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Abstract

In the paper we give and investigate the basic properties of a method
for improving continuity, quasi-continuity and the Darboux property of
real functions defined on a metric Baire space. This “improvement” is
carried out with the use of Blumberg sets.

A. Katafiasz in her doctoral dissertation [5] (Also see [6] and [7].) intro-
duced the notion of an a-improvable discontinuous function. The main idea of
this work was to examine the possibility of the “remowval” of the discontinuity
of real functions defined on some subsets of the line. The author suggested a
certain method for removing the discontinuity and investigated the structure
of functions for which this method is efficient as well as the successive steps of
the procedure of removing of the discontinuity. This dissertation has inspired
our team’s investigations.

In our paper we give another method for “improving functions”. In ad-
dition we show that our method is efficient for a considerably wider class of
functions than A. Katafiasz’s method, and that it may also be applied, in
some cases, to the improving of quasi-continuity and the Darboux property.
An additional merit of our method is the fact that the “improvement” is done
in one step.
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We apply the classical symbols and notation. In particular, the symbol R
denotes the set of all real numbers with the natural topology.

Throughout the paper, we consider bounded real functions defined on some
metric Baire space.

If X is some metric space, then I(X) denotes the set of all isolated points.
The symbols A and A% stand for the closure of the set A and the derived set of
A (i.e. the set of all accumulation points of A), respectively. By K(a,r) C X
we denote the open ball with center at x and radius r.

Let X be a metric space with a metric o, and let W C X, x € X, r > 0.
Then ~y(z,r, W) denotes the supremum of the set of all £ > 0 for which there
exists z € X such that K(z,t) C K(x,r) \ W. The porosity of W at z is
defined to be the number p(W, z) = 2-lim, o4 M ([9]) and W is porous
at x if p(W,z) > 0.

Let f: X — Rand A C X. The symbol f|4 denotes the restriction of f
to A. Ua(f) = {z € X : there exists lim; 4, fla(z)}. (If A = X, then we
simply write U(f).) Let zo € A%. Then

LA(f7 {E()) = {a : El{:cn}CA\{;co} nlgr;o Ty =To A nlggo f(xn) = a}'

(If A = X, then we simply write L(f,xzo).) If x € I(X), then we assume
La(f,z) = {f(x)} for an arbitrary subset A C X. If f : R - R and A C R,
then

Lj(f7 z0) = {a : I, 1 cAn(zo,+o0) nh_}I{.lo Ty =g A 7}1—{20 f(zn) = al.

In an analogous way we define L, (f,zo). (If A = R, then we simply write
L*(f,x0) and L™ (f,z9.) The symbol C; denotes the set of all continuity
points of f.

Let f:R — R. A point xg is said to be a right-sided (left-sided) Darboux
point ([3], [8]) of f provided that for each € > 0 and for each number 8 which is
strictly between f(zq) and some element of L™ (f,zo) (L™ (f, o)), there exists
z € [xo, 0+ ¢€) (2 € (o — €, x0]) such that f(z) = 5. A point x¢ is a Darboux
point of f provided z is a right-sided and left-sided Darboux point of f.

Let f: X — Y where X and Y are metric spaces. We say that zq is
a quasi-continuity point of f if, for any open neighborhoods U and V of z(
and f(zg), respectively, Int (U N f~1(V)) # 0. A function f is said to be
quasi-continuous if each point z in the domain of f is a quasi-continuity point
of f.

If A is a bounded subset of R, then the symbol [A] denotes the closed
interval [inf A, sup A].
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H. Blumberg in paper [1] showed that, for every real function defined on R,
there exists a dense subset B of R such that f|p is continuous. If f: X — Y,
and B is a dense set of X such that f/p is continuous, then we say that B
is a Blumberg set of f. It is known ([2]) that, for a metric space X, X is a
Baire space if and only if for an arbitrary function f : X — R, there exists a
Blumberg set of f (see also [4]).

We shall apply these facts to our considerations. First, we introduce the
notion of a c-Blumberg set.

Definition 1 Let f : X — R. If B is a dense set of X such that Cy C B and
fiB s a continuous function, then we say that B is a c-Blumberg set.

Proposition 1 The metric space X is a Baire space if and only if, for an
arbitrary function f : X — R, there exists a c-Blumberg set of f.

PROOF. Necessity. From the Bradford-Goffman Theorem we may deduce
that there exists a Blumberg set B of f. It is not hard to verify that B =
(B\ Cf)UCYy is a c-Blumberg set of f. Sufficiency is obvious. O

In our paper we consider only functions mapping a Baire space into the
real line, and so, for each function considered in this paper, there exists (at
least one) c-Blumberg set.

Let f: X — R be a function and let B be a c-Blumberg set of f. By the
symbol fZ we shall denote the class of all functions fy defined as follows.

folz) = f(), ifx e B,

O 7 an arbitrary element of Lg(f,z), ifz ¢ B.
Proposition 2 Let B be a c-Blumberg set of a function f : X — R. Then
the class f2 contains at most one continuous function.

PROOF. Of course, if f is continuous, then fZ = {f}.

Now, we consider the case when f is a discontinuous function. Assume
to the contrary that f? contains two different continuous functions f;, fo.
Then there exists a point xg € X such that oy = fi(xg) # fa(xo) = ao.
Of course, g ¢ I(X). From the definition of the class fP we infer that
there exists a sequence {z,} C B such that zg = lim,c 2, and a3 =
lim,, oo f(zy). Note that fi(x,) = fo(z,) = f(x,) (n =1,2,...) and, conse-
quently, lim, o f2(z,) = a1 # ag, contrary to the continuity of fo. O

Definition 2 Let B be a c-Blumberg set of a function f: X — R. Then we
say that f is a B-improvable function if the family 2 contains a continuous
function. (Such a function will be denoted by fZ.)
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According to Proposition 2, for a fixed c-Blumberg set of f, there is at
most one “improvement” fZ of f. But, in the case of different c-Blumberg
sets of f we can obtain different “improved functions”.

Example 1 Let f: R — R be a function such that the image of an arbitrary
interval is equal to R. Then C¢ = () and, consequently, f~*(«) is a c-Blumberg

—1
set of f for each o € R. It is easy to see that fcf (a)(z) =a forx € R and
a € R. So, we have obtained a continuum of “improved functions” of f.

Proposition 3 If fo € fB, then fy is continuous at each point of the set
Up(f)UI(X).

PRrROOF. If zy € I(X), then, of course, zg € Cy,.

Assume that zo ¢ I(X). Let {z,}32, C X be an arbitrary sequence
such that xg = lim, o 2, and let {fo(zg, )}, be an arbitrary subsequence
of {fo(wn)}nZy. Then we may choose a subsequence {z;, }n2; of {zp, oy
such that either {z;, }32, C B or {x;, }2; C X\ B. In the first case, if
ro € B, then, according to the continuity of f|z, we obtain fo(xo) = f(z0) =
lim, o0 fig(z1,,) = My oo fo(zy,, ), and if 29 ¢ B, then (lim, 4, fi5(7)
exists) we may infer that fo(zo) = lim, .., fig(z), and as a consequence,
Jo(wo) = limy, o0 fo(21,, )-

In the second case, since fo(21,, ) € Lp(f, i, ), we may construct, for ev-

ery m, a sequence {yék" %21 C B such that z;, = lim, yé’“" and
limg_s oo f(yi"") = fo(zy, ). So for every positive integer n, there exists

a positive integer s(n) such that ‘Q(yi,z::)vxlkn) < L (where o denotes the
metric in the space X) and \f(yi’z;;)) — fo(zy,,)| < . In a fashion anal-
ogous to the above, we may show that lim, fo(yi’zz)) = fo(xo). Since

[ fol@r,) = folzo)| < |fol@n,) = folyuin))l + 1folyuiny) — folwo)l, we deduce
that lim, oo fo(z1,,,) = fo(@o)-
From the above considerations we infer that lim,, o fo(zn) = fo(zo). O

Theorem 1 Let B be a c-Blumberg set of f : X — R. Then f is B-improvable
function if and only if X = Up(f) UI(X).

PROOF. Necessity. Suppose that f is a B-improvable function (so, f7 exists)
and that there exists a point xg ¢ Ug(f)UI(X). Then we may choose two se-
quences {2, }22; C B and {y,}52; C Bsuchthat z, # zo #yn, (n =1,2,...)
limy, 00 5 = limy 00 Yo = 2o and limy, 0 f(zn) =a# B =lim, f(yn)~
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Then f5B(z0) = lim, 00 f2(2,) = lim,, 00 (7,) = a, and on the other hand,
B (20) = limy, 00 fE(yn) = lim,, 00 f(yn) = B, which is impossible.
According to Proposition 3, sufficiency is obvious. O

Proposition 4 If xq is a continuity point of a function f: X — R, then [ is
also a continuity point of an arbitrary function fo from fB (B is a c-Blumberg

set of f).

The easy proof is omitted.

Lemma 1 Let f : X — R be a function of Baire class one defined on the
complete metric space X. Then the following conditions are equivalent:

(i) For each c-Blumberg set B of f, f is a B-improvable function.

(i) There exists a c-Blumberg set B of f such that f is a B-improvable func-
tion.

(iii) Lc, (f,x) is a singleton for each x € X.

PROOF. The implication (i) = (i) is obvious.

(i) = (44). From Theorem 1 we infer that X = Up(f)UI(X). Of course
if v € I(X), then Lc, (f,z) = {f(z)}. Now, we suppose that x € Up(f). This
means that lim, ., fip(y) exists, and so, lim, . fc, (y) exists, also.

(#i) = (¢). Assume to the contrary that, for some c-Blumberg set of f,
f is not a B-improvable function. So, according to Theorem 1, there exists
20 € X\ (Up(f)UI(X)). Then xo ¢ B. It is easy to see that there exist two
sequences {z,}22; C B and {y,}>2,; C B such that

lim z, =29 = lim y,, lim f(z,)=a#F= lim f(y,)

n—roo n—roo n—roo n—roo
and x, # xo # yn (n =1,2,...). This means that Lg(f,xg) contains at least
two distinct elements.

From the continuity of fip and the density of Cy we may deduce that
a,f € Le,(f,x0), which is impossible because Lc¢, (f, zo) is a singleton. [

Lemma 2 If By, By are two c-Blumberg sets of f : R — R where f is a
function of Baire class one and f is Bi-improvable, then f is Bo-improvable
and f7 = f72.

PROOF. Since f is a Bj-improvable function, according to Lemma 1, L¢, (f, )
is a singleton for z € R and, consequently, (according again to Lemma 1) f is
a Bs-improvable function.

Now let zp € R. Then (Lemma 1) L¢,(f,20) = {a}. This means that
B (z0) = a and fB2(x) = a, and so fBi1(zg) = fP2(xg). By the arbitrari-

ness of the choice of xq, f51 = fB2. O
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Now, we present the basic facts from paper [5]. Let D be a subset of R,
f:D — R and let

A(f)={ze D lim (1) # f(x)}.

Then f)(z) = f(z) for x € D. For every ordinal number o (A. Katafiasz
considers the class of all ordinal numbers.), let

f(z), if {y<a:zeA(f,)} =10
fay(@) = ¢ limesa fiy0)(0) i 2 € A(f(5)),
where 7o = min{y < o : x € A(f())}.

For every ordinal number o, Ay = {f: D — R:Cy = D}. If a function
f+ D — Rbelongs to Aa\ (Uy<p<q 4s) then it will be called an a-improvable
(in the sense of Katafiasz) discontinuous function. If f € Uj<,<y, Aas then
it will be called an improvable (in the sense of Katafiasz) function.

Theorem 2 If f : R — R is an a-improvable function in the sense of Katafi-
asz (for some ordinal number «), then, for each' c-Blumberg set B of f, f is
a B improvable function.

PROOF. According to Theorem 15 of [5, p. 36], f is of Baire class one, and so,
Cy is a c-Blumberg set of f.

Let f(a) be a (continuous) function obtained by the method of Katafiasz.
Now, we shall prove that

Uc, (f) =R (1)

Let 2o € R, and let {b,}52, C C} be a sequence such that zo = lim,_,« by.
Theorem 1(3, o) from paper [5] gives the equality f(bn) = f(a)(bn) for n =
1,2,.... Of course, lim, o0 f(a)(bn) = f(a)(w0) and, thus, lim, .o f(bn) =
f(a)(w0). According to the arbitrariness of the sequence {b,}, zo € Uc,(f),
and so, (1) is true.

From (1) and Theorem 1 we conclude that f is a Cy-improvable function
and, consequently, according to Lemma 2, f is a B-improvable function for an
arbitrary c-Blumberg set B of f.

Now, we shall show that f,) = fccf. In fact, let 20 € R = Ug,(f). Then
(according to Theorem 1(3, «) from [5])

< “(20) = Jim fio,(2) = B fia)(2) = fia)(20)-

z—20;2€CF

INote that, according to the Proposition 1, there exists at least one c-Blumberg set of f.
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From Lemma 2 we infer that f(,) = fB for an arbitrary c-Blumberg set B
of f. O

Note that there exists a discontinuous function f : R — R of Baire class one
such that f is C¢-improvable, but is not improvable in the sense of Katafiasz.
For example, let f be the characteristic function of the Cantor set. Since
f€ =0, by Theorem 1 f is a Cy-improvable function, but f,) = f for
0 < o <w (cf. [5, Theorem 5, p. 10]).

The above considerations suggest the following question: How often do
B-improvable functions occur in the class of Baire one functions? The answer
to this question is contained in the next theorem.

Let X be a connected and complete metric space containing at least two
different points, let By (X) denote the space of all bounded functions f : X —
R of Baire class one with the metric of uniform convergence and let P(X)
denote the subset of the space By (X) consisting of all functions g : X — R
satisfying the condition: there exists a c-Blumberg set B of g such that g is a
B-improvable function.

Theorem 3 In the space B1(X) the set P(X) is porous at each point f €
B (X).

PROOF. Let f € B1(X), € > 0 and let xg be an arbitrary point of continuity
of f. Set o = f(xp). Then there exists 6 > 0 such that f(K(zo,0)) C
(a—§,a+3). Put

€
«a + —sin , if z € K(xg,0 o},
o[ (0,6) \ {o}
g\r) = Q, if x = x,
fa), if v ¢ K(xo,9),

where ¢ denotes the metric in the space X. It is not difficult to verify that
g € Bi(X) and g € K(f, 3¢) and, consequently, K(g, £) C K(f,e).
Now, we shall show that

K (g, g) N P(X)=0. 2)

Let h € K(g, g) and let ag, o € (0, 5) be numbers such that sin ap = 0.2 and
sin By = 0.8. Then there exist positive integer ng and sequences {an}7Z,, ,
{bn},, C Cp such that o(zo,a,) € (ﬁ, m) and o(zo,b,) €

(m, ﬁ) (For simplicity we assume that ng = 1.) It is easy to see
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that lim,, ,o a, = zo and lim, .. b, = xg. Without loss of generality we
may assume that

{an:n=1,2,...} C K(20,0) D{b,:n=1,2,...}.

Of course a,, # zg # by, (n =1,2,...). Note that

5 1
glap) =a+ —sin—— >a+0,4-¢ n=12...),
( ) 2 Q(anan) ( )

g(by =a+ = sin <a+t0l-e (n=1,2..)

o

2 Q(mOabn)

Consequently (according to the fact that |h(z) — g(z)| < § for x € X)
h(an) > a+0.275-¢, h(b,) <a+0.225-¢ for n=1,2,....

Since limy, 00 @y = o = limp_0o by and {a,}52,, {bp 152, C Cp, the
above inequality proves that lim, 4, hc, () does not exist, and so, L, (h, zo)
is not a singleton. From Lemma 1 we may infer that h is not a B-improvable
function for any ¢-Blumberg set of h, and so, (2) is proved.

From (2) it follows that the porosity of P(X) at f: p(P(X), f) > %, which
means that the set P(X) is porous at f. O

The results included in paper [5] and our considerations (in particular,
Theorem 2) lead to the question: How large, in the space P = P(R) (with the
metric of uniform convergence), is the set K of all functions improvable in the
sense of Katafiasz? The answer to this question is contained in the following
assertion.

Theorem 4 In the space P the set K is porous at each point t € P.

PROOF. Let ¢t be an arbitrary element of P and let > 0. Fix a point
2o of continuity of ¢ and let « = ¢(zp). Then there exists o > 0 such that
t([z0 — 0,20 + 0]) C (= 4, a+ ). Let C be a Cantor-like set in the segment
[, 0] and, moreover, let B be a fixed c-Blumberg set of t. Then (Lemma 2) ¢
is a B-improvable function.

Put 81 = t8(20—0) and B2 = t5(z0+0). Note that 81, B2 € [a— 2, a+ 2]
Let v € (o« — 2, + %) be a number such that |y — 82| > 1. Now, we define
the function w : R — R by

t(z), if | — 29| > o,
w(x) _ 62’ ifz — Zo € [%70)\(0\{%})7
R A ifo—2€(%,0)NC,
Q(ﬁg;ﬁl) x4+ 0(ﬁ1+2ﬂ2);ﬂ220(52ﬁ31), if oz — 2 € (70’ %)
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Since the restriction of w to any closed set possesses a continuity point, w is
of Baire class one.

Let B’ = Cy. Of course, B’ is a c-Blumberg set of w. To prove the fact
that w is a B’-improvable function, it is sufficient to show (Theorem 1) that

Uc, (w) =R. (3)

Let x € R. We consider the following cases:

1. |x —2zp| > o. Since t is a B-improvable function for some c-Blumberg set
B of t and Cy C B, the limit limy_,, yec, t(y) exists and limy_,, yec, wW(y) =
hmy%z,yeCt t(y)

2. x— 29 € (—0,%). Then, of course, the limit lim, . ,ec, w(y) exists
since w is linear on the interval (20 — 0,20 + %).

3. x — 29 € (§,0). Then, of course,

lim w(y) = lim w(y) = Pa.
i (y) B L Y (y) = B2
4. x — 29 = —o. Then limy_,,4 yec, w(y) = 1 and
li = li ty) =t8(zg —0) =
pom o wly) = dim ) =t (20 —0) = F

for some c-Blumberg set B of .
5. ¥ — zg = Z. Then, of course,

li = d li = .
y—>;cir,Iy1€wa(y) 52 an y—)x—&l-r,rylecw w(y) 52

6. £ — 2o = 0. Then limy_,, yecc, w(y) = B2 and

lim w(y) = lim ty) =tB(zp + o) =
Y=zt yeCy (y) y—(zo+0)+,yeC (y) C( 0 ) 62

for some ¢-Blumberg set B of ¢t. The proof of (3) is complete.
Of course, w € K(t,3) and, consequently, K (w, {5) C K(t,n). Now, we
shall show that

n
K( IG)HK 0 (4)
Let h € K(w,{5). Then v — & < h(xz) < v+ 75 for each x such that
T — 29 € NC, B2 — 15 < h(x) < B2 + 1§ for eachxsuchthatx—zoe

(%.0)
(5,01 \ (C'\ {%})- Note that

h possesses no limit at any point x such that x — zg € (

%,a) ne. (5
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Indeed, if xo is an element such that xo — 20 € (§,0) N C, then there
exist two sequences {a, };2; C (§,0)\ C and {b,}7>; C (%,0)NC such that
limy, o0 (20 + an) = xg = lim,, oo (20 + by,) and

h(zo +by) € <'yfl?l6,’y+ 776)

h(zo +an) € (52 ,ﬁz + 1776>

From the assumptions on ~ we infer that

[“Y 16’74_ } [52 ’524-1776} 0.

This finishes the proof of (5).
By the transfinite induction (applying (5)), we may prove that

h(ay(z) = h(z) for = € (zo + g,

2ZO+0> and 0 < o < wy. (6)

According to (5) and (6), we infer that h(,) possesses no limit at any point x
such that x — 29 € (§,0) N C, which finishes the proof of (4). From (4) we
deduce p(K,t) > %, which means that K is porous at t. O

Our method for improving the continuity of a fixed function is not always
effective but, in some cases, we may “improve” properties “near” the conti-
nuity, for example quasi-continuity or the Darboux property. The following
theorem is connected with this problem.

Theorem 5 Let f : R — R be a function such that Cy is a dense set. If
xo € R is a point such that there exists 0 > 0 such that (xo,x0 +6) C Uc, (f)

and [LE (f,70)] C L+ (f, xo), then f€5 contains a function for which xq is a
right- szdfed Darboux pomt and xq s a quasi-continuity point.

PROOF. Let g be a function belonging to f¢7 such that g(zo) € Lgf (f, zo)-
We shall show that

Zo is a right-sided Darboux point of g. (7)

Let o € LT (g,20) \ {g(wo)}. It is not hard to verify that o € L¢,(f, o).
Assume, for instance, that g(z) < a, and let 8 be an arbitrary number such
that 8 € (g(xo), «); moreover, let v > 0. To prove (7), it is sufficient to show
that there exists yg € [xo,xo + 7y) such that g(yo) = 5. Note that there exist
B1 and By such that

Bi € LE (f.20) N (9(x0), B) A B2 € L, (f, 0) N (B, ). (8)
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Indeed, o € Lgf (f, o), (9(x0),8) C [LJCCf (f,20)] D (B, ). Since Lgf (f,mo) is
dense in [L (f,20)], the proof of (8) is finished.
From (8) we infer that there exists a nondegenerate segment [z1, 2] such

that [xl,xQ] - (xoaxo +mln(735))7 f(xl) € (g(x())vﬂ)a f(xZ) € (ﬂva) and
x1, 22 € Cy. Assume, for instance, that 1 < 2. Let

yo = sup{z > z1 : f([z1,2) N Cy) C (=00, 8)}.
(Of course, {z > z1 : f([z1,2) NC}) C (—o0,5)} # 0.) Note that
f([z1,90) N Cy) C (=00, B) and yo < z2.

By the above, f(z) < f8 for any = € [z1,y0) N Cy and, consequently,
lim _ f(z) <. (9)

z—yo—,v€Cy
(Such a limit exists because o < yo < o+ 0, which means that yo € Uc,(f).)
Now, we shall show that

LCf(fa 2/0) = {B} (10)
Indeed, from the definition of yy we deduce that:

1
for each n =1,2,..., there exists y, € [yo,yo + 7) NCy
n
such that f(y,) > 5. (11)

Consider the following cases:

1° There exists ng such that f(y) < B for each y € (yo,v0 + n—lo) N Cy.
By (11) and the assumptions of this case, f(yo) > 5 and yo € Cy. According
to (9), limy .y, yec; f(y) = B, which means that Lc, (f,y0) = {8}

2° For every n, there exists y, € (yo,y0 + %) N Cy such that f(y,) > B.
Since yo € U, (f), limy,, o0 f(yn) exists and limy, o f(yn) > B. From (9) we
infer that lim,_,,, f(y) = 8. The proof of (10) is finished.

If yo € Cy, then g(yo) = f(yo) = B. If yo & Cy, then (g € ) g(yo) €
Lc,(f,y0) = {B} and, consequently, g(yo) = B. The proof of the fact that xq
is a right-sided Darboux point of g is completed.

Now, we shall show that x( is a quasi-continuity point of g. Let V' be an
open neighborhood of g(z() and let U be an open neighborhood of zy. Since
g(zo) € Lz.f(f, o), there exists a sequence {g,} C C such that lim, o ¢, =
zo and lim,_, f(¢n) = g(zo). According to Proposition 4, {¢,} C Cy and
lim,, 00 g(gn) = g(xg). Then there exists ng such that g,, € U and, moreover,
there exists an open neighborhood G C U of ¢y, such that g(G) C V. This
completes the proof of the quasi-continuity of g at xg. ([
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