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1. The continued fraction

(1) 1+ ﬁ(d"iwn),

n=1

where the «, are positive integers and the d,z%0 for all n=>>1, are
sometimes called C-fractions. They were first studied by Leighton and
Scott [2]. It is well known (see [1]) that if

(2) lim|d, |Y*»=1 and lima,=o,

the continued fraction (1) converges to a function which is meromorphic
for all |2z| </1. The first results concerning the location of singular
points of functions of this type were obtained by Scott and Wall [4].
Considerably better results were recently obtained by one of the present
authors [5, 6]. In all of these results the continued fractions are as-
sumed to satisfy the conditions (2) or even more restrictive ones. In
this paper we are able to weaken condition (2) and replace it by

(a) lim(4|d,|)/==1,

N—>00

(2y
(b) there exists a sequence {«, } such that
llciriloank=m and ,}igm’“/k<2'
While all but one of the previous results gave sufficient conditions for
the function represented by (1) to have the circle |z| =1 as a natural
boundary, we give here criteria which are sufficient in order that the
function has at least p singular points on the circle.

Let A.(2)/B,(z) be the nth approximant of (1) and let o, and z, be
the degrees of the polynomials A4,(z) and B,(z), respectively. Also, let
Pn be the maximum of the degrees of A}(z) and B (2) where A4;(2)/Bj(2) is
the nth approximant of (1) when the d, are replaced by their moduli.
Then
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anépny Tn:<:|0n7

Our theorem can now be stated as follows :

THEOREM. For the continued fraction (1) let p, be defined as above.
Further let

n+1

hn=2“v ’
=1
k=liminf_ £
hn_'Pn
1— 20+ Vk(1+2k)) if 0<k<1/2,
cos "= 1+2k
k. if 12<k<1,
o<r<m,
p—[x/]+1.

Here [x] denotes the largest integer not exceeding .

If the continued fraction satisfies conditions (2) and if in addition
k<1, then the function to which (1) converges for |z|< 1 cannot be
meromorphic on any arc of the unit circle of angular measurement great-
er than 2I'. Thus the function has at least p singular points, which are
not poles, on the unit circle. If k=0 the function has the unit circle as
a natural boundary.

2. To establish the theorem we first note that the condition (2)" (a)
is sufficient to insure the convergence of (1) in the wider sense, and
hence to a meromorphic function, for all |z |<{1.

The condition (2) (b) is sufficient to insure that

. h —p
5 lim " FPr o .

This is seen as follows. One shows by induction that p, is the sum of
not more than (n+1)/2 different «,, v=1, --., n. Hence k,—p, is the
sum of at least (n+1)/2 different «,, v=1, ---, n+1. Let {«,]} be the
sequence which is assumed to satisfy lim a,,—co. Now denote by k(n)

Kk~>o0

the number of elements of this subsequence which have a subscript less
than or equal to n. Then mn,,+1>n. Also in view of the second
condition in (2) (b) %gemss < (2—e)(k(r)+1), for n sufficiently large.
Combining these two inequalities we obtain

k(n) >n(1/2+7), for n >mn,.
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It follows that %,—p, contains at least yn different «, , for all n > n,.
Now, if M is a positive number, there exists an integer %k, such
that | a,, | > M for k>>k, Then for all n > max (ny, 2k,/7), (h,—pn)/(n+1)
>ymM/|2(n+1) and equation (5) is established.

Consider now the continued fraction

(6) 1+ﬁ<d—"lzm’i>

n=m

and denote by 2™, pi™ and k™ the quantities in (6) corresponding to
hn, pn and k in (1). It is then clear that the function f,(z) to which
(6) converges and the function f(z) to which (1) converges have, except
for poles, the same singular points.

(m)

LEMMA 1. ko =Yim inf— P~
ne B —

is independent of m.
Proof. We observe that ([3], p. 15)
P="g— + B
and
O3+ O3 X Pn = PRV + Pt +

The lemma then follows if for a fixed m we allow n to tend to .

an) __ (m)
It may also be noted that lim-—2 b )—-‘o(———oo, if (5) holds.
nse p—m+41

Let 7 be an arbitrary positive quantity. There will then exist an
m such that

(7) ldn]>—;1f(1—v)“n for n>m.

The following lemma will be useful.

LEMMA 2. If f (z)=i a,2” has a circle of convergence of radius great-
v=0

er than p and if lz(z)==§‘,bvzV s such that h*(p)=§_] | b, | p¥ exists and if
V=0 V=0
N (z)h(z)=§_,cnz" and M=max| f(z)]|, then
n=0 1z]=p

(8) e |<Mk )

Proof. To prove the lemma we note that by Cauchy’s inequality
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la, | <<Mfp”.
n
Now ¢,=3,a,b,.,; hence,
v=0

M

v

el < 310 1180y | < 31 e |

o LT SIAT
p v=0 p w=0

<M pp).
14

This completes the proof of the lemma.

3. Now a meromorphic function f(z) with f(0)=1 can be written
as

_ ()
f(?) o)’

where p(0)=q(0)=1 and p(z) and ¢(z) are holomorphic wherever f(z) is
meromorphie. It is known (see [7]) that

(9) p(2)B.(2)—q(2)A,(z)=(— 1)”(k1=11 d)etnteee .
The omitted terms are of degree higher than 4, in z. If we set

n+1

n';a:[ldky

k=1
fa,1>1

and introduce A;;=An/7r;, B,=B,/=,, we have
AR =307,
r=0
Bi()=3,0"7 .
r=0

It is easily seen (see [4]) that
(10) laf? |27, k<o,; |12, k<7,.

We now introduce the transformation

z=¢(w)=w—}_aw 0<a<<p<1),
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and note that ¢ is holomorphic for |w|<(1/8 and that it reduces to the
identity transformation as o — . Replacing z by ¢(w) in f(2) we ob-
tain
P(w)
F(w)= W) ="~ ,

(w)= f(gw)) Q(w)
where P(w) and Q(w) may be so chosen that P(0)=@Q(0)=1 and that P
and Q@ are holomorphic wherever F(w) is meromorphic. Relation (9) now
becomes

(11) P(w)B;(w,i_‘Bw ) Q) A( 11 —;;Z >

=(_1)n( Hd )wnn+...

ld 1<1

Let us set
Pw)=1+pw+pw+---,
Qw)=1+qw+gw'+---,

and assume that both these series have a radius of convergence p™>1+-e.
It is then easy to see that all ceofficients in the expansion, in powers
of (1+e¢), of

(hasy )

where r is a positive integer, are positive. Hence if ¢ is chosen so small
that 1+e<(1/B, the lemma applied to the product

1—pw m=0
yields
1—a(l+e)
12) log 1< M (1+ e B ((1+ )m).

Here B, is the polynomial obtained from B, when each coefficient b
is replaced by [b{®|. M, is the maximum of |P(w)| for |w|=1+e.
Similarly, for

Q) ;w0 =2 )— 51 dy,

Pw m=0
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one obtains

M, 4 1—-a(l+e)
13 — — g)_——2— 1 L
(13) dal= e ai(ara 1 250 ).
Now set
_l—a(l+e)
1—B(1+e)

With the help of (10) we obtain

g {(L+ )} ow
(I1+e)d—1

max (A;’((l +e)d), BL((1+ e)A))
Thus if M=max (M,, M,) and u,, is the coefficient of w" in the expan-
sion of the left-hand side of (11), then

2n+1M {(1+6)A}pﬂ+1
(14) | S g (d T

If ufb’gﬁn is the coefficient of w™" in the expansion of the left-hand

side of (11) for the continued fraction (6) we have, in complete analogy
to (14),

m 2n m+zM/ {(1+€)A}pn
14)’ m) <-
(14) lun( m) | 2 1+ )h(m) (1+¢€)d— 1

On the other hand, for m large enough, one can write

o) m-n—2 nv(bm)
Uplm> | = II d.|=4 a-7
lgl= 1
Thus,
)

m) M/ pn +1
1— hn < Qr-m+2__ " ] — .
hn s 40w (L+ead—1

Taking the (A —p¢™) root on both sides and letting » tend to infinity
we obtain

1 _W)HBW)é 4=

1+e

Here k™ is independent of m. The same applies to ¢ since it depends
on those singularities of f,(z) which are not poles and these, as we
pointed out earlier, are the same as those of f(2). Thus we can omit
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the m and can let 7 tend to zero, since it can be arbitrarily small, and
obtain

AYC

1< .
1+

This can be rewritten as

(14epeg Lmallre)

1B +e)

Now making use of the fact that 1+¢/EC(1+¢)Y* for k<1 we can

write

. (B—a)(l+e)
1+e/k<1+ 1%_[9(1“) .

Here we set s=>1/(1—p8(1+¢)) and solve for e. Since s>1/(1—p) this
leads to

B—a k
15 el .
(15) T (1-p) 1-ks(f-a)

Thus by imposing on ¢ the condition

s—1 1
—_'__‘_1’ 1’
s B s>

which insures a fortiori that 14¢<1/3, we have obtained in (15) a fur-
ther condition which ¢ must satisfy. It is clear that for « sufficiently
close to B this second condition becomes much stronger than the one
arbitrarily imposed on e. This allows us to conclude that in a circle of
radius 14 ¢’, where ¢’ fails to satisfy (15), at least one of the two funec-
tions P or @ must have a singular point and hence F(w) must have a
singular point not a pole somewhere in |w|<1+¢’. Since ¢(w) has
no singular points in |w|<1+e¢'<(1/B, the singular points of F(w) in
this region are caused by singular points of f(z) in the image of this
region under the mapping z=¢(w). Since f(z) is known not to have
any singular points in [2]<1 we can further narrow down the location
of the singular points to that part of the image of |w|<1+¢ which
is outside the unit circle in the z-plane. This is a sickle-shaped region
which as a—f contracts to an arec of the unit circle symmetric about
z=1. Our aim now is to choose 8 (k¥ of course is fixed) such that this
arc becomes as small as possible.

Unless ¢<(B—a)(1+¢)/(1+B(1+¢)), the arc discussed above will be
all of the unit circle. This suggests that S should be so chosen that
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1-8
A s(i—a)i=P)

Since we are interested only in the case where f—« is very small, we
take

1-p8
16 k=0 —"_, 0<1,
(16) 118 <
that is

1—k/0
1 =1t HrY
(17 1+Fk/0

Clearly this can lead to a 5 >0 only if £<0<1. Substituting (16) in
(15) we obtain

(18) e=“j—;g—)0z 0 =0+ 0(—a).

Let 7 be the angle at which the circle |z| =1 is cut by the image of
the circle |w|=1+¢ under the transformation ¢. If w, is such that
|o(w,)| =1 then y=arg w,+O(8—«) and, hence,

—(14e &) — o(2+¢) _
2cos r=(1+e)(f+a(l+e)) AP —al o) +0(f—a).

From (18) follows

ﬂ—a(1+s)2=(ﬂ—a)(1—_‘£'f'_(2+e)> ,

1+p
and hence
6/
Ceosy=pf—————+0(f—0).
=8 (L1 B—2p0) (B—a)
Noting that as a«—f8, ¢/—0 we can write
0
cosy=f——— 4+ 0(f—0q).
os r=F (L A—270) +0(f—a)

Thus if we denote by 7* the limiting value of v as a@—/ and replace
B by its value in terms of % we have

Ak +E) +(0— k)

cos r¥=1 L,
200+ kYA +k—06)

The minimum value of y*, say I, is attained for 0<%k<1/2 for
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I— »—k(5+6k)+2(2k+1)1/k(2k+ 1)
1-2k

For k=1/2, we have 0=1/2 and for £>>1/2, since € is restricted to the
range k<6< 1, we find that r* is minimized for 6=%k. The resulting
values are

______ E+vEQ+2k)), if 0<<k<L1/2,

—k , if 12<k<1,

To complete the proof of the theorem it now suffices to observe that
the conditions imposed on f(z) hold equally well when z is replaced by
ze'? for arbitrary ¢. It follows that there is no arc of angular measure-
ment larger than 277 on the circle |z| =1 which is free from singular
points. From this follows immediately that the minimum number of
singular points of the function is [z/I"]+1.

We conclude by observing that if there exists a subsequence {«,,}
such that

(19) lim- % — 41
moe My g
. Cr—1 R,
then lim— """ <lim—""2 =1/4.
M0 N —1 —_ pnm—l Mm—>00 anm

It follows that k<{1/A<{1 and we can state the following corollary to
our main theorem.

COROLLARY. If the continued fraction (1) satisfies conditions (2) and
(19) then the conclusions of the theorem are valid with k <1|A.
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