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TANGENT MEASURES OF TYPICAL
MEASURES

Abstract

We prove that for a typical Radon measure p in R?, every non-zero
Radon measure is a tangent measure of x4 at p almost every point. This
was already shown by T. O’Neil in his Ph.D. thesis from 1994, but we
provide a different self-contained proof for this fact. Moreover, we show
that this result is sharp: for any non-zero measure we construct a point
in its support where the set of tangent measures does not contain all non-
zero measures. We also study a concept similar to tangent measures on
trees, micromeasures, and show an analogous typical property for them.

1 Introduction

If X is a complete metric space, then we say that a subset of X is meagre, if it
is a countable union of sets whose closure in X has empty interior. A subset
of X is residual if its complement is meagre. A property P of points x € X is
satisfied for typical © € X if the set

{z € X : x satisfies P}

is residual. Recently, typical properties of measures have gained a lot of atten-
tion. For example, in the recent papers [3, 6, 13, 14, 15] the L?-dimensions and
multifractal properties of typical measures were studied. This motivated us
to study the tangential properties of typical measures. Our work is somewhat
related to the papers by Buczolich and R4ti [4, 5] where the structure of the
tangent sets of the graphs of typical continuous functions were studied.
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In [18], O’Neil constructed a Radon measure x in R? with a very surprising
property: for p almost every z € R? the set of tangent measures Tan(yu,r) =
M\ {0}, where M is the space of all Radon measures. In his Ph.D. thesis [17]
O’Neil also extended this result by showing that such a property of measures
is actually typical:

Theorem 1.1. A typical p € M satisfies Tan(p, ) = M\ {0} at p almost
every x € R?,

In this paper, we provide a different self-contained proof for Theorem 1.1.
O’Neil’s original proof relied on a special property of the measure p constructed
in [18], but here we do not require O’Neil’s measure in our approach.

As a direct consequence of Theorem 1.1, we notice that a typical measure
is non-doubling in R?; that is, the pointwise doubling condition fails ; almost
everywhere (see Section 4 for details). We also study the sharpness of Theorem
1.1; that is, whether the property Tan(u,z) = M \ {0} can be extended to
hold at every point x € spt u for a typical . However, such an extension is
not possible since for any given p € M with non-empty support spt u, we find
a point « € spt u such that Tan(u, z) # M\ {0} (see Section 5).

Furthermore, we also take a quick look at a similar concept to tangent
measures, the so called micromeasures, which provide a symbolic way to define
“tangent measures” of a measure in a tree. We consider the set of all Borel
probability measures P on the tree I, where I is some finite set, and prove an
analogous result for micromeasures that we had for tangent measures: for a
typical u € P the set of micromeasures micro(u, z) = P at every point x € IV
(see Section 6 for details). Finally, in Section 7 we exhibit some questions
analogous to Theorem 1.1 about the micromeasure distributions of typical
measures and the tangent measures of measures that are generic in the sense
of prevalence instead of typicality.

Remark 1.1. The main result Theorem 1.1 was initially proved indepen-
dently without any knowledge of the existence of O’Neil’s proof in his Ph.D.
thesis [17] from 1994, as the same result there was not published in a jour-
nal. This was only later brought to the author’s attention by O’Neil after the
manuscript was submitted to arXiv article repository on 19th of March 2012
(http://arxiv.org/abs/1203.4221v1).

2 Preliminaries

Throughout this paper, we keep the dimension d € N of the ambient space R?
fixed. A measure is a Radon-measure on R%, and their collection is denoted
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by M. We equip M with the weak topology that is characterized by the
convergence: if p;, u € M, we say that u; — p, as i — oo if

/cpdui—>/<pdu, as 1 — 00,

for every compactly supported and continuous ¢ : R — R. In metric spaces,
the open- and closed balls of center x and radius r are denoted by U(z,r)
and B(z,r). When u € M, the support of y is the set sptu = {x € R? :
w(B(z,7)) > 0 for any r > 0}. When z € R? and » > 0, let T, , : RY — R?
be the affine homothety that maps B(z,r) onto B(0,1), that is, T, ,(y) =
(y —x)/r, y € R% Given u € M, we write

Ty rgi(A) = p(rA+z), AcCRY
that is, the push-forward of p under the map 7, ,. When ¢ > 0, we also write

7;,7“,0(#) = CTx,rﬁﬂa

which induces a map 7;,. : M — M. In the case r = 1, we just have
Ty a3 =: p — . The following notion was introduced by D. Preiss in [20].

Definition 2.1 (Tangent measures). A measure v € M \ {0} is a tangent
measure of u € M at x € R? if there exist r; \, 0 and ¢; > 0 such that

7;77"iaci (M) = CiTz,riﬁM — v, as i — 00.

The set of all tangent measures of u at  is denoted by Tan(u, x), which is a
closed subset of M \ {0}.

Next, we introduce some key notations for the proof of Theorem 1.1.
Notations 2.1 (Cube filtrations and weighted cubes). Fix a € Z.

(1) Write
I, :=[-3%/2,3%/2)¢,

and for notational simplicity, let I := 1. Moreover, if £ > 0 is fixed, we
let the e-expansions and e-contractions of the cube I, to be the sets

If. =[-3/2—¢,3"/2+¢)? and I =[-3"/2+¢,3"/2—¢)"

(2) Suppose a > 0. Fix k € Z. Let Q¥ be the collection of all 3%-adic cubes
Q of side-length £(Q) = 379 such that the unit cube I € Q2 where k
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is the generation of the cubes in Q’;. Write 9, = UkeZ Q’;. IfQ e Q’;,
we let 2(Q) be the central point of Q. Moreover, let Q. be the central
cube amongst all the cubes Q' C Q, Q' € QF*+2. That is, Q. € QF*+? is
uniquely determined by the requirement z(Q.) = x(Q). Notice that the
central cube Q. is two generations younger than Q.

(3) IfQ € QF let Q7 € QF, j =2,...,3% be all the neighbouring cubes of Q
and write Q' = Q. Let

W:{w:(wl,wg,...,wgd):wlzlandwj>O,j:2,...,3d}.

When v € M and w € W are fixed, we will denote for all j = 1,...,3¢
the wj-weighted duplication of the restriction v, := vLl, to the neigh-
bouring cube I’ by:

vyl = wjlve + (1)),

which is the same measure as w;T_
write

3d
wo_ wj,J
V, = E v, 7.
j=1

Notice that v}, = v, for any w € W. See Figure 3.2 for an example
of this notation in use.

eiyasva = T, 1w, (Va) Then,

Definition 2.2 (Metric on measures). Fix a € N. Let £(a) be the set of all
Lipschitz functions ¢ : R? — [0,00) with Lipschitz-constant Lipp < 1 and
support spt ¢ C I,. For p,v € M, we write

/@du—/de’

d(p,v) =27 min{1, F, (s, v)}.

Fa(:u’v V) = Sup
peL(a)

and

Then, (M, d) is a complete separable metric space, and the topology induced
by d agrees with the weak convergence. Note that here we abuse notation: d
also refers to the dimension of the ambient space RZ.

Remark 2.1. (1) A similar metric of measures was used in [11, Remark
14.15], with the difference that the closed ball B(0,a) is used instead
of I, in the definition of £(a). This changes the value of the metric
d, but still all the properties of d and F, given in [11] are satisfied.
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Especially, we have the following characterization of weak convergence.
Let p;, u € M, i € N. Then,

wi —pn < dlg,p) =0 < Fy(u,p) — 0,i— oo forall b e N.
See the proof of [11, Lemma 14.13].
(2) For a fixed a € N, we let the open ball with respect to the metric F, be
Us(v,e) ={p e M: Fy(u,v) <e}.
It follows immediately that this set is also open with respect to the metric
d.
3 Proof of the main result
In order to prove Theorem 1.1, it is enough to construct a subset
R C{p€ M : Tan(u,z) = M\ {0} for p a.e. z € RY},

which is a countable intersection of open dense sets in M. We will now fix a
number of parameters required to define such a set.

If @ € Q1, we let Lg be the normalized d-dimensional Lebesgue measure
supported on Q. That is, Lo = £L4(Q) ™1 LILQ. Write

S = {LIURN\L)+Y " 4gLq  4g > 0,4q € Q where Q € Q1,Q C L, n € NJ.
Q

Then, S C M is countable and dense in (M,d). We especially need the
following properties of measures v € S in our proof:

(1) sptv = R%;
(2) v(91,) =0 for every a € Z.

Definition 3.1 (Choices of 3,, £, and £¥). Let v € S. Choose any sequence
Ba = Ba(v) \, 0 with 3, < 37%v(I_,)"1/4 for any a € N. If a € N, we write

£q = Bar(I%,) € (0,37/4).

Fix a € N and w € W. Choose any number ¢ € (0,¢,) such that

max {p(I,  \ T, ), v (I \ T } < e (3.1)
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We denote €} := ¢ to emphasize the dependence on a and w for the choice of
e. All this is possible because v € S, and thus, v(91_,) = 0 = v(91,). Indeed,
this yields

lim (1%, \ I,,.) = 0 = lim (I3 \ ;).

Recall Notations 2.1(3).

Definition 3.2 (The set R). If a € N and k € N, we let

7‘5 = 37(1”1)“/2.
This number is half the side-length of a cube in Q¥*!. We are now planning to
construct a countable intersection R of open and dense sets. For each measure
v € §, parameter a € N, and generation n € N, we associate a set R, 4, C M
as follows. This subset consists of all measures u € M with the property that
for a deep enough generation k > n and for all cubes Q € QF, Q C I, there
exists a normalization constant ¢ > 0 and a weight vector w € W such that
the blow-up To(@),rk (1) = cTh(q),rhst 18 €q€y -close (in the F, 4 ;-distance) to
the w-weighted measure v}’ (see also Figure 3.1). In other words,

Rl/,a,n = U ﬂ U U E?é),rlgcha—H(l/;V, é‘afy).

k>n ek c>0weW
QClqg

There are only countably many R, ., ¥ €S, a € N, and n € N, so

Re= (1)) Ruan

veS aeNneN

is a countable intersection. See the outline of the proof in below for more
heuristics on the choice of the parameters and the set R.

Outline of the proof. Since S is dense in M and Tan(u,z) is always
closed in M \ {0}, we only need to verify for each v € S and p € R that
v € Tan(u, ) for u almost every z € R?. The set R has the property that
when v € § and a € N are fixed, we can find arbitrarily large generations
k € N such that the measure 1 € R will look in all cubes Q € QF like a small
translate of vy when we blow-up with respect to any point € Q. (recall
Notation 2.1(2)). Since the relative size of the central cube Q). becomes very
small compared to their ancestor in Q¥*! when a is large (in the factor of
37%), the translates of ¥ tend to look like v since v} restricted to I, is v 1,.
Here we need to use the measures v} and the weights w € W in order to make
Ru,an dense in M.
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0 TT(Q),Tg

— I
(-] (-]
B(x(Q),r¥)

GO D B0.1)

Figure 3.1: The map T (q),+ used in the definition of R, 4 » maps @ onto
I, and Q. onto I_, (the small black cube on the right-hand side), respectively.

Hence, we should try to somehow cover u almost every point of R? with
such nice cubes. What we will do first, is fix some numbers a,b € N and
then invoke the definition of R to find infinitely many generations k such
that the central cubes Q. of the cubes Q € QF cover some portion of some
large reference cube I, with respect to the measure p. However, verifying this
produces some of the trickier parts of the proof. To this end, we need the
following generalization of the Borel-Cantelli Lemma (see for example [21]),
where the condition on independence is replaced with a more quantitative
statement.

Lemma 3.1. Let (Q,F,P) be a probability space and A, € F, n € N such
that > | P(A,) = oo. Then,

N 2
(S pan))
[P’(lim sup An) > lim sup .
n—00 N—00 Zf:le Zlfil P(A, N A;)

In the proof of Theorem 1.1, the events A, are exactly the unions Ag)n,

n € N, of all 3%-adic central cubes Q. of certain generation k,, cubes ) in some
large reference cube I,. Moreover, P is the normalization of uLl, such that
Foi1(cTy@)rkght, vy') < €qy for some c = ¢(Q) > 0 and w = w(Q) € W. We
need the more general form of Borel-Cantelli’s lemma here since our events
Ag’n, n € N are not, in general, P-independent, but when n — oo, we can say
something about their pairwise correlations.

In order to apply Lemma 3.1, we need to compare the measures u(Q)
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and p(Q.) to each other using the comparison of v measures of the reference
cubes I, = Ty, (Q) and 1, = Ty -+ (Qc), which is made possible by the
knowledge of Fa+1(CT$(Q),T§uM, v¥). In this way, we gain the right measures
for the sets A%, and A} N AZ,;~

However, when we do the g measure comparison, we end up having some
error terms coming out from the v}’ measures of the buffer zones I} \ 1 _ and

Hta,s \IZ, .. However, by the choices we made in Definition 3.1, these errors
are, at most, of the size e,, which is independent of generations n. Then we
apply Lemma 3.1 to see that the y measure of A® = limsup,, Az’n is nearly
the same as p(I;). How near will depend on the numbers 3, that arise from
the errors g,. Then, it turns out that the set A = limsup, A% covers p almost
every point of I, since as a — oo the numbers 3, \, 0 by their choice. This
way, ¢ almost every point of the space R? can be covered by the union of such

sets A, b e N.

o\ Toe

Figure 3.2: The cube Il = I, and its neighbouring cubes 17, j = 2,...,3%
We have weighted the cubes I/, with weights w;, where the shade of the cube
tells us how big the value of the weight w; is. This illustrates the measure
v¥: on I it equals to w;v, translated to IZ. We choose ¢ = ¥ such that the
buffer zone I} _ \ I, _ in the picture has v} measure less than a fixed number
€q > 0. The bigger the weights w; are, the smaller ¢ we have to choose. The
small black cube in the picture is I_,, and we want to choose € to be small
enough that even the v measure of the small buffer zone H*_‘aﬁ \IZ, . is less

&
than &,.

Lemma 3.2. R, ., is open and dense in M.

PROOF. (1) Let us first prove that R, ., is open in M. Fix z € R%, r > 0
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and ¢ > 0. We will now show that 7 := T . : M — M is continuous. This
is enough for our claim since the balls U, in the definition of R, 4 , are also
open in (M, d) and the intersection in the definition of R, 4, has a finite index
set {Q € Q% : Q C 1,}. Suppose ju;, it € M are chosen such that j; — p. We
need to verify for any fixed compactly supported continuous ¢ : R? — R we
have

[ear) > [eir), asio.

Hence, fix a continuous and compactly supported ¢ : R — R, which makes
@ o Ty, also continuous and compactly supported. Since p; — 1, we have

’/wdT(ui)—/WT(u)‘ :0‘/¢0Tz,rdui—/s@oTz,rdu‘ — 0,

as i — oo. Hence, T (p;) — T (1) as i — 00, so T is continuous like we claimed.
(2) Here we prove that R, 4, is dense in M. Let u € M be a measure
with spt 4 = R%. For k € N, we write

=y Qe
QeQf

where
1 &
V9= To@)wt vty Va), @€ Qg

Fix Q € QF. Notice that v¢(Q) = 1 and sptv? = Q. Since spt u = R?, each
of the numbers v(I,)/u(Q?), j =1,...,3% is well-defined, where @7 is the jth
neighbouring cube of @ (recall Notations 2.1(3)). Write

v(l,)
c(Q) = > 0. 3.2
@ n(Q) (32)
Moreover, define weights w; = 1 and
mQ’)
w]:C(Q)I/(H)’ 3:27"',3d'
Then,
w = (wy,...,wss) € W.

Let ¢ € L(a+1). Since sptp C I441 = U?il 7, we have by the choice (3.2)
and the definition of weights w; that

/ P ATk e@) (k) = / pdvy.
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Since ¢ € L(a + 1) is arbitrary, we have especially,

Foi1(To@) k(@) (), vy ) = 05
so, in particular,
i € oot ci@ Vet (40 20

Since this is true for every k € N and @ € QZ, we have p, € Ry q,n Wwhenever
k > n. With this in mind, let us finally verify

Le — b, as k — oc.

Let ¢ : R® — R be a compactly supported continuous function. Then, we may
fix b > a such that spty C I,. Fix € > 0. Since ¢ is uniformly continuous,
we can choose k. € N such that for every k > k. and Q € QF, we have:
lo(y) — ()| < & whenever y, 2 € Q. On the other hand, v?(Q) = 1 for every
Q € QF, so we have:

)/@duk—/wdu(

|3 ([ o etet@ldn+ [ [oel@) — ol d)

Qeok Q@
QCIb

< Z/\w oz Iduk+2/\<p — ol du
QEQk QEQk
chlb chlb

<D em(@+ D eu@Q) =22 Y u(Q) = 2ep(ly),
Qegk Qegk Qegk
QCIy Qcﬂb chb

since i(Q) = p(@QVR(Q) = u(Q) for any Q € QF. Hence, u, — p, as
k — oo.

Measures p with spt u = R? are dense in M. Hence, if / € M is any mea-
sure, for any € > 0 we can choose 1 € M with d(i/, 1) < /2 and spt u = R
Then, just choose k > n so large that d(u, i) < /2, which gives d(ug, 1') < e.
The measure pj € Ry q.n 50 Ry q,n is dense. O

Lemma 3.3. If 4 € R, then Tan(u,z) = M\ {0} for u almost every x € R%.

PrROOF. Fix p € R. Since Tan(u,z) is closed in M \ {0} and S is dense in
M, it is enough to show that S C Tan(u, z) for p almost every z € R

Fix v € § and a € N. Since p € R, we can choose for every n € N an
index k := k, > n such that for each Q € Q% @ C I, there are numbers
¢ =¢(Q) > 0 and weights w = w(Q) € W such that

e I(Q) - a1 (v eacy)-
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Write
1Q = Te(@)r.c(H) = cTe(Q).righ-
Especially, this measure satisfies
FaJﬂ(NQ? VZV) < EqEy - (3'3)

Consider the sets

Ao = U Qc, A =limsup A, ,, and A = limsup A,
QEQk n—oo a—ro0
an;

keeping in mind that k& = k,, and Q. € QF*? is the central cube of Q (recall
Notations 2.1(2)). Let us first show that

p(RE\ A) = 0. (3.4)

We may assume that p(RY) > 0, since otherwise (3.4) is trivial. Then, we may
choose by € N such that p(I,) > 0. Fix b > bg. Then,

P = p(lp) " Tl
is a well-defined probability measure on R? and sptP C I,. Write

Az)n = Agn NIy, AZ = lim sup Ag’n, and A’ = limsup AZ.

n—o0 a— o0

We will now show that for any a > b we have

> (2]

(3.5)

where (3, is the number from Definition 3.1. Let us first estimate the measure
of A% | in the case of a > b. When Q € Q} is fixed, we will write for notational
simplicity € := ¢}, and

It =1t I, =1, I+, =1t

a,e’ a,e?

and IZ,:=1"

—a,e) —a,e*

Recall the definition of e-extensions from Notations 2.1(1), but keep in mind
that these cubes depends on the cube Q. Choose ¢, o, , vl v, € L(a+1)
as follows:

(1) 0<¢f <expr, ¢'la=e, and 0<¢; <exi,, ¢,/ =5
(2) 0<yf <expr , ¥flla=e, and 0<9; <exi_,, ¥, [[C, =e.
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This is possible, since we have chosen ¢ = ¢V < g, < 37%/4 = ((I¢,)/4 so

I = If. C I441, and even in the small cube I~, there is room to extend

piecewise 1-linearly the characteristic funtion of IZ, times ¢ to I_,. We will
nowW prove

hola) —v(Ila)| < 2Bav(I-a) (3.6)
and
lho(I-a) — v(I-a)| < 2Bav(I-a). (3.7)
Since wy = 1 (the weight of I,(1) =1, is 1), we always have
vy, =v, =vi,.

Now recall (3.1). If ug(L,) > v(L,), we have by the estimate (3.3) that
10, o
:uQ(]ICL) - V(Ha) < g Pa d,LLQ —Va (Ha)
1 + + 7,,W 1 + w W (T
g‘ Pa d’qu Pa dya +g Pa dVa —Vq (I[a)
F,

W
SMJFV;V(H\H;)SEGJWY(U\HZ)

< 2B,v(1_y),

IN

and if pg(ls) < v(l,), we have similarly
W T+ 1 —
V(Ha) - MQ(]ICL) < V, (Ha) - g Pa d,LLQ
W (T+ 1 — W 1 — w —
SI/a (Ha)_g Pa dya +g’ Pa dl/a - Pa d:U’Q‘
F W
<rraig) + el < 1) e,
€
< 2Bv(12,).

Hence, (3.6) holds. If we invoke again the estimates (3.1) and (3.3), and now
additionally the properties ™. I, = v, and 1T, C I,. We can prove the
choices of 9 (3.7) with a symmetric argument as above. Write

1428,
00 =1 55,
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Since v(I-,) < v(la), the estimates (3.6) and (3.7), Tyq)+(Q) = I, and
T(@)rs (Qc) = 1o imply

(1 =28)v(I_,)

T 25 )vm) M@ = e pen(@),

W(Q.) = % Q) =

and in a similar manner,

1(Qc) < 0apait(Q)-

Since P(Il,) = 1, we have

Q;lpa S P(Azm) = Z P(QC) S OaPa-
Qeok
QCIy

Fix n,l € N and estimate the PP measure of the intersection Agm N AZ,;- If the

generations k,, = k;, which we chose accordingly to n and [, the cube unions
Ag’n =AY, and so

a,l?
P(Ag,n N Ag,l) = ]P)(Ag,n) < QaPa-

Suppose k,, < k;. Then, for each Q € Q% we can decompose the central cube
Q. into the generation k; subcubes:

Qc: U R.

k
REQ,!
RCQc¢

In particular, the intersecting cubes

A naAb = ) | Re

Qeoln Rreghl
QCl, QCQc

See Figure 3.3 for an illustration.
Invoking P(I) = 1, we can now estimate

P(Ag,n N Altlz}l) = Z Z P(R.) < Z 0aPalP(Qc) < szi'

Qeoln reoht Qeohn
QCl, RCQe QCIy

Similarly, if the generations k,, > k;, we have the same result, since we can
just change the order of n and [. Fix N € N. Then, by the estimates above,

N N
SN PAL, NAL) < N[N —1)02p2 + 0apal
1

n=1[=
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[=T=T=] [=]=T=] [=T=T<]
&8 BES EEE
Q
[=]=T=] [=]=T=] [e]eTe]
HE8 BEH HEH
Qe
[e]eTe] [e]a]s] [e]eTe]
BE8 BEH BES

Figure 3.3: Illustration of the intersection Ag’n N AZJ. Estimating the mass
of this intersection is then reduced to estimating the ratios between small black
cubes R, and ). This comparison produces an error given by the number g,.

and
N 2
(DoPeat,)) = N2, %2,
n=1

On the other hand, the sum
o0 oo
D> P(ALL) > 00t pa = 400,
n=1 n=1

since o, 'p, > 0 is a number independent of n. So, we are allowed to apply
Lemma 3.1:

N N
o (20 as,))
P(A;) > limsup — ~
Novoo 3y 3s P(A, N A7)

N2p-2p2
> lim sup a-a =04
Nooo N[N —=1)02p; + 0apa]

which is exactly (3.5).
We are now practically finished, since (3.5) implies for any a > b that

P(|J AY) > P(4l) > 0",

a’>a
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so by the convergence of measures and the fact that o, \, 1, as a — oo, we
obtain
P(A) =P(() | 4%) =1.
acNa'>a
Then, recalling that P = u(I,) ~!u_ly, we have shown

oo

PRI\ A) < 3 s\ A7) =0,

b=bo

so 41 almost every z € R? is an element of A.

Lemma 3.3 is thus proved if we can show that v is a tangent measure of
1 at every x € A. Fix an ¢ € A, and choose infinitely many a € N such that
x € A,. Fix such an a and choose infinitely many n € N such that z € Q.
for the unique @ € QF for which x € Q. Recall the estimate (3.3) from the
beginning of the proof. That is, the choice of k = k,, implies that each of these
cubes have the property

w

Fori(pq,vy') < caey s
for some constant ¢ = ¢(Q) > 0 and weights w = w(Q) € W, where
1Q = Ta(@).rkc(1) = (@) rrght-

Then, after passing to a subsequence, we may find increasing sequences (a;);en
and (k;);en of natural numbers such that a;, k; oo, and for any i € N we
have:

(1) the point z € Q; ., where Q; . is the central cube of @; and Q; is the
unique cube in Q% containing ;

(2) if z; = 2(Q;) and r; = rki = 3=(kitDai /2 0, then the distance
Fo,11(ciTy, vt vyt ) < €a,€57
for some weights w; € W and constants ¢; > 0.
We will now show that
¢ Ty rppb — v, asj — oo.

By Remark 2.1(1), it is enough to verify Fy(c;Ty s, v) — 0 as j — oo for
any fixed b € N. Let b € N and ¢ € L(b). After passing to a subsequence, we
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may assume that Iyq C I,,4q for all ¢ € N. Write z; := (z — a;)/ri, ¢ € N.

Since

|z — 2] < Qi)
37w l(Qi)/2 T 374(Qs)/2
this particularly implies that spt(¢oT%, 1) = spt p+2; C Ip11 C Iy, 41 for every
i € N. On the other hand, by the definition of vi, we have vyiLl,, = v,,,
and so,

= 2.370’1"

|z =

/gpdei,wy;‘;"’ = /(pdej71ﬁu :/ p(r — 2;) dvz.

JITY

Hence, using the fact that ¢ is 1-Lipschitz, we have shown that

‘/godei,lﬁl/Z‘: — /(pdl/ / oz — z;) dve —/ pdv
Hb+1 ]Ib+1

< / (e — 2) — ()| dve

Tpq1

< zilv(Tp41)
< 2. 3_ail/(Hb+1).

The mapping ¢ o T3, 1 is in L(a; + 1). We already had spt(p 0T}, 1) C Iy, 41,
and it is 1-Lipschitz:

o Toin(y) = poTon(2)] < Toin(y) = Ten(2)l = ly — 2, y,z €RY

Hence, as Definition 3.1 in particular gives 5‘;:’” < €q;, We have

‘/gpd(cing,nw) _/@dTZ¢,1uVZ‘:i

= ‘/@OT—%‘J d(CiTxi,Mﬁu)_/@OTzivl dl/;:i

W W,
< Fai+1(ciTﬂCz‘,nﬁlJ’7 Va/) < Eq;€q; < Ea;Ea;-

i

Since ¢ € L(b) is arbitrary, we have reached our goal:
Fo(eiTpright, V) < €q; - €a; +2-37%v(Ipp1) — 0,
as 1 — 00, finishing the proof of Lemma 3.3. O

Combining Lemma 3.2 and Lemma 3.3, we have shown that a typical
measure y € M satisfies Tan(u, z) = M \ {0} at u almost every x € R?, and
thus, Theorem 1.1 is proven.
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4 Measures are typically non-doubling

As a direct consequence of Theorem 1.1 we can say something about the
doubling behavior of typical measures.

Definition 4.1. A measure y € M satisfies the doubling condition at x € R?

if
(B2
sy ™ Bler) -

Measure u is non-doubling if the doubling condition fails at p almost every
x € R?. Notice that non-doubling measures are always singular with respect
to the Lebesgue measure in R<.

Corollary 4.1. A typical measure p € M is non-doubling.

PROOF. The results of Preiss in [20, Proposition 2.2 and Corollary 2.7] imply
that the doubling condition of i at x can be characterized by the existence of
a constant C' > 1 such that for every v € Tan(u, z) and r > 0 we have

v(B(0,2r)) < Cv(B(0,r)).

If Tan(p, ) = M\ {0}, then clearly the doubling condition cannot be satisfied.
For example, measures v, = L B(0,n)¢ satisfy

v, (B(0,2n)) > 0 = Cv,(B(0,n))

for any C' > 1, yet v, € Tan(u,x) for every n € N. Hence, the claim follows
from Theorem 1.1. O

Remark 4.1. Bate and Speight proved in [2] that when a measure p on a
metric space admits a differentiable structure, then p satisfies the doubling
condition p almost everywhere. Hence, Corollary 4.1 also says that with re-
spect to the Euclidean metric a typical ; in R? does not admit a differentiable
structure in R%. It would be interesting to see if Corollary 4.1 could be gener-
alized to other interesting classes of complete metric spaces.

5 Sharpness of the result

A natural question to ask further is if the property Tan(u,z) = M \ {0} can
be made to hold at every point x € spt u of a typical measure p. However, this
is not possible by the following observation. Here, £ is the Lebesgue-measure
on R and L% is the Heaviside-measure L [0, c0).
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Proposition 5.1. If u is a measure on R with non-empty support, then there
exists x € spt u such that £ ¢ Tan(u,x) or LT ¢ Tan(u, ).

Remark 5.1. Even though the statement of Proposition 5.1 is in R, it could
be extended to R? with a similar proof. More precisely, we can use nearly
similar techniques to show that for any p € M with non-empty support there
exists z € sptu such that either the Lebesgue-measure £¢ ¢ Tan(p,z) or
L4+ ¢ Tan(u, ), where the measure L& is £¢ restricted to the set

RO+ = {(z1,29,...,2q) :x; > 0foralli=1,...,d}.
Before we state the proof, let us first observe the following.

Remark 5.2. If i is a measure, = € spt 1, and for some ¢; > 0 and r; N\, 0,
we would have ¢, T, ypu — LT. Then, we can choose a subsequence (4j)jen
such that

M(B(x,rij))_lTL”jW — LT, asj — oo

This is verified in [11, Remark 14.4(1)] if we use it in the case R = 1 and
v = LT and notice that £L(U(0,1)) = LT(B(0,1)) = 1.

PRrROOF OF PROPOSITION 5.1. Write A = spt u. We have two separate cases.

1° Suppose A is a proper subset of R. Since A is closed and non-empty,
we can choose # € A and € > 0 such that either (z —e,2) N A = @ or
(z,z +¢e)NA=g. Let us prove that

L ¢ Tan(u,x).

We may assume that (z, z+e)NA = &; the other case is symmetric. Contrarily,
suppose that there exists ¢; > 0 and r; \, 0 such that ¢;T; s — L as i — oo.
Fix ip € N such that r; < € for each ¢ > 7y5. Fix a continuous ¢ : R — R such
that spt o C (0,1) and [ ¢dL = 1. Then, for each i > iy we have

which is a contradiction with ¢; Ty 41t — L. Hence, £ ¢ Tan(u, z).
2° Suppose A = R. Let us now find = € R such that

LT ¢ Tan(u, ).

If 2 € Rand r > 0, denote ¢, » = pu(B(x,r))~!. Fix any number 0 < & < 1/20.
Then, the constant ¢’ := /16 — 5c2/4 > 0. Fix any yo € R. Pick some 79 > 0
such that

F3(Cyo7ToTyoﬂ”oﬁu’ £+) < e,
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Recall the definition of F3 in Definition 2.2. If we cannot choose such rg,
Remarks 2.1(1) and 5.2 would imply that £ ¢ Tan(u,yo), which finishes the
proof. Write r; = 4 %, i € N. Let us now construct a sequence of points
Zo, 21, %2, -+ € R. First, we let zg = yo+7ro. Fix ¢+ > 1 and suppose the points
Zo, - .., x;—1 have already been constructed. If there exists y; € [x;—1,2;—1+7;]
and s; € (r;41,7;] such that

F3<Cyi,SiTyi,SiﬁM’ ‘C+) < 527 (51)

we let z; = y; + r; (see Figure 5.1). Otherwise, if such a choice cannot be
made, we let x; = x;_1.

Figure 5.1: The choice of the point x; when we can choose y; € [z;—1, ;-1 +
ri] and s; € (ri41,75] such that (5.1) is satisfied. Since ¢y, o, Ty, 5,4/t is close
to the Heaviside-measure £1, we move to the right in the construction since
here ¢, Ty, rgp is quite far from £ with respect to the distance Fj for all
scales r € (141, 7;] by the choice of s;. Furthermore, the limit = lim;_, o, x;
is then quite close to the point x;, and thus, ¢, 1% 41t is also quite far from
LT for all scales 7 € (111, 7]

This way we have constructed a sequence of reals zg, 1, Z2,... such that
for any ¢ > 1 either we could choose y; € [z;—1,z;—1 + ;] and s; € (Ti41,74]
such that (5.1) is satisfied and z; := y; + r; or x; := x;_1, whence

Fg(Cy,STy’Sﬁ/h,CJF) >e? forally € [®i—1,zi—1 + 7] and s € (ri41,7:]. (5.2)

Now fix 4,57 € N, j > i. By construction, for any & € N, we have x} €
[Tk—1, Tk—1 + 27], s0

Tj € (@i, @i + 271 + 2rig2 + -+ 215 C [y, @ + 1),
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since Y oo, 47 = 1/3 < 1/2. Thus, the limit z = lim;_,oo x; exists and
x € |z;,x; + ;) for every i € N.

Fix a radius 0 < r < rg, and choose ¢ € N such that ;11 < r <r;. Suppose
(5.1) holds. Define a map H; : R — R by

Hl(Z) = %Z + Tw,r(yi)v z e R.

Then, by definition, H;oT), s, = Ty ». Let ¢ : R — [0, €] be any Lipschitz-map
with
Lipp < 1/4, sptp C [—1,0], and p|[-1 + €, —¢] = €/4,

and let ¢ : R — [0, ¢] be any Lipschitz-map with
Lipy < 1/4, sptv C [-1 —¢,1+¢], and ¢|[-1, 1] = /4.

Now, in particular, spt( o H;),spt(v o H;) C [~12,12] C I, and
. . S; 1
Lip(yp o H;), Lip(¢ o H;) < — <1,

since s; < r; and r > 7,41 = r;/4. Hence, p o H;, 1) o H; € £(3), so by (5.1),
we have

cyi,si/onidTi,Siﬁu§/¢0Hid£++€2.

Hence,
4 4u(B iy Si
w(B(z,r)) < - /wdTwﬂ"ﬂM = M " Cyi,si /¢0Hi dTy, szt
SM'(/¢OHidﬁ++a2>

(eLT([-12,12]) +€?)
< 52u(B(yi, 14))-

< 4p(B(yi, 5i))
g

If I = H;'[~14¢,—¢], then I is an interval and of the length
) =1—-2e)r/s; >1/4—e.

Moreover, the choice of ¢ yields (¢ o H;)|I = ¢/4. Thus, by (5.1), we have

/w o H;dLt —e* < ¢, /(po H; dTy, 44t
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Hence,

‘/Sﬁd(cm,rTm,TﬁH) */deﬁJr‘ :Cm,r/SQdTr,rﬁN
:cm,r/gpoHZ—dT“Siu,u

>ﬂ(/cpoHZ-d[,+—€2>

Cyi,si

c €
> o (Spt(r) - 2)
B Cyi,si (4 ( ) :

> S > /59,
C'yiaSi
Therefore,
Fy(cy Ty g, LT) > €' /52.

On the other hand, if (5.2) holds for the index i € N, we immediately have
FQ(Cm,rTz,rﬁN7 LJF) > 52

since x € [z;, x;+7;] = [x;-1,x;—1 +7;] in this case. Hence, for any 0 < r < o,
we have
Fg(c$7rTw)Tuu,£+) > min{e’/52,¢%},

yielding that £* ¢ Tan(u, z) by Remarks 2.1(1) and 5.2. O

6 Micromeasures

The notion of micromeasures is a symbolic way to define local blow-ups of
measures in trees, and in this setting we can also obtain a similar result to
Theorem 1.1. Micromeasures have just recently been considered in [9, 22], for
instance. Let I = {1,2,...,b}, where b € N is fixed. If n € N, we write

I" ={(z1,29,...,2n) 2, € I}, I = U I"and IN = {(21,22,...) :2; € I}.

neN

Then, I is a compact metric space with the metric d(z,y) = 2-(@AY) gy €
IN, where 2 A y is the first index i € N when z; differs from y;. When
= (z1,72,...) € [N or x € I'"™ with m > n, we let x|n € I" be the n:th cut
of x; that is, z|n = (x1,x9,...,2,). If y € I, we let the cylinder generated
by y be

[y ={z eIz =y,i=1,...,n}.



74 TUOMAS SAHLSTEN

Let P = P(IV) be the set of all Borel probability measures on IN. If u € P
and y € I" with puly] > 0, we denote

z eI

that is, the normalized restriction of u to [y] shifted back to I"V. This notion
defines a Borel probability measure on IN. We can metrize P with the following
distance:

) M?VEIP’

m(p, V) = sup ‘ /gpdu— /(pdll
pel

where £ is the set of all Lipschitz-maps ¢ : IN — R with Lipp < 1 and

maximal value ||¢||oc < 1. The set P can be equipped with the weak topology,

which agrees with the topology induced by m. Moreover, the compactness of

IY yields that (P, 7) is a compact metric space.

Definition 6.1. A probability measure v € P is a micromeasure of u € P at
x € IV if there exists n; * oo such that

Haln; — V, 881 —>00.

The set of micromeasures of y at x is denoted by micro(u, ), which is a closed
subset of P.

We obtain the following theorem.
Theorem 6.1. A typical u € P satisfies micro(u,x) = P at every x € IV,

PROOF. The proof below resembles the proof of Theorem 1.1, but the steps
are dramatically simpler. Namely, here we do not have to worry about the
measures of boundaries, nor how to fit balls and cubes to each other and at
the same time worry about g almost every point. The core is similar, so we
will leave out some of the details.

First of all, choose a countable dense S C P such that v[y] > 0 for every
veSandye I*. When y € I* and puly] > 0, we denote

77/(”) = Hy-
With this in mind, define

R=()[)Rvm and Ron=J ()T, 'Uw1/k),

veS neN k>n yelk

where the ball U(v,1/n) is taken with respect to the metric 7. Suppose v € S
and n € N. Let us first verify that R, , is open and dense in P.
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(1) Since dfy] = @ for any y € I*, the map T, : {p € P : ply] >0} = P is
continuous. Moreover, the set {y € P : p[y] > 0} C P is open, which
yields that for any open U C P the pre-image 7;_1U is open in P. In
particular, R, , is open in P.

(2) If &/ € P and € > 0, we may choose u € P such that ply] > 0 for every
y € I* and 7(u, p') < /2. Fix k € N and denote

yerIr

where V¥[z] = v[z]/v[y] for each z € I™, m > k, with z|k = y and
vY[z] = 0 otherwise. Then, T,(u*) = v for each y € I*, k € N, so
uk e Ry if B > n. Moreover, as in the proof of Lemma 3.2, we have
U — p, as k — oo (we just replace @ by y). Thus, we can fix k > n
such that 7(uk, p) < e/2, yielding mw(u*, u') < e. In particular, R, ,, is
dense in P.

In order to finish the proof, we fix u € R and verify that for a fixed 2 € I we
have micro(u,z) = P. Since micro(u,x) is closed in P, and S C P is dense,
we only need to check that v € micro(u, z) for a fixed v € S. By the definition
of R, there exists n; /oo, i — oo, such that

pe () 7, 'Uw,1/n;), ieN.

yelmi

Especially, 4 € T} U(v,1/n;) for any i € N. This is exactly what we wanted:

W(Mﬂnﬁy) < 1/ni7 1€ N7

SO Hgln; —> V @S — 0O. O]

7 Further problems

7.1 Micromeasure distributions

Micromeasure distributions provide a probabilistic way to describe which mea-
sures tend to occur more often as local blow-ups ji,, of u € P, and thus tell
us what the “expected” micromeasures of u are. Let us first expand some of
the notation in Section 6.1. This notation was used in [22]. Write

= ={(u,z) € P(IN) x I": pfx|n] > 0 for all n € N}.
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Let o : IN — IN be the shift; that is, o(z1,29,...) = (v2,23,...), if z =
(71,29,...) € IN. Define the map ZOOM : E — = by

ZOOM(p, x) = (pay s 0), (p,x) € E.

If n € N, let ZOOM" be the n-fold composition of the mapping ZOOM. Notice
that by definition, ZOOM" (11, x) = (pa|n, o™ T).

Definition 7.1. Fix (u,x) € E; that is, u € P and x € spt u. We say that a
Borel probability measure P on Z is a micromeasure distribution of p at x if
there exists N; oo, i — oo, such that

N;
Z dzo0oM" (u,e) — P, as i — oo,

n=1

1
N;

where the convergence is taken with respect to the weak topology on P(Z).

We already know that any measure is a micromeasure of a typical measure
u € P, but could we say something more about their distribution?

Problem 7.1. What are the micromeasure distributions of a typical measure
nePp?

Similarly, one could ask an analogous question for tangent measure distri-
butions (see for example [12]).

7.2 Prevalence

Prevalence is a notion of genericity that was originally motivated by the need
to have a “translation-invariant” measure theoretical form of genericity in
infinite dimensional vector spaces. The natural finite dimensional analogue of
it could be the notion of “Lebesgue almost every” in R?. The ideas surrounding
prevalence were introduced by Christensen in [7, 8], and the name “prevalence”
was suggested by Hunt, Sauer, and Yorke in [10]. The notion of prevalence
was originally only defined for elements in a topological vector space, but in
[1], Anderson and Zame also gave an analogous definition for convex subsets
of topological vector spaces.

Definition 7.2. Let X be a topological vector space, and let C be a completely
metrizable convex subset of X. We say that a set E C C is shy in C at the
point ¢ € C if for every § € (0,1) and open neighbourhood U of the origin in
X, there exists a Borel measure A on X with A(X) > 0 such that

(1) spt A is compact, spt A C U + ¢, and spt A C 6C + (1 — d)¢;
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(2) A(x + E) =0 for every z € X.

If E is shy in C at every point ¢ € C, then we say F is shy in C. A property
P of points in « € C is satisfied for prevalent = € C' if the set

{z € C : z does not satisfy P}
is shy in C.

In our case, we could consider the set P(K) of all Borel probability mea-
sures on K, where K is some compact subset of R? and M(K) is the set of all
signed Borel measures on K. Then, P(K) is a completely metrizable convex
subset of the topological vector space M(K). This setting was already consid-
ered by Olsen in [16] when the L?-dimension of prevalent measures p € P(K)
was studied. Moreover, in the case of trees I, the set P(IV) is a complete
convex subset of M(IV), the set of signed Borel measures on I™.

Problem 7.2. What are the tangent measures of prevalent measures in P(K)?
What are the micromeasures and micromeasure distributions of prevalent mea-
sures in P(IN)?
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