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ON THE SUMS OF FUNCTIONS
SATISFYING THE CONDITION (s;)

Abstract

A function f : R — R satisfies the condition (s1) if for each real
r > 0, for each x, and for each set U > z belonging to the density
topology there is an open interval I such that C(f) D INU # @ and
Fiounli)c (f(z) —r f(x)+r). (C(f) denotes the set of all continuity
points of f). In this article we investigate the sums of two Darboux
functions satisfying the condition (s1).

Let R be the set of all reals. Let 1 denote Lebesgue measure on R and let
1e denote Lebesgue outer measure on R. For a set A C R and a point x we
define the upper (lower) outer density D, (A, ) (D;(A,x)) of the set A at the
point x as

pe(AN [z — hyx + h))

lim su
h_,0+p 2h
P Me(Am[x_h7x+h]) :
I}LIE %}if 7 respectively.

A point x is said to be an outer density point (a density point) of a set
A if Di(A,x) = 1 (if there is a Lebesgue measurable set B C A such that
Dy(B,z) = 1). The family Ty of all sets A for which the implication = €
A = x is a density point of A holds, is a topology called the density topology
([1, 3]). The sets A € T,; are Lebesgue measurable [1, 3].

In [2] the following properties are investigated.

A function f : R — R has property (s1) at a point « (f € s1(x)) if for each
positive real r and for each set U € Ty containing x there is an open interval
I such that ) # INU C C(f), where C(f) denotes the set of all continuity
points of f, and |f(t) — f(x)| < r for all points t € INU. A function f has
property (s1) if f € s1(z) for every point = € R.
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42 ZBIGNIEW GRANDE

A function f : R — R has property (s2) if for each nonempty set U € Ty
there is an open interval I such that § £ I NU C C(f).

Evidently each function f having property (s1) also has property (s2) and
for each function f having property (sz) the set D(f) = R\ C(f) is nowhere
dense and of Lebesgue measure 0. But the closure cl(D(f)) for some functions
f having property (s1) may be of positive measure. For example, if A C [0, 1]
is a Cantor set of positive measure and (I,,) is a sequence of the components
of the set R\ A such that I,, # I,,, for n # m, then the function

L forx €cl(l,) forn=1,2,...
fl@)=4n i)
0 otherwise

has property (s1) but u(cl(D(f))) > 0.

Obviously the sum of two functions having property (s2) also has property
(s2) and the sum of a continuous function and a function having property (s2)
has property (s2). We will prove that every function having property (s2) is
the sum of two functions having property (s1).

Theorem 1. If a function f : R — R is the sum of two functions g and h
having property (s1), then there are two Darbouz functions ¢ and ¥ having
property (s1) such that f = ¢ + .

PrOOF. The sets D(g) and D(h) of all discontinuity points of g and h respec-
tively are no where dense and of measure zero; so the union A = D(g) U D(h)
is the same. Without loss of the generality we can suppose that the set A is
nonempty.

We start from the case where p(cl(A)) = 0. If (a,b), a,b € R, is a bounded
component of the complement R\ cl(A4), then we find two monotone sequences
of points

A< <y <Ay <07 <b < <bp <byy1 <---<b
such that lim, ., a, =a and lim, .. b, = b, and

bpy1 — b —
lim 2r+l =0 _ gy Gntl T On (1)
n— 00 b — bn+1 n—oo 4 — Ap41

In each interval (an+1,an) ((bn,bn11)) we find disjoint nondegenerate closed
intervals I 1, In2 C (@nt1,an) (Jn1,JIn,2 C (bn,bnt1)) such that for i = 1,2
we have

d(lng) 1 d(Jus) 1

); (2)

Gp —Qpt1 20 bpy1 —bn, 21
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and
(U U (T U ) ) < (b= a)? 3)

where d(I,, ;) denotes the length of I, ;. If (a,b) is an unbounded component
of the complement R \ cl(A); i.e., a = —o0 or b = oo, then we find only two
sequences (J,;), ¢ = 1,2 or respectively (I, ;) satisfying the above conditions.

Fori=1,2let gp; : In; — R and hy,;: J,; — R be continuous functions
such that g, ;(z) = 0 if = is an endpoint of I, ;, hy, ;(y) = 0 if y is an endpoint
of J,; and

(94 9n1)Tn1) O (At hn 1) (Tn1) V(g + hn2)(Jn2) N (R +gn2)(Tn2) D [-n,n].

If (a,b) is a bounded component of the complement R \ cl(A), then we put

g(x) + gni(x) forzel,,

g(x) + hpo(x) forx € Jpo
9ap) (@) = g(x) — hpa(z) forz e Jp,

g(x) — gn2(x) forx e lyo

g(x) otherwise on (a, b)

and

h(z) + hpa(z) forz e g,

hz) + gno(z) forz €I,
Riapy(®) = h(x) — gna(z) forazel,;

h(z) — hpa(z) forx e J,o

h(z) otherwise on (a,b).

Similarly we define the functions g, ) and h(,p) on unbounded components
(a,b) of the set R\ cl(A).

Putting ¢(x) = g(ap)(z) and 1(x) = h(p)(z) on every component (a,b)
of the complement R\ cl(A) and ¢(x) = g(x) and ¢¥(x) = h(z) on cl(A) we
obtain Darboux functions ¢ and ¢ with ¢ +¢¥ =g+ h = f.

If a point « € R\ cl(A), then the functions ¢ and ¢ are continuous at some
open neighborhood of « and consequently they have property (s1) at the point
z. So we fix a point « € cl(A4), a set U € T, containing = and a positive real
r. Since the function g has property (s1) and ¢(z) = g(z) and by (2) and (3)
the upper density D, ({u € R; ¢(u) # g(u)},z) = 0, there is an open interval
I Cc R\ cl(A)\ {u; ¢(u) # g(u)} such that

0 #£INU and ¢(INU) =g(INU) C (g(z)—r,g9(x)+7) = (p(x) —7,0(x) +7).
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So the function ¢ has property (s1) at . Similarly we can show that the
function v has property (s1) at x.

Now we will consider the case, where u(cl(A)) > 0. In this case there are
positive numbers ¢; > ¢ > --- > ¢, — 0 such that Zn ¢, < oo and
the sets By = {z;0scg(x) > c¢1} U{x;osch(z) > ¢1} and Epqpq = {z;¢ >
oscg(z) > cpg1} U{x;en > h(x) > cpy1} are nonempty for n > 1.

In the first step, as in the case p(cl(4)) = 0, we construct functions ¢1,
11 continuous at each point & € R\ cl(A), having property (s1) at each
point x € E; and such that ¢1(x) = g(x) and o1 (z) = h(z) for = € cl(A),
¢1+11 = g+h everywhere on R, the sets Hy = {x;¢1(x) # g(x)} and M; =
{z;91(z) # h(z)} are contained in countable unions of pairwise disjoint non-
degenerate closed intervals I ; and respectively Ji i, k > 1,

cl(Hy U M) = U(IM UJik) U EL,
%

and for each point x € E7, each nondegenerate closed interval I 5 x and each
positive integer m, the density D, (cl(H;UM;),z) = 0, and there are intervals
I, and Jy g, such that ¢1(I1 k) NY1(J1,k,) D [—m, m]. For the construction
of such functions ¢1, ¥; and intervals I;  and J; ; we consider the components
(a,b) of the set R\ cl(A) and repeat the reasoning from the case p(cl(4)) =0
for the set Ej.

As in the second step above, we find pairwise disjoint nondegenerate closed
intervals

Igﬁk’i CcR \ CI(A) \ U(Il’k @] Jl,k:)7 i=1,2 and k> 1,
k

such that max(oscy, , , g,08cr, , , h) < c1, limg oo dist({o 1, E2) =0, for i =
1,2, where dist(Io i, E2) = inf{|z — y|;z € I 4;, y € Ea},

Ey C CI(U Ig’k’i) C UIQ’]CJ' UFELUE,, for i =1,2,
k k

D“(U I i, x) =0 for z € Ey,
ki

for each point x € FEs and for each nondegenerate closed interval I > x
there are intervals 5y, i, © = 1,2, contained in I and such that oscr,, . g <
c1 and oscr,, ;h < e for i = 1,2. For each pair (k,i), where k > 1
and ¢ = 1,2 denote by K i (L2,:) the closed interval of the length 3¢y and
having the same center as g(I2 ;) (h(I2,,;)) and define continuous functions

9ok i lop1 — Kop1 and hopo:loko — Lo
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such that ga k1 (I2,k,1) = Kok,1, hok2(l2k2) = Lok2 and go1(2) = g(x) at
the endpoints of I5 1 and hg g 2(x) = h(z) at the endpoints of I o.
Let

92,51 () for x € I ;1
p2(x) = < g(x) — hopo(z) + h(z) forx € Iryo
o1(x) otherwise on R
and
h(z) — gaka(x) + g(x) forz € Iy
Ya(x) =  hok2(x) for z € Ip g 2,
1 () otherwise on R.

Then |2 — ¢1| < 2¢1, |2 — 1] < 2¢1 and o + 1Py = ¢1 + 91 =g + h.
For the construction of such functions ¢2, ¥ and of intervals I ; we
consider the components (a,b) of the set

(R cl(A)\ e U Ju)
k

and analogously as in the proof of the case p(cl(4)) = 0 we take intervals
Iy 1.,; satisfying all requirements. Next we repeat the reasoning from the case
u(cl(A4)) = 0 and construct functions ¢ and 1, satisfying our required condi-
tions.

In step m > 2 we construct similarly two functions ¢,,, ¥,, which are
continuous on R\ cl(A) and such that cl({z; ¢ (z) # g(x)}) N cl({x; pi(x) #
9(x)}) C U ..U By and el({z; $m(z) £ A(2)}) 0 ({53 65(2) £ hz)}) €
EiU...UE,, for i <m, ¢, + Uy, = g+ h and max(|¢m — dm-1l, |¥m —
Ym-1]) < 2¢m_1, the sets H,, = {2;¢m(z) # dm-1(x)} and M,, =
{z;Ym(x) # Ym-1(x)} are contained in the countable unions of pairwise
disjoint nondegenerate closed intervals I, , and respectively Jp, ,, n > 1,

contained in
R\ cd(A)\ |J JTkin U Jin)

k<m n

for which max(oscy,, ,, g,0scy,, , h,0scy, . g,0scy, . h) < Cm_1,

Ep € (| JTmin U mn) € | Tmin Udmn) UBL U U By,

m,n m,n

lim dist(Ipn, Em) =0, lim dist(Jpn, Em) =0,

n—oo n— 00

Du(U(Im,n Udmn),z) =0 foreach z € E,,

n



46 ZBIGNIEW GRANDE

and for each point « € E,,, and each nondegenerate closed interval I 3 z there
are intervals I, ., Jm.n, C I\cl(A) for which max(d(g(Im n,)), d(A(Jmn,))) <
Cm—1 and g(Im,nl) - (b’m(lm,nl)a h(']nL,ng) - wm(t]m,nz) and d(d)"L(I’"L,Tll)) =
d(i/}m(Jm,ng) =3Cm—1-

The sequences (¢,,) and (1,) uniformly converge to functions ¢ and
respectively. Observe that ¢+ = lim,, 00 (¢, + ¥n) = g+ f. As the uniform
limits the functions ¢ and 1 are continuous at each point of the set R\ A.
So they have property (s1) at the points € R\ cl(A). We will prove that
these functions have also property (s1) at other points. For this fix a point
x € cl(A), areal r > 0 and a set U € T, containing x. Let j be an integer such
that |¢; — ¢| < 5. Since the function g has property (s1) and D, ({u; ¢;(u) #
g(u)},xz) = 0, there is an open interval I C {u;¢;(u) = g(u)} such that

INU#0 and g(INU) =¢;(INU) C (g(x) - %,g(m) + g),
Consequently, for v € I N U we have
|p(u) — ()| < () —dj(u)|+|dj(u) —d;(x)|+]d;(x) —(z)] < §+g+g —

So the function ¢ has property (s;). The same we can check that 1 has
property (s1).

Now we will prove that the function ¢ has property of Darboux. Assume
to the contrary that it has not the Darboux property. Then there are points
a, b with a < b and ¢(a) # ¢(b) and a real ¢ € K = (min(é(a),p(b)),
max(¢(a), ¢(b)) such that ¢=1(c) N[a,b] # (. If there is a point x € E1 N |a, b],
there is a nondegenerate closed interval I C [a,b] with ¢(I) = ¢1(I) D K > ¢,
a contradiction. So Ey N [a,b] = 0. Fix a point

z € [a,b] Nel({u; ¢(u) < c}) Nel({u; p(u) > c}).

Then z € A and there is an integer m > 1 with z € E,,. So oscg(z) <
cm—1 and there is an open interval I 3 z such that osc; g < ¢;,—1. We have
either ¢(z) = g(z) < ¢ or ¢(z) = g(z) > c. Suppose that g(z) < z.
Then there is a point ¢ € I N [a,b] with g(t) > ¢. Since t € I, we have
9(t) — g(2) < e¢m—1 and consequently ¢ — g(z) < ¢;,—1. From the construction
of ¢, follows that there is a nondegenerate closed interval J C [a,b] N I such
that ¢ (J) D [9(2), g(t)] ¢, a contradiction. So the function ¢ has Darboux
property. If g(z) > ¢ the reasoning is similar. The same we can show that the
function v has Darboux property. O

Lemma 1. If A C R is a nonempty compact set of Lebesgue measure zero,
U D A is a bounded open set and E C U\ A is a dense set in U, then there is a
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family K; ;, 4,5 = 1,2,..., of pairwise disjoint nondegenerate closed intervals
K;; C U\ A with the endpoints belonging to E such that for each positive
integer i and each point x € A the upper density Du(U;; K; j,x) =1 and for
each positive real v the set of pairs (i,j) for which dist(K; ;j, A) > r is empty
or finite.

PROOF. Since the set A is compact, there are pairwise disjoint open intervals

1171711}2,. . .,[1’1'(1) cUn U (J? -1,z + 1)
€A

such that AC Uy =111 U... Ul ;) and [; ;N A # 0 for i <i(1). There are
pairwise disjoint nondegenerate closed intervals Ly 1, ..., Ly 1) C U\ A with
the endpoints belonging to E such that for every positive integer j < i(1) the
inequality

(5 OV Ui<r) Lra) 21
p(11,5) 2
is true.
In the second step put

inf{lz —yl;z € A, y € Ujcpqry L1,i}
. .

To =
There are pairwise disjoint open intervals

12,1,1272,. .. 712,1‘(2) cUn U (J} —T2,T +7“2)
€A

such that A C Us = 1271 U...u IQ,i(Q) and IQJ' NA 75 @ for J < 1(2) Now we
find pairwise disjoint nondegenerate closed intervals Lo 1, ..., Ly p2) C Uz \ A
with the endpoints belonging to E such that for every positive integer j < i(2)
the inequality

12,5 N Ui<pz) L2.i) 1

w(l2,5) 22

is true.
In general in n*" step we define the positive real

inf{|z —yliz € A, y € U;<pno1) Ln-1.i}
2 )

Ty =

pairwise disjoint open intervals I, 1, In 2, .- -, Ini(n) C UNUzea (=70, 2+77)
such that A C U, = I, U... UL, ;) and I, ;N A # @ for j <'i(n), and
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pairwise disjoint nondegenerate closed intervals Ly 1, . .., Ly x(n) C U, \ A with
the endpoints belonging to E such that for each positive integer j < i(n) the
inequality
1#(In 5 OV Ui<k(n) Ln.i) 1
>1— —
#(In,j) 2n

holds.

Let N1, Ns, ..., Nn, ... be a sequence of pairwise disjoint infinite subsets of
positive integers and let N = {ng,1,n%,2,...}, where ng; < ny; for i <j.
Fori=1,2,... let

(Ki7j)j = (Lni,hl’ s 7Lni,1;k(ni,1)’ L’M‘,2717 s 7Lni,27k7(7li,2)’ s )

We will prove that the family {K; ;;i,7 = 1,2,...} satisfies all requirements.
From the construction follows immediately that the intervals K;; C U\ A
are pairwise disjoint and their endpoints belong to E. Fix a positive real r.
There is an integer k£ such that r, < r for n > k. Observe that for L,, ; with
n > k we obtain dist(A, L, ;) < r, < 7. So the set of all pairs (4, j) for which
dist(A4, K; ;) > r is empty or finite. Now fix an integer ¢ and a point € A. For
each integer n; ; there is an open interval I, i, . > @, where I;; < i(n; ;).
Evidently lim; . d(Iy, , 1, ;) = 0. Since

M(Ini,jgli,j n Umgk(ni i) Lni,j’m) 1
: >1— —
,LL(Ini,j,li,j) 2nii

and all intervals Ly, ; , occur in the sequence (K ;), we have

oo
Du(|J Kij,2) = 1. O
j=1

Theorem 2. If the function f : R — R has property (sz2), then there are
functions g, h : R — R having the property (s1) such that f = g+ h.

PROOF. At first suppose that the set D(f) of all discontinuity points is
bounded. Then cl(D(f)) is a compact set. If u(cl(D(f)) = 0, then by Lemma
1 there is a family Kj;; of pairwise disjoint nondegenerate closed intervals
K;; CR\cl(D(f)), i,j > 1 such that for each positive real r the set of pairs
(1, 7) for which dist(K; ;,cl(D(f))) > r is empty or finite and such that for each
integer ¢ and each point = € cl(D(f)) the upper density Du(U?il K, ,z)=1.
Let (w;) be a sequence of all rationals and let

w; for x € K?i—l,j
g(x) = ¢ f(z) —w; forz € Ky ;
f(x) otherwise on R
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and
f(l‘) —w; forzxze KQi—l,j
h(x) = W; for z € Kgi,j

0 otherwise on R.

Evidently, g+h = f. If z € R\ cl(D(f)), then g and h are continuous on some
interval [z,x +s) C R\ cl(D(f)) or (z—s,z] C R\ cl(D(f)), where s >0
and consequently they have property (s1) at x.

If x € l(D(f)), + € U € Tg and r > 0, then there is an index k with
|f(z) —wi| < r. Since Dy(Uj2, Kar—1,4,2) = 1, there is an index m such
that 0 # int(Kog—1,m) NU. For u € Kog_1,m NU we have |g(u) — g(z)| =
|wg, — f(x)| < r, thus the function g has property (s1) at z. Similarly we can
check that the function h has property (s1) at = € cl(D(f)). So the proof in
the case, where u(cl(D(f)) =0 (and D(f) is bounded) is finished.

So suppose that p(cl(D(f)) > 0. Then there is a sequence (a,,) of positive
reals such that a,4+1 < a, for > 1 and Z;il ar < oo, and Ap41 \ An #
f for n=1,2,..., where A,, = {z;0sc f(z) > a,}. Every set A, is closed of
measure zero and for the set D(f) of all discontinuity points of f the equality
D(f) = U,—, Ay is true. By Lemma 1 there is a family of pairwise disjoint
closed intervals

Kii; CR\ Ay, i,j=12,...,

with the endpoints belonging to C(f) such that for each i = 1,2,... and for
each © € A; the upper density D, (U;’il Ki,,2) =1 and for each positive
real r the set of pairs (4, j) for which dist(Ky ; j, A1) > r is empty or finite.
In the interiors int(K ; ;) we find closed intervals Iy ; ; C int(K ; ;) such
that for each point x € A; and for each integer i = 1,2, ... the upper density

DU(U Il’iyj,x) =1.
j=1

Let wy,; be a sequence of all rationals and let g;,h; : R — R be defined as
follows
wi; foraxeligy, 4,j=12,...
g1 (.’,E) = oo .
f(.fL‘) for x € R\Ui,jzl 1nt(K1)2iyj),

g1 is linear on all components of the sets K1 9;; \ int(11,2:;), 4,7 = 1,2,...,
and hi(z) = f(z) — g1(x) for z € R.

In the second step we consider the set A \ A1 = A> N (R\ Ay). There
are pairwise disjoint open intervals Py, C R\ Ay, k > 1, with the centers
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belonging to C(f) such that every set Ao N Ps j is nonempty and compact and

A\ Ay = (42N Pyy).
k

A construction of such intervals P» ; may be the following.w We find a bounded
open set G O Ay and divide each component of the the set G\ A; by points
belonging to C(f) into open intervals. As Pj we take all from the above
intervals which have common points with A,.

If z € (A2 Nint(K7,9;,5)) \ Ay for some pair (4, j), then g; is continuous at
x, and consequently oscg1(x) =0 and oschy(x) = osc f(z) < a;. If

x € As \A1 \ U Kl,Qi,j

4,521

then ¢1(t) = f(t) and h1(t) = 0 on an open interval containing  and contained
in R\ A;. So oscgi(xz) = oscf(z) < a; and oschi(x) = 0. Similarly
we show that max(oscgi(z),0schi(x)) < ay if © € Ay \ Ay is an endpoint
of some Kj ;. So for each integer k and each point x € Ay N Py there
is an open interval Jy () C Poj containing x such that on the interval
Jo i (x) the oscillation oscy, , (») 91 < a1 and oscy, , (2) h1 < a1. Since the set
Az N Py, is compact there are points x1, 3, ..., %) such that Ay N Py C
Jop(z1)U. ..U Jak(2)()). Without loss of the generality we can assume that
the above intervals Js (), j < j(k), are pairwise disjoint. For each pair of
positive integers (i, j) such that AyNK; ; ; # 0 we find an open set U (K1 ;) C
int(Kl,i’j) such that A; N Kl,i,j C U(Klﬂ"j) and

p(el(U(Ki,5))) 1
M(Kl,i,j) 4lHi+s’

If for some integers i1, j1, jo the intersection AoNMint(K ;, j, )NJ2 k(xj,) # 0
then, by Lemma 1, we find pairwise disjoint nondegenerate closed intervals

Ko i j (K1 iy J2.k(25,)) CUK1 iy 5y) N T2 k(2),)

with the endpoints belonging to C(f) such that for every positive integer i
and every point € Ay N Ja g (x5,) N K14, 4, the upper density

Du(| K2, (K1is 1y ok (25)),2) = 1
j=1
and for every positive real r the set of all pairs (¢, ) for which

dist(A2 N J2k(2j,) N K1y gy Koi g (K1 g0 J2,k(25,))) > 1
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is empty or finite. In every interval int(Ks; ; (K1, ji,J2,k(25,))) we find a
closed interval Io ; (K2 (K1, 5,5 J2,k(25,)) such that for every integer ¢ and
for every point x € Ay N J p(xj,) N Ky, 5, the upper density

Do T2 (K (K1iy oy Ja(25,)), ) = 1. (4)

j=1

For each positive integer j < j(k) let (w;(z;)) be an enumeration of all ratio-
nals in (y; — %, y; + %), where y; is the center of the interval

inf g1, sup g1,
AaNJ2,k(25) ~ AgnJy k()

and let (u;(x;)) be an enumeration of all rationals in (z; — %, z; + %-), where

zj is the center of the interval [inf 4,7, , (z,) P1,5UD 4,7, L(ay) hi]. Put

w;(z5,) for x € I9: (K14 jy» Jok(5,)),
j2 S](k)7 Za] = 1a27"'
f(x) = ha(z) for x € I22i1,;(Ki4 4, J2k(75,))

92( ) ]QSJ(k)a Za]:172a"'7
91(x) for z € Kiiy i\ | U Ko (Ko, Jok(),)),
J2<j(k) irj=1
and
f(x) —g2(x) for x € I 2 (K1 jy» Jok(5,)),
j2 Sj(k)a 7’7] = 172a"'
u;i(75,) for x € I 2i—1,; (K115, J2,6(75,))
J2 S](k)7 1,] = 1327"'7
hi(z) for v € Kiiy g\ U Koig(Bvi g Jor(),)),
J2<i(k) irj=1

and assume that the function g5 is linear and he = f — g2 on the components
of the sets Ko (K1 505 J2.k(255)) \ 2,05 (K11 505 J2,0(25))-

Similarly, modifying the values of g; and h; on respectively constructed
closed intervals we define the functions g, and hy on components Lo ., of the
set P \ A1\ Usjo1 K1,y for which Lo, N Ay # 0. Put go(z) = g1(2) and
ho(xz) = hi(x) otherwise on R. Observe that if the function f is continuous
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at a point , then from the constructions of g; and go follows that z € R\ As,
and ¢g; and gy are continuous at x. Consequently the functions h; and hs as
the differences of functions continuous at x are also continuous at this point.
So C(f) € C(g2) N C(hz). Observe that

lg2 — 91| < a1, |ha —hi| < ay and go+ hy = f.

We will show that go, ho € s1(z) for € Ag. For this fix a point © € Ay, a set
U > z belonging to T; and a real r > 0.
If x € Ay, then we find a rational wy j with |g1(x) — wy x| < r. Since

(cl(U(K12k,5))) 1
(K1 2k,5) 4l+2k+57

DU(U 1172]67]',1’) =1 and H
j=1

we obtain

oo
Du((g1) " H(wix) N U Iog,j.2) =1
j=1

and consequently there is an integer m and an open interval I C Iy ogm \
cl(U(K1 2k,m)) such that @ # INU. But go(u) = wy  foru € INU;s0 INU C
C(g2). Moreover for uw € I NU we have |g2(u) — g2(z)| = w1k — g2(z)| < 7.
So g € s1(x) for x € A;. Similarly we show that hy € s1(z) for x € A;.

Using (4) by similar reasoning we can show that go,he € si(x) for z €
Az \ Ay. Let (Ks,; ;) be a double sequence of all closed intervals on which we
have modified the functions g; and h; for the obtaining of g5 and hy. Similarly
in n'" step we change the functions ¢,,_; and h,,_; on respectively taken closed
intervals Ky, 2; ; and K, 2;—1,; and define functions g,, and h,, such that g,
(and resp. h,) has constant rational values on respective closed intervals
In2i; C int(Kp 2i5) (resp. on Ipoi—15), C(f) C Clgn) NC(hyn), gn,hn €
si(z) for x € A,,

|gn - gn71| < an—1, |hn - hn71| < Gn—1, and 9n + hn = f

Moreover, we suppose that for every triple (k, 41, 1), where k < n and 41,1 =
1,2,..., the inequality

M(Kk7i17j1 \U’(Zojzl Kn,i,j) o1 1 (5)
ﬂ(Kk7i17j1) 4n+ity

is true. Let ¢ =lim, o g, and h = lim,_, o, h,. Evidently, g+ h = f. Since
the above convergence is uniform, C(f) C C(g) N C(h), and consequently the
functions g, h have property (s2). We will prove that the functions g, h have
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property (s1). For this, fix a positive real r, a point € R and a set U € Ty
containing x. If x € C(f), then g is continuous at x and there is a positive
real s such that |g(t) — g(z)| < r for t € (z — s,z + s). But g has property
(s2), there are an open interval J C (x — s,z + s) such that C(g) D JNU # 0.
Since |g(t) — g(x)| < r for t € JNU, we obtain g € s1(z). Similarly we can
prove that h € s1(x).

In the case where x is a discontinuity point of g the point z is also a
discontinuity point of f and there is a positive integer n such that € A, \
A1 (we assume that Ay = 0). Let &k > n be a positive integer such that
Z;’ikﬂ a; < 5. There is a rational value w of the function g, such that
|gn(2) —w| < % and Dy ((gn) ! (w), ) = 1. By condition (5) the upper density

Dul(g) )\ | U Kumigro) =1

m>nl,j=1

So

oo

k—1
Du((gn) ')\ U U Kmagi2) =1,

m=n+11,j=1

and by the construction of g, and Ky, ; also

oo

k-1
Dy(int((ga) "' @)\ U | Kmag)o) =1

m=n+11[,j=1
Since x € U € T,, we have

o0

k—1
Du(Umint((gn)_l(w) \ U U Kina),2) = 1.

m=n+11],j=1
Consequently, there is an open interval

oo

k—1
Icime((ga) @)\ J U Kmas) \ A

m=n+11j=1

such that INU # (). Evidently, D 2 I NU C C(f) C C(g). Fort € INU we
obtain g, (t) = gx(t) and

l9(t) = g(2)| = g(t) = g(t) + w — ga(2)| < Y ai+ % < 2377‘ <
i=k+1
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So g € si(x). The proof that h € s1(z) is analogous.

Up to now we have supposed that the set D(f) is bounded. Now we
consider the general case. Since the closure cl(D(f)) is a nowhere dense set,
there are points z; € R\ cl(D(f)), k =0,1,—1,2,—2,... such that

lim zp = —o00, lim zp =00, and xy < zpy1 for all integers k.

k——o0 k—oo

Then R = {Jpo_ [#k, Tk41]. Every restricted function fr, = f/[zk, zg41] is
the sum of two functions gg,hx : [zr, 2x+1] — R having property (s1) and
continuous at the points x; and ;4. Let

gk (x) — (a1 + -+ + ax) for x € [z, Tp41]
9(z) = { go(x) for z € [0,1]
gr(x) + (ap + a1+ -+ +ag1) for x € [zy, xp11]
where ap, = gr(k) — gr—1(k) for k=0,-1,1,-2,2,..., and h(z) = f(z) —

g(x) for z € R. Observe that the functions g, h have property (s;) and
f=g+h. O
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