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SHARP GROWTH ESTIMATES FOR DYADIC b-INPUT
T(b) THEOREMS

STEPHANIE ANNE SALOMONE

Abstract

The following deals with the T'(b) theorems of David, Journé, and
Semmes [7] considered in a dyadic setting. We find sharp growth
estimates for a global and a local dyadic T'(b) Theorem. We use
multiscale analysis and Haar wavelets in the local case.

1. Background

The T(1) theorem of David and Journé [6] gives a necessary and
sufficient condition for a singular integral operator to be bounded on the
space L2(R™). Both the properties of the operator T' and cancellation
properties of its associated kernel K are considered. The hypotheses
of the T'(1) theorem are sometimes difficult to verify directly, but in
certain instances this problem can be somewhat alleviated by replacing
the constant function 1 by a function b whose mean is bounded away from
zero. We consider growth conditions on b and T'(b) which are necessary
and sufficient for T to be bounded sharply, and find the dependency of
the bounds on T" by the bounds on b.

There have been several reformulations of the T'(b) problem. In 1990,
Christ [3] gave an L criterion for L?-boundedness of a singular integral
operator and posed questions about the application of the theorems to
analytic capacity. In their 2002 paper, Nazarov, Treil, and Volberg [12]
proved an equivalent condition to that of Christ, only they considered
a nondoubling measure, making their result valid for a nonhomogeous
space. Furthermore, they allowed the image of the operator to be in the
space of bounded mean oscillation (BMO), rather than in L*°. In 2003,
Tolsa [14] used the non-doubling T'(b) theorem in [12] in his answer
to the Painlevé problem and his proof of the semiadditivity of analytic
capacity of a compact set £ C C. In 2002, Auscher, Hofmann, Muscalu,
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Tao, and Thiele [2] proved several dyadic T'(b) theorems in the context
of Carleson measures and trees. Much of the following work is done in
this context using a dyadic setting which will be described rigorously in
a later section.

In general, the dyadic T'(b) theorems deal with conditions on a singular
integral operator T, its dual T*, and on a function b (in the global
case) or functions by for each dyadic interval I (in the local case) that
will insure L? boundedness of T. These theorems are generalizations of
the T'(1) theorems in which a function b is substituted for the constant
function 1 (see [6] and [7]).

We normalize the bounds in the theorems so that the bound on the
mean of b is a constant not dependent on a small constant v, 0 < v < 1,
but the norm of b does depend on . The conclusion of each T'(b) theorem
states that a dyadic singular integral operator is bounded on L2, i.e.
ITfll2 < |lfll2, where the implicit constant depends on . We prove
each T'(b) theorem as in the paper by Auscher, Hofmann, Muscalu, Tao,
and Thiele and track the power of v in the implicit constant. Then we
show that the power on + is sharp by providing an example.

Historically, the T'(b) theorems have been symmetric, in that the hy-
potheses confirm control of the size of both T'(b) and T*(b). The func-
tion b is sufficiently controlled (say, in L2, L>, or BMO) as well. The
symmetric dyadic case, labeled the two-sided T'(b) theorem in [2], is
quite complicated, and as a natural first step in finding the sharp power
on v in the symmetric dyadic case, we look at a simpler case in which
we control the norm of T'(b) and 7*(1).

Our search for the sharp power on 7 was initially motivated by a
desire to apply T'(b)-style results to problems in analytic capacity [15].
We quickly discovered that by breaking the symmetric, two-sided case
into a one-sided case, we could more easily see where the powers of v
were lost in the proof. Additionally, we could formulate and prove new
T'(b) theorems in which the BMO-norm is weighted by the function b [11].

Though the notation will be developed in the following section, we
state the two main results here and direct the reader to Sections 4 and 5
for proofs and examples.

The Dyadic b-input Global T'(b) Theorem. Let b be a function
on [0,1) such that
bz =1
for all I € A (i.e. b is 1-pseudo-accretive for all I € A) and such that
for some 0 <y <K 1,
[1bllBvo <71
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Let T be a dyadic singular integral operator such that the following hold:
(TYr, )| <1
ITbllBymo < Gy~
17" (1)|lemo < Ga.
Then T is bounded on L?, and
ITfll2 < C(L+~77 11+ G+ G2) + G2l f|2-

The Dyadic b-input Local T'(b) Theorem. Let T be a dyadic sin-
gular integral operator obeying

1T*(Dllsmo < G
(Tr,vr) <1

for a fired G and for all I € A. Suppose that for every I € A, there
exists a function by € S(I) with mean 1 on I such that

lE
b[ 2 <
o] @) ~y
and
I 1
ITb1 L2y < ik

for some 0 <y < 1. Then T is bounded on L? and moreover,

C G
IT 11> < ClIf ] <1 + (2%) . G) |

As mentioned earlier, this work is part of a program to understand
the dependency of the bounds on T' by the bounds on b in T'(b) theo-
rems. The power on v changes significantly as we alter the hypotheses
of the theorem to include b-weighted BMO (a b-output theorem), or
control over T'(b) and T*(b) for a function b not equal to the constant
function 1. The latter case is closest to the symmetric T'(b) theorems
found, for example, in [3], and as yet the sharp power on the constant
in this case is open. However, we do know that the sharp power is be-
tween —1 and —13 in the global case, and between —2 and —13 in the
local case [11]. Furthermore, the dependency of the bounds on T by the
bounds on b in a continuous (non-dyadic) case is still an open question.
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2. Definitions and Notation
We consider the real line R decomposed into dyadic intervals, 1.

Definition 2.1. I C R is a dyadic interval if it is of the form [j2%, (j +
1)2F), for some j, k € Z.

From this point on, we consider only dyadic intervals.

Given an interval I C R, we use the notation |I| to denote the
Lebesgue measure of I. There is a unique k € Z (from the definition of I
above) such that |I| = 2. That the left side of the interval is closed and
the right side is open is merely a convention which we adopt. Because
we are often integrating over intervals, this convention does not change
our calculations. However, adopting this convention is necessary for two
reasons: first, we would like to have intervals partition R, and second,
we would like dyadic intervals to nest nicely.

Proposition 2.1 (Nesting Property of Dyadic Intervals). Given two
dyadic intervals I and J, one of the following situations occurs:

o [ =J
e INJ=10
e I CJ
o JCI

Notice that given any collection of dyadic intervals, the subset of
intervals which are maximal with respect to inclusion are disjoint. This
property will be used heavily in the following.

We refer to dyadic intervals using generational terms. Given a dyadic
interval I, we refer to the left and right halves of I, denoted I; and I,
respectively, as the children of I. Each dyadic interval has exactly two
children, four grandchildren, eight great-grandchildren, and so on. It
also has a unique parent, of which it is either a left or right child.

As in [2], we restrict ourselves to a finite set of dyadic intervals on
the half-line. We fix a large M, and let

Ay ={I=[j2F,(j+1)2%) :j ke Z, —M <k < M, and I C [0,2M)}.

Our estimates will be independent of M, and so we freely take Ay =
A. As such, we can use a standard translation and limiting argument to
get bounds over the non-truncated dyadic line.

We will also use the language of trees in the lemmas and proofs.

Definition 2.2. A dyadic tree (henceforth abbreviated tree) is a collec-
tion of dyadic intervals 7 C A with a top interval (called the top of the
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tree), denoted I, which is the unique dyadic interval in 7 such that for
all J € 7, we have that J C I.

A tree 7 is said to be complete if J € T for all J C Ir. We let Tree(I)
denote the complete tree with top I.
In our analysis, we use Haar wavelets,

1
1/” = —(sz - Xlr)v

Ik
where I € A, and where y s is the characteristic function on the inter-

val J. We also use an L?-normalized characteristic function x; = | Tl XI-
I|l2

The set {¢7}rea U X[0,1) is an orthonormal basis for L?([0,1)).
Given a function f defined on an interval I, we let

1
[f]lzm/ldeC

be the mean value of f on I. As such, [¢]r = 0.

We study operators of a particular type, following the notation
from [4]. By singular integral operator, we mean an operator which
is defined as an integral against a kernel which is in some way singular.
This definition may be formal, as

1) 1%@=/K@@ﬂmw

may not be finite for all values of . The kernel K is a function from
(R x R) \ {z = y} to R which is integrable off the diagonal. In initial
work on T'(1) and T'(b) theorems, in particular [6] and [7], the authors
find the conditions under which such operators are bounded on L?(R).
As mentioned earlier, we wish to find the sharp growth estimates for
these theorems.

For reasons of simplicity, we limit ourselves to one-dimensional anal-
ysis. To sharpen the formal definition (1), we use the following from [4]:

Definition 2.3. A kernel K on (R x R) \ {z = y} is said to satisfy
standard estimates if there exist 6 > 0 and C' < oo such that for all
distinct z,y € R and all z such that |z — 2| < @:

(1) 1K) < 555
(2) |K (2,y) — K(2y)| < Ol

(3) K (y.2) ~ K(y.2)| < Oz
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We will refer to a function satisfying the above estimates as a standard
kernel.

This definition changes slightly in the dyadic setting. We define a
dyadic metric on R in the following manner: given z,y € R, let |z —
Yldyadic be the length of the smallest dyadic interval containing both
and y. We adapt the definition of a standard kernel to this metric,
normalizing so that the constant C' = 1.

Definition 2.4. A kernel K on (RxR)\{z = y} is said to satisfy dyadic
standard estimates if

(1) For all (z,y) € (R x R) \ {z =y},
1

K(z,y)| < — .
| ( y>| |:E - yldyadic

(2) For all z,2’ € I and y € J for sibling dyadic intervals I and J,
K (z,y) — K(«,y)| + [K(y, z) — K(y,2")] = 0.

The second condition implies that given a Whitney decomposition of the
square [0,2M) x [0,2M), K is constant on squares of the decomposition
which don’t intersect the diagonal.

A dyadic singular integral operator, T', is an operator which is defined
as integration against such a kernel. Therefore, given f € C§°, T a dyadic
singular integral operator, and provided that x is not in the support of f,
we can let

Tf(z) = / K(x,y)f(y) dy

without sacrificing rigor.

As in [6], the adjoint operator T* is defined by (T f, g) = (f,Tg) and
is associated to a related standard kernel given by L(z,y) = K(y,z). As
we focus on the real Hilbert space, we need not consider the complex
conjugate in our definitions.

In the continuous case in [6], defining the action of T on the constant
function 1 is problematic and must be done carefully using distributions.
In the truncated dyadic case defined earlier, we look only at a finite
number of scales contained in one large dyadic interval, so these problems
cease to exist and we may, without losing rigor, refer to T'(1) without
confusion. (Similarly, 7%(1) is defined rigorously and intuitively on our
space.)

We find sharp growth bounds for standard dyadic singular integral
operators. In the local case, we use the L'- or L? norms to measure
growth, but in the global case, we turn to the space of bounded mean
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oscillation (BMO) and its associated norm. For our purposes, we will
deal only with functions defined on R, and will use the common nota-
tion BMO = BMO(R). Furthermore, we will look only at dyadic BMO,
a norm for which is defined below for locally integrable functions. For
more information on dyadic BMO, see [10].

Definition 2.5. A locally integrable function f will be said to belong
to dyadic BMO if

R0 d“’”)l =

Z|f¢] <oo.

I fllBvo =

The space of locally integrable functions of bounded mean oscillation
is a set of equivalence classes of functions where f ~ g if and only
if f—g = c for some constant c. Notice that for any constant function f =
C, we have || f||smo = 0.

3. Lemmas

The following lemma demonstrates that we can separate any dyadic
singular integral operator 7' into three parts. The proof can be found
in [2].

Lemma 3.1 (The Splitting Lemma). If T is a dyadic singular integral
operator, then for all f in the span of {1 : I € A} UXo,1),

T(f) =Y (Tor, or){f,dr)er

rea
rea

+ L (T (L), ) (f )X
rea

The first sum is referred to as the diagonal part, the second as the
T'(1) paraproduct, and the third as the T*(1) paraproduct.

When the above lemma is used, then paired with the following para-
product estimates, also from [2], we can find growth bounds on dyadic
singular operators. These paraproduct estimates are a corollary of the
Carleson Embedding Theorem (see [13]).



274 S. A. SALOMONE

Lemma 3.2 (L? x BMO — L? Paraproduct Estimates). [2, Corol-
lary 5.2] For all f, g in the span of {31 : I € A} U Xjo,1),

S L (e xaer

1
rea 12

(2) < Ol fll2llglloe

2

< C| fll2llgllBmo
2

S Ll i) T

1
rea 12

S Lt (fenT

T < C| fll2llgllBMmo-
IeA 1]z

2

(4)

Using the above lemmas, we track the constants in the following
dyadic T'(1) theorems. Proofs of the theorems without constant tracking
can be found in [2], though the constants are fairly simple at this stage.

Theorem 3.3 (Dyadic Global T'(1) Theorem). Let T be a dyadic sin-
gular integral operator such that

17(1)]Bmo < G,
1T*(1)]Bmo < Ga,

and T has the weak boundedness property

|<T’¢],'l/1[>| S 17

for all I € A. Then T is bounded on L? and in particular,
ITfll2 < C(1 4+ G1+ Gl f]2-

Next, we look at the local version of the dyadic T'(1) theorem. Its
hypotheses are local analogues of those of the global theorem. The ma-
jor difference is that we switch from the BMO norm to the L' norm.
This is a reasonable switch, however, since the BMO norm is already
local in that it looks at a function over one interval at a time. It is
also important to note that while we measure ||7'(1)||z1(1), we could as
easily have measured using the L?(I) norm and would have reached the
same conclusion. The local theorem follows as a corollary to the global
theorem.
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Theorem 3.4 (Dyadic Local T'(1) Theorem). Let T be a dyadic singular
integral operator such that

1Txrll 1y < GilI|
1T*x1ll 221y < G2l

for all T € A. Then T is bounded on L?. In particular,
ITfllz2 < C2(1 + min(G1, G2)) + G1 + G2)||f|2-

As mentioned earlier, the dyadic b-input T'(b) theorems have similar
hypotheses to the T'(1) theorems above. In order to prove the T'(b) the-
orems, we must use a stopping-time argument which relies on the fol-
lowing two lemmas. The first tells us that to bound the maximal size
of a function on a tree 7, it suffices to do so outside a set of intervals J
where

S < -nlr

1€l

for some n > 0. The second lemma makes a claim of the same flavor
about functions of large mean. Specifically, if a function b has large mean
on the top of a tree, then |[b];| < 1 on a non-trivial set of intervals.

Lemma 3.5. Suppose I C A is a collection of dyadic intervals and
a: 1 — RT is a function. Suppose also that we have constants A > 0
and 0 < n < 1 such that for every tree T we have

! > a(l) < A

|17\ UT’eTT I7| 1eT\Urrer, 7/

for some collection Tt of trees in T whose tops cover at most (1 —n)
of I, i.e.

> < (1 =n)rl.

T'eTr
Then we have
1 A
= sup a(l) < —
H=58 |I7| Z 1) n

Note that while we allow Tz to depend on 7, we will use the short-
hand notation T+ = T.
In the application, we will take n = 2.
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Proof: Let 7 be any tree in I. From the hypothesis, we have the follow-
ing:

Za([)z Z a(l) + Z Za([)

IeT I1€T\Uzren T’ T'eTIeT’
< AlIr|+ Y plIr|
T'eT
< AlIr| + p(l —n)li7|
= [I7|(A+ (1 —n)n).

Therefore

We take the supremum of the left side and the desired result follows. O

Lemma 3.6. Let 7y C A be a convex tree and let b be a function such
that

1
< Collz, |2
¥

> bwn)n

IeT,

2

for some Cy >0, and 0 < v < 1 and such that |[b]r,, | > 1. Then there
exists a family T of disjoint convex subtrees of Ty such that |[b];| > % for
all I € Tg\Uzcr T and the tops of the trees in T cover at most (1
of Iz,. Furthermore |[b]r,| < § for all T € T.

—_ _7_)
207

Proof: Let I denote the collection of dyadic intervals I contained in 7
for which |[b];| < 1 and which are maximal with respect to inclusion. By
maximality these intervals are disjoint and by construction they obey

fif<im

We must show that I covers at most (1 — —Q'gz) of I7,. That is, we need
0
to show that

2
;
I <|1— =] |Ix]
Sh< (1 g0 ) 1

Icl
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Suppose, for sake of contradiction, that

2
;
I 1—— | |17
Si> (1 55 ) 1)

Icl

Let £ = (J;¢q 1, where the union is disjoint. Then

1 1
bl < b < - I < -|I
JEETEER S

Iel Icl
where the last inequality is true because the intervals are disjoint and
contained in I7,. By assumption, [[b];, | > 1, so

|IT0| < / b
Iz,

:/¢+/ b
E I, \E

g/b+/ b
E I \E
1 1
< gzl + b2}z \ B
Therefore
3 1 Collg |2 1
27| <lbll2lfz \ EJ= < %IITO \ Bz,
SO
9 72
——|I I E|.
16C§| 7| < Iz, \ E|

However, we assumed that

72
E 1—— ||l
21> (1= 53 ) .

which is contradicted by the above conclusion. If E covers at least (1 —

%) of I'r, then Iz, \ E covers less than % of I,. O

The constant Cj in the lemma above does not depend on y. We adopt
the convention that when it appears, the constant C' may depend on Cj.
As we are making claims about the sharp power of v, we insist that all
constants other than v do not depend on ~.
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4. Dyadic b-input Global T'(b) Theorem

Theorem 4.1 (Dyadic b-input Global T'(b) Theorem). Let b be a func-
tion on [0,1) such that
|[b]:] > 1

for all I € A (i.e. b is 1-pseudo-accretive for all I € A) and such that
for some 0 <y <K 1,

[bllBMo <~
Let T be a dyadic singular integral operator such that the following hold:

(TYr, )| <1
ITbllBmo < Giy ™
IT*(DlB7MO < Ga.
Then T is bounded on L?, and
ITfll2 < CL+~77 11+ G+ G2) + G2l fl|2-

Proof: From Lemma 3.1, the splitting lemma, we know that

Tb=" (Ttr,vr)(b,vr)vr

IeA

+ 3 ), )b T

1
rea 12

3 @, e b e

1
rea 2

We wish to solve this for T'(1), and then find an upper bound on
I7(1)|IBMmo so that we can apply the global T'(1) theorem. Fix J C [0, 1).
We pair Tb with ¢ for this J. We note that (¢7,% ;) = §;; and

(X1,%g) forall I C.J

X1,%5) =
< ) {O forall JCTand JNI=0.

We calculate that

(Tb,ps) = (Tabs, )b, 1) + ﬁ@u),wxb, )

£ @ ) ()

1
ICJ |I|2
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Therefore
1 1
(T(1),%g) = ma—'b, Py) — E<T¢J=¢J><b,l/&]>
1 1 . N
~ 7 2 T 0 b )

By hypothesis, |[b];]7! < 1. Using this and the triangle inequality,
we see that

17(1)|lsmo < [|Tb]|BMo

+(T5, 0|10l BMO+

S (1), gy )

ik

BMO

Gl 1 Gy
<o
v Y Y

where the first two estimates in the last line are made using the hypothe-
ses of the theorem and the last is made using a paraproduct estimate.
See, for example, [2].

We apply the T'(1) theorem to get the result. O

The following function and operator give a class of examples which
proves that the power of v in the Dyadic b-input Global T'(b) Theorem
is best possible.

Example 4.1. Let b = 1. Then ||b|[smo =0 and |[b];] =1 forall I € A.
Pick any Carleson sequence a; and define

Tf=> vVar—(f,X1)vr

iea ||

Recall that we define the Carleson measure of a sequence as follows:

Definition. Given a real sequence of positive numbers indexed by dyadic
intervals, (ar)rea, we say

1

IVarlsmo = llvarlle = SR IT (Z aJ>

JCI

Scale the sequence (\/ar)rea so that

Ivar|smo =t
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For example, we could let ajg 1] = ~~2 and a; = 0 for all other I. Using
this scaling, we have that

T = Z varyr
IeA
so || Tb|[pmo = v~ 1. For a general f € L?([0,1)),
Tf=> Vailflivr,
IeA
so by a paraproduct estimate,
ITfl2 < Clivar|emoll fll2 < Cllflly~"
Let J be the interval on which (\/a7)rea attains the Carleson mea-
sure L Let f=Xy€L? with || f[|L2(sy=1. Let g:ﬁchJ\/@dm €
L?. Then

(Tf,g9) = <Z Vailflrn — 3 m¢,<>

IeA |J|2 KcJ

=S S varlflvawten o)
rea 12 5

1

_];Jaﬂjlé [f][
1
177 2

=77t <sup{|Tfll2: [ fllz2y = 1} = |IT]-

Given the above example, we see that the power on 7 is sharp in the
b-input global T'(b) Theorem.

5. Dyadic b-input Local T'(b) Theorem

We now turn to the local version of the global T'(b) theorem. We
shift from a globally defined function b to a set of functions {b;}ren,
with each function by supported on its corresponding dyadic interval I.
Furthermore, we no longer look at the BMO norm of the function by,
but instead bound its L? norm. We note that given a global b, we can
find a local b; by restricting b to the interval I, but it is not generally
true that this yields the sharp power on ~.
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The proof of the local theorem is intrinsically more difficult than that
of the global theorem. We require, as indicated below, that the absolute
value of the mean of by on I be at least 1, but we do not control the
mean of by on subintervals J C I. We must therefore use a stopping-time
argument to prove the theorem. We will also use the nesting property
of dyadic intervals.

We form the following definition for the sole purpose of making the
notation easier later on.

Definition 5.1. Given a dyadic interval I € A, we define S(I) to be
the span of {¢y : J C T} UX7.
Theorem 5.1 (Dyadic b-input Local T'(b) Theorem). Let T be a dyadic

singular integral operator obeying

17*(1)|[Bmo < G

(Tyr, ¢ <1
for a fized G and for all I € A. Suppose that for every I € A, there
exists a function by € S(I) with mean 1 on I such that

1]
brllpzny £ —
101l r2(1) 5

and )
Tb[ 2 < —
| Tbrl| L2(ry 5

for some 0 <y < 1. Then T is bounded on L? and moreover,

IT 11> < ClIf ] <1 + M . G) |

Note. We will see in the proof that the theorem also follows if we sub-

stitute X
112
Y

inf [ Tbr —exr|l2 <
for the hypothesis on ||Tb;]|2-

Proof: By Lemma 3.5, it suffices to show that given any interval J € A
we can show that

> (1), ¢n)* < O]y 2
IeTree(J)\Uz/cr 7’
for a collection T of trees in Tree(J) whose tops are disjoint and satisfy

ol < (@=L

T'eT
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If such a collection T exists, then

C
IT(W)IEmo < o

and we may apply the T'(1) Theorem to get the result.

Fix J € A. By hypotheses of the theorem there exists by € S(J) with
[[bs]7] = 1 and such that by and Th; satisfy the L? estimates in the
hypotheses of the theorem. Furthermore, by Lemma 3.6, there exists a
collection of trees T C Tree(J) whose tops are disjoint and cover at most
(1 — Cv?) of J for some constant C independent of v. For all T’ € T,
bs]r | <7

Let F' = Tree(J) \ Urer T’ By construction of T in Lemma 3.6, we
know that |[bs];| > & for all I € F. As in the global b-input 7'(b) theo-
rem, we look at the palrlng

(5) (T(1),91) = (Tby,vr) + (Topr,%1)(bs, 1)

1
[bs11 J]I
bi Z |7 1), ¥xc) (b, rc)(Xxe, ¥r)-

KC

b1 J]

We observe that we can write equation (5) only for those intervals on
which the mean of b; is large in absolute value. That is, we must restrict
equation (5) to those I which are in F' to be sure we are never dividing
by zero. Using the triangle inquality on (5), we see that for I € F,

(T), vr)| < C(KTbs, )| + (Topr, o) l[(bs, o))

LT (1), 0r )b ) (s 1)

+C T
rcr K2

and therefore

1

() <o (g mssnr)’ (Giosonr)

2

[N

=

37 g (0, ) G, )
I

+C (>

IeF |KC
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Using the hypotheses on the first two summands and a paraproduct
estimate from Lemma 3.2 on the third, we get that

(Z |<T<1>,w1>|2> <c ('J'f LR GlJlE) _ce+at

IeF v Y Y v

We note here that as we are pairing T'b; with the mean zero func-
tion %,
(Tby = exa,¥r) = (Tby,¥r)
and either hypothesis will yield the desired result.

Therefore c@ o)
+
S T, ¥ < =55,
Ies v
SO
C2+G)

ITW)Eno < o

By the T'(1) Theorem,
c@2+a
sle < sl (1+ 25D 46). =

The following is an example which shows that the power on « in the
above theorem is sharp.

Example 5.1. We can relax the hypotheses slightly and allow 1 <

[[br]z| < 2, as such a change can be countered later by normalization.

As usual, for simplicity we dilate the intervals in Ay; = A so that our

largest interval is [0,1). We also assume v = 2~ for large N € Z*. For

any dyadic interval K C [0,1] we note that |[K|=2"" for some n € Z™.
For any dyadic subinterval K C [0,1), let Ky be the rightmost de-

scendent of K with |Ko| = 7?|K]|. Let J = [0,1). Then Jy = [1 — 42, 1).
Now define the function bg as follows:

ift e K\ K
bK(t): 7_2 . \ 0
vy if t € Ko.

Then

1
bKK:_/bK
ol = = [

1

=R (VKL =)+ K[y %) =7y =7+ 1€ (1,2),

and -~
IbsclZacrey = VIKI1 = 4%) + 271Ky ™" = ==
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Now we select a Carleson sequence (a 1)1ea and then we define

TF =3 Var——(f. X001

i M
Let
T={L:1¢KyVYKCI[0,1)}.
I e Tif and only if I is the left child of an interval which is not contained
in Ko for any K. Let I C I be those intervals in I which are maximal
with respect to inclusion. By this construction, the intervals in I are
disjoint and no interval in I is contained in Jy. Therefore

D<= =1-7

Iel
Let K C J. Let

Tx ={I,: I ¢ Lo,V LCK}

and let [x be the maximal such intervals. Then we know, as above, that
I covers at most 1 — 2 of K.

Let R
{|1|7—2 Iel
ay =

0 otherwise.

Then for any dyadic interval L C [0, 1),

dar=Y [Ty =772 |

IcL Iel; Iel;
1
<~72|L ~(1-
<y72L Y 5(
nezZ+t
=C|LIy™*
by geometric series. This implies that

Ivazllsyo = Cy~?
For any K C [0,1)

TbK—Z\/_ bK,XIUJI ZW (bre, X1)¥1.

IeA Iel
Therefore

I Tbxcll2 =~ [ D [(bw, Xn)?
I€l
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This sum can be split up into three parts, where we sum over intervals I
such that INK = 0,K C I, or I C K. We calculate |(bx,X1)|* =

2
‘—}‘ UI bK’ for each of these cases.

If INK =, then fl bk =0 as bi is supported on K.
If K C1I, then

1 2

|K|?
bx]x|> <4 :
1]

_IKP
1|

I ‘/

because I €I and so by the nesting properties of dyadic intervals, I ¢ K.
Therefore,

K

If I C K, then
1

=[]

ITbxllLo) = = | D bk, X1)I?
Iel

=2 |~

IN
|

IEEIEEDS 4'{?{

IelICK Iel,KCI
=C| K|%,
where the first sum is bounded by C|K| using the same calculation
used to bound the measure of (as)rea, and the second sum is bounded
by C|K| using geometric series and that |K| < |I].
This shows that all of the hypotheses of the theorem are satisfied.

Now we must find ||T'(1)||pmo so that we can apply the T'(1) theorem.
We know that

T()= Y 1 (1 K = Z%m%

Iel

Therefore
1 1
T(1)||? =sup — —|TI
17(1)[|5mo P 1] > S

IclnK v

= sup Z ar

IE]IOK

= IVarlimo = Cv™*
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by previous calculation. We can conclude that

C
17(1)|[BMmo = el

By application of the T'(1) theorem, we conclude that

ITfll2 < Cllfll2y 2.

Let g = 1/1[0)%) and let f = f%'yx[oé). Then

(T1.9) = X .30 wr.0)

Icl

5
1
=5 clTy.

Therefore

ITfll2 = Cy2IIfl2.

and we see that this example shows that the power of —2 is sharp.

1]
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