A)(1+ B) (9)
and define
po U :TA). (10)

1+ A
Obviously a"~'b = (1+4)

<1landfors=0,...,7r—1,

b (ab)s = (1+A)’f < (1—|—A)’f'

a" s a

o 1+A k o)
Si (7) < 00, we h B*(a")® < o0, for s =0, ..., r—1. Thus,
1nce];) . 00, we ave];) (a™)? < o0, for s r us
taking s = 0 we may define
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Because the sum defining f converges uniformly on R and because each term
is 2m-periodic, f is 2w-periodic on R.

To prove that f is r — 1 times continuously differentiable, first note that
for each s = 0,1,...,r—1 there is a number M > 0 such that |P(S)(x)| < M
for all x € R. Thus for each k € N

S

TV P(at)| = ‘bkakSP(s)(akx)’
14+ 4\"
<vFaF M, < (barfl)kMs < < ) M.
a

1+ A — d°

Because <+> Z b* P(a*z) converges uniformly to a continuous
a = dxs

function and hence, f(*) exists and is continuous for s = 0,1,...,r — 1.

Now let z € R. By (8) for n € N there is a T}, € [0, H] such that
Ly(®,a"x,T,) >n
Set t,, = T,,/a™. Then

H
0<t,<—. (11)
a’ﬂ

It follows from the choice of § that |L,(®,&,h) — Ly(P, &, h)| < g for all £ and
h; thus

Ly(P,a"z,T),) >

(VRS

(12)

Now fix an n and set

Zbk (P,a*z,a"t,),

zbn ¢(P,a"z,T,), and

Zbk (P,a*z,a"t,).

k=n-+1

It is easy to see that Ly(f, x,t,) = S1+ Z + S2. Hence, we have (see (10), (11)
and (12))

n—1 n—1
1S1 <Y vty =t > (1+ A)F
k=0 k=0

_ Mo n B (LHANT 1
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)\bn+1
1-b"

Z> gb’z and |Ss| < )\k;lb’“ -

1 A

b
By (9) and (10) we have 1 > b(1 + B); whence -3 < |S2| < Ebn -

b B’
gb”. It follows that Ly(f,z,t,) > Z —|S1 + Sa| > gb". As (see (11) and (10))
Q anr (1+A)n

" > b"F =g e have t,,"Ly(f, x,t,) — oo. This shows that
limsuph™"Ly(f, z,h) = cc.
RN\0
The remaining equalities in (4) can be proved similarly. O

Corollary 1. If ¢(h) # 0 for some h and if either ¢ =0 on R or |ag| > |ao|
for some k, then V* # ().

PRrROOF. This follows from Theorems 8 and 10. O

Corollary 2. Let r,a;,8;,j =0,1,...,r be as in Theorem 1. If o # 0 for
all  =0,1,...,r, then the corresponding V* # (.

PRrROOF. If ¢(h) = 0 for every h, then from Theorem 7, r is even, r = 2¢, and
g = 0, a contradiction. Therefore

p(h) # 0 for some h.

Because a; # 0 for all j = 0,1,...,r, it follows that ag = 0. If there is a k
with |ax| > 0, then by Theorem 10, V* # 0. If a, = 0 for all k, then ¢(h) =0
for all h and hence by Theorem 10, V* # (). O

Corollary 3. Let r be odd and let o = 25 —r, j = 0,1,...,r. Then the
corresponding V* # ().

ProOOF. This follows from Corollary 2. O

Remark 1. If r = 1,3, then Corollary 3 is a generalization of [1] and [2]
respectively.

Corollary 4. Let r be natural number r > 3, let a; = 7, j =0,1,...,7. Then
the corresponding V* # ().
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ProoF. From Theorem 1

Then

vi=o;=7,7=12,...,r bj =08 =(— )HJ(j),j:l,Q,...,r.

Since r > 3, we have |ai| > |ap| and

h)=j§i:1ﬁjsin(ag Z Tﬂ()smw) O

Theorem 11. We always have W* = ().

PRrROOF. By Theorem 9 we have W # (). Now we proceed as in the proof of
Theorem 10. U
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