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ON SERIES OF NON-NEGATIVE TERMS

Abstract

If Y ar and ) by are series of non-negative terms, we provide a
necessary and sufficient condition that sup, {>"7 ar/> ] bx} = oo.

The properties of infinite series all of whose terms are greater than or equal
to 0, are of importance in many problems of analysis. Given two such series,
> ag and Y bg, we shall be interested in the magnitude of the ratio of the
partial sums. We give two examples of problems in which this ratio figures.

Let A = {\;} be an increasing sequence of positive numbers such that
>1/A; = oo. If f is a real function of a real variable and {I} = {[ak, bk]}
is a collection of nonoverlapping intervals in its domain, we write f(Iz) =
f(bx) — f(ag). The class of functions for which supy; 4 > [f(1k)| /Ar < o0
are known as the functions of A-bounded variation, often referred to as the
Waterman class ABV ([1], for an overview see [2]). If A is as above and
I' = {4} is another such sequence, then Perlman and Waterman [3] showed
that ABV 2 I'BV if and only if
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More recently, Kvernadze[4], in studying Lagrange interpolation, showed that
if {\x} is a nondecreasing sequence satisfying
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where ¢ > —1/2, then there is a sequence {e;} \, 0 such that
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Here we shall give a necessary and sufficient condition for
21 ak }
sup =00
n { 207 by

for arbitrary series of non-negative terms. Note in particular that we do not
assume {ay} and {b;} to be monotone.

Theorem 1. Let {ar} and {by} be two sequences of non-negative numbers,
b1 # 0. Then
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if and only if there exists a monotone-decreasing null sequence {ey} such that

n n
E exbr < 00 and E Epar = OO.
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PrOOF. If (1) holds, then there is a subsequence of the natural numbers {n;}
such that

iak > zii:bk. 2)
1 1

It is clear that (1) implies > ;% ay = 00, so there is a subsequence {n;, } such
that

n; .
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Z ak>22ak. (3)
1 1

From (2) and (3) we have
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and, for k = 1,2,... ,n;,, let g, be chosen so that {e;}3° is monotone. Thus
{ek}5° is a monotone-decreasing null sequence. From (4) and (5) we have
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and, at the same time,
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which establishes the necessity of our condition.
Now we assume that (1) is false. Then there is an M > 0 such that, for all
n’

1 1

Letting Ay, = Y7 aj, B, = Y | b; and applying Abel’s partial summation, we
have

n n—1
> erar = Z Ak(er — ert1) + Anen
1
n—1

< MZBk €k — €k+1) + MBpe, = MZ&’:‘kbk,

noting that e — €541 = 0 for all k. Thus we see that, under the assumption
that (1) is false, > eray converges if > by converges, which completes the
proof. O

Note that monotonicity of {ar} and {by} was not required, unlike the
particular case considered in [4].
Remark. In the proof of our theorem, the monotonicity of {e;} was used
strongly. In fact, it is essential to the validity of the theorem. Let us suppose
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Then {egx} is a positive null sequence with > erar = 0o and > erby < oo, but
n n
w3/ 3o
n 1 1
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