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BOUNDED COMMON EXTENSIONS OF
VECTOR MEASURES

Abstract

Let A and B be fields of subsets of a set €2, let X be a normed
space with the Hahn-Banach extension property and let v : A — X and
v: B — X be consistent, bounded, vector measures. We give neces-
sary and sufficient conditions for p and v to have a bounded common
extension to AV B, generalizing already known results for real valued
charges.

1 Introduction

Let A be a field of subsets of a set Q. We denote by F(Q,A) = F(A) the
linear space spanned by indicator functions I4 of sets A € A. The functions
in F(Q,.A) have finite range and are therefore bounded. If f € F (2, A), then
[Ifl is the supremum norm of f.

Let X be a Banach space. A finitely additive vector measure is a set func-
tion p : A — X such that p(A; U Ag) = u(Ar) + p(Asz), whenever Ay, Ay € A
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are disjoint. The set function p is also called simply a vector measure.
The variation of u is the extended nonnegative function |u| whose value
on a set A € A is given by

l(4) = sup Y [|u(B)],

T Eer

where the supremum is taken over all partitions w of A into a finite number
of pairwise disjoint members of A.

If | 1] () < o0, then p will be called a measure of bounded variation.

The semivariation of p is the extended nonnegative function |u|| whose
value on a set A € A is given by

ll1(A) = sup{[z*p|(A) - 2™ € X7, [l27 < 1},

where |z*u| is the variation of the real valued measure x*p. If ||u]/(2)
< 0o, then p will be called a measure of bounded semivariation or simply a
bounded vector measure [3]. We define ||u|| = ||| ().

Let A and B be fields of subsets of a set 2 and let © and v be vector mea-
sures on A and B, respectively. Say that p and v are consistent if u(C) = v(C)
for all C € ANB. Let AV B be the field generated by A4 U B.

A Banach space X is said to have the Hahn-Banach extension property if
each bounded linear operator T" on a subspace of any Banach space Y with val-
ues in X has a linear extension T carrying all of Y into X such that ||| = |7
[5].

A normed space has the Hahn-Banach extension property if and only if the
collection of its spheres has the binary intersection property [7].

Call R™ the n-dimensional euclidean space considered as a vector space in
the usual way, ordered component by component and normed by

|| = |z1| V... V|ag| if 2 = (21,...,2p).

The collection of spheres of R® with the above norm has the binary in-
tersection property [7]. For these and other facts about the Hahn-Banach
extension property, we refer the reader to [4], [5] and [7].

Lemma 1.1. Let A and B be fields of subsets of Q and suppose that p and v
are given vector measures on A and B, respectively, with values in a Banach
space X. If  and v are consistent, then they have a common extension, i.e.
there is a vector measure p on AV B such that p(C) = u(C) for C € A and
p(C) =v(C) for C € B.



768 D’ANIELLO, HIRSHBERG, BHASKARA RAO, SHORTT

PROOF. Indication: This is a well-known result. See e.g., theorem 3.6.2 of
[2]. O

When do two bounded consistent vector measures have a bounded common
extension? By the lemma, some common extension exists, but might not be
bounded. The principal result of this paper [theorem 2.5] solves this problem in
the case when X is a normed space with the Hahn-Banach extension property.
Earlier, Lipecki [6] gave some examples to show that the answer to the question
is “not always”.

2 Chain conditions and bounded extensions

We begin with the following definition and a few abbreviations.
Calp=Cy CC1 CCC...CCny1 =9 a chainin AUB if all C;’s are in
AU B. The following elementary fact lays the groundwork of our main result.

Lemma 2.1. Let pp on A and v on B be consistent vector measures with values
in a Banach space X. If p on AV B is a common extension of i and v, then
for any finite chain ) =Cy CC; CCo C...CCny1=QmAUB

(*) sup, || 2 €i(n(Civ1) —n(Ca))|l < [lpll(€2),

where the supremum is taken over all finite collections {€;} satisfying ¢; = +1
and n(C) = u(C) or v(C) according as C is in A or in B.

PROOF. By proposition 11 of [3],

oll(2) = sup{]l D ein(E:)},

E,em

where the supremum is taken over all partitions 7 of £ into finitely many
disjoint members of AV B and all finite collections {e;} satisfying |e;| < 1, but
an accurate look at the proof shows that

loll(2) = sup{ll Y ein(ED},

E,em

where the supremum is taken over all partitions m of 2 into finitely many
disjoint members of AV B and all finite collections {¢;} satisfying ¢; = £1.
Therefore, it follows that if © on A and v on B have a bounded common
extension, then the supremum of the left-hand side of (*), taken over all pos-
sible finite chains and over all finite collections {¢;} satisfying €; = £1 must
be finite. O
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Our main result [theorem 2.5] establishes the converse statement in the
case when X is a normed space with the Hahn-Banach extension property.

Let A and B be fields of subsets of Q and let y: A — X and v : B — X be
consistent bounded vector measures. We define

I° = 1%, v) = inf{||p|| : p a common extension of y and v to AV B},

§° = 8%, v) :sup{ll/fdu+/gde . f e F(A).g € FB),|f +l

<1},

N
SC° = SCO(,v) = sup{|| Y_ lle:(n(Ciy1) = n(Ci)|| : 0 = Co € C1 C Cs
1=0

C...CCny1 =9 achainin AU B,
{€;} a finite collection satisfying ¢; = +1, N > 0}.

In the remainder of this paper X will be a normed space with the Hahn-
Banach extension property.

Theorem 2.2. Let A and B be fields of subsets of ) and suppose that p and
v are consistent vector measures on A and B, respectively. Then S°(u,v) =

1, v).

The infimum defining I° = I°(u,v) is attained at some choice of p. If A and
B are finite, then the supremum defining S° = S°(u,v) is attained for some f
and g.

PROOF. Given f € F(A), g € F(B), ||f + g|| <1 and some common extension
p of p and v, we have

I [ rau [gal =1 [ (r+9)dl.

By the Hahn-Banach theorem, there exists z* € X* with ||z*|| = 1 and
([ (f+9)dp) = [ (f +g)dpll.

Therefore,

[ aus [gavl=([ 1+ 9)do) = [ (7 + 9itap)

< / 1 +glldla™p] <|z*pl(€) < llo]1(%),



770 D’ANIELLO, HIRSHBERG, BHASKARA RAO, SHORTT

so that S° < 0.
If SO = o0, there is nothing to prove. If S° < oo, consider the linear sub-
space M of F(AV B) defined by

M={f+g:feF(A),ge F(B)}.

Let L : M — X be the linear operator defined by

L(f+g)=/fdﬂ+/gd1/~

The consistency of u and v ensures that L is well-defined. In fact, L
is a bounded linear operator on M with norm ||L|| = S° Since X has the
Hahn-Banach extension property, L may be extended to a linear operator
Lo: F(AV B) —» X with | Lo|| = |||

Then p(C) = Lo(I¢) defines a charge p on AV B with ||p|| = || Lol|
= 5% so that S° = IY and the infimum is attained at p.

If A and B are finite, then F(AV B) is a finite-dimensional space and the
last statement of the theorem becomes elementary. O

Corollary 2.3. In order that consistent X-valued vector measures u and v
have a bounded common extension, it is necessary and sufficient that S°(u,v) <
00.

The following technical lemma will be used in the proof of our main theo-
rem.

Lemma 2.4. Let A be a field of subsets of Q and let u be a bounded X-valued
vector measures on A. If || [ fdul = ||| for f € F(Q,A), with || f|| <1, then
there exists x* € X™* such that

(i) x*pn >0 on subsets of {x: f(z)=1};
(i1) x*u <0 on subsets of {z: f(x) =—1};
(ii1) |z*pl({z: -1 < f(z) <1})=0.
PrROOF. By the Hahn-Banach theorem, there exists 2* € X* such that || [ f dy||
= 2*([ fdu). Hence

I [ = £ = [ paen) < [ifldanl

<l pl () < fla*pll < |l

Therefore, [ fd(z*p) = ||z*p| and the assertions follow from lemma 1.4 of

. O
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Theorem 2.5. Let A and B be fields of subsets of ) and suppose that p and
v are consistent X-valued vector measures on A and on B, respectively. Then
SCO(p,v) = 1%, v).

PrOOF. That SC° < I° follows from lemma 2.1.

In order to prove the reverse inequality, we use theorem 2.2. Suppose that
fo € F(A) and g9 € F(B) such that || fo + gol| < 1 are given. We
shall demonstrate that

(**) SCO = | [ fodu+ [ godv,

from which fact follows SC? > S° = I as desired.

Let Ap (respectively Bp) be the smallest field for which fj is measurable. Then
Ao C A and By C B are finite. In order to prove (%), we may assume that fo
and go have been chosen so that

I [ fodu+ [ goiv]

is the supremum of || [ fdu+ [ gdv| over all choices of f € F(Ap) and g €
F(Bp); we use the final sentence of theorem 2.2. Applying theorem 2.2 to pq
and v, the restrictions of p and v to Ay and By, respectively, we find some
common extension p of g and vy to Ag V By such that

|| / Jodp + / godv]| = 1.

|| / (fo + g0) doll = [

and as in lemma 2.4, there exists * € X* with fy + go = £1(|z*pla.e.). By
the same lemma, xz*p > 0 for subsets of {z : fo(z) + go(x) =1} and z*p <0
for subsets of {z : fo(z) + go(x) = —1}.

Now fy and go may be replaced with fy + ¢ and gy — ¢ for any constant
¢, with no effect on the norm or integral of their sum. Thus, without loss of
generality, we may assume that fo > 0 and gy < 0. Let, as in theorem 1.5 of
[1], N be an even integer such that N > max{||fo||, ||g0||} and define

Hence

c. - {r €Q:go(x) < —N+i—1} ifiisodd,
Tl {r e fole) > N—i+1}  ifdis even.

Then() = Coy CC; C ... C Cny1 = Nisachain of setsin AU B. If i is odd,
then fo +go > —1 on Oi+1 — (4, so that fy 4+ gg = 1(|a:*p\a.6.) on Cijy1 — C;.
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Likewise, if ¢ is even, then fy + go = —1(|z*p|a.e.) on Ci11 — C;.
Define functions f; € F(A) and g, € F(B) by putting

flszanl fOI'.IGCQn_FQ*OQn,

g1 =—-N+2n forzxc¢€ an+1 — Cop_1

forn =0,1,...,N/2, noting that C_; = ) and Cyy2 = Q. Foriodd f1+g1 =
1on Cjy1 — C; and, for ¢ even, f1 + g1 = —1 on Ci41 — C;. Thus

N
SC° 2 | n(Cirr) — ™ n(Ci)|

=0

— [+ adeo) = [ o+ ) dtan
—a([ (o 0) do) = | [ (fo-+ 90) il

=||/fodu+/god1/\|- O

Corollary 2.6. In order that consistent X-valued bounded vector measures

and v have a bounded common extension, it is necessary and sufficient that
SCO%(u,v) < 0.

Inspection of the proof of theorem 2.5 yields a useful sharpening of this
result:

Corollary 2.7. In the supremum used to define SC°(u,v), it suffices to re-
strict attention to the chains ) = Co CCL C...C Cnyi1=Q , where C; € A
if i is even, and C; € B if i is odd.

3 Global conditions on fields

Let A and B be fields of subsets of Q. Then A and B are independent if
ANB={0,0Q}. As in [1] the following result follows from the theory of the
previous section.

Theorem 3.1. Let A and B be independent fields of subsets of Q and suppose
that p and v are consistent vector measures on A and B, respectively (consis-
tency means only that u(Q) = v(Q)). Then p and v have a bounded common
extension p on AV B such that || p|| = maz{||x|, |v|}
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PrOOF. We apply Theorem 2.5 and Corollary 2.7. Independence essentially
limits the length of chains as in Corollary 2.7. It is sufficient to consider chains
of the form

PCACQforAec A or PCBCQfor BeB.
The supremum SCO(u, v) is thus taken over quantities of the form
leop(A) + e1p(Q2 = A)|

or
leov(B) + e1v(2 — B,

where ¢; = +1, for 4 = 0,1. The result follows. O

Fields A and B over Q2 are weakly independent, a notion due to Lipecki,
if whenever Q = A1 U...UA,, and Q = By U...U B,, are partitions of {2 into
nonempty sets A; € A and B; € B, then there is some k£ and some [ such that
AN B; # 0 (each i) and A; N B; # B (each i). The following is an improve-
ment on a result of Lipecki [6] and a generalization of a result in [1].

Theorem 3.2. Let A and B be weakly independent fields of subsets of a set
Q and suppose that p and v are consistent vector measures on A and B (this
means only that () = v(Q) ). Then there is a common extension p of u and
v such that |[p|| < [|pll 4+ (] + [[v[].

PrROOF. Apply Theorem 2.5 and Corollary 2.7. Weak independence lim-
its the length the chains as in Corollary 2.7. They are either of the form
P CACBCQor 0 CBCACQ for Ac A and B € B. The supremum
SC%(u,v) is thus taken over quantities

leop(A) + &1 (v(B) — p(A)) + e2(v() — v(B))]|

or
leov(B) + e1(u(A) = v(B)) + €e2(u(Q2) = n(A))]-

Both of these are bounded by
[l + @) + vl O

Question: Does theorem 2.5 continue to hold in the case when X is any
Banach space?
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