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BILIPSCHITZ MAPPINGS WITH DERIVATIVES OF
BOUNDED VARIATION

STANISLAV HENCL

Abstract

Let © C R™ be open and suppose that f: Q — R"™ is a bilipschitz
mapping such that Df € BVlOC(Q,R”Q). We show that under
these assumptions the inverse satisfies Df~1 € BV (f(), R"z).

1. Introduction

Suppose that  C R™ is an open set and let f: Q@ — f(Q) C R™ be
a homeomorphism. In this paper we address the issue of the regularity
of f=! under regularity assumptions on f. The starting point for us
is the following very recent result from [4] (see Preliminaries for the
definition of the space BV).

Theorem 1.1. Let Q,Q' CR? be open and suppose that f: Q — Q' is a
homeomorphism. Then f € BVioc(Q2; R?) if and only if f ~'€ BVioc(Q; R?).
Moreover, both f and f~' are differentiable almost everywhere.

In the same paper we also studied the conditions that guarantee that
f7! € BVioe(©2,R") in higher dimensions. With some additional as-
sumptions (namely that f is a mapping of finite distortion) it is moreover
possible to prove that f~1 € W2 (Q,R") (see [2], [3] and [5]).

In this paper we want to address the issue of regularity of the second
derivative of f=1. The classical inverse function theorem states that
if fis C? and Jg(wg) # O then there is a small neighborhood of zg
where f is homeomorphism and f~! is C?. We will assume that f is a
bilipschitz mapping and show that Df~! € BVj,. provided that Df €
BVige. This resembles the result from [6] that the inverse of bilipschitz
Delta-convex mapping is again Delta-convex.
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Theorem 1.2. Let Q,Q C R™ be open and suppose that f: Q — Q
is a bilipschitz mapping such that Df € BVlOC(Q;R"Q). Then Df~1 €
BVioe(V; R™).

It is moreover possible to show that Df~! belongs to the Sobolev
space Wli)’cp if Df € WP,

loc

Theorem 1.3. Let Q2,2 C R™ be open, p > 1 and suppose that f: Q —
Q' is a bilipschitz mapping such that Df € Wﬁ)’f(ﬂ; an). Then Df~1 ¢
WP (Q;R™).

loc

Let us make a comment on our assumptions. Let o > 1 and consider
the function f: (=1,1) — R defined as f(x) = |z|*sgnx. Then it is
easy to check that f is Lipschitz, homeomorphism, Df € Wi1((-1,1)),
but Df~! ¢ BVioc((—1,1)). Thus the assumption that f~! is Lipschitz
cannot be omitted.

In Section 4 we give an example which shows that Theorem 1.2 is
not valid in dimension n > 4 without the assumption that f is Lips-
chitz. If n = 1, then Df € BV implies that Df is bounded and that
f is Lipschitz, and thus this assumption is redundant. We would like
to know if a homeomorphism f: Q — € such that f~! is Lipschitz
and Df € BMOC(Q;R"2) must satisfy Df~! € BWOC(Q’;R"2) in dimen-
sions n = 2 and n = 3. Unfortunately our method of the proof and our
counterexample do not provide an answer to this question.

2. Preliminaries

By ei,...,e, we denote the canonical basis in R". For x € R" we
write z1,...,x, for its coordinates, i.e. x = E?:l z;e;. The euclidean
distance of z,y € R™ is denoted by |z — y| and the norm of the n times n
matrix A is denoted by || AJl.

In the whole paper 2 will denote an open subset of R™. We say that
F: Q) — R™ is a Lipschitz map if there is a constant K > 0 such that

|[F'(x) — F(y)| < K|z —y]

for every x,y € Q. Further F is said to be bilipschitz if it is an invertible
mapping and both F': Q — R™ and F~!: F(Q) — R" are Lipschitz.
The Lebesgue measure of a set A C R™ is denoted by £,,(A). A map-
ping f: Q — R™ is said to satisfy the Lusin condition (N) if £,,(f(A4))=0
for every A C Q such that £, (A) = 0.
Let Q C R™ be open and m € N. A function h € L'(Q) is of bounded
variation, h € BV (), if the distributional partial derivatives of h are
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measures with finite total variation in Q: there are Radon (signed) mea-
sures {1, . .., iy, defined in € so that for i = 1,...,n, |u;|(2) < co and

/hDigad:c:—/gpdlui
Q Q

for all p € C$°(£2). We say that f € L' (€2, R™) belongs to BV (Q,R™) if
the coordinate functions of f belong to BV (£2). Analogously we define
the Sobolev space: f € WH(Q,R™) if f € LY(Q,R™) and the distribu-
tional derivatives of the coordinate functions are in L'(Q, R™). Further,
f € BVioe(Q,R™) (or f € WEI(Q,R™)) requires that f € BV(Q/,R™)
(or f € Wh(Q,R™)) for each open ' € . For an introduction to the
theory of BV and Wb spaces see [1], [7]. The function h: Q — R™ is
said to be a representative of g: 2 — R™ if h = g almost everywhere
with respect to Lebesgue measure.
For function f: (a,b) — R™ we define

k
V(f,(a,b)) :=sup {Z |f(a;) — f(b:)] : (as,b;) are pairwise disjoint
i=1
intervals in (a, b)} .

The function f is said to have finite variation if V' (f, (a,b)) < oc.

It is a well-known fact (see e.g. [1, Section 3.11]) that a mapping u €
LL (0, R™) is in BViee(, R™) (or in W21 (Q,R™)) if and only if there
is a representative which has bounded variation (or is an absolutely con-
tinuous function) on almost all lines parallel to coordinate axes and the
variation on these lines is integrable. More precisely, let i € {1,2,...,n}
and denote by 7; the projection on the hyperplane perpendicular to the
x;-axis. Suppose that Q(c,r) := (c1 —r,c14+7) XX (ep—1,cn+71) CQ
for some ¢ € R", r > 0 and set Q*(c,7) = m(Q(c,7)). Let y € Q(c,r)
and denote

Wiy (t) = u(y +te;) for t € (¢; —r,ci + 7).

Theorem 2.1. Let Q C R™ be open and let u € L (Q,R™).

loc
(i) Then u € VVli’Cl(Q,Rm) if and only if the following happens. For
every cube Q(c,r) € Q and for every i € {1,...,n} there is a rep-
resentative @ of u such that the function G, ,(t) is absolutely con-
tinuous on (¢; —r,c;+7) (i.e. each coordinate function is absolutely
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continuous) for L,_1 almost every y € Q*(c,r) and moreover

ci+r
(2.1) / / [V, (t)] dt dy < .
i(e,r) Je;—r

(ii) Then u € BVioe(Q2,R™) if and only if the following happens. For
every cube Q(c,r) € Q and for every i € {1,...,n} there is a
representative @ of w such that the function u;,(t) has bounded
variation on (c¢; —r,c; +r) for L,_1 almost every y € Q%(c,r) and
moreover

(2.2) / V (i, (i =, ci + 7)) dy < 0.
Qi(er)

We shall also need that the composition of BV function and a home-
omorphism with Lipschitz inverse is in BV (see [1, Theorem 3.16 and
Corollary 3.19]).

Theorem 2.2. Let Q,Q C R™ be open and let u: Q — R™. Suppose
that F: Q — Q' is Lipschitz and homeomorphism.

(i) If u € BVioc(Q,R™), then uo F~1 € BV(QY,R™).

(il) Ifue W, (Q,R™) and F~"is Lipschitz, then uoF ~'e WL (0, R™)
and

Duo F~'(y) = Du(F~'(y))DF ' (y) for almost every y € €.

3. Regularity of the inverse

Proof of Theorem 1.2: We want to show that D f~! has bounded varia-
tion on almost all lines parallel to coordinate axes and therefore Df~! €
BViec (see Theorem 2.1 (ii)). Fix Q(¢,r) € f(Q) and i € {1,...,n}.

From Theorem 2.2 we know that Df o f~' € BW,.. Denote by h a
good representative of D fo f~! from Theorem 2.1 (ii) and set h; ,(t) :=
h(y + te;) for y € Q*(c,r). From (2.2) we have

(3.1) / V(hiy, (ci —r,ci +71)) dy < oc.
Qi(er)
Denote
A={zeQ(c,r): h(z)=Dfo f (), f'is differentiable at z
and f is differentiable at f~'(z)}.

Lipschitz functions are differentiable almost everywhere and map Le-
besgue null sets to Lebesgue null sets and therefore £,,(A) = L, (Q(e,1)).
From the definition of A we have

(3.2) Df Y (z)Df(f ' (x)) = I for every z € A.
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Fix y € Q%(c,7) and let {(a;, bj)}§:1 be a system of pairwise disjoint
subintervals of (¢; — r,¢; + ) such that A; := y+aje; € A and B, :=
y+ bje; € A for every j. Plainly |[Df~!(z)| < K where K denotes the
Lipschitz constant of f~1. Together with (3.2) this imply

Z IDf(A;) — DBy

k
Z IDfH A (DF(FH(B) = DF(f (A7) DF (Bl

k
Z|Df B;)) = Df(f~H (Al
<OV (hiy, (ci =1 ¢i +1)).

From (3.1) and £,(A) = L,(Q(c,r)) we know that V' (hiy, (¢; — ¢ +
r)) < oo and Ly (m; '(y) N A) = 2r for L£,_1 almost every y. Fix such
ay € Qc,r). From (3.3) and elementary properties of functions of
bounded variation we obtain that there is a function @; ,: (¢;—7, ¢;+1) —
R"* such that Df~!(y + te;) = Ui y(t) for every t € (¢; —r,c; +r)NA
and

(3.4) V (i, (ci —rci + 7)) < CV(hiy, (ci — 7 ¢i +71)).

It follows that there is a function @ such that i(z) = Df~1(z) al-
most everywhere and this new representative has bounded variation
on Q(c,r) N, H(y) for £, almost every y € Q*(c,r). Now (3.4) and
(3.1) yields

(3.5) / V (i, (¢; —rci+ 7)) dy < o0
‘(eir)
which verifies (2.2) for Df~1. O

Proof of Theorem 1.3: First let us prove the theorem in the case p = 1.
The proof of this case is analogous to the previous proof and therefore we
only sketch it and point out the differences. From Theorem 2.2 (ii) we
know that Dfo f~' € W,2!. Fix y € Q¥(c,r) such that h; , is absolutely
continuous on (¢; — r,¢; + 7). Given ¢ > 0 find § > 0 from the absolute
continuity of h;,. Choose A; and B; as before and moreover assume



96 S. HENCL

that Z?:l |A; — Bj| < 6. Analogously to (3.3) we obtain

k
ST IDFMAy) = DBy < Ce.
j=1

Reasoning analogously to the previous proof we conclude that Df~! has
a representative which is absolutely continuous on almost all lines parallel
to coordinate axes. On those lines we have

ci+r
V(@i (ci — e+ 7)) = / Vs, ()] dt.

From Theorem 1.2 and Theorem 2.1 (ii) we already know (2.2) and thus
we obtain (2.1).
Now let us return to the case p > 1. We already know that Df~! €

VVI})C1 . Therefore we can use Theorem 2.2 (ii) and differentiate twice the

identity f o f~!(y) = y to obtain
(3.6)  D*f(f'w)Df T (W)DfHy) + DF(FHy) D (y) = 0.

Here and in the sequel we identify the second derivative with an linear
operator from R" to R™ . Clearly

I(DFG @) < IDF W)l < C and [T (y)| > C

at almost every point since f is bilipschitz. From (3.6) and substitution
formula we now obtain

[0z wiray < [ 102 @)1y )] dy
A A

e / 1D ()| da
f=1(A)

for every open set A € f(£2) and the claim follows. O

4. Necessity of the Lipschitz condition for f for n > 4

Example 4.1. Let n > 4. There is a homeomorphism f: (=1,1)" — R"

such that Df € W1((=1,1)",R"") and f~! is Lipschitz, but Df~! ¢
2

BVioe(f((=1,1)"),R™).

Proof: Given z € R" we denote Z = [z1,...,7,-1] € R"1 and [|Z|| =

TR
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Leta:%,ﬁ:%andset

n—1

Fx) =) eawill]* + en(an + [1Z] sin(|Z] %)

i=1
if |Z|| > 0 and f(z) = epzy if ||Z]| = 0. Our mapping f is clearly
continuous and it is easy to check that f is a one-to-one map since
x| 2|7 = 2| 2> for every i € {1,...,n— 1} =
= x; = z; foreveryi e {1,...,n—1}.

Therefore f is a homeomorphism.
A direct computation shows that the second partial derivatives of f;,

i €{1,...,n— 1}, are smaller than C||Z||*~2 and therefore integrable.
Moreover,
Ofn =T e (A — - S
Pe) — )~ sin(]) ~ 1718k cos(l] )

It is not difficult to compute that we can bound each partial derivative of

this expression by C||Z||*~2(®+1). Clearly 2(3+1) —1 < n— 1 and there-

fore these second partial derivatives are integrable. Analogously we can

estimate other second partial derivatives of f,. Since the second deriva-

tives of f are smooth outside the segment {[0,...,0,¢]: ¢t € (—1,1)} and

|D2f| € L*((—1,1)") it is easy to see that Df € Wh1((—1,1)", R™).
The inverse of f is given by

n—1
_ JUTTS S ~n L . U
M) =Y ewilldll= " +en(yn — 7]~ sin(llgl %))
i=1

if ||g]l > 0 and f~'(y) = enyn if ||g]| = 0. The derivative of the func-
tion ¢(t) = ta sin(t_g) is bounded on (—1,1) and therefore ¢ is Lips-
chitz. Thus it is not difficult to see that f~! is Lipschitz.

The second derivative of f~! is clearly continuous outside the seg-
ment {[0,...,0,t] : t € R}. Elementary computation gives us

A(f Dnly) Y pioo o i By o1 B 8
— == —=—|lgl=""sin([gl|" =) + [|g|* = —F— cos([|[g] =)
9 @ @ |glj=+?
and therefore the second derivative 82({;7;2)"@) contains some integrable
1
terms and
a3y B
(4.1) —lgl= — sin([|g] 7).

2 =128
as ||g||za+
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1
2(E+1)——>n—1
o o

we obtain that the integral of the absolute value of (4.1) over the set

Since

S={ye f(-1,1)") : g1 > L1gll, sin(|g %) > 1}

is infinite. Hence |D?f~1| ¢ Li _ and it is not difficult to deduce that

loc

Df~! ¢ BV 0
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