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ON SOME POINTWISE DEFECTS OF
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Abstract

In this paper we continue the research in Real Analysis, in the spirit
of the very recent book [1]. Firstly, as a refinement of the global defect
of integrability introduced in [1], § 5.1, we consider here a pointwise
defect of integrability and study its properties and connections with the
pointwise defect of continuity already introduced in [1], § 5.1. Secondly,
as refinements of the global defects of monotonicity and of convexity
introduced in the same book [1], § 5.2, we consider and study pointwise
variants.

1 Introduction

Let U be an abstract set and P a given property of some elements in U.
Evidently P divides U into two disjoint sets:

Up = {z € U;z has the property P}
and

Up = {x € U;x does not satisfy the property P} .

A tool of investigation of Up and Up might be the introduction (not nec-
essarily in an unique way) of a quantity F (x) € R, defined for all z € U, such
that

x € Up if and only if E (z) = 0.

In this way, for € Up the quantity |E ()| can be considered to measure
the “deviation” of x from the property P and can be called the defect of
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property P, at z. Of course the notion of defect is of interest only when it has
appropriate analytic properties.

In the very recent book [1] we have studied this idea in Set Theory, Topol-
ogy, Measure Theory, Real Analysis, Functional Analysis, Complex Analysis,
Algebra, Geometry, Number Theory and Fuzzy Logic.

Concerning continuity, differentiability, integrability, monotonicity and con-
vexity of real functions of one real variable, the following concepts were studied.

Definition 1.1. (i) (see, for example [1], p. 185, Definitions 5.1, 5.2) Let
f:E—Rand zg € E CR. The defect of continuity of f at xq is the quantity

deont (f) (o) =nf {6 [f (VN E);V €V (0)},
where V () denotes the class of all neighborhoods of zy and
0 [A] = sup{la1 — as|;a1,a9 € A}

denotes the diameter of the set A C R.
Of course, deont (f) (x0) is a very old concept in analysis, usually called mod-
ulus of oscillation of f at z¢, which was introduced and studied by Bernhard
Riemann and Paul Dubois-Reymond. Here we call it defect of continuity only
for the homogeneity of language.

(79) (see, for example [1], p. 189, Definition 5.4) Let f : [a,0] — R and
xo € [a,b]. The defect of differentiability of f at z is the quantity

daif (f) (o) = nf {0 [F (VN [a, ]\ {zo})};V € V(20)},

where F' : [a,b]\ {z¢} — R is defined by F (z) = %ﬁgwo)
(#i1) (see, for example [1], p. 190, Definition 5.6) Let f : [a,b] — R be
bounded. The defect of Riemann integrability of f on the interval [a, b] is the

quantity

din () ([a,b]) = / f () d — / f (@) de,

—b
where [ and [ * denote the upper and lower Darboux integrals, respectively.
La

We note that dint (f) ([a,b]) is only a simple rewording of a nineteenth century
criterion of Darboux.

(iv) (see, for example [1], p. 194, Definition 5.7) Let f : E — Rand E C R.
The defect of monotonicity of f on FE is the quantity

dar (f) (E) = sup{|f (x1) = f (@)| + |f (w2) = [ (@) = [f (21) = F (22)];

21,%,20 € Byxy <z < xo}.
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(v) (see, for example [1], p. 199) Let f : [a,b] — R. The defect of convexity
of f on [a,b] is the quantity

deonv (f)([a,b]) = sup{f(Az + (1 = AN)y) — (Af(z) + (1 = A) f(¥)):
A€ 0,1],z,y € [a,b]}.

Remark 1.1. It is easily seen that while the defects in Definition 1.1, (¢) and
(7i) are pointwise ones, those in Definition 1.1, (éii), (iv) and (v) are global
ones.

The main aim of this paper is to refine the above global defects by defining
and studying their pointwise variants.

Section 2 deals with the pointwise defect of integrability while in Section
3 we consider pointwise defects of monotonicity. Unlike the global defect
of monotonicity in Definition 1.1, (iv), one can use the pointwise defects to
characterize increasing and decreasing monotonicities. Section 4 deals with
pointwise defects of convexity and Section 5 contains two simple applications
to the best approximation problem. At the end some open questions are
presented in Section 6.

2 Pointwise Defect of Integrability

A pointwise version of the concept in Definition 1.1, (¢i¢), can be defined as
follows.

Definition 2.1. Let f : [a,b] — R be bounded on [a,b]. The (pointwise)
defect of Riemann integrability of f at zo € (a,b), is the quantity

) 1 —=zo+h zo+h
dint (f) (x0) = hr}?\sgp {211 (/Io_hf (z) dz —/ f(x) dw) } ~

:Eofh

If g = a, then

. 1 —a+h a+h
dint (f) (x0) = hril\sgp{h (/a f(x) dm—/a f(x) dx)}

and if zp = b, then

(T b
dint (f) (x0) = hr}rll\b})lp {h ( bihf(x) dz —/b_hf(m) dw) }



178 ADRIAN I. BAN AND SORIN G. GAL

Remark 2.1. By the definition of lim sup,,\ o, we can write (ife.g. ¢ € (a, b))

) 1 —zoth zoth
dint (f) (z0) = inf {hztlo%) {Zh (/Zo_hf(x) dff—/ f(z) dl“) }}

—CE()*]’L

1 —Froth zo+h
= lim su — / T dxf/ z) dx .
5\°{he<0?6>{2h< ) >}}

The following properties hold.
Theorem 2.1. Let f,g: [a,b] — R be bounded on [a,b] and xq € [a,b].

(i) 0 < dint (f) (xg) < M —m, where M = sup{f (z);x € [a,b]} and m =
inf {f (z);x € [a,b]}.

(i) If f is locally Riemann integrable on xqo (i.e., integrable on a subinterval
containing xo), then din: (f) (xo) = 0. If f is Riemann integrable on
[a,b], then dine (f) (x0) = 0, for all zy € [a,b].

(i41) dint (f + g) (20) < dint (f) (20) + dint (9) (%0) -
(iU) dint ()\f) (.’1?0) = |)\| dint (f) (370) ,V)\ c R.

ProoF. (i) It is immediate.

(#i) Tt is also immediate because the Riemann integrability implies the
equality between the lower and upper Darboux integrals.

(7i7) The properties of subadditivity of upper Darboux integral, superad-
ditivity of lower Darboux integral and subadditivity of upper limit prove (7).

(iv) The properties

/dAf(sc) dz = /\/df(:z:) da:,/j)\f(x) da = )\/jf(a:) da, YA > 0,

/d)\f(x) di = )\/Cdf(x) dm,/j)\f(x) da = )\/df(x) da, YA < 0,

hold for every c,d € R, ¢ < d, and the positive homogeneity of upper limits
imply the equality. O

Example 2.1. For the Dirichlet function f : [0,1] — R, defined by f (z) =
0 if x is a rational number and f(x) = 1, otherwise, it easily follows that
dint (f) (z0) = 1, for all z9 € [0,1].
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In what follows, consider the well-known Baire functions

M (z) = %1{% Ms (z) and m (z) = (%1{% ms (z),

where
Ms (z) =sup{f (t);t € [a,b]N(x—d,x+)},
ms (x) =inf {f (t);t € [a,b] N (z — 0,2+ 0)}.

Theorem 2.2. Let f : [a,b] — R be bounded on [a,b]. Then, for all zy € (a,b),
we have

) 1 zo+h
dint (f) (xo)zg%{hz?o?é){%(c) /xo_h deont (f) (2) dw}}, (1)

where (L) [ denotes the Lebesgue integral (if xo = a and zo = b in (1) appear
(L) fa+h and (L) fbb_h, respectively).

a

PROOF. Bye.g. [5], p. 175-176, it follows that the Baire functions M (z),m (z)
are Lebesgue measurable and that

—proth zo+h

/ =) / M@
/ :; (@) dz = (L) / :m;hm(z) da.

Consequently, by the above Remark 2.1 we get

1 xo+h
dint (f) (20) = c%ii% {hg?opé) {Qh (ﬁ)/ L (M (x) —m (x)) dx}} .

But by e.g. [7], p. 165 we have
deont (f) (o) = lim {sup (f ([a,b] O (w0 — 8,0 + )
—inf (f ([a,b] N (w0 — 6,20 +8)))}
:gi{r(l){Mg (z0) —ms (w0)}
:}1{% Ms (x0) — (}i{%mé (o)
=M (z0) —m (20),

for all zy € [a,b], which immediately proves the theorem. O
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Corollary 2.3. Let f : [a,b] — R be bounded on [a,b]. Then f is Riemann
integrable on [a,b] if and only if dine (f) (o) =0, for all zo € [a,b].

Proor. If f is Riemann integrable on [a, b], then by Theorem 2.1, (i7) we get
dint (f) (zo) = 0, for all zy € [a,b)].
Now, suppose that d;n: (f) (xo) = 0, for all 2 € [a,b]. By (1) we get

o+
ding (f) () > lim — (L) / deomt (f) (2) d,

T 6N\0 20 0—b
which implies lims o 55 (£) f;("oj; deont (f) (x) dx =0, for all zg € [a,b]. Since

the integrand deont (f) () = M (z) —m(x) is nonnegative, we can deduce that
Vo € [a,b], Ve > 0, 30y, such that for all a < zp < band 0 < t < 0y e, if
[0, xo + t] C [a,b], then

xo+t
(E)/ (M () —m (z)) de < et

0

while if [xg — ¢, o] C [a, b], then

xo

(E)/ (M (z) —m (z)) dz < et.
:Eo—t

For every £ > 0, define F; to be the collection of all intervals [, zo+t] C [a, ]

and [zg — ¢, 0] C [a,b] for 0 < t < ;.. Applying Cousin’s Lemma (see e.g.

[2], p. 9) there exists a partition of [a, b],

[CL, b] = [a07a1] ) [ala a2] u---u [an—Za an—l] U [an—h a'n]a

ag = a, a, = b, where each [a;,a;+1] € F., i = 0,n — 1. Adding term by term
the inequalities for the subintervals of the partition, we obtain

b
(L‘)/ (M () — m (2)) dz < e(b — a), Ve > 0.

We get (£) fab (M (z) — m (z)) de = 0 and because 0 < M (x) —m(z), it follows
M(x) —m(x) =0, a.e. x € [a,b]. Consequently by e.g. [5], p. 172, Theorem
1, it follows that f is almost everywhere continuous on [a,b] and therefore it
is Riemann integrable on [a, b]. O

Remark 2.2. By Theorem 2.2 and Corollary 2.3, it follows that formula (1)
can be considered in fact a generalization of the well-known result which states
that a bounded function f is Riemann integrable on [a, b], if and only if it is
almost everywhere continuous on [a, b]. Indeed, this immediately follows from
[1], p. 186, Theorem 5.1, (¢), which states that f is continuous on z if and
only if deont (f) (o) = 0.
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3 Pointwise Defects of Monotonicity

The pointwise variant of above Definition 1.1, (iv), is the following.

Definition 3.1. Let f : (a,b) — R be a non-constant function and zy € (a,b).
The defect of monotonicity of f on zq is the quantity

dy (f) (o) = limsup  Ey g, (€1,€2),
ei\0,i€{1,2}

where Ey ;, (€1,€2) is the fraction

|f (xo —e1) = f (@o)| + [f (w0 + £2) — f (w0)| — |f (w0 — 1) — f (w0 + £2)|
|f (w0 —€1) = f (z0 + €2))| '

If f is constant, then by definition we take das (f) (zo) = 0,Vzo € (a,b).

Remark 3.1. If f is a non-constant function, then obviously we can write
du (f) (zo) = lim sup Efu, (€1,€2) ¢ -
0iNO0 | £,€(0,8:),5€{1,2}
The following properties can easily be proved.
Theorem 3.1. Let f: (a,b) — R and xg € (a,b).
(i) da (f) (z0) = 0.
(ii) If f is monotonous in a neighborhood of xq, then dyr (f) (z) = 0.
(i) dar (Af) (o) = dm (f) (z0) , VA € R\ {0}
(i) If a = =b,b>0 and f(—z) = f(x),Vx € (a,b) or f(—z) = —f(2),
Va € (a,b), then dps (f) (—x0) = dar (f) (z0) -
(v) dar (1= f) (x0) = dar (f) (o) -
Lemma 3.2. Let f : (a,b) — R be locally continuous at xy € (a,b) (i.e.,
Jer,e2 > 0,1 = (mg —€1,20 + €2) C (a,b) such that f is continuous on I). If
xo is a locally strict extremum point of f, then dar (f) (xg) = +o0.
PROOF. From the continuity of f on I = (x¢ — €1, 20 + £2), there exist 55") .
O,sén) N\, 0, such that f <:c0 755")) =f (xo feé")) # f(xo),¥n € N. Tt
follows that for all 41,09 > 0, sufficiently small, we have

{|f(330 —¢e1) — [ (wo)| + | f (zo +€2) — f (20)
|f (o — 1) = f (z0 + €2)|

sup
€i€(0,8:),i€{1,2}
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_f(xo—ﬁl)—f($0+€2)|} _
Fao—e)—f@otelf ~ 7
which implies dps (f) (zo) = +o0. O

Theorem 3.3. Let f : (a,b) — R be continuous on (a,b), such that f is not
constant on some subintervals of (a,b). Then f is monotonic on (a,b) if and
only if dps (f) (zo) =0, for all o € (a,b).

ProoF. If f is monotonic on (a,b), then it is immediate that das (f) (z9) =
0,Vxo € (a,b). Conversely, suppose that das (f) (zo) = 0,Vxo € (a,b), but f
would be not monotonic on (a,b). Then there exist x1, 22, 23,0 < 1 < x3 <
x3 < b, satisfying:

(1) flz2) < f(z1), [ (22) < f(xs)
or

(i) £ (02) > £ (21), f (22) > f (z3).

Case (i). Suppose, for example, f(z1) < f(x3) (the subcase f(z1) >
f (x3) is similar). It follows that f has in (z1,z3) a (locally) strict minimum
point *, which by Lemma 3.2 implies djs (f) (*) = 400, a contradiction.

Case (ii). Similarly, it follows that f has in (x1,x3) a strict maximum
point x*; i.e., we again get the contradiction dy (f) (z*) = +o0. O

Remark 3.2. The condition that f cannot be constant on some subintervals
of (a,b) is necessary. Indeed, if we define f : (0,1) — R as the continuous
polygonal line passing through the points (0,1),(3,3),(3,1) and (1,1), a
simple calculation show us that das (f) (zg) = 0,Vzg € (0,1), while f is not
monotonic on (0,1).

Example 3.1. In [3], p. 66, the following example of nowhere monotone

function on (0, 1) is given. Let f (z) = x if x is rational and f(z) =1—-=zif z

is irrational. Let zg € ( ) N Q and ( (n )> N (sé")) . be two sequences
ne ne

such that zg — &} " e € (0,1) NR\Q,zg + E(n) € (0,1) NR\Q,Vn € N, 5Zn) AV

0,n — 00,7 € {1,2} and sgn) < 1-2zp,Yn € N. We get that Ey ., (€ ( gn) (2"))

is the expression

17x0+€g )71:0’+‘171707€g)7130’ ‘1717 +€(")

‘1—xo+a§ ) 1+ 29+ &8

71+l’0+€én)’

_1-2zg e +1-2m0—ef” — eV — el 2(1 - 2mp) — 20V
DR DD
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Passing to limit with n — oo and taking into account Definition 3.1 we obtain
dum (f) (z0) = +o0.
Let z¢ € (%, 1) NQ and (5(1")) , (58”) two sequences as above, but
neN neN

5%") < 2x9 —1,¥n € N. We get
Ef 2o (Egn),eé" ) -

l—xo+e§")—xo’+‘1—xo—6§")—xo’—‘l—xo+a§")—l+xo+s§")

‘1—3304—55")—1—&—350—&—5;")‘

_ 2xp—1-— e 4+ 2z0 — 14l — g™ W 22z —1) — 2e{™
e 4 &M SRR

As above we obtain das (f) (xo) = +o0.
(n)

Ifzg = % and <s(ln)) N’ (&:én)) en are two sequences such that zo—e} "’ €

0,1)NQ,zo+e5 € (0,1)NR\Q,Vn € N,e{™ \, 0,n — 00,i € {1,2}, we get

gn) n Egn) - ‘egn) _ sén)

‘51 — &

Therefore das (f) (x0) = +oo (for example, if s&") = %,s(") = ﬁ, then

hmn—voo Ef,ﬂio (Egn), (gg”') = l1mn_>oo ﬁ = 400 )

Similarly, if o € (0,1) NR\Q, then dps (f) (z0) = +o0.

More refined pointwise defects of monotonicities than those in Definition
3.1, can be introduced in such a way that can characterize the sense of mono-
tonicity. We begin with this definition.

Definition 3.2. ([7], p. 119) Let f : (a,b) — R and x¢ € (a,b). We say
that f is (pointwise) increasing at xo if 39 > 0 (sufficiently small) such that
f@)=f@0) > vy # Xo, | — 20| < §. Analogously, f is called decreasing on

r—xo

g if 3§ > 0 such that %ﬂ’;ﬁ“) <0,Vz # xo, |z — x| < 4.

Theorem 3.4. ([7], p. 120) f : (a,b) — R is increasing (decreasing) on (a,b)
if and only if f is increasing (decreasing) at each xo € (a,b) (in the sense of
Definition 3.2).
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The pointwise deviations from the monotonicities in Definition 3.2 can be
measured by the following.

Definition 3.3. Let f : (a,b) — R and z¢ € (a,b). The defect of increasing
monotonicity of f on x¢ is defined by

das (f) (z0) = max {0, =D (f) (zo) } ,

where D (f) (x¢) = limsup,_, @) =f(=zo)

r—x
Analogously, the defect of decreasni)g monotonicity of f on xg is defined by

dDM (f) (1’0) = max {ng(f) (.’Eo)} )

where D (f) (o) = liminf, ., J(@)=[(zo)

r—xq
Theorem 3.5. Let f: (a,b) = R
(i) f continuous on (a,b) is increasing on (a,b) if and only if drar (f) (x0) =

0, for all xy € (a,b). f continuous on (a,b) is decreasing on (a,b) if and
only if dpayr (f) (xo) =0, for all xo € (a,b).

(ii) If f € Ct(a,b), then drar (f) (z0) = max {0, —f' (zo)} and
dpum (f) (zo) = max {0, f' (xo)}, for all xg € (a,b).
D

(i) If f is increasing on (a,b), then dpys (f) (x0) =
(a,b). If f is decreasing on (a,b), then dras (f) (xo)
all zg € (a,b).

(iv) If g € C*(a,b), f € C(g(a,b)), then

drm (f o g) (x0) = |f (g9 (x0)) drar (9) (x0) + ¢ (z0) drn (f
= [f" (9 (z0))l dpar (9) (x0) — g' (x0) dpar (

(f) (zo), for all zy €

—D (f) (zo), for

(
)

o))

g(
(9 (z0))

)
f
and
dpar (f 0 9) (x0) = [ (9 (x0))l dras (9) (w0) + 9" (x0) dpas (f) (g (w0))
= 1" (9 (®0))| dpn (9) (w0) — ¢’ (w0) drar (f) (9 (20)) ,
for all zy € (a,b).
(v) If f € Ct (a,b), f is invertible and f' (z) # 0,V € (a,b), then

1 _ A (f) (o) _ [ (w0) — dpum (f) (20)
A () 0 = =5y T @l — F @) IF (o)l
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and

1 _ dpm (f) (o) f'(wo) +drar (f) (20)
doa (17) 00) = F oy F ol ~ P o) [ (o)

for every yo = f (xo).
(vi) If f € CY (A, B), then for alla,b € (A, B),a < b, there exist o, 3 € (a,b)
such that

f(b) = f(a)

—diag (f) (@) € =520 < dpuy (£) (8).

PrROOF. (i) If f is increasing on (a, b), then by Theorem 3.4 it follows that for
every xg € (a,b), %ﬁimo) > 0, for all x # xg, z sufficiently close to zy. This
implies D (f) (z¢) > 0 and therefore dras (f) (z9) = max {0, =D (f) (z0)} =0,
for all zg € (a,b). Conversely, by da (f) (zo) = 0 we get —D (f) (x0) < 0;
i.e., D(f)(z0) > 0,Vzg € (a,b), which by a well-known result (see e.g. [4], p.
222) implies that f is increasing on (a,b). The proof of the second statement
is similar.

(#t) It is immediate.

(#i1) %ﬂ’:émo) > 0,Vz,xg € (a,b),x # x¢ implies D (f) (xg) > 0,Vxg €
(a,b). Therefore dpys (f) (o) = D(f) (x0),Yxo € (a,b). If f is decreasing,
then the proof is similar.

. L s . R (zo)|—h'(z
(iv) Because the above property (i¢) implies drps (h) (2g) = wf(o)

and dpps (h) (zo) = w, for every function h € C! (a,b) and z¢ €
(a,b), we have

diss (F 0 9) (wo) = LN (o)l = I (9 (20)) g’ (x0)

_ [ (g (o)) (9" (z0)| = ¢’ (x0)) + ¢' (o) (1" (9 (x0))| = f' (9 (x0)))
2

= [ (g (o))l drnr (9) (x0) + ¢ (o) drns (f) (g (w0)) -

or

diae (£ 09) (a) = LU DS @)L= 19 (20) o 20)

_ 17 (g (o)) (9" (o) + ¢ (x0)) — ¢' (o) (1" (g (x0))| + f' (9 (0)))
2

= [f"(g (o))l dpnr (9) (x0) — g (o) dpns (f) (g (w0)) -
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The proof of the second part is analogous.
(v) Replacing g with f~1 in the first property (iv) we obtain
0 =dras (Law)) o) = |f* (F 7" (o)) | dins (F7) (o)
+ (ffl) (yo) dIM (5 (f7 (wo))

and

0=drn (Lapy) Wo) = | (f " (0))| dpas (f7) (vo)
— (71 o) dpar (£) (7" (30))

where 1, 3)(z) = z, for all x € (a,b). Denoting yo = f (x¢) the first equality
_div (f) (o)
[ (o) [f" (o)

o (£7) () = 22t

starting from the property dpns (l(aJ,)) (yo) = 1,Vyo € (a,b).
(vi) Because Mfﬂc(z) > f'(z),Vz € (a,b), we get f; dpy (f) (z) de
> f(b) — f (a). On the other hand, there exists 8 € (a,b) such that
f; dpy (f) () dx = (b—a)dpa (f) (8). These imply the desired inequality.
The proof of the other inequality is similar. O

implies drar (f71) (yo) = and the second equality implies

The proof of the others equalities is similar

Example 3.2. If f is not continuous on (a,b), then Theorem 3.5, (), fails to
be valid. Indeed, let f : (0,1) — R be defined by f (z) = 0 if x is rational and
f(z) = 1if z is irrational. If xg € QN (0, 1), then

ap { L) o)

Tr — X

;x € (xo — 0,20 + ) N (0, ),x#xo}

zsup{f(x);xe (R\Q)ﬂ(mo—é,xo—i—é)ﬁ(o,l)} = 400,70 > 0.
Tr — X

Therefore
D (f) (x0) = limsup f @) = f(xo) = +o0.
T—T0 T — X
We get diar (f) (z0) =
If zp € (R\ Q)N (0, ) then
sup{f(zx . JUE($0—57x0+(5)ﬂ(0,1),x7é330}
— o

zsup{f(x) x€QN (xg— 0,29+ )N (0, )}=+oo,V(5>O.
0
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Therefore

E(f) (330) = lim sup M

T—T r — Xo

= +-00.

We get d[]y[ (f) (.’L‘Q) =0.
As above we obtain D (f) (x9) = —oo and dpas (f) (zo) = 0.
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Remark 3.3. The properties in Theorem 3.5, (iv), (v), can be considered
generalizations of the well-known results which state that the composition of
two increasing (decreasing) functions is also increasing, the composition of an

increasing function with a decreasing function is a decreasing function,

the

inverse of an increasing function is increasing and the inverse of a decreasing

function is decreasing.

4 Pointwise Defect of Convexity

A pointwise analogue of the global defect of convexity in Definition 1.1, (v),

might be the following.

Definition 4.1. Let f : (a,b) — R and x¢ € (a,b). The pointwise defect of

convexity of f at xg is the quantity

dconv (f) (.%‘0) =
tmsup | sup LT AN z2) “A (1) = (1= X) fea) |
w1ta=zo el (1~ 72)

Analogously, the pointwise defect of concavity of f on zg is the quantity

deone (f) (z0) =

lim sup
T1,L2—T0

sup
A€0,1] (,’El —.’)32)2

{ Af<x1)+(1—k)f(xz)—f(Ax1+(1—A)xz)}.

We present properties of these defects.
Theorem 4.1. Let f: (a,b) — R and x¢ € (a,b).

(Z) dco’rw (f) (.130) Z 0 and dconc (f) (Z‘o) Z 0.

(i) If f is convex on (a,b), then deony (f) (xo) = 0. If f is concave on (a,b),
=0.

then deone (f) (1’0)
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(i11) If f is strongly concave on (a,b); i.e., there exists M > 0 such that

MA(1 =X (21— 22)” < f Q2 + (1= N @) — Af (z1) — (1 — )\)f(:c?)),
2
for all X € [0,1],z1, 22 € [a,b], then deony (f) (x0) > %, where

M = sup {M; M wverifies (2)}.

(iv) If f is locally convex on xq (i.e., convex in a neighborhood of xq), then
dconv (.f) (.To) =0.

(v) If [x1, Ax1 + (1 — \) @2, x9; f] denotes the divided difference, then

dconv (f) (.’Eo) = hmsup { sup _)‘(1_)‘) [1’1,)\1’1+(1_)\)$2,1’2;f]}

z1,22—Z0 | AE[0,1]

deone (f) (o) = limsup { sup A (1= X)[z1, Az + (1= A) xg,xg;f]} .

z1,22—Z0 | AE[0,1]

(vi) deony (Az + B) (20) = deone (Ax + B) (z9) = 0,VA, B € R,Vzy € R.
(’UZZ) dCO’ﬂU (_f) (1‘0) = dconc (f) (1‘0) .

(viti) If a = —b,b > 0 and f (—x) = f (z),Vz € (a,b), then deony () (—x0)
= deonw (f) (iﬂo) and deone (.f) (7:50) = deonc (f) (1'0) .

(ix) Ifa=—=b,b>0 and f (—z) = —f (z),Vx € (a,b), then deons (f) (—20)
= dconc (f) (.’EO) and dconc (f) (—.’170) = dconv (f) (-770) .

PROOF. (i) They are immediate because for 1 # x2 and A =0 or A = 1, we
get f(Azy + (1 =N z2) = Af(x1) — (1 =) f(x2) =0.

(@) f Axr + (X =N z2)=Af (x1)— (1= A) f (z2) <0,YA €[0,1],Vay,29 €
[a,b] immediately implies deony (f) (x0) = 0,Vzo € (a,b). Similarly if f is
concave.

(1) , (iv) Are immediate.

(v) Simple calculations show that for x; # z3,

M (@) + (1 =) f(x2) = f Az + (1 =N x2)
(21 — 2)°
A1 =) [z, Az 4+ (1 = X) 22, 295 f].

(vi), (vii) Are obvious.
(viii)

deonw (f) (—70) =
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lim sup
Z1,T2——T0

sup 5
A€[0,1] (1 — x2)

{ f(Ax1+(1—A>x2>—Af(m)—(l—A)f(m)}

s { qup LM = (=N g2 =M () = (=N f (—m)}

y1.92—z0 | A€[0,1] (—v1 + 12)°
A 1—-A - A —(1—=X
g { sup £ =008 <A () = (1= 0) T ()
y1,y2—x0 | A€[0,1] (7y1 + y2)
= deonv (f) (z0) -
The proof of the second equality is similar.
(iz) Tt is similar to (viii). O
Example 4.1. The function f (z) = —z? is strongly concave on (a,b),a,b €

R, with M € (0,1]. We obtain deony (f) (z0) = %.Vzo € (a,b) that is the
equality in Theorem 4.1, property (iii).

Example 4.2. For f:[-1,1] = R, f () = |z|, we easily get
deonv (f) (xo) = 0,Yag € (=1,1),deone (f) (zo) = 0,Vzo € (—1,0) U (0,1) and
deone (f) (0) = 4o0.

Corollary 4.2. If f € C?(a,b), then for all z¢ € (a,b) we have

oo (1) (a) = max {0, - 00

dconc (f) (xo) = max {O, f// éxo) } .
PROOF. We have

sup {—A(1—A)[21, Az1 + (1 — A) 22, 29; f]}
A€0,1]

= maX{O, sup A(1—A) (= [z1, Az + (1 — /\)$2,$2§f])}-

A€(0,1)

Without loss of generality, we can suppose 1 < x2. By the mean value theo-
rem, there exists &) € (21, x2) with — [x1, Az1 + (1 — X) 29, 20; f] = —%7
VA € (0,1), which implies

deonv (f) (z0) = max {0, lim sup { sup A= (—f" (Q))}} )

z1,22—Zo0 | A€(0,1) 2
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But
inf  (=f"(2) <—f"() < sup (—f"(2), (3)

z€(z1,22) z€(x1,22)

which implies

it (<" (@) s 2N < {Mw’(m)}.

w€(w1,x2) Ae(0,1) 2 T ae(0,1) 2
From supy¢ 1) M = £, by passing above to lim SUDy, 2, and taking
into account the continuity of f on (a,b), we get
" A(1=A
L) < imsp § sup AU e b (@
8 z1,22—=%o0 | A€(0,1) 2

Concerning f” (z¢) we have three possibilities: (i) f” (zo) < 0; (i) f” (xg) >
0; (idd) f" () = 0.

Case (). There exists a neighborhood V; of g such that f” (z) < 0,Vz €
Vo, which implies Sup,¢ (4, 4,y (—f" (2)) > 0, for all x1,22 € Vp. By (3) we
obtain

p (AN Cprents s () s AU

AE(0,1) 2 2€(w1,72) AE@O,1)
for all z1, 2 € Vo, 71 < x2, wherefrom passing to limsup,, ,, ..., we get
A=A "
limsup { sup A0=Y) (—f" (&) ¢ < —M.
z1,22—%0 | A€(0,1) 2 8
Combined with (4) it follows that

3 f// (IO)

deonw (f) (20) = )

:max{o,_f”%)}.

8

Case (ii). There exists a neighborhood Vj of ¢ such that f” (z) > 0,Vz €
Vo, which by (3) implies —f” (£)) < 0, for all z1, 29 € Vj, and therefore

lim sup { sup AL=N (—f" (fA))} <0.
z1,22—xo0 | A€(0,1) 2

As a consequence,

oo (1) (a0) = 0 = max {0, - L0 .
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Case (4i7). By hypothesis we have f” (x¢) = 0. By (4) it follows
A(1—=A
0 < limsup { sup ity (=f" (&))} :
z1,@2—To | A€(0,1) 2
Suppose that
A(1=A
0 <!= limsup { sup g(—f” (&))) ¢ -
z1,22—xo | A€(0,1) 2

Then, for 0 < I3 <, there exists a neighborhood V;, of z( such that we have

0<li < sup {A(1—=XA)(=[z1, z1 4+ (1 = X) 29,295 f]) },
A€(0,1)

for all z1,x9 € Vp. Tt follows that there exists A\g € (0,1) (depending on x1, o
too) such that

0 <l <Xo(1=Xo)(=[z1,Noz1 4+ (1 — No) o, 25 f]);

ie.,

l
0< m < — [I1,>\01‘1 + (1 — )\0).%2,932;]0] ,Vl‘l,fﬂg e W.

l
But —+ > 4l > 0. Passing here to limit with =1,z — xg, it follows
Ao (1= Xo)

b ),
Ao (1 - )\0) - 2 ’

0<4l <

that is, f” (x¢) < 0, a contradiction. As a conclusion,

lim sup { sup M (—f" (f,\))} =0,

z1,22—x0 | A€(0,1) 2
which implies

dconv (f) (.TL'()) = max {0,0}- =0 = max {0’ _f//(8xo)} )

The proof of the second formula in statement is similar, which proves the
theorem. ]
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As an immediate consequence we obtain the next assertion.
Corollary 4.3. Let f € C?(a,b).

(i) [ is convex on (a,b) if and only if deonw (f) (o) =0, for all xg € (a,b).

)
(i1) f is concave on (a,b) if and only if deone (f) (x0) =0, for all z¢ € (a,b) .

(Z”) dIM (f/) (.To) = 8dconv (f) (1'0) and dDM (fl) (1'0) = 8dconc (f) (1’0), fO’I“
all zo € (a,b).

The results proved in Corollary 4.2 are also used in the proof of following
result.

Corollary 4.4. (i) If g € C?(a,b), f € C*(g(a,b)), then
deonw (f 0 9) (20) < (¢’ 0))2 deonw (£) (g (0)) + 1" (9 (20))] deonw (9) (o)

(x
+ ég" (wo) drar (f) (9 (20))

and

dconc (f o g) (1’0) S (g/ (xO))z dconc (f) (g (LC())) + |f/ (g (1'0))| dconc (g) (1'0)
— 59" o) dnae (£) (9 (20)

for every xg € (a,b).
(ii) If f € C%(a,b), f is invertible and f' (x) # 0,Vz € (a,b), then

1 f" (o) dim (f) (o) — 8deonw (f) (20)
dconv (f ) (yO) > 8 |f, ($0)|3

and

S (@0) dint (f) (o) + 8deonc (f) (o)
81 (zo)|”

dconc (fil) (yO) Z

b

for every yo = f(x0), o € (a,b).

PROOF. (i) Because the property in Corollary 4.2 implies deony (h) ()
_ |h”(m)‘—h”(m)

5 ,Vx € (a,b), for every function h € C? (a,b), we get

(9 (20)) (¢' (20))* + 1" (9 (x0)) ¢ (o)
16

deonw (f o g) (xO) =
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(77 (9 @) (9" (@0))* + f' (9 (20)) g" (o))
16

1/ (9 (20))| (9' (20))” + If” (g (x0))] 19" (x0)|
16

(9 (20)) (¢ (0))* = f' (g (20)) ¢" (o)
16

<

(gl (xo))Q |f// (g (170))|1g f” (g (JUO)) + |f/ (g (xo))| ‘g// (1.0)|]-g g// (x())

/" (g (x0))| = f' (9 (x0))
2

1
+§g// (-TO)

= (¢ (20))” deono (£) (9 (20)) + | (9 (20))] deonn (9) (x0)

+50" (o) doar () (9/(20)), Yoo € (0,1).

The proof of the second inequality is similar.
1) Because deony (1(ap)) () = 0,Vx € (a,b), where 1(,) is the identical
(a,b) (a,b)
function on (a, b), taking g = f~! in (i) we obtain

2

((fil (yO))I> dconv (f) (fil (yO)) + |f/ (fil (yO)) | dconv (fil) (yO)

(F71)" o) dras (£) (£ (w0)) = 0,0 € f((a,b));

| =

+

that is,

- " (xo) drar (f) (w0) — 8deonw (f) (20)
dconv ! -
(f ) (yo) = 8|/ (x0)|3

for every yo = f (z0) , 2o € (a,b). The proof of the second inequality is similar.
O

Remark 4.1. For example, the first formula in Corollary 4.3 (ii¢) above can be
viewed as a generalization of the following well-known result in Real Analysis.
f is convex on (a,b) if and only if f’ is increasing on (a, b).

The above considerations and the concept of convex (concave) function of
order n € {-1,0,1,2,...} on (a,b) in [6], allow us to introduce the following.
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Definition 4.2. Let f : (a,b) — R and o € (a,b). The pointwise defect of
convexity of order n of f at xg is the quantity

dg;)w (f) (zg) = max < 0, — lim sup [T1, .y Zntos f]
z;—x0,0€{1,...,n+2}
witw; it
Analogously, the pointwise defect of concavity of order n of f at x( is the
quantity

dgrOLT)LC (f) (1’0) = max 0> lim sup [:L'la sy Tpg2; f]
z;—x0,1€{1,...,n+2}
T FLT1FE]
Here [x1,...,%n12; f] denotes the divided difference.

Remark 4.2. If f € C"*! (a,b), then by the mean value for [z1,..., Ty 2; f]
in [6], we immediately get

SO (a0)

 (n+1)! } ’

f(n+1) (1‘0)}
(n+1)! |’

4, (f) (x0) = max {07

4. (£) (o) = max {07

for every xg € (a,b), such that for n = 0 and n = 1 we essentially recapture
the pointwise defects in Definitions 3.3 and 4.1.

5 Applications
In what follows we present some simple applications. Let
IM(zg) ={g: (a,b) — R; g is differentiable and increasing on zy},

where zg € (a,b) and the pointwise increasing monotonicity is defined as in
Definition 3.2, let

IM(a,b) ={g: (a,b) — R; g is differentiable and increasing on (a,b)},
for f differentiable on zg € (a,b), let

Ern (f) (o) = inf {dra (f — g) (x0) 59 € IM (20)},
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for f differentiable on (a,b), let
£l ar = sup {drn (f) () ;2 € (a,0)} and let

Erv (f) (a,b) = inf {|| f — gl ;5 ; 9 is differentiable and increasing on (a,b)}.

Remark 5.1. |-||;,, is a special kind of norm, because | f||;,, = 0 if and
only if f is monotonically increasing on (a,b),||Af|;,; = Al fll; only for
A2 0,0 + 9l < I lliar + gl s

Theorem 5.1. Let f: (a,b) — R.
(1) If f is differentiable on x¢ € (a,b), then Ern (f) (xo) > dra (f) (z0) -
(1t) If f is differentiable on (a,b), then Ernr (f) (a,0) > || fll 0 -

PROOF. (i) For any g € IM (x) we have

U (@)l — £ ()

drar (f) (o) 5
_ [ (xo)] - 9’ (o)l | 19’ (:vo)IQ—g’ (z0) | ¢’ (z0) - " (o)
_ @)l —lg' (@)l | ¢ (x0) — ' (w0)
B 2 2
< |f" (2o0) ;9 (20)| _ [ (20) ;9 (20) = dr (f — g) (20) .

Passing to infimum with g € IM (xo) we get (7).
(79) Passing to supremum with = € (a,b) in (i) we get

1fllra < sup {inf{drn (f —g) (x);9 € IM (x)}}

z€(a,b)

< geli}\}fmb) {sup{din (f —9) (z);2 € (a,0)}} = Ern (f) (a,0),

which proves the theorem. O
Let
CONV (z9) = {g: (a,b) — R;g € C*(a,b) and g is convex on z},

where zp € X and the pointwise convexity in z¢ is as in Theorem 4.1, (iv),
for g € C? (a,b),

ECONV (f) (.To) = inf {dconv (f - g) (‘TO) ;9 € CONV (iﬂo)} y
1fllconv = sup {deonv (f) (z) ;2 € (a,)},
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(I'llconv is a special kind of norm, because || f|l ooy, = 0 if and only if f
is convex on (a,b), | M fllcony = A fllcony only for X >0, f + gllcony <
Ifllconv + lgllconv);

Econv (f) (a,b) = inf {||f —dlconv g € C? (a,b),g is convex on (a, b)} .
As was done above, we can prove the following.
Theorem 5.2. Let f € C%(a,b). We have:
(i) Econv (f) () = deonw (f) (), V2 € (a,b) .
(ii) Econv () (@) = If ooy -
PRrROOF. From Corollary 4.2, we have

L (500)} _ " (@o)| = f” (o)
8 - 16

deon () () = max {o,

Reasoning as in the proof of the theorem above, we get the desired conclusion.
O

6 Open Problems

Concerning the above results, the study of the following questions would be
of interest.

Question 1. What connections exist between drps(f’) (xo) and deony (f) (o)
in Corollary 4.3, (i74) when f is only in C* (a,b) or only differentiable on (a, b)
(and it is not in C2 (a,b))? We conjecture something of the form

Mydra (f') (w0) < deonw (f) (w0) < Madrar (') (w0)

where My, My are independent of g € (a,b).

Question 2. Do Theorems 5.1 and 5.2 remain valid in the case when the func-
tions f and g in the definitions of Erps (f) (x0) , Erar (f) (a,0), Econv (f) (x0),
Econv (f) (a,b) are supposed to be non- smooth; i.e., are only continuous?

Question 3. Are Theorem 3.5, (vi) valid in the case when f is only continu-
ous, and Corollary 4.4, in the case when f and g are only of C'-class or only
differentiable?
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