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APPROXIMATION OF CARATHÉODORY
FUNCTIONS AND MULTIFUNCTIONS

Abstract

In this paper we present four results of approximation of Carathéodo-
ry functions by the sequence of continuous functions. We obtain almost
everywhere pointwise convergence with respect to the first variable, and
discrete or uniform convergence on compact sets with respect to the
second variable.

1 Introduction.

Let us start from the definition of Carathéodory functions.

Definition 1.1. Let X, Y be topological spaces and (T,M, µ) be a measur-
able space. We say that f : T ×X → Y is a Carathéodory function if

(i) f (·, u) is measurable for each u,

(ii) f (t, ·) is continuous for each t.

The presented theorems say that, for a given Carathéodory function f :
T × X → Y , under suitable assumptions we can find a set S ⊂ M with
µ(S) = 0 and a sequence of continuous functions fn : T ×X → Y such that,
for every t ∈ T\S, the sequence fn(t, ·) converges to f(t, ·) in the discrete way
or uniformly on compact sets.
We give two groups of theorems in this paper. The first one is obtained on
the basis of Scorza Dragoni type theorems and is presented in Section 2. In
Section 3 we give a theorem proved by means of a Fréchet type theorem.
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In this paper we assume that (T,M, µ) is a measurable, topological space
such that B(T ) ⊂ M, where B(T ) stands for a σ-algebra of Borel sets. We
also assume that all considered topological spaces are at least Hausdorff. For
the sake of clearness, we say that µ is regular if for each M ∈ M and ε > 0,
there exists a closed set K such that K ⊂ M and µ(M\K) < ε.

2 The Approach Based on Scorza Dragoni Type Theo-
rem.

In this section we present three results obtained by the use of suitable Scorza
Dragoni type theorems and extension theorems. In these cases, we get the
discrete convergence of a sequence of continuous functions fn : T × X → Y
to the given Carathéodory function f : T ×X → Y , that is, for almost all t,
there exists an index nt such that for all n > nt, fn(t, ·) = f(t, ·) (see [5]).
Before formulating a suitable Scorza Dragoni type theorem, we introduce a
definition of projection property. Let (T,M) be a measurable space and X
be a topological space. Let p denote the projection from T ×X onto T , and
M⊗B(X) the product σ−algebra on T ×X. We say that (T,M;X) has the
projection property if for each A ∈ M⊗B(X) its projection p(A) belongs to
M. In particular, the projection property is satisfied when (T,M) is complete
with respect to a σ−finite measure and X is a Polish space.
We shall use the following Scorza Dragoni theorem (see e.g. [11], Theorem 1,
statement (a), p. 198):

Theorem 2.1. Let T be a topological space, M a σ−algebra on T , and µ
a regular measure on M. Assume that X, Y are second-countable topological
spaces and (T,M;X) has the projection property. Let f be a function from
T × X to Y that is M⊗B(X)− measurable. Assume that for all t ∈ T the
function f(t, ·) is continuous. Then for each ε > 0, there exists a closed set
K ⊂ T such that µ(T\K) < ε, and the restriction f |K×X is continuous.

We also need the extension theorem (see [7]).

Theorem 2.2. (The Dugundji Extension Theorem) Let T be a metrizable
topological space, Y be a locally convex linear topological space and A be a
closed subset of T. Then for every continuous function fA : A → Y , there
exists a continuous function f : T → Y such that f |A = fA.

We can now formulate and prove our first theorem.

Theorem 2.3. Let T be a metrizable topological space, M a σ−algebra on
T , and µ a regular measure on M. Assume that X is a metrizable, sepa-
rable topological space and (T,M;X) has the projection property. Let Y be
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a locally convex, second-countable topological space, and f : T ×X → Y be a
Carathéodory function. Then there exists a set S ∈ M , µ(S) = 0 and a se-
quence of continuous functions fn : T ×X → Y such that for every t ∈ T\S,
{fn(t, ·)}n∈IN converges to f(t, ·) in the discrete way.

Proof. The Carathéodory function f fulfils the assumptions of Scorza Drag-
oni theorem 2.1. By applying this theorem, we obtain for every n ∈ N , a
closed set Kn ⊂ T such that µ(T\Kn) < 1

n and the restriction f |Kn×X is
continuous. Let us consider for every n the set Fn := K1 ∪ K2 ∪ ... ∪ Kn.
The sets Fn × X are closed and the restriction of the Carathéodory func-
tion f |Fn×X is continuous. By an application of Dugundji extension the-
orem 2.2, for every n we obtain a continuous function fn : T × X → Y
such that fn |Fn×X = f . We define the set S as S := ∩∞n=1 (T\Fn). The
measure of the set S is equal to 0, which follows from simple calculations in
which we use the fact that the family {T\Fn}∞n=1 is decreasing. We have
µ(S) = limn→∞ µ(T\Fn) ≤ limn→∞ µ(T\Kn) ≤ limn→∞

1
n = 0. Moreover,

for every t ∈ T\S, there exists n0 such that t /∈ T\Fn0 , so t ∈ Fn0 . The family
{Fn}∞n=1 is increasing and hence it follows that for every n ≥ n0, t ∈ Fn and
fn(t, ·) = f(t, ·), so we obtain the discrete convergence. This completes the

proof.

It is worth mentioning that we have obtained the characterization of Cara-
théodory functions. When the thesis of theorem 2.3 is fulfilled and additionally
we assume the completeness of σ−algebra M, then the limit function is a
function such that f (·, u) is measurable for each u and f (t, ·) is continuous
for almost all t.

In the second theorem, we consider the Carathéodory multifunction F
with values in CL (Y ), where CL (Y ) is the hyperspace of all nonempty closed
subsets of the metric space (Y, d) with the Wijsman topology tWd

. The Wijs-
man topology is the least topology on CL (Y ) such that for every y ∈ Y , the
function dist (y, ·) : CL (Y ) → [0,+∞) is continuous (see [3]). In this case the
continuity of a multifunction F : X → CL (Y ) is equivalent to the continuity
of function dist (y, F (·)) for every y ∈ Y . We say that a multifunction F :
X → CL (Y ) is measurable if for each open set A ⊂ Y , the set {x ∈ X :
F (x) ∩ A 6= ∅} is measurable. In order to consider the measurability of the
multifunction F with respect to the Wijsman topology as a measurability of
the function dist (y, F (·)), we have to add an assumption that Y is a separable
space.
Now we recall the Scorza Dragoni theorem proved by A. Kucia (see e.g. [11],
Theorem 1, statement (e), p. 198).

Theorem 2.4. Let T be a topological space, M a σ−algebra on T , and µ a
regular measure on M. Assume that X is second-countable topological space,
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(Y, d) is a metric space and (T,M;X) has the projection property. Let F be a
multifunction from T ×X to CL (Y ) that is M⊗B(X)− measurable. Assume
that for all t ∈ T , the multifunction F (t, ·) is continuous with respect to the
Wijsman topology. Then for each ε > 0, there exists a closed set K ⊂ T such
that µ(T\K) < ε, and the restriction f |K×X is continuous with respect to the
Wijsman topology.

Before formulating a suitable extension theorem, we introduce a result of
W. Kubís (see [10]). Following Kubís’ approach, we say that a metrizable
space X is an absolute retract if it is a retract of a normed linear space.

Theorem 2.5. If (Y, ‖·‖) is a separable Banach space, then (CL (Y ) , tWd
)

is an absolute retract.

By applying Kubís’ result, we easily obtain the needed extension theorem.

Corollary 2.6. If (Y, ‖·‖) is a separable Banach space, then (CL (Y ) , tWd
)

has the extension property; i.e. if A is a closed subset of a metrizable space T
and fA : A → CL (Y ) is a continuous function, then there exists a continuous
function f : T → CL (Y ) such that f |A = fA.

We can give now the result concerning Carathéodory multifunctions.

Theorem 2.7. Let T be a metrizable topological space, M a σ−algebra on T ,
and µ a regular measure on M. Assume that X is a metrizable, separable topo-
logical space and (T,M;X) has the projection property. Let Y be a separable
Banach space and let us consider the hyperspace CL (Y ) with the Wijsman
topology. Let F : T × X → CL(Y ) be a Carathéodory multifunction. Then
there exist a set S ⊂ T , µ(S) = 0 and a sequence of continuous multifunctions
Fn : T ×X → CL(Y ) such that for every t ∈ T\S, {Fn(t, ·)}n∈IN converges
to F (t, ·) in the discrete way.

Proof. The proof is analogous to the one of Theorem 2.3. The thesis follows
from Theorem 2.4 and Corollary 2.6.

The last result based on Scorza Dragoni and extension theorems is ob-
tained for multifunctions taking values in CLB (Y ), the space of all nonempty
bounded closed subsets of the metric space (Y, d). We consider CLB (Y ) with
the topology induced by the Hausdorff distance dH :

dH(A,B) = max{e(A,B), e(B,A)},

where e is an excess given by e(A,B) = supa∈A dist(a,B) for every A,B ∈
CLB (Y ) . The topology induced by the Hausdorff distance is stronger than
the Wijsman topology on CLB (Y ).
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Now let us specify the continuity and the measurability of a multifunction F
from T to CLB(Y ), where T is a measurable and a topological space. The con-
tinuity is meant with respect to the topology induced by Hausdorff distance.
We say that a multifunction F is h-measurable if for every set C ∈ CLB (Y ),
the functions t → e(F (t), C) and t → e(C,F (t)) are measurable on T (see [6],
Definition 1, p. 3).

The following Scorza Dragoni type theorem is due to F. De Blasi and G.
Pianigiani (see [6], Theorem 2, p. 12).

Theorem 2.8. Let T be a complete separable metric space. Let µ be a non-
negative finite measure on the completion B∗T of the Borel σ−algebra BT . Let
X be a complete separable metric space with Borel σ−algebra BX , and let Y
be a metric space. Suppose that F : T ×X → CLB(Y ) is a multifunction such
that:

(a) F is B∗T ⊗ BX h-measurable;

(b) for each t ∈ T, x → F (t, x) is continuous;

(c) F (T ×X) is a separable subset of CLB(Y ).

Then for each ε > 0, there exists a compact set K ⊂ T such that µ(T\K) < ε,
and the restriction F

∣∣
(K×X) is continuous.

We find the extension theorem in a paper by H. A. Antosiewicz and A.
Cellina, (see also [1], Theorem 1, p.107])

Theorem 2.9. Let T be a metric space with distance d, let Y be a normed
space, and let CLB(Y ) be the metric space of non-empty bounded closed sub-
sets of Y with Hausdorff distance dH . Given any non-empty closed set A ⊂ T
and any continuous mapping F : A → CLB(Y ), there exists a continuous
mapping G : T → CLB(Y ) such that G (a) = F (a) for every a ∈ A.

We now formulate the theorem for Carathéodory multifunctions, which
take values in CLB(Y ).

Theorem 2.10. Let T be a complete separable metric space. Let µ be a non-
negative finite measure on the completion B∗T of the Borel σ−algebra BT . Let
X be a complete separable metric space with Borel σ−algebra BX , and let Y
be a normed space. Suppose that F : T × X → CLB(Y ) is a multifunction
h-measurable in t, continuous in x such that F (T ×X) is a separable subset
of CLB(Y ). Then there exists a set S ⊂ T with µ(S) = 0 and a sequence
of continuous multifunctions Fn : T × X → CLB(Y ) such that for every
t ∈ T\S, {Fn(t, ·)}n∈IN converges to F (t, ·) in the discrete way.
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Proof. The scheme of the proof is similar to the ones of Theorems 2.3 and
2.7. We use the Scrorza Dragoni type theorem proved by F. De Blasi and
G. Pianigiani and the extension theorem for multifunctions proved by H. A.
Antosiewicz and A. Cellina.

3 The Approach Based on Fréchet Type Theorem

In this section, we establish one result concerning the approximation of Ca-
rathéodory multifunctions, obtained by using a Fréchet type theorem. One
of the characteristics of this approach is that in the thesis we get uniform
convergence on compact sets. This is a consequence of the fact that in the
space C(X, Y ) of continuous functions f : X → Y , we deal with the topology
of uniform convergence on compact sets. If X is a locally compact, second
countable space and (Y, d) is a metric space, then the topology of C(X, Y ) is
metrizable by the metric

ρ (x, y) =
∞∑

n=1

2−nk

(
sup

u∈Un

d (x (u) , y (u))
)

,

where k (t) = t
1+t and Un is a sequence of compact subsets such that X =⋃∞

n=1 Un and for every n: Un ⊂ int Un+1.
Now we formulate two lemmas. The first one is a characterization of Carathéo-
dory functions. In a paper by J. Appell and M. Va̋th we can find an analogous
result proved in the context of Bochner measurability (see [2], Theorem 1, p.
40). In our approach, the measurability is defined by the fact that preimages
of open sets are measurable.

Lemma 3.1. Let T be a measurable space. Assume that X is a locally com-
pact, second countable space and that (Y, d) is a separable, metric space. Then
the following conditions are equivalent:

(i) f : T ×X → Y is a Carathéodory function,

(ii) F : T → C(X, Y ) defined by F (t) (·) = f(t, ·) is a measurable function.

Proof. (i) =⇒ (ii) Let us consider the space C(X, Y ), which is metrizable
by a metric ρ. The space C(X, Y ) is also separable because Y is separable.
Now, in order to prove the measurability of F , it is enough to show that for
every ball B (g, r) ⊂ C (X, Y ) the preimage F−1 (B (g, r)) is measurable. We
can write the set F−1 (B (g, r)) in the form:

F−1 (B (g, r)) = {t ∈ T : F (t) ∈ B (g, r)}

=

{
t ∈ T :

∞∑
n=1

2−nk

(
sup

u∈Un

d (F (t) (u) , g (u))
)

< r

}
.
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First let us consider for every fixed u the function h1 : t → d (F (t) (u) , g (u)) .
The function h1 is measurable because it is a composite of two functions:
the inner one t → F (t) (u), which is equal to t → f (t, u), is measurable
from assumption (i) and the outer one d (·, g (u)) which is continuous. Now
let us look at the function vn = supu∈Un

d (F (t) (u) , g (u)) . The space X
is separable, so there exists a countable and dense subset E ⊂ X. The
function vn is measurable because vn = supu∈Un∩E d (F (t) (u) , g (u)) . Then
2−nk (vn (t)) is measurable because 2−nk (·) is continuous. In order to prove
that ρ (F (t) , g) =

∑∞
n=1 2−nk (vn (t)) is a measurable function of t, it is

enough to notice that the series of measurable functions converges to a mea-
surable function. It gives us that F−1 (B (g, r)) = {t ∈ T : ρ (F (t) , g) < r} is
measurable.

(ii) =⇒ (i) The continuity of the function f (t, ·) is obvious. In order to
prove the measurability of the function hu : t → f (t, u), for every fixed u, let us
consider the function wu : C (X, Y ) 3 f → f (u) ∈ Y. Then hu (t) = wu (F (t))
is measurable because it is the composition of the measurable function F and
the continuous function wu.

The other lemma, having a straightforward proof, is the following.

Lemma 3.2. Let us assume that T is a topological space, X is a locally com-
pact, second countable space and (Y, d) is a metric space. If G : T → C(X, Y )
is a continuous function, then g : T ×X → Y defined as g (t, x) = G (t) (x) is
continuous too.

Before giving the Fréchet theorem, we introduce some necessary definitions.
A topological space Y is called almost arcwise connected, if there exists a dense
set D ⊂ Y such that for every two points a, b ∈ D, there exists a continuous
map γ : [0, 1] → Y with γ (0) = a and γ (1) = b. A map f : T → Y is
almost separably-valued if there exists a set M ∈M of measure zero such that
f (T\M) is separable.
Now we give a Fréchet type theorem proved by B. Kubís and W. Kubís (see
[9], Theorem 2, p. 167).

Theorem 3.3. Let T be a normal space with a regular σ−finite measure and
let Y be an almost arcwise connected metrizable space. Assume that f : T → Y
is a measurable almost separably-valued map. Then there exists a sequence of
continuous maps fn : T → Y almost everywhere pointwise convergent to f.

We can now formulate and prove the next theorem concerning the Carathéo-
dory multifunctions taking values in the space K (Y ) of all nonempty compact
subsets of the normed space Y with the topology induced by the Hausdorff
distance dH . It is known that the measurability of compact-valued multifunc-
tion from T to Y is equivalent to the measurability of a function from T to
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K(Y ) endowed with the Hausdorff metric. Thanks to this fact, we can apply
lemma 3.1 in the proof of the following theorem.

Theorem 3.4. Let T be a normal space with a regular σ−finite measure.
Assume that X is a metric, locally compact, second countable space and that
Y is a normed, separable space. Let F : T × X → K(Y ) be a Carathéodory
multifunction. Then there exists a set S ∈ M , µ(S) = 0 and a sequence of
continuous multifunctions Fn : T ×X → K(Y ) such that for every t ∈ T\S,
{Fn(t, ·)}n∈IN converges uniformly on the compact sets to F (t, ·).

Proof. The space K(Y ) of all nonempty compact subsets of Y is arcwise
connected. We define an arc γ by γ (λ) (x) = (1− λ)A+λB for λ ∈ [0, 1] and
A,B ∈ K(Y ). The continuity of γ follows from the estimation:

dH(γ(λ), γ(δ)) < M |λ− δ|,

where M = supa∈A,b∈B‖a− b‖ (cf. [9], Proposition 7, p.169). It is also well
known that K(Y ) with the topology induced by the Hausdorff distance is a
separable space. Let us consider the function G : T → C(X, K (Y )) given
by the formula G(t)(x) = F (t, x). By applying Lemma 3.1 we obtain the
measurability of G. The space C(X, K (Y )) is metrizable and separable (see
also [2], Lemma 1, p. 40). In order to prove that C(X, K (Y )) is arcwise
connected, let us define the arc Γ for two multifunctions f, g ∈ C(X, K (Y ))
by the formula

Γ (λ) (x) = (1− λ) f (x) + λg (x) , λ ∈ [0, 1].

We can easily prove that Γ is well defined, that is for every λ : Γ (λ) ∈
C(X, K (Y )), and that Γ is continuous, by using the Hausdorff distance prop-
erties. From all previous considerations, we can deduce that the assumptions
of the Fréchet type theorem 3.3 are satisfied. Hence, we obtain a sequence
of continuous functions Gn : T → C(X, K (Y )), almost everywhere point-
wise convergent to G, which means that there exists a set S ⊂ T , with
µ(S) = 0, such that for every t ∈ T\S, Gn(t)(·) converges to G(t)(·) in
the topology of C(X, K (Y )). By using Lemma 3.2 for every function Gn, we
obtain a sequence of continuous multifunctions Fn : T × X → K (Y ) such
that Fn(t, x) = Gn(t)(x). In this way we obtained a sequence of continuous
multifunctions Fn, such that for almost all t ∈ T , {Fn(t, ·)}n∈IN converges to
F (t, ·) uniformly on the compact sets.
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