INCIDENCE RELATIONS IN MULTICOHERENT SPACES III

A. H. SToNE

1. Introduction.

1.1. PRELIMINARIES. The present paper is concerned with relations be-
tween systems of sets and their frontiers in a locally connected space S of given
degree of multicoherence, r(S). The results are generalizations of those derived
in [4] for the unicoherent case [r(S) = 0], and of those in [5] for the case of
two sets; the methods are those used in [5] and [6]. First we apply the ‘‘ana-
lytic’” method (cf. [1; 2; 6]) to obtain a general ‘‘addition theorem’’ for arbi-
trary sets with “‘nearly disjoint’’ frontiers (Theorem 1), which is shown to be
“‘best possible’” (Theorem 2), and to derive also relations between arbitrary
systems of sets and their frontiers (Theorems 3 and 4). Next ($4) we consider
a function of sets which measures (roughly speaking) the amount of discon-
nectedness of the frontiers of the components of the complementary set, and,
after deriving some of its properties, use it to extend the Phragmen-Brouwer
theorem to arbitrary sets (Theorem 6), and to obtain some related results. A
modified ‘‘addition theorem’’ is then established (Theorem 9) which includes
both Theorem 1 and Theorem 6 as special cases. Finally, we consider the in-
cidences of sets with disjoint frontiers and subject to further restrictions (for
example, that the sets be connected and have connected complements), showing
that many problems of this type can be reduced to purely combinatorial problems

in graph-theory.

1.2. NoTAaTiONS. We shall be concerned throughout with subsets of a fixed
nonempty, connected, locally connected, completely normal' T, space, S. The
notations are, in general, the same as in [4; 5; 6]; but the following items are
repeated for the convenience of the reader.

The number of components, less one, of a set £, is denoted by by (E); thus
bo(0) = — 1. If the number of components of £ is infinite, we write by(E) = @,
without distinction as to cardinality. The degree of multicoherence of S is de-
fined by r(S) = sup b,(4 n B), where 4 and B are closed connected sets such
that 4 v B = S. It is known [5] that ““closed’’ can be replaced by ““open’” here.

If A, A, +++, A, are any n sets (that is, subsets of S), and / is any non-
empty collection of distinct suffixes

1 As was remarked in [5, §6.6 3)], there would be no difficulty in reformulating the
theorems so as to apply if complete normality were weakened to normality.
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Fyrdgs e s i (L€ j, < j, < eee < g <o),
we write A; as an abbreviation for 4;; n 4;, n... n4; , and write

U{A] lJ‘=k} as Xk(Al’A2""’An)5
or simply as Xj. Thus

Udj = Xy D Xy Deeed Xy = N4

For convenience, we introduce the conventions Xqg = S and X; = 0 if £ > n.

We write
(D) h(Ag, Agyeery Ag) = 2 by (Xg) = 2 by (Ag) 1 <k<n,

with the convention that in interpreting an equality or inequality involving
h(Ay, +++,4y) in which 2 bo(4y) = o, we first transpose all negative
terms. If the sets A; are all closed, or all open, or more generally have sepa-
rated differences? it is known [4, Th. 6b] that A(A4,, -+, A,) > O.

Again, following Eilenberg [1], we consider (continuous) mappings f of sub-
sets of S into the circle S' of complex numbers of unit modulus, and write *“f ~ 1
on X*’ to mean that there exists a real (continuous) function ¢ on X such that
f(x) = exp [ih (x)] when x € X. Mappings f1, fa, *++, fm of X in S! are in-
dependent on X if the only (positive or negative) integers p;, pss ***, Pm, for

which the product (in the sense of complex numbers)

P P2 fPm ~ 1 on X,

are p; = py =+++= py = 0. If 4;, 4,, -+, A, are closed sets whose union
is X, the greatest number of mappings f of X in S! which are independent on
X and such that f~1 on each 4; (or w if there is no such greatest number) is

denoted by p(A4;, A, «++, 4,). For fixed X and n, we write
(2) (X)) = sup p(Ay, +e+, 4n),

the supremum being taken over all systems of n closed sets 4;, +++, 4, whose
union iS X. Cleal‘ly O = 7'1(/&) —<‘ rZ(X) 5 cee it is known [1] that

sup, m (X) = b; (X)
and [1; 6] that r, (S) = r(S).

2That is, Aj —Ap and A - A; are separated (1 <j <k <n). (Two sets are ‘“‘sepa-
rated’’ if neither meets the closure of the other.)
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1.3. SOME LEMMAS. We shall require the following lemmas, some of which

are known; the proofs of the rest are easy.
(1) If 44, Ay, «++, A, have separated differences, then
(i) UFr(4;) = UFr(X;);
(i) 4j n A and Co(4; u Ai) are separated (1 < j < k < n)if and
only if Cl(Xy) C X; and Xj C Int (X;);

(iii) Fr(4; n 4g) nFr(4j v 4¢) =0 (1 < j <k < n) if and only if
Xy, X3y +++, X, have disjoint® frontiers; that is, Cl(X;) C Int(X;);

(iv) Ay, Ay, +++, A, are of finite incidence* if and only if
2 5, (X)) < .

(2) If A; and A4, are both open, or both closed, then A; — A, and 4, — 4,
are separated; and further, 4; n A, and Co(A4; n A,) are separated
if and only if Fr(4; n 4,) nFr(4; v 4,) = 0. If 4; and 4, are open,
this condition is equivalent to Fr(4,) n Fr(4,) n Fr(4, n 4,) = 0.

(3) ‘“‘Approximation lemma.”” If A; — Ay and 4y — 4; are separated, and
also 4j n Ay and Co(4; u Aj) are separated (1 < j < k& < n), then,
given any open sets W (J) D A; (where J runs over all nonempty sets of
suffixes between 1 and n), there exist open sets A; D Aj such that, for

any open sets Bj satisfying 4; C B; C A;, we have B; C W(J) and
Fr(Bj) n Fr(Bg) n Fr(Bj nBy) =0 (1 <j<k<n)

If further Fr(4;) n Fr(4y) n Fr(4; v 4;) = 0 (j # k), the sets 4 can

be chosen so that the sets B; have disjoint frontiers.

(If n = 2, this reduces to [5, Ths. 7 and 7a]; the general case follows by a

straightforward induction over n.)
4) If Ay, Ay, +++, 4, are closed sets of finite incidence, then
P(Als A2, ey An) 5_ h(Aly Aza ey An);

if further no three of the sets 4; have a common point (for example, if

n = 2), then p = h. (Cf. [6, $2.6).)

3Throughout this paper, ‘‘disjoint’’ means ‘‘pairwise disjoint’’,

4That is, the sets A; and all their intersections Ay have only finitely many com-
ponents.
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(5) If fmaps X in S!, and X is a finite union of disjoint closed sets on each
of which f~1, then f~1 on X. (Trivial.)

(6) If f maps S in S?, and f~1 on a closed set A C S, then there exists an
open set ¥ D A such that f~1 on V. (Cf. [1, p.157; 6, $2.2(2)1.)

(7) If f maps 4 in S?, and f~1 on Fr(A4), then f may be extended to a map-
ping f* of S in S! such that f*~1 on CI(S - A).

For f = exp(i¢) on Fr(A4); since C1(S — 4) is normal, ¢ can be extended
to a continuous real function ¢* on CI(S — 4); define [* = exp(id ™) on

CI(S - A), and f* = f elsewhere.

(8) If Ay, Agy oo+, Ay are n closed sets, and 1 < m < n, then

P(Ah Ay oevy Ap) < m (X1) + Tn+1-m (Xm)

IA

m (X1) + by (X)) .

For consider N mappings fi, ««+, fy of X; (= U4;) in S' which are inde-
pendent on X, and satisfy fy ~1 on4; 1 < k < N, 1 £ j < n). We must prove

N é rm(Xl) + rn+1—m(Xm)o

Let s be the greatest number of mappings f; which are independent on Xp,; since
Xm CAy vwdAyu eoe UdApsy-m, clearly s < rpsy-p (Xp). We may suppose
that the mappings fi are independent on X, for N—s < k£ < N, and then have,

for each £ < N — s, a relation of the form

g = ik . )[1;[_8 fik -1
on Xp, where the exponents p,, g,, are integers not all zero, so that clearly
p, # 0. It readily follows that the mappings g, (1 < k < N - s) of X, in S*
are independent on X, and they clearly satisfy g, ~1 on each 4;. Further, from
(6) above, there exists an open set Vy, D Xy, such that each g, ~1 on CL(Vp).
Now X, -y — Vi, is a finite union of disjoint closed sets of the form 4; — Vp
(where |J| = k — 1), on each of which each g ~1: hence, by (5), g,~1 on
Xm-1 — Vm, so that there exists an open set V- D X, -y ~ V;; such that

each g; ~1 on C1(Vp -1). Proceeding in this way, we obtain open sets

Vad Xy = (Vayy u Vyyy ueeew V) (1< A < m)

such that each g, ~1 on CI(V,). Since UCI(V,) D X, the number N —s of
mappings g, is at most p (Vy, Vay ooy Vm) < (X)), and the result follows.
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As corollaries, we have:

(9) If, in the proof of (8), each of the mappings f, ~ 1 on Xp, then
N _S rm(Xx).

(10) If no m + 1 of the sets Aj in (8) can have a common point (for example,
if m=n), then p(A4,, Agy +++, 4) < m(X)).

For in this case, X;, falls into disjoint closed sets 4y, each contained in a

single 4;; hence, from (5), each fy ~1 on Xp.

2. An additional theorem.
2.1. INTRODUCTION. The last result, 1.3 (10), combined with 1.3 (4), gives
another proof of the fact [6, Ths. 3 and 4a] that if 4y, 43, -+-, A, are closed

sets which cover S, and no three of them have a common point, then
h(Al’ Tty An) f, T(S)-

In the present section we shall obtain a considerable extension of this property
(Theorem 1), and show that it is the ‘‘best possible’ of its kind, incidentally

obtaining a new characterization of r(S) (Theorem 2).

2.2. THEOREM 1. Let Ay, Az, +++ 4 Ay be any subsets of S having sepa-
rated differences and such that Aj n A and CO(A]‘ u Aj) are separated when-
ever | # k.® Suppose that no point belongs to Aj for more than m distinct values
of j, where 2 < m < n.® Then

0 < h(Ay, Ags eve 3 Ap) < (m=1)r(S).

Proof. Clearly we may assume that r(S) and b, (4;) are finite (1 < j < n);
from [5, Th. 9], the sets A;j are then of finite incidence. Further, it will suffice
to prove the theorem under the additional assumptions that the sets A; are
closed and have disjoint frontiers. For if the theorem is known in this case,
the method of ‘‘approximation’ extends it first [applying the second part of
1.3 (3) to the sets Co (Aj)] to the case in which the sets 4; are open and satisfy

8These hypotheses are implied by: (a) the sets Fr (4;) are disjoint, or (b) Ay,+++, 4,
are all open, or all closed, and Fr(A]- n Ag) n Fr(A]- u Ag) = 0 whenever j £k, or
(c) Ay,++, A, are all closed and Fr(4;) n Fr(4g) n Fr(4; u Ax) =0 (j £ k), or
dually, and thus also by: (d) 4;,--+, A, are closed and cover S, and no three of them
have a common point. A slight relaxation of the hypotheses on the sets 4; is possible;
see 2.3(3) below.

6The case m =1 is trivial. If equality holds in the conclusion of Theorem 1, and both
sides are finite, then the sets A; must in fact satisfy stronger frontier conditions; see
5.6 below.
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Fr(Aj) n Fr(4;) n Fr(A]' nAg) =0 (j £ k),

and thence [by the first part of 1.3 (3)] to the general case; we omit the details,
since the argument is a straightforward generalization of that in [5, $$7.4 and
7.5] (cf. also [6, $4.41).

We write Xg (Ay, Ay evey A;) as Xt (1 < s < t < n), and introduce the
conventions X =S if 1 <s <n <t orif 0=s < ¢, and X =0ifs > ¢.

Now (all the numbers involved being finite here) one readily verifies that
(1) h(Al, AZ’ R } An) = h(Ala A29 ctcy An—l)

+ D h(dy 0 Xeof, X5 QA <s < -1,
and repeated application of this identity gives .
@) h(Ay, Agy vvey d) = 2+ 2 koot 2
where
2o = 2y h(Agey 0 Xioy, XD) (s <t <n-1).
We first show that
@ 2 < r(S) (1<s<n-1).
For, from 1.3(4), we have
2 = 2 p(Aay 0 Xboy, XE) (s<t<n-1).
Let ft]. , where j=1, 2, +++, n;, be mappings of
X = (e 0 Xo-) u X
in the unit circle such that
@) ftj'” 1 on 4g4y n XJ-y,
(ii) ftj ~1 on X!,
(iii) for fixed ¢, these mappings are independent on X:** .

To prove (3), it suffices to show that the total number znt
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(5)

INCIDENCE RELATIONS IN MULTICOHERENT SPACES III 105

(s <t < n—1) of these mappings is at most r(S).

We have

FrlCI(S = X(*1)] c Fr(X{*Y) C Fr(A4z4, n Xi2)) v Fr(X%),

a union of two closed sets which are easily seen [from 1.3(1)] to be
disjoint. Hence [from 1.3(5) and 1.3(7)] ft]-~ 1 on Fr[CI(S - X¢*1)],
and so f,; can be extended to a mapping, which we still denote by ftj’ of
S in the unit circle, in such a way that

(iv) ft].~1 on CI(S — Xi*1),

We assert that the extended mappings ftj are all independent on S. For
suppose not; then, for each ¢, there exists a mapping of the form

g = 1; (1< ] < m.

where the exponents p;; are positive or negative integers, not all zero
for all ¢, such that

8s Bs+1*** Bn-1~ 1 on S.

From (ii), we have g; ~1 on X’; and so, if £ > s, we have g;~ 1 on
X$*L Thus (4) gives gs ~1 on X$*!; hence, from (iii), it follows that
& = 1, and all the exponents ps; are zero. A similar argument, with s
replaced by s + 1, then proves gs+, = 1, and so on; finally all the ex-
ponents p;; must be zero, giving the desired contradiction.

Now write

Ek:Cl(Xg+k-l—Xg+k-2), k=1’2’...’n+2_s;

thus the sets Ej are closed and cover S,.and it is easy to see that no
three of them have a common point. We shall show:

ft]-~1 on Ej.

In fact, if £ < t+1-s, then E; C XSS”"‘ CX; if k=t+2-s,
then Ex C Agyy n Xi_;and if k& > ¢+ 3 —s, then By C C1(S- Xt™1);
thus in each case (5) follows from (ii), (i), or (iv).

Thus the total number of mappings fti is at most
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2.3.

1

(2)

3)

(4)
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P(E{, Ezyeeey Enig-s);

but, by 1.3(10), this number is at most r, (UEy) = r(S); thus (3) is
established.

Now we further have zs = 0if s > m, since the sets 44, n X{-;
and X! are then disjoint (for X5 +; = 0). Thus the theorem follows from
(2) and (3).

COROLLARIES AND REMARKS. We make the following observations.
For any two sets A, B, satisfying the hypotheses of Theorem 1, we have
bo (4) + bo(B) < bo(A u B) + bo(4 n B) < bo(A4) + bo(B) + r(S).
(this generalizes [5, Th. 9].)

For any set E, we have

bo(Fr(E)) < bo(E) + bo(Cl(Co(E)) + r(S).

(this generalizes [4, $6.5].)

In Theorem 1, the hypothesis that A; n Ay and Co(4j v Aj) be sepa-
rated (j # k) may be omitted for each pair j, k for which A; C Ay; that
is, it may be replaced by: For each j, £ (1 < j, k£ < n), either Aj C Ay,
or 4; D Ay, or 4j n Ay and Co(Aj u Ap) are separated. This is proved
by noting that a more careful application of the approximation argument

will still lead to closed sets with disjoint frontiers.

Other results may be derived by observing that, under suitable conditions
on the sets Ay, +++, A,, further sums Zs in 2.2(1) above will vanish.
For example, Theorem 1 can be slightly sharpened as follows:

If Ay, «++, A, satisfy the hypotheses of Theorem 1 (as weakened

in (3) above), and if they can be renumbered so that
Ax+y C Areg C oos C A4p,
then
h(Ay, +++, 4;) < min(A, m = 1) r(S).

For the approximation argument enables us to assume, as before,
that the sets 4;, ..., A, are closed and have disjoint frontiers. In

2.2(2) we easily verify that now X! C 4,4, n X!_, whenever
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A+1<s<t<n-1;
hence Zs = 0 whenever s > A.

A further slight sharpening of Theorem 1 is implied by the following

result.

If the sets Ay, «++ , Ay have separated differences, and if A, (say) is
either disjoint from, or contains, or is contained in, each other set, then

h(Ap cecy An—lr An) = h(Al9 ceey An-l)-
We may assume that 4, is disjoint from A, -+, Az, contains
Ak+1s oov 5 41,

and is contained in Aj4+q, +o+, Ap-y (Where 0 < £ <1 <n-1).1tis
easy to see that we may take 4;, «++, 4, to be of finite incidence, and
then, by 2.2(1), have only to prove that

R(A, n XPZH, X271) =0 (1<s<n-1).

If s<n-1 then 4, C X?7!, and the result is trivial. If s > n -1,

write
Yp = Xp(Al’ ooy Apy Aptrseee s An-y)
and
Zq = Zq(Ak+1’ cees Ay Aieys oee s dp-1);

it is easily verified that X} ! = ¥; u Zs and that ¥; C Co(4,) and
Zs C A,, from which again the result follows.

Finally, as a corollary from (4), we have the following extension of (1):

If Byy <+ By, Cyy +++, Cq are arbitrary sets such that Bj ~ Cyand
Ck - B; are separated, and Bj n Cy and Co(Bj u (i) are separated,
whenever 1 < j < p, 1 < k < gq, then

h(Bl’ *ey Bp) + h(Cla MR ] Cq) f_ h(31, ey pr Cl, R ] Cq)
< h(Bls sy Bp) + h(Clv ey Cq) + min(P,q, m — 1) r(S),

where m is the greatest number of the p + q sets By, «+., Cy which

have a common point.
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This follows on application of (4) and Theorem 1 to the p + g sets
Xj(Bu ooy Bp)) Xk(Cls ey Cq)-

2.4. CONVERSE. The converse of Theorem 1 holds in the following rather
strong form, which represents an extension to any number of sets of the defining
property of r(S).

THEOREM 2. Let integers m, n be given, where 2 < m < n. Let A ,+++, 4,
be any n closed connected sets, no m + 1 of which have a common point, such
that Fr(4;) n Fr(A4g) = O whenever j # k, and such that Aj v Ag = S when-
ever 1 < j <k <m?" Then

sup bo(Xp) = (m = D)7 (S) + n — m.
In this statement, the word “‘closed’” may be replaced by ‘‘open”.

To show that
(1) bo(Xp) £ (m = D r(S) + n~m,

we clearly may assume Xp # 0; then bo(Xs) > 0if s < m, and

bo(Xs) = -1
for m < s < n, so that (1) is a trivial consequence of Theorem 1.
To complete the proof, let N be any integer such that
0< N < (m=1)r(S).

We first construct m closed connected sets B,, B, +--, By, such that

(2) Bj u B, =S QA <j<k<m and bo(NBj) > N.

If r(S) = w, this is trivial (take all but two of the sets B; to be S), so
we may assume r(S) < . From [6, $4.1], there exists a finite covering
of S by closed connected sets E,, E;, -+« , Ey, no three of which have
a common point, whose nerve G satisfies 7(G) = r(S) = r, say, and
such that G is arbitrarily often ‘‘dispersed’’; this implies [6, $3.4(7)]
that G is obtainable from a graph H by subdividing each arc I) of H
which belongs to a simple closed curve in H, into at least 2m + 2 sub-
arcs by extra vertices of order 2. We can select® r such (disjoint, open)
7Note that we do not require every two sets A, Ag to cover S. In fact, if n nonempty

closed sets are such that every two of them cover S, then trivially all of them have a
common point.

8See, for example, the argument proving [s, §4.1(3)].
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arcs Iy in H, say Iy, I3, +++, lr, whose removal does not disconnect H;
let I (where 1 < A < r) contain the consecutive vertices Pxn,00 P 1
Py, g0 *** s Py op of order 2 in G. Denote by Ey i the set Ej which corre-
sponds to Paj3 thus, if 1 < A < randl < j < 2m-1, each E)\']. meets
two and only two other sets Ej, namely E)\’]._l and E)\,j+1‘ Define Bg,
where 1 < ¢ < m, to be the union of all the sets E; except

El 229=1)» E2.2q—1’ ] Er,2q—l .
Then Bq is closed, and is easily seen to be connected (cf. [6, Th. 11).
Further, since Co(Bq) C U, E)\'zq_‘, we have Co(Bq) nCo(Bs) =0
if ¢ # s, so that By v Bs = S. On the other hand, let D be the union
of those sets Ej which are not of the form E, ; Q<Arx<rn 1<j
< 2m -~ 1); then

NB; C DuUE, ., Q<AL r,1<k<m=-1),

a union of 1 + (m — 1)r disjoint closed sets, each of which it meets;

thus b,(NBg) > (m — Dr > N.

There exist (cf. 1.3(3) and [6, $6.1]) connected open sets Cq > By
whose closures Aq have the same incidences as the sets Bg; then

Fr(4;) n Fr(4g) C Fr(Cj) n Fr(Cg) C Co(Cj u Ci) =0

whenever j # k, and moreover we have 4; v 4y = S(1 < j <k < m)
and bo(N4;) > N.

If n = m, the theorem is thus established. If » > m, we note that
the open set Int [ X, -y (A, «++, Ap)] - Xp (44, «++, Ay) is nonempty,
from 1.3(1), and take 4,4+, +++, Ay to be n — m distinct points in it;
clearly

bo[Xm(Al’ tee aAm’ ---,A,,)] Z N+n- m,

and the proof is complete.
The modifications required to produce open sets A; with similar
properties are obvious.

3. Index inequalities for arbitrary sets.

3.1. AN INEQUALITY. Let E, E,, «++, E, be arbitrary subsets of S. As
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in [4, §7], we write
Aj = CL(E)j), Bj = C1(S - E}), Pj = Xj (A, +++, 4An), Qj = Xj (By,+++, By).
An argument entirely analogous to that in [4, $7], based on 2.3 (1) and (2), gives:

THEOREM 3. We have

RIFr(E), «++y Fr(E,)] = nr(S) < h(4y, ++vy 4n) + h(By, -+, By)

+ h(Pl n Qmpz n Qn"h“'spn n Ql)
< hlFr(E,), +++, Fr(E,) ] +nr(S).

COROLLARY. We have

R(Ey, Eyy ooy Bn) < R[Fr(Ey), Fr(Ey), -+« , Fr(E,)] + nr(9).

3.2. THE CASE m= 2. It is easy to see that the inequalities in Theorem 3
are ‘‘best possible’”’; however, Theorem 1 suggests that in the Corollary the
term nr(S) could be replaced by (n — 1) r(S), or more generally by (m 1) r(S),
where no m + 1 of the sets Cl(E]-) have a common point. I have been able to
prove this only in the case m=2:

THEOREM 4. If E;, E,,+++, E, are arbitrary subsets of S, no three of

whose closures have a common point, then

h(Ey, Egy +++ 5 Ep) < h[Fr(E)), Fr(Ey), -+« , Fr(E,)] + r(S).

Proof. We can assume that r(S) is finite, and that the systems of sets
[CI(E,), +++, Cl1(Ep)] and [Fr(E,), «++, Fr(E,)] are both of finite incidence,
since otherwise (in view of the convention regarding infinite terms in the A-
function; see 1.2) Theorem 4 asserts no more than Theorem 3, Corollary. Hence,

in view of 1.3(4), Theorem 4 will follow [if we take 4; = C1(E;) and F; = Fr (Ej)]

from:

THEOREM 4a. Let Ay, Ayy eve s Aps Fyy Foy ooy Fy be any closed sets
such that 4; O F;j and UF; > UFr(4;). Then

p(Al’ A29""An) _<_ P(Fb Fzy"‘aFn) + T(S).

3.3. PRooF OoF THEOREM 4a. Let f;, fo, -, fy be N independent mappings
of U4; in the unit circle such that each f, ~1 on each 4;; we must prove that
N < p(Fy, «ee s Fp) + r(5). Let s be the greatest number of mappings f, which
are independent on UF; : clearly s < p(Fy, +«+, F;). We may suppose that the
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mappings f, are independent on UFj for N—s +1 < & < N, and then have, for

each ¢t < N-s, a relation (say)

P 9k
8 = ttIkIfkt’”l

on UF;, where N—s + 1 < k < N. Thus g, is a mapping of U4; in S* which
~1 on each 4;; and, since clearly p; # 0, the mappings g (1 < ¢t < N ~s) are
independent on U4;.

Write Co = C1(S - U4;); then Fr(Co) C UF;, so that, from 1.3(7), each
g may be extended to a mapping (still denoted by g;) of S in S! such that gz~ 1
on Co. Now define Cy=4;, G =Cl[4j - (4udyu-cudj-)] 2 <j < n)
then the sets Cy, C,, +--, C, are closed and cover S, and each g; ~1-on each
Cj. Let Z=U(C; n Cg), where 0 < j < k < n; then Z C UFr(4;) C UF; ,
so that each g;~1 on Z. From 1.3(9), the number N — s of mappings g is at
most r(S), and the theorem follows.

3.4. REMARK. We remark that no inequality similar to Theorem 4, but in
the reverse direction, can hold in general. For example, take S to be the plane,
and let 4 be a circular disc and B an inscribed convex polygon plus its interior;

then A, B are closed and connected, and A(A4, B) = 0, but A[Fr(4), Fr(B) ]

can be arbitrarily large.
4. Frontiers of complementary components.

4.1. DEFINITION. For any 4 C S, let { Cy } be the components of the com-

plement of A, and write
M) e(4) = X bo(Fr(Cy),

with the usual convention that a vacuous sum is zero. [Thus ¢ (S) =0,
c(0)=-1.] From [5, Th. 4] we have

(2) c(4) + by [CI(S = A)] > bylFr(4)],
and (a weaker statement unless by, [C1(S — A)] is infinite)
B) c(A) > bo(4).

If 4 is open, we evidently have equality in (2). (Note that (3) contains
the well-known fact that, if 4 is not connected, at least one component

of Co(A) has a disconnected frontier.)

4.2 LEMMA. Let C be a component of S — A, and let U be an open set con-
taining Fr(C). Then there exists an open set V O A such that V n C C U.
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This follows from [6, $6.1] applied to the sets /i: C; a direct proof is also

easy.

4.3 THEOREM 5. If ¢(A) > n, then there exists an open set A* O A such
that, for each set B satisfying A ¢ B C A*, we have ¢(B) > n.

For if ¢(4) > n, then there exist finitely many components, say C;, G,,
+++y Cp, of Co(4), such that by [Fr(C;)] > n; where Enj >n (1l <j<m
Thus, for each j, Fr((;) is a union of n; + 1 disjoint closed nonempty sets
Firpk, 1 <k <mj+ 1), and there exist open sets Ujx D ij such that Cl(U]-k)
n Cl(Ui1)=0 (j # D. Let Uj = Ug Ujg, an open set containing Fr(C;); from
the lemma in 4.2, there exists an open set V] D A such that Cl(Vj) n Cl(Cj)
C Uj. Take A% = N; Vj, and suppose that B is any set satisfying A C B C A*.
Then, since Uy Fjp C B n Cj C Uy Ujg, we have bo(B n Cj) > nj. Now let
{Dj,} be those components of Co(B) which are contained in Cj, and write
Ej = UyDj . One readily verifies that Fr(E;) C B n C_:] C C1(S - Ej), and that
E;u (B nC)) = Cj; hence, from [5, Th. 4], 2, bo(Fr(Uju)) > bo(B a ;)
> nj, so that ¢(B) > Z]"“ bo(Fr(Dj,)) > an > n.

COROLLARY. We have c(4) < ¢ (4).

4.4. EXTENSION OF THE PHRAGMEN-BROUWER THEOREM. This theo-

rem, as extended in [5, Th. 5], can now be extended still further.
THEOREM 6. For any set A, we have c(4) < bo(;l_) + r(9).

The proof is almost identical with that for the case in which 4 is connected,
in [5, $4.2]; the difference arises from the fact that the sets L, M there con-
structed need not here be connected. But we may assume without loss that
bo(A) < o, and have by(L) < bo(A) and bo(M) < bo(A); hence, from 2.3(1),
we have by(L n M) < 2bo(Z) + r(S). Since bo(/—f) + 1 of the components of
L n M now arise from 4, the argument can be concluded in the same way as

before.

COROLLARY 1. If r(S) is finite, and A is any subset of S such that A has
only a finite number of components, then all but at most a finite number of the

components of S~ A have connected frontiers.

COROLLARY 2. If S is unicoherent, then c(A)= bO(Z); and, conversely,

this equality is characteristic of unicoherence.

(This follows from 4.1(2) and [5, Th. 51.)
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4.5. ANOTHER EXTENSION. It has been shown in [5, Th. 5] that, con-
versely, Theorem 6 serves to characterize r(S), even when restricted to the
case in which 4 is closed (or open) and connected. However, Theorem 6 can
be restated in a slightly different though equally natural way, in which the con-

verse question is more difficult.
THEOREM 6a. For any set A, we have
(i) bo(Fr(4)) < c(A4) + bo(CL(S = 4)) < c(A) + bo(CI(S - 4))
< bo(Fr(4)) + r(5).

Conversely, if for some fixed ( finite) n we have

(ii) c(4) < bo(Fr(A4)) + n
whenever A is nowhere dense, and if further

(iii) S is metrizable, or r(S) is finite,
then r(S) < n.

The first inequality in (i) is a restatement of 4.1(2), the second follows
from Theorem 5, Corollary, and the third from Theorem 6 applied to 4, in view
of the fact [4, $6.2] that bo(4) + bo(C1(S - 4)) < by(Fr(4)). For the con-
verse, suppose that (ii) holds, but that r(S) > n. From [5, Th. 5a), there exists
a closed connected set 4’ such that S~ 4 has only a finite number of (open)
components C;, Cyy +++, Cp, and bo(Fr(4°)) > m +n - 1; thus from [5, Th.
41, we have 2, bo(Fr(Cj)) > n. Suppose now that r(S) is finite, and write
A =Fr(A’); thus A is nowhere dense, and, from 2.3(2), b4(4) < w. Let { D }
be the components of Int (4 ); then [5, Th. 4] we have 2 bo(Fr(Dy)] > by (A4)
= bo[Fr(4)]. But the components of Co (4) are precisely the sets Cj, Dj; hence
c(A4) > bolFr(4)] + n, contradicting (ii).

If r(S) = o, the above argument still applies provided that b,[Fr(47)] < w.
Hence we may assume bo[Fr(A4’)]=c, so that there must exist some Cj, say
C, for which by[Fr(C)] = . Now, the complement (say) F of C is closed and
connected. If it is assumed that S is metrizable, then there exists a sequence
of open sets G, such that G, D Cl(Gp4,) (n=1, 2,+--), and NG, = F. Let
X =C - UFr(G,); from a theorem of Hewitt [3], there exist disjoint sets Y, Z
suchthat YuZ=Xand Y=Z=X=C. We take A = C - Y. Thus Cl(S-4)=S;
and Fr(4) = C, which is connected. But Co(4) can be separated, by one of
the sets Fr(G,), between F and any given point of Y; thus one of the com-
ponents of Co(A4) is F itself, and again (ii) is contradicted.

COROLLARY. If S is unicoherent, and {C)} are the components of an
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arbitrary set E, then
bolFr(C\)]1 + bo(E) = bo[Fr(E)];

and this property characterizes unicoherence among metrizable (locally con-

nected and connected) spaces.

It would be interesting to know whether the extra hypotheses on S imposed
in (iii) are needed. It would be easy to replace them by others (for example,

local compactness plus perfect normality).
5. Modified addition theorems.

5.1. A MODIFICATION. As in the case of two connected sets [5, Ths. 11
and 1lal, special cases of Theorem 1 can be obtained under alternative hy-

potheses. As an example, we state:
THEOREM 7. If A and B are any sets satisfying
Fr(4) n Fr(B) n Fr(4 n B) = 0,
then

bo (A u B) + bg(4 n B) < bo(A) + be(B) + r(S);

and if there is finite equality here, then A — B and B — A are separated (so that
Theorem 1 then in fact applies).®

The proof is a fairly straightforward generalization of that of [5, Th. 11],
with 2.3(1) replacing [5, $7.4]. The extension of Theorem 7 to n sets, however,

appears to present some difficulty.

5.2. ANOTHER MODIFICATION. A more interesting modification of Theorem
1 is the following, in which r(S) does not enter explicitly; in some cases (in

view of Theorem 6) it gives more information than does Theorem 1.
THEOREM 8. If A and B are arbitrary sets such that
Fr(A) n Fr(B) n Fr(AuB) =0,

then
h(A4, B) + bg(A) < c(A4).
91t follows (see 5.6 below) that, in the case of finite equality, we have for each

component E of A uB that Fr(4 nE) nFr(B nE) =0. It is false, in general, that
Fr(4) n Fr(B) =0.
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Proof. Write C = C1{Co (4)], and apply [4, Th. 6b] to the closed sets 4 u B,
A n B, C. We obtain

(1)

(2)

(3)

@

bo(AuB) + bo(A nB) + bo(C) < bo[BuFr(4)] + bo[B n Fr(4)].

From the frontier relation satisfied by the sets 4 and B, it readily
follows that Fr(4) n CO(E) is closed, and thence that each component
of Fr(A) which meets B is contained in B. Hence we see that

bol B u Fr(4)] + bo[B n Fr(4)] = bo(B) + bo[Fr(4)],
and consequently

bo(A u B) + by(4 n B) + by(C) < by(B) + bo[Fr(4)].

But by 4.1(2), we have bo[Fr(4)] < by(C) + c(A4). Thus, provided
that by(C) is finite, we have proved

bo(A uB) + bo(A nB) < bo(B) + c(4),

from which the theorem follows immediately.

To complete the proof, we deduce that (3) continues to hold even
when by(C) = o0; and in doing so, we may assume that bo(E) +c(A4) < .
Define B* to be the union of those components of B which meet 4, and
A* to be the union of 4 with all components of Co(A4) which have con-

nected frontiers. It is easy to verify that
Fr(4*) n Fr(B*) n Fr(4* n B*) = 0,

and that, since ¢(4) < o, bo[Co(A4™)] is finite. Hence (3) holds for
the sets A*, B*; and it is a routine matter to deduce that (3) also holds
for A and B*, and thence finally for 4 and B.

There is no difficulty in extending this theorem to any number of
sets; for example, (2) can be extended to the following property, valid
in an arbitrary topological space S (and generalizing [4, $7.4(1)1):

IfA,-+,An, By +++, B, are arbitrary sets such that
Fr(4;) n Fr(Bg) nFr(4j uBg) =0 1<j<ml1<k<n),

and Ci = Cl[Co(Aj)], then
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Zbo[Xh(/q;s M ] /Tmr B—ls M ] En)] +z bo[Xj(Cly sy Cm)]
< X bo[Xj[Fr(dy), -+, Fr(4n)1}

+ 2 b [ X (Byy vevy Bp) 1+ mby(S),

the ranges of summation being1 < A <m + 1,1 <j<m1l <k <n

and (3) can be extended similarly.

5.3. AN INCcLUSIVE RESULT. The next theorem includes both Theorem 1
and the extended Phragmén-Brouwer theorem (Theorem 6) as special cases. We

shall need the following lemma.

LEMMA. If G is a set with only finitely many components, then there exists
a finite set of points xy, %z, ==+, % & Fr(G) such that

bo[Gu () ueerulxg)] = bo(G).

For if G has components G, G,, « - + , G5, we have only to take at least one

point x; in every nonempty set -G_% n Ep, (A # w.

5.4. THEOREM 9. Let Ay, Ay, «++ , A, be any subsets of S having separated
differences and such that Aj n Ay and Co(Aj v A) are separated whenever
j # k; and suppose that no point belongs to Aj for more than m values of j,
where 2 < m < n. Then

(1) A(Ay, eeey Ag) + (X)) + c(Xp) + o0+ c(Xp-y)
< bo(Xy) + bo(Xp) + eve 4+ bo(Xpp=y) + (m = 1) r(S),

where Xj = Xj(Ayy +o+ 5 Ap). Further, if there is finite equality in (1),
then, for each q < n~1, for each set | of ¢+ 1 distinct suffixes j,,

J2s =+ 5 jg+1 between 1 and n, and for each component k of Xy, we have
(2) N{Fr(4; nE)|j €J} CE.

To prove (1), we may assume throughout that r(S) and 2 bo(4;)
are finite; it then follows from Theorems 1 and 6 that the numbers b,(X;),
bo(Xj), and c(Xj) are also finite. Further, we may obviously suppose
that X,,—; # O (otherwise (1) would be derived with a smaller value of
m). Again, by using the method of approximation, we may assume in

addition that the sets Ai are all open and, by 1.3(2), satisfy

(3) Fr(A]-) nFr(4dg) n Fr(A]' nAg) =0 (j£K).
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For, in the general case, we apply 1.3(3) to replace the sets 4; by
slightly larger relatively connected sets 4;* having the same incidences
and satisfying (3); and, in view of Theorem 5, the truth of (1) for the
sets Aj" will imply (1) for the sets Aj.

From (3) and 1.3(1), the open sets X; satisfy

X, 20X, 2X 2% d>eeed Xpsy = 0.

We shall define inductively, for j=1,2, ..., m -1, open sets G;
consisting of a finite number of components Cj; of Co()?]-), and open
sets V] D Fr(Gj), such that!?!

Gj u Vj C Gj whenever j < ks

17; C Xj-15 —17] "Xj+1=0§7j nVp =0 if j#k;

Fr(¥;) n Fr(4;) = 0 (forall j, &); and Fr(¥)) a Fr(X;) = 0.
Further,

bo( V) < o, bo(Xj u¥j) < bo(X;), and

bo(Vj n G) > (X)) + b(G)).

For suppose this done for all j < p, where 1 < p < m. Define G, to
be the union of all those components of Co(Xp) which either (a) have
disconnected frontiers, or (b) meet G,-; u Vp-y. Since Gp-yuv Vp-,
C Co(Xp), this gives Gp-yu Vp-; C Gp; and since further

bo(Gp_l u Vp-l) < o,

Theorem 6, Corollary 1, shows that b,(Gp) < co. Let Gp consist of the
components Cpy of Co(Xp) (k=1,2,+--,np); thus

zk bo[Fl‘(Cpk)] = C(Xp) .

Hence, if the components of Fr(Cpk) are denoted by Fpkl (Ll =12,
<+« mpk), we have k (npr —1)=c(Xp). For fixed p and k, there
exist open sets Npk; O Fppy with disjoint closures (for varying l); and
it follows from the lemma in 4.2 that an open set U, exists such that
Up D> Fr(X,) and U, nC1(Cpg) C Up Npgi. We may further suppose,
from (4), that U;, C Xp-1, Z/;, n Xpﬂ =0, and Up n Vp-l = 0. It readily
follows that Fr(Up) ? Fr(4) = 0 for each & (1 < k < n). Again, from

11By convention, X, =S and X,4+; = O.
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the lemma in 5.3, there exists a finite set ¢ C Fr(Xp) such that
bo(Xp u Qp) = bo(Xp).

Let Vp = union of those components of U, which meet Up v UFpgi;
clearly b,(Vp) is finite; and, since Fr(Vp) C Fr(Up), it is easily seen
that (5) continues to hold when j = p. Also the sets V, n Gy n Npgg are
(for varying k£ and !) all pairwise separated _and nonempty; hence the
number of components of V, n Gp is at least & nyy = C(Xp) + nmp, so
that (6) holds.

To start the induction, we take G; to consist of the components of
Co(X,) with disconnected frontiers; the rest of the construction is ex-
actly as in the general case. Thus (5) and (6) hold for j=1,2,+-+, m— 1.
We remark that it follows trivially from (5) that

Fr(V;) n Fr(Gg) = 0 whenever j # k, and V; n Gy = 0 if j > k.
Now consider the ‘‘elementary symmetric sets’’
Y, = X (G, Gpy vovy Gmmyy Viy Vgy oov s Vmy) (L < < 2m=2)
and
Zp = Xp(Ay, Aoy eoe s Apy Gy ooe s Gy y Viy ooe y Vip—y)
1 <k<2m+n-2).
Using (5) and (7), we obtain
Yi=Gn-19Vn-1, Yj = Gp—juVp-yu(Gp-jir nVm-jsy) if
2<j<m=1;Y, =G nV5and ¥; =0if j> m.
Thus, since Zy = X v U(Xg-p n¥p) u Yi, we find:
Z #0if 1 <k < m Zy = XpuU(Xp n 1p) v U(Gy n V)
(pyg=1,2y¢ee,m—=1); and Z; = 0 if &k > m.

Now the open sets Ay, Ay, covy Ap; Gy voey Gy Vig ooy Vs
satisfy the hypotheses of Theorem 1, since this is true of 4;, «+-, 4,
from (3), while we readily verify that

Fr(4;) n Fr(Gg) n Fr(4; n Gg) =0,
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and that in all the remaining cases the sets have disjoint frontiers.

Hence
A0 T ho(Z)) < Zbo(d) + X bo(Gh) + 2 bo(Vg) + (m = 1) r(S)
Q<p<n+2m-2, 1<j<n1<k<m=-1).
But (9) shows that
zbo(zp) > bo(Xm) + Y bo( Xk n Vi) + bo(Vi aGr) + m— n.
Also

bo(Xp n Vi) > bo(Xg) + bo(Vg) — bo(Xg n Vi) (cf. [ 4, $6.2])

v

bo(Xk) + bo(Vk) - bo(jzk)s
and, from (6).

bo(Vk n Gg) > c(Xg) + bo(G).

Thus finally, since all the numbers involved here are finite, (1) follows
from (10).

5.5. THE CASE OF FINITE EQUALITY. Suppose now that there is finite
equality in (1) above, and that a point y exists in (say)

Fr(4; n E) n Fr(4; n E) neee n Fr(AP“ nE)-E,

where E is a component of Xj; thus y ¢XP‘ It is eas.y to see that we may as-
sume without loss of generality that p < m — 1 and that the sets 4; are all
open. Clearly y € Fr(X,); thus we may carry out the preceding construction
in such a way that y € ¢p C V,. But, from the way in which (1) was derived
from (10), we must now have h(XP, Vp )= 0, so that the component ¥ of Vp which
contains y must meet £ in a connected set; consequently, since ¥ n CI(XP.H)

= 0, it follows that ¥ n E meets one and only one of the sets
A (= N4, €T1)

with |J| = p. Since W meets 4, n E, we have 1 € J; similarly 2 € J, -++, and
(p + 1) €], giving a contradiction.

5.6. REMARKS. We observe that the preceding results contain those con-
cerning modified addition theorems in [S, Ths. 11 and 1lal. For, in the first
place, 1.3(1) together with an ‘‘approximation” argument shows that the relation
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(2) above is equivalent to the apparently stronger relation
(2a) N{Fr(4; nE)} C Cl(Xp+4q) GEL |Jl=p+1,p<n).
(In fact, the left side here is contained in

Fr(XpH) u Fr(Xp+2) ueecuFr(X,).)

Hence if 4;, .+, 4, also satisfy the condition (slightly stronger than in Theo-
rem 9) that Fr(Aj nAg) n Fr(Aj u Ag) = 0 (j £ k), finite equality in Theorem
9 will imply, again from 1.3(1), that

(2b) N{Fr(4; nE)} C Int (E) GEL|Il=p+1, p<n),

a relation which is slightly stronger than (2). And if the sets 4; satisfy the even

stronger condition

Fr(4;) nFr(A4g) nFr(4; ndg) =0 (j# k),
it can be deduced from (2b) that
(2¢)  N{Fr(4; nE)} =0 if 2p > n GEJ, [Jl=p+1,p<n).

Finally, if there is finite equality in Theorem 1, then there will be finite
equality in Theorem 9, for C(X—I) > bo()—f}'), by 4.1(3); and thus the above con-

siderations will apply.

5.7. OTHER INEQUALITIES. Many other inequalities can be derived from

Theorem 9; for example:
THEOREM 9a. Under the hypotheses of Theorem 9, we have
() (X)) + (X)) + oot c(Xpey) + bo(Xim) + bo(Xps1) ++ v e+ bo(Xp)
< X b4 + (m = 1) r(S).
Further, if there is finite equality in (i), we have
(D) Xp(Ay, Ay oeey 4y) = X, (1<p< m.t?
Proof. Relation (i) is a trivial consequence of Theorem 9, (1), since

bo(X)) < bo(X)) .

12 Condition (ii) need not hold for p>m.
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Suppose there is finite equality in (i); as before it will suffice, by an approxi-
mation argument, to prove (ii) assuming that the sets A4; are open. Now, finite
equality in (i) implies that Theorem 9, (2), holds, and also that bo(Xj) = bo(Xj)
for all j < m. If J, K denote sets of p distinct suffixes between 1 and n, and

J # K, we find (writing 4; = N{4; | j € J}) that
ZJHZKCYPm—l ifp<m.

This includes (ii) when p = 2; and (ii) follows in general by an easy induction

over p.

5.8. GEOMETRICAL CONSIDERATIONS. To illustrate the geometrical con-
tent of these theorems, we consider the case of two sets in more detail.

THEOREM 10. Let A and B be sets, neither of which contains the other,
having separated differences and connected complements, and suppose that
A 0 B and Co(A u B) are separated. Then

bo(A n B) + by(Co(4 u B)) < by(A) + bo(B) + r(S) - 1.

If there is finite equality here, and further Fr(A4) n Fr(B) nFr(4A uB) =0,
then each component of Co(A v B) has a frontier consisting of exactly two com-

ponents.

Proof. We can assume that r(S) is finite. Write P = Co(4), Q = Co(B);
then P and Q are connected, so that, from Theorem 1, b4(P n Q) is finite. Let
P nQ(=Co(A4 v B)) have components Hy, Hyy +++, Hy. Then

(1) 4 and H; are not separated,

since otherwise Q={(Q n4) u (P n Q—Hj)} v Hj, a union of two
nonempty separated sets. Similarly B and H; are not separated. Hence

(2) Fr(Hj) meets both Fr(4) and Fr(B).

Let A* = Au (P nQ), B* = Bu (P n Q); from (1), A* is connected
relative to 4, so that bo(A*) < bo(A4), and similarly bo(B*) < by (B).
It is easy to see that 4* — B* and B* — A™ are separated, and that
A* n B* and Co(A*u B*) are separated; hence 2.3 (1) gives

bo(A™ a B*) < by(A) + bo(B) + r(S).

But A* nB* = (4 n B)uCo(4 u B), a union of two separated sets;
thus the first part of the theorem follows.
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From Theorem 9a and Theorem 5, Corollary, we also have
bo(A n B) + 2 bo(Fr(H)) < bo(A) + bo(B) + r(S).

If further Fr(4) n Fr(B) nFr(4A v B) = 0, (2) shows that bo[Fr(Hi)]
1 for each j. Hence finite equality in Theorem 10 requires bo[ Fr(#;)]

v

1 for each j, and the proof is complete.

COROLLARY. If A and B are simple sets'® with disjoint frontiers, and
neither A nor B contains the other, then by(A n B) + b4[Co (4 u B)] < r(S)-1;
and if there is finite equality here, then each component of A n B or of Co(4 u B)
has a frontier with exactly two components.

This follows on applying Theorem 10 first to 4, B and then to Co (4), Co ( B).
If S is unicoherent, the first part of this corollary reduces to [4, $4.5].

6. Simple sets with disjoint frontiers.

6.1. FINITELY MULTICOHERENT SPACES. Throughout this section, we
shall assume that r(S) is finite.

THEOREM 11. Let 4, Ay, -++, A, be simple'* subsets of S, every two of
which meet, and which have disjoint frontiers. Then there exist N or fewer of

the sets Aj whose union is U7 A; , where
N =2r(8) if r(S) > 1, orifr(S) =1 and N4; # 0.
N=3ifr(S)=1 and ﬂAj = 0, and
N=2ifr(S)=0.

These values of N are the smallest possible.

It is easy to see by examples (it suffices to take S to be a linear graph) that
no smaller values of N are possible in general. To prove the rest of the theorem,

we need two graph-theoretic lemmas.

6.2. LEMMA 1. Let G be a connected linear graph having no end-points, and
let Ey, E;y +++ 4 E, be closed connected subsets of G, every two of which meet.
If r(G) > 1, or if r(G) =1 and ﬂEi # 0, then UE]- is the union of 2r(G) or
fewer of the sets Ej; if r(G) =1 and NE; =0, then UE; is the union of at most
3 sets Ej.

13A set E is ‘‘simple’’ if E and S - E are both connected.

141t would suffice to require only that Cl(4;) and Cl[Co(Aj)] be connected (1 < j < n).
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The proof is by induction over r(G). If r(G) < 2, the lemma can be verified
by inspection of the possible graphs G. Suppose, then, that r(G) > 3, and that
the lemma is true for all graphs of smaller degree of multicoherence but not for
G, and that n is the smallest number of sets for which the lemma fails for G.
Thus no E; is contained in the union of the others.

From G we derive a homeomorphic graph G* by suppressing all vertices of
order 2; the (open) 1-cells of G* will thus be the components of G minus its
vertices of orders other than 2; we call them the ‘‘maximal 1-cells” of G. (A
maximal 1-cell may have coincident end-points.) We consider three cases:

(1) If G has a cut-point R which is not a vertex of G, let PQ be the maximal
l-cell of G which contains R; thus here P # (J, and G — P(Q is a union of two
disjoint, closed connected nonempty subgraphs H, K, neither of which has an
end-point. From [6, $8.2(1)1, we see that r(H) + r(K) = r(G), while, since G
has no end-points, r(#) > 1 and r(K) > 1. For the moment we assume that
neither r(#) nor r(K) is 1. Write Ej ‘= Ej n H, Ej = Ej n K; it is easy to see
that these sets are closed and connected, though possibly empty. Further, every
two nonempty sets E; * must meet, since both must contain P unless one of the
corresponding sets E; is contained in H. Hence the hypothesis of induction
applies to H and the nonempty sets £;”, and UE; " must be contained in the union
of at most 2r(H) sets E;. Similarly UE; ** is contained in the union of at most
2r(K) sets Ej. Thus we obtain at most 2r(G) sets E,' in all, which together
contain UE; “ v UE; *; further, their union is connected and so contains PQ and
thus UE;, unless UE; or UE;” is empty.

If UE; “, say, is empty but UE; “ # 0, it is easy to see that at most 2r(H) + 1
< 2r(G) sets E; will suffice, namely those selected to contain UE;", together
with the set E; which contains the largest subarc of PQ. If UE;* = UE;” = 0,
all the sets E; are contained in PQ, and two of them will suffice.

If r(H), say, is 1 (so that H is a circle), the above argument needs modifi-
cation only if one of the given sets is contained in H — (P); we leave the de-
tails to the reader.

(2) If G has a cut-vertex R, but no cut-point other than a vertex, the argument
is essentially the same as before, with PQ degenerating to R.

(3) Finally, if G has no cut-points, pick x € E, — (E,u «++ u E,); replacing
x by a sufficiently nearby point if necessary, we can suppose that x is not a
vertex and so belongs to a unique maximal 1-cell PQ of G. Here P # (Q, since
G has no cut-points, and the subgraph # = G — P() is connected and has no end-
lines. We easily find r(H) = r(G) - 1. Write E,-'=.~ Ej n H; as before, at most
2r(H) of the sets Ey, oo« , Ey;,say Eyy oov, Epy (m < 2r(H) + 1), must contain
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UE;* (j > 2). The connected set E; u E; joins x to H (for we may clearly as-
sume UE,-' # 0), and so contains one of the arcs Px, Qx, say Px. If none of
En+1y+++, By meets Qx, the m sets E,, Ey, -« ., Ey contain UL, If QOx n
(Ep+y uee-u Ey) # 0, let y be its point on Qx closest to x, and let y € Ey;
then the connected set £, u Ej, joins y to H without containing x, and so con-
tains QX; thus the m + 1 sets E,, E,, -+« , Ep,” Eg contain UE;. Since m + 1
< 2r(G), the proof is complete.

6.3. LEMMA 2. Let By, By, «++, B, be n simple closed subsets of a con-
nected linear graph G, every two of which meet. If r(G) > 1, or if r(G) =1 and
NB; # 0, then UB; is the union of 2r(G) or fewer of the sets Bj; if r(G) =1 and
NB; = 0, then UB; is the union of at most 3 sets B;.

As before, we may assume that the lemma is false, and that n is the smallest
number of sets for which it fails; thus no Bj is contained in the union of the
others. Define a ‘““maximal end-line’” PQ of G to be a maximal 1-cell PQ of G
in which Q is an end-point of G; thus P # Q. If B,, say, meets a maximal end-
line PQ which it does not contain, then (being closed and simple) B, must be
either a closed arc x(Q, where x € PQ, or the closure of the complement in G of
such an arc. In the latter case, it is clear that B, together with one other set
B; will contain the rest; in the former case, we see similarly that either By u B,
= G, or B, D By, or By D B,—all of which are excluded. This proves, then,
that each B; contains all maximal end-lines of G which it meets. Let H be the
graph obtained from G by removing all end-points and maximal end-lines, and
write E; = B; n H. On applying Lemma 1 to the sets E;, .-+, E, in the graph
H, we see that UEj is the union of the desired number of sets E;; the analogous

conclusion for the sets Bj follows.

6.4. Proof of Theorem 11. We shall consider only the case r(S) > 1 ex-
plicitly; the modifications needed when r(S) = 1 will be obvious, and the case
r(S) = 0 is covered by [4, $4.5]. It will thus suffice to prove that, if n > 2r(S)
> 4, one of the sets 4; is contained in the union of the others. Consider the
2" intersections Y; = Dy n D, neve 0D, (1 < k < 27), where each D; takes
the two values Aj, Co(A]'), in all possible combinations. The sets Y are closed
and cover S; and, since the sets Fr(A]') are disjoint, no three of them have a
common point. Further, from Theorem 1, b4(Y%) is finite, and so the sets Yj are
of finite incidence. Let G denote the modified nerve (cf. [6]) of the sets Yj; as
in [6, §6.4], G is connected and r(G) < r(S). Let By denote the subgraph of
G consisting of (i) all vertices which correspond to intersections Yj in which
the pth “‘factor’ Dp is Ap, and (ii) all edges of G both of whose end-points
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have been assigned to Bp. Let G, be defined similarly, lnt with Co(4p) replac-
ing Ap. Thus, for each p (1 < p < n), By and (p are disjoint subgraphs which
together contain all the vertices of G; and it is easy to see that Bp and Cp are
connected, since 4, and Cl[Co(Ap)] are. Hence By, B,, +++, B, are simple
closed subsets of G. Further, if p # g, B, and By have at least a common vertex.
Thus, by Lemma 2, one of the sets B, is contained in the union of the others;
say B; C B, u-++u B,. It readily follows that 4; C 4, u +++ u 4,, whence the

proof is completed.

6.5. COROLLARY. For any collection of more than 27(S) simple subsets
of S with disjoint frontiers, the union of some two of the sets contains the inter-
section of the rest.

6.6. FURTHER RESULTS. Evidently the method which was employed to
prove Theorem 11 is of more general applicability; it shows, roughly speaking,
that the incidences of a system of sets with disjoint frontiers are no worse than
if S were a linear graph of the same degree of multicoherence. In the same way

we may prove:

THEOREM 1la. Let Ay, Ay, «++, A4, be n simple subsets of S, every two
of which meet, and which have disjoint frontiers. If n is large enough compared
with r(S) (assumed finite), then some A; is contained in the union of two others.

(Note that no A; need be contained in one other, irrespective of how large
n is.) Here the determination of the ‘‘best” bound for n seems to be difficult:
it can be shown, however, that, disregarding the trivial case r(S) = 0, it lies
between expi{explc;r(S)]} and exptexplc,r(S)]1}, where ¢;, ¢, are positive

constants.
Another related theorem, proved in a similar way, is:

THEOREM 11b. Let Ay, Ay, +++, A, be connected subsets of S such that
bo[Co(4;)] £ q (j =1,2,+, n). Suppose that every two of the sets A meet,
and that they have disjoint frontiers. Then there exists a function N of q and
r(S) (independent of n) such that U4; is contained in the union of N or fewer
of the sets 4;.

It is easy to show by examples that, with ¢ > 1, we have

N> (g+1)(q+2)r(S) if r(S) > 1,

and
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N>qg?2+q+2 if r(S)=0;
but the author does not know if these values are in fact the best.

For theorems of this type, the conditions that the sets A; (or, more generally,
their closures) be connected, and that the numbers b,{ Cl1[ Co (Ai)]} be bounded,
cannot be omitted. In [4, $8] a theorem in a similar order of ideas was obtained
for arbitrary connected sets in a unicoherent space; it can indeed be extended
to the multicoherent case, but at the cost of requiring not only that certain inter-
sections of the sets 4; be nonempty, but that they have sufficiently many com-

ponents. For example, the theorem for three sets becomes:

(1) If A,, A,, A3, are connected subsets of S such that A; n A, n 45 = 0,
and by(4; n Ag) > r(S) whenever j # k, then every two of the sets
Fr(Aj) meet.

The proof of (1) is an easy consequence of [5, $7.9].

We finally remark that the present technique can be used to give a direct
““elementary” proof of Theorem 1, without using mappings in S'. However,
though the basic idea (showing that the sets have the same incidences as if S
were a linear graph) is simple, a quite lengthy and tedious argument is needed
to reduce the general theorem to the case in which the complements of the sets

are of finite incidence; and the proof given in 2.2 above is considerably shorter.
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