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ON THE HAHN DECOMPOSITION
THEOREM

Abstract
The purpose of this article is to prove Hahn Decomposition type
and Jordan Decomposition type theorems for measures on o-semirings.
These results generalize the classical theorems for measures on o-algebras.

1 Introduction

A nonempty set 7 of subsets of a nonempty set X is called a semiring on X
if for any given sets A,B € 7, ANB € T and A\ B = UF_,C,, for some
pairwise disjoint sets Cy,Cs,...,Cx € T. Of course, Boolean algebras and
o-rings are semirings and there are plenty of examples of semirings which are
not an algebra or a o-ring. (see [1] for semirings).

A subset A of a set X is called a o-set with respect to a semiring S on
X if A = U2, A, for some sequence {A,} in S. It is easy to see that if
A, Ay, ..., A, are in a semiring, then A\ U?_, A; is a o-set, but if A € § and
{A,} is a sequence in S, then A4\ U2 ;A4,, may not be a o-set.

Example 1.1. i) Let X =[0,1) and 7 = {[a,b) : 0 < a < b < 1}. Then 7 is
a semiring on X, but {0} = X \ U,[1,1) is not a o-set in 7.

ii) Let X be a set with at least two elements, 7 = {{z} : z € X} U {0}.
Although, for each A, Ay,--- € T, A\ U,A, is a o-set while 7 is neither an
algebra nor a o-ring on X.

This observation leads us to introduce the following notion.

Definition 1.1. A semiring S is called a o-semiring on a set X if for each
A € S and for each sequence {A,} in S, the set A\ U, A4, is a o-set.

It should be noted that for each sequences {A,},{B,} in a o-semiring S
there exists a disjoint sequence {C,} in S such that U, A4, \ U,B, = U,Cy
and if p is a measure and U, A,, C U, B,,, then ¥,,u(A4,,) < X, u(By).
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2 The Hahn Decomposition Theorem

The classical Hahn Decomposition Theorem states that if ¥ is a o-algebra
(or a o-ring), and u : ¥ — [—00,00) is a signed measure, then there exist a
positive set A and a negative set B in ¥ such that ANB =0 and X = AUB.
(See [2] for a short proof.) We prove this theorem for the semiring case. First
we need the following definition.

Definition 2.1. We say that a measure u, p: S — [—00,00), on a semiring
S, satisfies the (*) property if E € S, {A,} a disjoint sequence in S satisfying
E = UpA,, then u(E) = Spexp(An) + Snerep(Ay) for each subset K of
natural numbers N.

It is obvious that all real valued measures on a o-algebra satisfies the (*)
property.
Lemma 2.1. Let S be a o-semiring on a set X and u: S — [—00,00) be a

signed measure with the (*) property, E € S and 0 < u(E). Then there exists
a positive subset A of E in S with 0 < u(A).

PROOF. For cach A C E, if A € S, 0 < p(A), then there is not anything to
prove. So suppose the set

F={C:ABeC=ACE AcS u(A) <0and ANB =0 if A# B}

is nonempty. Let C,, be a maximal element of F with respect to inclusion.
For each natural number k, the set C, = {A € Cs : n(A) < —1} is finite. If
this were not the case we could choose a disjoint sequence {4, } in Cj and let
{Bn} be a disjoint sequence in § with E \ U, A,, = U, B,, Then

E = (UyA,) U (U,By) and p(E) = Z,u(Ay) + Xpp(Byr) = —00 + Zpu(Bp).

This a contradiction. Hence Cj, is finite. Therefore, Co, is at most countable.
Let Coo = {Cp, : n = 1,2,...}. Choose a disjoint sequence {D,} in & with
E\U,C,, =U,D,. Since 0 < pu(E) and u(Cy,) < 0 for each n we have

N(E) = Enﬂ(cn) + ZnN(Dn)

which implies that 0 < pu(Dy,) for some k. If there were a subset B C Dy in S
with p(B) < 0, then Co U {B} € F which contradicts the maximality of Coo,
so Dy is required positive set. O

Lemma 2.2. Let S be a o-semiring on a set X with X € S and pp : S —
[—00,00) be a signed measure satisfying

a=sup{3i_ u(A;):0<A; €S and A;NA; =0 for all i # j} < oc.
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Then there exist a sequence {A,} of positive sets and a sequence {B,} of
negative sets such that X = (U, A,)U(U,By,) and A;NB; =0 for all i and j.

PROOF. We can choose an increasing sequence {t,} of natural numbers and
a finite collection of positive sets A}, A3,..., A} € S for each n satisfying
A0 A™ = () for each(i,n) # (j,m) and k, = Xi~ u(A?') — a. Let {B,} be
a sequence in S such that X \ U, U'r, A? = U2, B;. Suppose that B, is
not negative for some n. Then there exists k and A € S, with A C By and
0 < pu(A). From the previous theorem, there exists 0 < F € S, F C A and
0 < u(E). We choose n with a— € < ky,. Since ENA? = ) for each 1 < i < t,,,

a— e+ pu(E) < ky + p(E) = S (A7) + u(E) < a.

Since a@ < o0, we have pu(FE) < e. Since 0 < e was arbitrary, we have a
contradiction to 0 < pu(E). Hence, B,, must be negative set for each n. O

Lemma 2.3. Let S be a o-semiring on a set X, X € S and pu: § — [—00,00)
a signed measure with the (*) property. Then o < oo, where « is as in the
previous lemma.

Proor. Let k, = X" u(A?) — «, where {t,} is an increasing sequence
of natural numbers and {A? : 1 < i < ¢,} disjoint collection of positive
sets for each n. Choose a disjoint sequence {B,} of positive sets satisfying
Up Ul A? = U, B,,. and it is routine to show that for each n Xl u(A?) <
Yni(By). Let {C,} be a disjoint sequence in S with X = (U, B,) U (U, Ch).
Since p has the (*) property, we have that u(X) = X, u(By) + 2, u(C),) which
implies that o < X, u(B,,) < 0. O

From the above lemmas, the proof of the following main theorem is obvious.

Theorem 2.1. Let S be a o-semiring on a set X, X € S and pp : § —
[—00,00) be a signed measure with (*) property. Then there exist disjoint
sequences {P,} of positive sets and {N,} of negative sets such that

X = (UnPy) U(UpN,), By NNy, =0 for all n,m.

The following example shows that the above theorem is no longer valid

[{Pn))

without “o” condition.

Example 2.1. Let X = [0,1), $ = {[z,y) : 0 < z,y < 1} and choose
a,beR,b< —1. Let u: S — R be defined by

w(lz,y)) : (y — 2) Xz (@) + (y — 2 — b) X}y 1)(a)

Then p has the (*) property, X € S, and § is not a o-semiring. It is clear
that there is no positive and negative sequences as in the above theorem.
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Since every signed measure on a o-algebra has the (*) property, from the
above theorem we immediately get the well known Hahn decomposition theo-
rem.

Corollary 2.1. (Hahn Decomposition Theorem). Let ¥ be a o-algebra on a
set X and p be a signed measure on Y. Then there exist a positive set P and
negative set N such that X = PUN and PN N = {).

The Jordan Decomposition Theorem states that for any signed measure
w3 — [—00,00), ¥ a o-algebra, there exist measures pi, ps such that u =
(1 — pa. We can generalize this theorem as follows.

Theorem 2.2. Let S be a o-semiring on X with X € S. A signed measure
@S — [—00,00) satisfies the (*) property if and only if p = py — po for some
Measures iy, fa-

PrOOF. It is obvious that if u = puy — po for some measures pq, g2, then
v satisfies the (*) property. If u satisfies the (*) property, choose disjoint
sequences {P,} of positive sets and { N, } of negative sets as in Theorem 1.1.
Let p1(A) = 2, u(ANP,) and pe(A) = =3, u(AN Ny,). It is obvious that u
and po are the required measures. O

Let 3 be a g-algebra, i a signed measure, Py, P, positive sets and Ny, Ny
negative sets satisfying Py " No = P, NNy =0 and X = PLUN; = P, U N,.
Then it is well known that pu(PiAP;) = u(N1AN3) = 0. For the o-semirings
case this result reads as follows.

Theorem 2.3. Let S be a o-semiring on a set X with X € S and pp: S —
[—00,00) be a signed measure. Suppose that { P, },{Qn} are disjoint sequences
of positive sets, and {N,},{M,} are disjoint sequences of negative sets such
that X = (UpPy) U (UpNy) = (UnQn) U (U M,,). Then there exist disjoint
sequences {Ry} of positive sets and {S,} of negative sets such that U, R, =
(UnPo)A(UnQn), UnSn = (UpNp)A(U,M,,) and p(Ry) = p(Sy) = 0 for each
n.

PROOF. Since S is a o-semiring, for each n there exist disjoint sequences {U"},
{V/*} of positive sets such that P, \ Up,Qp, = U;U" and @, \ Uy P, = U; V™.
Now (UpPp)A(UnQr) = U; (U U V™). Since

Ui = (Um(Qm NU)) U (U (MmN Uzn))
and since p has the (*) property, we have that

:U'(Uin) = Emﬂ(@m N Uzn) + Zm,u(Mm N Uzn) =0.
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for each i, j. Similarly, u(V;*) = 0 for each 4, j. Now we can set
{R,:n=1,2,...}={U0" :i,n=1,2,... }U{V" :i,n=1,2,... }.

Similarly, we can construct the sequence {S,} of negative sets. O
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