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FUNCTIONS Z-APPROXIMATELY
CONTINUOUS IN 7Z; A. E. DIRECTION AT
EVERY POINT

Abstract

In this paper we shall show that every function f: 2 — R having the
Baire property and Z-approximately continuous in Z;-almost everywhere
direction at every point is of the first class of Baire.

Let R* denote the k-dimensional Euclidean space, k = 1,2, A the set of
positive integers, W the set of rational numbers and R the set of positive
real numbers. The ball centred at a point p and with radius r > 0 will be
denoted by K (p,r). We introduce the following notations:

Sk — the o-field of subsets of R* with the Baire property,
T), — the o-ideal of first category subsets of R¥.

A set A C RF is Sp-measurable if and only if A € Si,. For A € Si, denote by
¢(A) the set of all Z;-density points of A. It is known [3] that the mapping
o: S — 2R is a lower density operator. If a plane set A is contained in a
line, then we use linear Z;-density points of the set A € Sy.

Let Ly (Lo(zx,y),respectively) denote a line passing through the point
(0,0) (respectively, the point (z,y)) and forming an angle § with the z-axis
for # € [0,7). Denote by AAB the symmetric difference of A and B. If
A,B € S, then A ~ B means that AAB €7, k=1,2.

Set M € S and 0 € [0, 7). Put

So(M) = {(z,y) € R?: Jer, M N Lo(z,y) N K((z,y),7) € S1},
(M) = {(z,y) € So(M): (x,y) € ¢(M N Lo(z,y))}

and

O(M) = {(z,y) € R?: (z,9) € Py(M) in Z;-almost every direction 6 € [0, 7)}.
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Definition 1. A point (x,y) € R? is an Iy -density point of M in the direction
0 if and only if (z,y) € Pp(M).

By [2] we have the following

Proposition 2. For any 0 € [0,7) and M C R?, (z,y) € ®o(M) if and only
if M N Lg(z,y) € S1 and, for each n € N, there exist k,p € N such that, for

any h € (O, %) and i € {1,...,n}, there exist j1,j2 € {1,...,k} such that

k+j1—1h (i—l)k+j1
kn ’ kn

{(x +tcosB,y+tsinh): t € ((i —b h) }\(MﬂLg(x,y)) el

and

ifl)kJerh _(i*l)kJer*l

: (
t 0 t 0):t —
{(x+ cos,y +tsinf) 6( o o

h) }\(MﬂLg(as, y)) € I1.

By [1] we have the following three theorems:
Theorem 3. For all A,B € Sy,
I. (A) ~ A,
II. A~ B = ®(A) = ®(B),
IIL. ®(0) = 0, ®(R?) = R?,
IV. 3(AN B) = ®(A) N &(B).
Theorem 4. The family 7= {A € Sy: A C ®(A)} is a topology in R?.

Theorem 5. For any P € Iy and (z,y) € R? there exists a © C [0,7) such
that [0,7) \ © € Iy and, for each 6 € ©, PN Lg(x,y) € ;.

Definition 6. A function f: R? — R is Z-approzimately continuous in I;-
almost every direction at every point if and only if the functions f is a con-
tinuous with respect to the topology T.

Theorem 7. Every function f: R?2 — R having the Baire property and which
is T-approximately continuous in Iy-almost every direction at every point is
of the first class of Baire.

Proof. Suppose the assertion of the theorem is false. Then we may assume
that there exists a perfect set 7 C R? and two real numbers a, b such that the
set By = {(z,y): f(z,y) < a} is a second category subset of T' and the set
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E* = {(z,y): f(z,y) > b} is a dense subset of 7. By our assumption, there
exists a residual set P C R? such that the function fip is continuous on P.
We introduce the following notation: for any p,n € N, and for each (z, y

) €
R2, let T'(p,n, (z,y)) be the set of all & € [0, 7) such that for each h € (0, %)
there exists an ¢ € {1,...,n} such that

1—1
n

{(a:—i—tcos@,y—i—tsin@): te ( h,;h)} \(E.NPNLy(x,y)) €Ty

and, for any «, 3 € [0,7) let
H(a,B,p,n) ={(z,y): (p,n, (z,y)) is a dense subset of («, 3) C [0,7)}.

We shall show that

E, C U U U U H(a, B,p,n).

neN peN aeW BeW

Let (z,y) € E,. Then there exists a set ©1 C [0, 7) such that [0,7)\ ©1 € Ty
and for each 0 € ©1, E, N Ly(z,y) € S1 and (z,y) is an Z-density point of
the set E, in the direction 0. Additionally, by R? \ P € Z,, there exists a set
©5 C [0, 7) such that [0,7) \ O3 € Z; and for each 6 € Oq, Ly(z,y) \ P € I;.
We put © = ©; N O,. Then, for each # € O, there exist n,p € N such

that, for any h € (0 l) and i € {1,...,n},

’p

1—1
n

{(m—l—tcos&y—i—tsinQ): te ( h, :lh)} \(E,NPNLy(x,y)) €Iy.
Thus
O C U U L(p,n,(z,y)).

neN peN

Therefore there exist two rational numbers a, 8 € [0, 7) N W and two numbers
n,p € N such that T'(p, n, (z,y)) is dense in (a, 3).
Since F, NT is a second catgory subset of T,

E.nTc |y U U U H@BpnnT

neN peN aeW BEW

and E® NT is a dense subset of T we infer the existence of a point (zo,y0) €
T N E® a sequence {(zx,yr) renr € T N E,, two rational numbers «, 3 and
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two positive integers n, p such that (xy,yr) — (z0,y0) and, for each k € N,
T'(p,n, (xk, yx)) is a dense subset of (a, 3).

As above we can show there exists a set ©* C [0, 7) such that [0, 7)\©* € Iy
and for each 6 € ©*, (x0,%0) is an Z;-density point of E® N P in the direction
0. Let 0 € (a, 8) N ©*. Then there exists § € R such that, for any h € (0,0)
and i € {1,...,n},

1
E*N PN Ly(zo,y0) N {(:r0+tcos€,y0+tsin9): te (l - h,;h)} Z 1.

Let h < min{%,é}. Since fip continuous on P, for each i € {1,...,n}, there
exist,

1
(ui,vi)e{(x0+tcose,y0+tsin9):t€ (Z h,;h)}

n

and r; > 0 such that PNK ((u;,v;),r;) C PNE®. Additionally, since (z, yx) —
(%0, yo), there exists k € N, such that, for each i € {1,...,n},

1—1
n

{(mk +tcosl,y, +tsinf): t € ( h, ;h)} N K ((ui,v;),7m5) # 0.

We know that I'(p, n, (zx, yx)) is a dense subset of («, 3). Thus there exists a
0 € T(p,n, (zk,yr)) such that, for each i € {1,...,n},

1—1
n

{(xk +tcosOp,yp +tsinby): t € < h, ;h)} N K ((ui,v),m5) # 0

and, for 6y, there exists an ig € {1,...,n} such that

io— 1
n

{(xk +tcosl,yp +tsinby): t € ( h, Z;:h) }\(EaﬁPﬂLg,c (zk,yr)) € I1.

Let to € [“=1h, ©p] be such that
(g + tocos O, yr + tosinby) € PN Ey N K ((uig, vig),s T )-
Then there exists an r > 0 such that
K((xp 4+ to cos bk, yr + tosin ), r) NP C K((ui,,vi), ) VPN E, C E'NE,,

which is a contradiction. Thus the proof of the theorem is completed.
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