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THE DUAL OF THE
HENSTOCK-KURZWEIL SPACE

Abstract

We prove that if T" is a continuous linear functional on the space D of
Henstock-Kurzweil integrable functions on [a1,b1] X -+ X [@m, bm], then
there exists a function g of strong bounded variation on [a1,b1] X - -+ X
[@m, bm] such that

T(f):(HK)[ ff flx,. . ,xzm)g(x1, .., Zm) der ... dTm -

a1,b1]X X [@m,bm]

1 Introduction

A well known theorem of Zygmund-Alexiewicz (see [10], [5] or [11], [1]) says
that T is a continuous linear functional on the space of Henstock-Kurzweil
integrable functions on [a, b] if and only if there exists a function g : [a, b] — R!
of essentially bounded variation such that

b
T(f) = (HK) / f(@)g(z) de.

In the multidimensional case, Kurzweil [4] proved that if g : [a1,b1] X - -+ X
[@m, b — RY is a function of strong bounded variation, then

T(f) = (HK) [al,bl]xf-.-.-.xf[am,bm] flxy, .. xm)g(xe, . xm)dey . day, . (1)
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is a continuous linear functional on the space D of Henstock-Kurzweil in-
tegrable functions on [a1,b1] X -+ X [@m,bm]. This led Mikusiriski and Os-
taszewski [9] to ask whether (1) gives the general form of a continuous linear
functional on D7

In this paper, we answer their question in the affirmative by using the
theory of LH integral.

To simplify notation we give the proofs only in the two-dimensional case.

2 Definitions and Remarks

Definition 2.1 Let E = [a,b] X [¢,d] be a rectangle in two-dimensional Eu-
clidean space R%. A division D of E is a collection D = {(I1,(&1,m)), - ,
(Ip, (&psmp))} where I,.. I, are nonoverlapping rectangles, (§1,m1),- - -,(Ep, Mp)
are points, U_,I; = E, and (&,n;) € I; fori =1,2,...,p. For brevity, we
write D = {(1,(&,n))} where I denotes a typical rectangle in D and (§,n) is
the associated point of I. If 0 is a positive function on E, then a division D
of E is called 0-fine whenever d(I;) < §(&,m;) fori=1,2,...,p, where d(I;)
denotes the length of the diagonal line of I;.

Definition 2.2 (see [5], [3]). A function f defined on a rectangle E is said
to be Henstock-Kurzweil integrable to A if for every e > 0 there is a positive
function 6 on E such that for any d-fine division D = {(I,(&,n))} of E, we

have
(@)X semin) - 4] <e.

Here |I] is the area (or measure) of I and (D) >" f(&,n)|I| the sum of f(&,n)|]]
for all (I, (€,m)) € D.

Definition 2.3 Let {X,,} be a sequence of closed subsets of a rectangle E =

[a,b] x [¢, d] with X,, C Xy41 for alln, and US> X,, = E. A function f defined
on E is said to fulfill the condition (L) on {X,} if f is Lebesgue integrable on

each X,, and
(L)// f(s,t)dsdt
XN ([a,z] X [c,y])

converges uniformly on E. Also, f is said to fulfill the condition (H) on {X,}
if for each n there exists 6,(£,m) > 0 satisfying S((£,m),0.(§,m)) C E\ X,
when (§,m) € E\ X, such that lim,_,c 7, = 0, where S((&,7n),0,(&,7)) is an
open circular disc with center (§,1) and radius §,,(€,n),

Ta(z,y) =sup (D) > fE&nI|,
(&m¢Xn
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(the supremum being taken over all 6,-fine divisions D = (I,(£,n)) of [a, z] X
[e,y] and the sum is over (I,(&,n)) in D with (&,n) ¢ X,,), and

Tn = sup Ta(z,y).
(z,y)EE

Definition 2.4 A function f is said to be LH integrable on E = [a,b] X [c, d]
if there exists a sequence of closed subsets X,, of E with X,, C X1 for alln
and U1 X,, = E such that f fulfills both the condition (L) and the condition
(H) on {X,}. The (LH) integral of f on E is given by

wm [ [ remdedy = im0 [ | ) dedy.

n—oQ

Write F(x,y) for the LH primitive of f(x,y) on E.

Remark 2.5 a) Obviously, if [ is Lebesgue integrable on a rectangle E,
then f is LH integrable on E.

b) In the one-dimensional case, the LH integral is equivalent to the Henstock-
Kurzweil integral (see [8]).

Definition 2.6 (see [7]). Let F be a function defined on E = [a,b] X [c,d],
I =1, p1] X [a2,82] CE.

e We define F(I) = F(ay,03) + F(B1, 82) — Fla1, 82) — F(B1,02). Then
F(I) is called the value of F on the rectangle I.

o Let X C E. A function F defined on E is said to be AC**(X) if for
every € > 0 there are a 6(x,y) > 0 and a n > 0 such that for any
two d-fine partial divisions of E with the associated points in X, namely
Dy = {(I1,(z1,11)} and Dy = {1z, (x2,y2)} with x1,22 € X satisfying
(D1 \ D2) > |I| < n we have |(D1\ D2) Y F(I)| <e.

o A function F defined on E is said to be ACG™ if E = U2, X, so that
each X; is closed in E and F is AC**(X;) for each i.

Definition 2.7 (see [6]). Let G be an open set in E. An elementary set I is
called a nonabsolute subset of G if there exists §(xz,y) > 0 for (z,y) € E such
that I is the complement of a d-fine cover of E\ G. A é-fine cover of E\ G is
the union of the rectangles Iy, I, . .., It such that {(I;, (x;,y;))} is O-fine with
(zi,y:;) € E\ G and the union contains E\ G. We say that I is a nonabsolute
subset of G involving §.
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Definition 2.8 Let D be the space of all LH integrable functions on E. We
define a morm in D as follows:

Ifllp = up{|// F(s.t) ds dt
[a,z] x[e,y]

As usual, we regard two functions f and g as identical if f(z,y) = g(x,y)
almost everywhere on E. Then D is a normed linear space and we call it the
LH space.

2 (z,y) EE} .

Remark 2.9 It follows from the definition of LH integration that the L space
(the family of all Lebesgue integrable functions on E), which is a subspace of
D, is dense in space D.

3 Equivalence of Integrals

In the one-dimensional Euclidean space, by means of a category argument
and by using the Harnack extension, we proved that the LH integral and
the Henstock-Kurzweil integral are equivalent [8]. In [6] Lee reformulated
Harnack extension for the Henstock-Kurzweil integral in R™. To prove that
the LH integral and the Henstock-Kurzweil integral are equivalent in R2, we
need to reformulate the Harnack extension for the LH integral in R2.

The following Harnack extension differs slightly from that given in [6].

Lemma 3.1 (Harnack extension) If the following conditions are satisfied:
(i) f is Lebesgue integrable on a closed subset X of E;
(i1) f is LH integrable on every elementary subset I of E\ X;

(#ii) there is a function Fy on E such that for every e > 0 there exists 6(x,y) >
0 such that for any nonabsolute subset Q of E\ X involving § we have

(LH) / / F(s,0) dsdt — Fo(a, y)
([a,z]x[c,y])NQ

then f is LH integrable on E and

< e forall (z,y) € £,

wm [ [ sz =@ [ [ fadeiy+ R,
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PROOF. For each positive integer n, choose an open subset O, such that
O, D X, |0, —X| < 1/n and O, D Opi1. In view of (iii), there exists
0n(&,m) > 0. (We may assume that §,(£,n) satisfies S((&,7),0,(£,m)) C E\X
when (§,n) € E\ X and S((§,7),0.(&,1)) C O, when (§,n) € X.) such that
for any nonabsolute subset @Q,, of E'\ X involving d,, we have

1
// f(s,t)dsdt — Fo(x,y)| < — for all (z,y) € E, (2)
([a,2]x[e;y))NQn 2n

We choose a sequence {@,} of nonabsolute subsets of F'\ X such that (2) hold
and @, C Q41 for each n. Note that @,, is the union of finitely many open
rectangles and |@Q,| > |E \ X| — 1/n. The rest of the proof follows the same
way as that of Lemma 4 of [8], only note that put Xo = N5, (E\ Qn). O

We therefore have the following assertion.

Theorem 3.2 If f is Henstock-Kurzweil integrable on E, then it is LH inte-
grable there and

wm [ [ repdedy=@x) [ [ pegdeay.

ProOF. We shall use a standard category argument (see [8]). Let F' be the
Henstock-Kurzweil primitive of f on E. We say a point (z, y) is regular if there
is a rectangle I C E containing (z,y) as an interior point such that f is LH
integrable on I with F' as its LH primitive on I. Because F' is ACG™* on E
(see [7]) and by the Baire category theorem, f is Lebesgue and therefore LH
integrable on some rectangle in E. In other words, the set of regular points is
nonempty. Let P be the set of all non regular points in E. Then P is closed
and we shall prove that indeed P is empty. Suppose P is not empty. Again,
in view of the Baire category theorem, there is a portion Py of P such that
F is AC*™*(Py). Let Jy = [aog,bo] X [co,do] be the smallest closed rectangle
containing Py. Then f is Lebesgue integrable on Py. Now, put

Fo(z,y) = (HK) // f(s,t)dsdt.
(Jo\Po)N(lao,x]x[co,y])

Obviously, Fp is still AC**(Py) and therefore for every e > o there exist
a d1(z,y) > 0 and a n > 0 such that for any two d;-fine partial divisions
of Jo with the associated points in Py, namely, D; = {(I1,(z1,%1))} and
Dy = {(I2, (z2,92))} with (z1,91), (2,y2) € Py satistying (D1\ D2) 3 |[I| <7

we have
(D1\D2) Y Fo(D)| < 5. 3)
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Since f — fx,, is Henstock-Kurzweil integrable on Jo with the primitive Fp,
it follows from Henstock Lemma [3] that for a given € > 0 there is d2(x,y) > 0
(we may assume S((z,y),d2(x,y)) C Jo \ Po when (z,y) € Jo \ Py) such that
for any do-fine partial division D = {(I, (z,y))} of Jy with (z,y) € Py we have

€
(D) > ((F(@,9) = P, (@) = Fo(1))] < §
ie.,
€
(D> o] <5 ()
Let {I;;} be an rectangular net division of Jy, where ap = zp < 1 < --- <
Tm = bo, co =yo <Y1 <+ < Yn = do,
U
i Li—1), ;] — Yj— < )
1§1zl§pm{(x T 1) (yJ yﬂ 1)} 2[([)0 _ aO) 4 (dO _ CO)}
1<j<n
and I;j; = [@j—1, 23] X [yj—1,y;] fori=1,2,....m; j=1,2,...,n.

Define §(z,y) as follows:
for, 1 <z<m, yj—1 <y<yj,let

20(z, y) = min{d1 (2, y), d2(2,y), (z — xi—1), (¥ — ), (y — yj-1), (y; — Y)}-
If x =, yj—1 <y <y, let
26(z,y) = min{d1(z,y), 62(z, y), (z — zi-1), (Ti1 — 2), (y — yj-1), (y; — )}
fo, 1 <z<m, y=vyj,let
26(z,y) = min{d1(z,y), 62(z, y), (z — zi—1), (xi — ), (y — yj-1), Wj+1 — )}
If 2 = 2y, y = yj, let
26(x,y) = min{d1(z,y), 02(x,y), (x — zi—1), (Tig1 — ), (¥ = y5-1), (Y41 —Y) }-

Then for any é-fine division D of Jy, write D = D UD”7 where D’ denotes the
partial division of D for which the associated points in Py and D otherwise.
By (3) and (4) we obtain

’(D/)ZFO(IH([CLO,:C] X [co7y]))‘ <e forall (z,y)€Jo. (5)

Put Q@ =3 ;cp» I. Thus (5) implies

// F(s,8) ds dt — Fo(w, )
QN (a0l [co3])

<e forall (z,y) € E.
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It follows from Lemma 3.1 that the function f is LH integrable on Jy and we
have

(LH) / [ @ y)andy -

(L) / [ He ey + Fydo) = (1K) / [ @ yasay

which is a contradiction. Hence the proof is complete. O

Theorem 3.3 If f is LH integrable on E, then it is Henstock-Kurzweil inte-
grable there.

PROOF. The proof follows as that in [8] (p. 524). O

Thus, from Theorem 3.2 and Theorem 3.3 we get that the Henstock-Kurzweil
integral and the LH integral are equivalent in R?. In addition the LH space
D can also be said to be the Henstock-Kurzweil space.

4 The General Form of a Continuous Linear Functional
on the Space D

Definition 4.1 Let E = [a,b] X [c,d] be a rectangle in R?.

o A function g : E — R is said to be of bounded variation if sup?_, |g(I;)|
< 400, where the supremum is taken over all partitions of E into a
finite collection of monoverlapping nondegenerate closed rectangles I,
i=1,2,...,n. Let us denote sup Y ., |g(L;)| by V(g(x,y); E).

o A function g : E +— R is said to be of strong bounded variation if g is
of bounded variation on E, and for every x € [a,b], g(x, -) is of bounded
variation, for every y € [c,d], g(-,y) is of bounded variation.

Remark 4.2  a) In Definition 4.1, “all partitions {I;}1<i<n of E” can be
replaced by “all rectangular net partitions {[z‘j}lgigm,lgg‘gn of E, where
a =20 < T < < Typm=bc=y<y<- <y, =d and
Lj = [mi—1, ) X [yj—1,y,] fori=1,2,...,m; j=1,2,...,n".

b) In Definition 4.1, the condition “for every x € [a,b], g(x, -) is of bounded
variation, for every y € [e,d], g(-,y) is of bounded variation” can be
replaced by the condition “for some x € [a,b], g(x, ) is of bounded
variation and for some y € [¢,d], g(-,y) is of bounded variation”.
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Definition 4.3 A function G is said to satisfy the Lipschitz condition on a
rectangle E if there is a constant L > 0 such that |G(I)| < L|I| for any
sub-rectangle I of E where G(I) is the value of G on I.

Definition 4.4 A function G is said to be of strong bounded slope variation
on a rectangle E if the following conditions are satisfied:

1. There is a constant M > 0 such that

)3 G(lij) | GUit1,j+1)  GUigs)  GUivig)| oy,
1<i<m—1

Zi;] [it1,j+1] i jv1] Liv1g] |~
1<j<n-—1

for all rectangular net partitions {I;;}i<i<m,1<j<n of E, where E =
[a,b] X [e,d], a=zp <1 < <Xy =b,c=yy <y < <yp=d,
Lij = w1, i) ¥ [yj—1,y;] fori=1,2,...,m; j =1,2,....n, and G(I;;)
is the value of G on I;;;

2. There is a My such that for all {I;}1<i<m we have

m—1

< M;

G(li)  Git1)
|1 [it1]

i=1

where I; = [x;i—1, @] X [y1,92], a =xg <21 < -+ <z =b, c <y <
y2 < d, and G(I;) is the value of G on I;;

3. There is a My such that for all {J;}1<j<n we have

n—1

D

i=1

G(J;)  G(Jj+1)

< M.
I

where J; = [z1, 2] X [yj—1,Yjl, a <z1 <22 < b, c=yo<y1 < -+ <
yn = d, and G(J;) is the value of G on J;;

Lemma 4.5 Let Q be a subset of E and the measure of Q zero. Let g be a
function on E\ Q. If there exists a constant M > 0 such that

> g <M for any {I;} of E

1<i<m

15550
(where a = g < 1 < - < Ty, = b, c =y < y1 < -+ < Yy, = d,
Ii' - [.’177;71,56’1‘} X [yjfhyj]; 1= 1527"'am;‘ ] = 1,27"'7”7 and (xZayl> ¢ Q)7
then there is a function h of bounded variation on E such that g(z,y) = h(z,y)
for almost all (z,y) € E.
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ProOF. For the sake of brev1ty we assume that g(z,y) = 0 for all (:,E y) € Eq,
where By = ([a,b] x [¢,¢]) U ([a,a'] x [¢,d]) and a <a' <b, c<c <d.
Step 1. First, we define h on E. For each (z,y) € E, take a = z¢ < 11 <

LBy << Ty e=Y <Y1 < <Yy < - <Y, (Tn,yn) = (z,y) and
(xi,y;) € Q fori=1,2,...;5=1,2,.... Because

Z 9([wi—1, 2] X [yj—1,y5])]

1<i<oo
1<j<00

converges, g(zo, Yn) = g(zn,y0) = 0, and

9(@nyn) = > lg@iv, @] X [ys-1, )],

1<i<n
1<j<n

thus lim, 00 9(@n, Yn) exists. Let h(z,y) = lim, o0 9(Tn, Yn). We can show
that h(z,y) is well-defined. In fact, if («,,y)) is another sequence of such
points (wherea =z <z) < - <z, < - <zmec=y, <y <<y, <
- <y, (T, ) = (z,y) and (2,y;) ¢ Q for i = 1,2,...; j = 1,2,...), then
we choose sub-sequences {(zn,,yn,)} and {(x nk,ynk)} from {(zn,yn)} and
{(z7,,,,)} respectively such that z,, <z, < Tn, 1, Ynp < Yn, < Ynpy, for
k=1,2,.... We can easily see that limg 00 g(%n,,, Yn,) = limp 00 g(27,, , Y5, ) -
Therefore h( y) is well-defined on E.
Step 2. We show that h is equal to g almost everywhere. Put N = {(z,y) €
E : h(z,y) # g(z,y)}. Consequently, @ C N C E, and the two-dimensional
measure of N is zero. (Suppose that the two-dimensional measure of N isn’t
zero; it follow5 from Fubini theorem that there is a straight line ( {(z,y) :
y=y+ b
the one- d1mens1onal measure of N N ¢ isn’t zero. Let go be the restrlctlon
of g to the straight line ¢. Then the one-dimensional measure of the relative
discontinuities of gg (We can regard gy as an one variable function.) on (E \
Q)N{ isn’t zero. On the other hand, since gq is a function of bounded variation
on the set ((E\Q)N¥&)\ Z, (Where Z C ¢, and the one-dimensional measure
of Z is zero.) the set of all relative discontinuities of go on ((E\ Q)N¥)\ Z
is at most countable. This is a contradiction.) Therefore h(z,y) = g(x,y) for
almost all (z,y) € E.
Step 3. We show that & is of bounded variation on E. For any rectangular net
partition {Lijhi<i<mi<j<n Of E, wherea =zg <21 < - <y =bjc =10 <
Yy < o0 < Yp = d IZJ = [@i—1, 2] X [yj—1,y;]. It follows from Step 1 that we
can choose {( ,y] )} satisfying z; 1 < a:( ) < x(-z) << x(k) < s <,

k k
Yi— 1<y§)<y§) <y < (()7y§))

- < Yi, hmk‘—)oo (zia yj)7 and
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@) = (@), @) = @, ¢) such that

lim g(xgk),y](.k)):h(xi,yj) (i=1,2,....m; j=1,2,...,n).

k—o0
Hence
SOOI = Y Ah(@ior,yio1) + hl@sys) — h@ioa,yg) — b,y
1<i<m 1<i<m
1<j<n 1<j<n

: k) (k : k) (k
= g lim g(xz(-_)l,y;_)l) + lim g(fﬂg );ZJ](' ))
1<i<m ko0 koo
1<j<n

T (k) (k)y _
dim gl y;) = im g

k) (k
)

tim |3 [oe®y)+9a y) - g@ )~ 9@y )| | < M

k—o00 -
1<i<m
1<j<n
Thus h is of bounded variation on E. O

Theorem 4.6 If function G satisfies the Lipschitz condition and is of strong
bounded slope variation on rectangle E, then G is the primitive of a function
of strong bounded variation on E.

PROOF. Suppose G satisfies the Lipschitz condition on E = [a,b] X [c,d].
Let I;, i = 1,2,...,n, be a finite sequence of non-overlapping rectangles.
Then Y1 | |G(L)| < YF, L|L;| = LY, |I;|. From this, we obtain that G
is of bounded variation on E, and therefore D(G(z,y)) exists at almost all
(x,y) € E, where the derivative D(G(z,y)) is a regular derivation (see [2], p.
103). Write

9(z,5) = D(G(w,y)) for (z,y) € E\ Q,

where @ is the set of all points at which D(G(z,y)) doesn’t exist.

First , for any rectangular net partition of E with vertices of all rectangles
belonging to E \ @, without loss of generality, we may assume that all the
points of intersection of rectangular lines are {x9;_1, ygj,l)}lgigm’lgjgn, and
(2i-1,Y2j—1) € E\Qfori=1,2,...,m;j=1,2,...,n, wherea = 21 < x3 <
o < Tom—1 :b, c=1Y1 <Yz < :--- < Top-1 =d.

At each point (z,y) € E'\ @, we have

G(I)

ﬁ — g(z,y) as d(I)—0,
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where (z,y) € I and d(I) denotes the length of the diagonal of I. Then given
€ > 0 there is a 0 > 0 such that for any regular rectangle I (i.e., the ratio of
the shortest and the longest sides of I is some fixed number, say between 1/A
and M), (x2i—1,y2;—1) € I and d(I) < o, we have

G :

7] *9(I2¢—17y2j—1) < , i=1,2,...m; g=12,...,n.

4mn

Now, divide F finer by adding straight lines
{(,y)|e=a], c<y<d},
{(z,y) |z =23, c <y <d},
{(z,9)|e=a5, c<y < d},

’
{(x7y) | a<z< b) Y= y2n—l}
L . . ’” / " /
to the above rectangular net partition, in which xo; 1 < g1, Yo;_1 < Ya;41
" ’ " ’
and ;) — T2i-1 = Taip1 — Toip1 = Yoio1 — Y21 = Y2j41 — Yo = 0/4,

1=1,2,....m—1;7=1,2,...,n—1. Write

Ioi_10j-1 = 9521 179521 X 3/2; 1’y2j 1

Ihi—12; = xm 171'21 1] X y2j 17y2]+17

[ RS ]

Iyipj—1 = [%z 173321+1] X [92] 1af923 1
[ x| ]

Iyinj = [m21 1v$21+1] X [leg 173/2]+1]

(Note that x;i_l is replaced by x2;—1 and ij_l by y2j—1 when ¢ = 1, and asgi_l
is replaced by x9;_1 and y;jf1 by y2j—1 when i = m.) We get a rectangular
net partition of £. Hence
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Zlﬁﬁ’ﬁ:f |g($2i717y2j71)+g($2i+173/2j+1)_g($2i717y2j+1)_g(x2i+17y2j71)‘

G(I2i—1,2j-1) + G(I2i41,2j41) + G(I2i—1,25+41) + G(I2i41,25—1)
[I2i—1,25—1] [T2i41,25+1] [H2i—1,25+1] [T2i41,25—1]

< Z 1<i<m-—1

1<j<n—1

€
+ E 1<i<m—1 ——
1<j<n—1 MM

e G2i—1,2j-1) | GU2i25) _ GU2i-1,25)  G2i25-1)
1<i<m—1 T2 1] [T2i.25] T I il T 2005 ‘
1Zj<n—1 2i—1,2j—1 2,25 2i—1,25 2i,25—1

+ G(l2i—1,25) G(I2i2j41) _ GUz2i—1,2j41) _ G2i,25)
[T2i—1,2;] [T2i,25+1] [T2i—1,25+1] [124,25|

+ G(I2i2j-1) | GU2i+1,2)  GU2i25)  GU2i41,2i-1)
\127 25 1| [12i41,25] [12:,2; | [T2i41,25—1]

+ G(I2i,25) + G(I2i41,2j+1)  GU2i2j+1)  G2i41,25)
[T2,2;] [T241,25+1] [T2i,25+1] [T2i+1,25]

)2

G(1ij) + Git1,5+1)  GUig+1)  GUit1,5)
[ 1] [Tit1,j+1] [1i,j+41] [Tit1,5]

E 1<i<2m—2

1<j<2n-2

+e< M+e.

It follows from Lemma 4.5 that there is a function & of bounded variation on
FE such that g is equal to h almost everywhere.

Next we show that for each y € [c, d], h(-,y) is of bounded variation, and so
is h(x, ) for each x € [a,b]. We can choose a straight line {(z,y) : a <z < b,
y =79 € (¢,d)}, at which D(G(z,y)) exists almost everywhere. Without loss
of generality, take a = z1 < 23 < -+ < Tom—1 = b, and (x2;-1,7) € E\ Q for
i =1,2,...,m. Then given € > 0, there is a ¢ > 0 such that for any regular
rectangle I, (z2;—1,7) € I and d(I) < o, we have

G(I) € ,
T glani 1, )| < —, i=1,2,....m.
W 9(z2i-1,7)| < 5 ) m

Let xgi_1 < x;iﬂ, Y1 <Y < Yo, ffgi-l — X2i-1 = T4l — $/2¢+1 =yY—y =
Yo —7 = 0/4, i = 1,2,...,m — 1. Write Ini_1 = [x; 1, 20; 1] X [y1,¥2],
Iy = [xgi_l,xlziH] X [y1, 2] (note that x; ; is replaced by zg;_ 1 when i = 1,
and z,;_, is replaced by 9;_1 when i = m). Hence

m—1

IQZ 1 —[27,+1 +

m—
E CU2Z LY g T2i+1,Y

€
m

[ 12i-1] 21| P
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)+

G(IZifl) G(I%)

[T2i—1] | Toi]

G;)  G(lit1)

1] i1l

|
. 3
L
~—

‘G(I%) G(I2i+1)

| T2 | I2i41]

1
<2m—2
=1

As in Lemma 4.5, we can prove that

>+6 S M1+€.

liI}l 9(xn,7) = h(z,7y) for each x € [a,b],

Tn

h(z,7) = g(x,7) for almost all z € [a,b],

and further h(-,7) is of bounded variation. By Remark 4.2, b) it follows
that h(-,y) is of bounded variation for each y € [c,d]. Similarly h(z, -) is
of bounded variation for each = € [a,b]. Therefore h is a function of strong
bounded variation on F, and G is the primitive of h. (]

In [4], Kurzweil proved that if g is of strong bounded variation on E, then
T(f) = [ [ f(x,y)g(x,y) dx dy defines a continuous linear functional on the
LH space D. Conversely, we have the following assertion.

Theorem 4.7 IfT is a continuous linear functional on the LH space D, then

(- [ [E £ (@, 9)g(@, ) do dy

for all f € D and for some g of strong bounded variation on rectangle the
E = [a,b] x [¢,d].

Proor. Put G(z,y) = T(X[a,m]x[c,y]
istic function of [a, x] X [c, y].

First, take a rectangular net partition {[z‘j}lgigm,lgg‘gn of E. Then by the
linearity of T" we obtain

5 Gly) | GUisrj+1)  Gig+)  Givrg)| ST 1T(e3))

), where x denotes the character-

a,z]x[e.y]

U Tl gl gl |5
1252n—1 1252n—1
where

1 1
Lijije1 |]Z,,j+1|XIz'.j+1 B |Ii+1,j\X‘i+1,y ’

1
By = s, + X
YL L
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Further by the boundedness of T" we obtain

o T =T | Y. eudiy | <ITUI Do eoul | <4IT

1<i<m—1 1<i<m—1 1<i<m—1
1Z5<n—1 1Z5<n—1 1Z5<n—1
where € denotes +1 or —1 as the case may be.
Next, for any {I;}1<i<m where I; = [z;_1,2;] X [y1,¥2], a = o < 21 <
<y =band c <y <y2 <d,

|G G| &
_ _ (o,
; g |Tit] ; T(¢i)l

\}‘\Xfi — ﬁxuﬂ . Further by the boundedness of T' we obtain

i: T (i) =T (Z 6i¢i> <7l <| i Ei¢i“> < 2|7y
i=1

where ¢; =

i=1 i=1
Similarly, for all {J;}1<;<n we have

n—1

D

j=1

G(J;)  G(Jj+1)

|75 |41l

<2|T1,

where J; = [z1,22] X [yj—1,yj], a < x1 < 22 < bc=yo <y < -+ <
yn = d. Consequently, G is of strong bounded slope variation on E. Put
I = [z1,22] X [y1,y2], where a < 21 < 29 < b, ¢ < y; < y2 < d. By the
linearity of T', we obtain

G(I)=T (X[a,mx[c,yﬂ F Xia,waixteva) ™ Xiaswalxtewa] X[a,wﬂx[c,yz])

=T <X[1111‘2]><[y1,92]> :

Therefore |G(I)| < ||T|| - |I]. That is, G satisfies the Lipschitz condition on E.
It follows from Theorem 4.6 that G is the primitive of a function g which is
of strong bounded variation on E. Therefore the representation holds for step
functions and so does the representation for a Lebesgue integrable function.

Let f be LH integrable on E. In view of the definition of the LH inte-
gral, there is a sequence of closed subsets {X,,} of E such that f fulfills both
condition (L) and condition (H) on {X,}. Write

_ | f@y) , when (z,y)€X,
fn(x,y)—{ 0 , when (z,y) € E\X,.
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Then f,, n=1,2,..., are Lebesgue integrable on F, and the primitives F;, of
fn converge uniformly on E. It follows from the integration by parts formula
proved by Kurzweil in [4] that

J [ = s mstdziy= [ [ #.0) B ) dote

b b
—/(@@ @m@@w+/wm@—awm@w@

d d
f/uwwfnmw@wwﬁ/wmmf&@m@@w

+ (F (b, d) = Fu(b, d))g(b, d) — (F(b, ¢) = Fu(b, ¢))g(b, ¢)
— (F(a,d) — Fy(a,d))g(a,d) + (F(a, ¢) = Fu(a, ¢))g(a, c).

Thus

| L“W”‘ﬂmwwwwmwl

< ((Irr;z)lé(E|F(:v y) — Fn(%y)I) Vig(z,y); E)
_l’_

(a0 - FW)')
+Qg%Fww Amwvwwmmm
+ (max |F(a,t) — Fn(a7t)|) V(g(a,t);[c,d])

c<t<d
+|F (b, d) = Fu(b, d)| |g(b, d)| + [F(b, ¢) = Fu(b, ¢)|g(b; )]
+|F(a,d) = Fu(a, d)| |g(a, d)| + |F(a, ¢) = Fu(a, c)|[g(a, c)] -

We note that g is bounded on E and

lim ((max |F(z,y) — Fn(:c,y)) =0.

n—oo z,y)EE

Jm [ [ sesededy= [ [ et dedy.

Hence
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It follows that T'(f) = limp—oe T(fr) = limn_yoo [ [ fu(z,y)g(z,y) dedy =
I J5 f(@,9)g(x, y) dx dy and the proof is complete. O

Remark 4.8 A function of strong bounded variation is a multiplier for the
multi-dimensional Henstock-Kurzweil integral, but a function of bounded vari-
ation need not be (see Example 4.9).

Example 4.9 Let E = [0,1] x [0, 1],

( )_{i . when (z,y) € (0,1] x [0,1]
I =9 , when (x,y) € {(z,y)|z =0,y e[0,1]},

and let f(x,y) = 1. Obviously, g is of bounded variation on E and the varia-
tion is zero, but fg is not Henstock-Kurzweil integrable on E.

In conclusion, from Theorem 4.7, Remark 4.8 and [4] we get that T is a
continuous linear functional on the space D of Henstock-Kurzweil integrable
functions on [a1,b1] X -+ X [am, by if and only if there exists a function g of
strong bounded variation on [a1,b1] X - -+ X [@, byy] such that

[...f

e 2 g(T 1y T dT - AT
[al,bl]x-ux[am,bm]f(xl’ , T )g(xl z ) X1 X
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