ON TERMINATING PROLONGATION PROCEDURES*
H. H. JouNSON

In the classical treatments [3] of systems of differential equations
there are two outstanding techniques—the Cauchy-Kowalewski theorem
and completely integrable systems (the latter is really a special case of
the former [1, p. 77]). In terms of systems of differential forms the
Cauchy-Kowalewski theorem becomes the Cartan-Kahler theorem, and
systems with independent variables which satisfy its conditions are called
involutive.

Many systems are not involutive, and the central problem of prolonga-
tion theory is to construct a procedure by which one can reduce every
system to an equivalent involutive system. For total prolongations
Kuranishi’s theorem [4, p. 44] gives a precise answer to the question
of when total prolongations will lead to involutive systems. If S is the
initial system in euclidean space E™, P/(S) the ¢g** total prolongation in
the space R,, then for all points xze E", except possibly on a proper
subvariety, there is a number g, such that if g =g, and ye R, is a
point over x, then P?(S) is involutive at y if and only if ¥ is an ordinary
integral point [4, p. 7] and the 1-forms of P9(S) do not imply any de-
pendencies among the independent variables at integral points in a
neighborhood of y¥. Then ¥ is called a normal point.

The first part of this paper deals with an application of this theo-
rem to certain types of differential systems. We show that under certain
conditions the total prolongation process must result in normal points if
there are to be any solutions. An application of this leads to a theorem
often used in differential geometry [2, p. 14].

The second section is concerned with what can be done if normal
points are not obtained for P?(S) as is the case with an example of
Kuranishi. Here we must distinguish two cases. If P‘(S) does not
contain ordinary intergal points, so that its O-forms are not a regular
system of equations [4, p. 7] the Cartan-Kahler theory does not apply.
Let us call such systems singular. We shall not consider this aspect
of the problem in this paper.

If, however, the problem lies in a dependency among the indepen-
dent variables implied by 1-forms of P?¢(S), at generic integral points,
one would naturally think of restricting the system to those points where
dependencies do not occur, since solutions must lie only in these points.
Thus one obtains a sort of partial prolongation which could in turn be
prolonged. Such a procedure was certainly what Cartan and Kuranishi
had in mind. However, it is not clear that the process will ever result
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in an involutive system. One might conceivably go on obtaining non-
normal systems indefinitely.

Kuranishi has recently proved a generalization of his prolongation
theorem which is used to show that the above procedure does in fact
ultimately stop, barring the occurrence of singular systems somewhere
along the line.

The first section of this paper is part of the author’s doctoral thesis
at the University of California at Berkeley, written under the direction
of Professor Harley Flanders to whom the author would like to record
here his appreciation.

All functions, forms, and manifolds are assumed to be real analytic.

1. Kuranishi’s fundamental theorem [4, p. 44] concerns a certain
general type of differential system (called normal) which is generated
by 1-forms 6, a =1, -+, a,. If @' ---, ®” is a basis of a system of in-
dependent variables and #', ..., 7™ any other 1-forms to fill out a basis,
then the 6* are normal if d6* can be expressed as

3

de’r = Zp‘ f“ A, 0t N\ T+ Epj M 3B, ;0" A\ @
1A=1 i=1

i= =

modulo (6%). Suppose that these are defined on E” where n =, + p + m
of variables ', ---, 2". Then R, is the euclidean space of variables
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X, ull! ullizy M) utl...tg ’

where j=1,--,m; %, *++, %, =1,+++, 0, A =1, -+, m, and the u},. .,
are symmetric in the lower indicies.

Then P?(S) can be taken to be the system on R, generated by the
1-forms

0~,
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and certain functions

0¢:‘l]:k1---kt! t<g—1.
It turns out that for ¢ < g — 2,
d@%“:kl-.-kc =0 modulo T, ,

while
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—_ A A
dQ‘P:U:kl---kg_ = Z (A(p-,mdujkl...kg_l - Aw:jkdutkl---kg_l)

1 A=1
4 B %
+ }_A qo;ij;kl---kg_lkw ’
k=1

modulo w,.
These B’s are defined inductively by

Boijrer, = 2 [(Dr, Agiin) AW o, _,
=1
- (DIcLA(p;jA)d/“’?kl---Ict_l] =+ chth;u.rcl---ch_l ’

where D, F' is defined as follows.

If F' is any function on R,_, it can be considered to be a function
on R, for all s =t — 1. If we form dF, then modulo w,, when s > ¢,
dF involves only !, «--, w?:

dF = }j F.w* modulo 7, ,
k=1

and the F, are independent of s so long as s = ¢. Then one defines
D.,F to be F.. D,F is a function on R,.

THEOREM 1. Let S be a normal system where

(1) the A, ;\ are constants,

(2) dB,.; =0 modulo (' 0%).
Then of P*(S) 1s non-singular for all g, there is a g, such that P*S)
1s involutive for all g = g, at ordinary integral points, or else there
exist no solutions.

Proof. 1f an ordinary integral point y € E, is not normal, then there
must be a dependency among @, ---, w? implied by the 1-forms of P?¢(S)
at integral points ¥, arbitrarily near y. This can happen only if there
is a relation of the type

Sreasiety_(y.)(d0,.; j,,,cl,,,,cg_l)y1 = 0 modulo (®?),
where the left side does not vanish identically. This can only happen if
0 = STtk os () Ay s U n, Do — AN @, o] »
while for some £k,
Lo % 1(y) By g o, 1 (U2) # 0

Since the A depend only on 2!, ---, 2", we can choose the I" to be
funections of «%, «-., 2.
Now, the functions in P?*(S) have the form
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@fp;wzlcl---kg = gl(Atp;i)\u;\klu-kg - Aqo;jz\u:\kln-ka) + B«p;ij;lol-nkg .
Hence we have in P?*(S) the function which is not in P¢(S),

18k 00k — H¥ R I S
Seitdik, q-lé’)ww;klu-k(,_lk = [ ”‘Isz;w;klmk

g-1% °
Consider now these B. Since the A are constants,
B‘P'-iJ;kl"'kt = DktB‘P'-iJ"kl"'kt—l H
where
4 k
dBw;M:k ek, — 2 chBw;ij;k g, @
170 g1 =1 1°0t K -1
modulo «,.
By assumption (2), dB,.;; have the form
» . !
dBy; = kZlC«;-,mw + BZ_IEcp:u:BeB ’
P
= >, C,; 50" modulo 7, ,
k=1

hence
Bco;ij;k = Dkqu;ij = C(p;i];k

are functions of ', --., 2” alone. Obviously dB,.;, = 0 modulo (6%, w
also, so the argument can be repeated to show that the functions

B(ﬂ;i];kl-"kt
depend only on «', ..., z*. But that means that

(I) Z'I_W’;ij;kln-kg’—qu,;ij;kl...kg_lk

is a function in P?*'(S), not in P¢S), and dependent only on 2, «--, x".

Now, to any integral manifold I of S there corresponds a unique
integral manifold 77*' of P¢*(S), such that if p°*' is the natural fibre
bundle mapping on R,,, to E", then p°+' (I**')=1 [4, p. 15]. I°*
must annihilate the function (1). Since it is a function of ', ---, x"
alone, I must itself annihilate it.

We conclude; if there exist ordinary integral points in R, where
P¢(S) is not normal, then the manifold of integral points of S where
solutions can occur must satisfy an additional condition to any imposed
by P¥S),t < g. Clearly, this can happen at most n — p times if there
are to be solutions

Since the A4, are constants, every point of E™ is regular of order
0 [4, p. 36], so by Kuranishi’s fundamental theorem there exists an in-
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teger g, such that if y is an ordinary integral point in R, for g = g,
then P¢(S) is involutive at y if and only if ¥y is normal. Taking g, =
g, + (n — p) one obtains the theorem.

Next an application of this theorem will be made to a certain type
of system of differential equations.

Let E” be the euclidean space of variables a', .., x?, 2!, «+-, 2™,
Consider the problem of finding m functions f*(x', «--, x?) = 2* which
will satisfy a given set of first order partial differential equations

:'\!’7(%,2), azl,"',m;’i:l’-..,p.

In terms of differential forms this is the problem of finding integral
manifolds of the system S generated by the 1-forms

0 = de* — 3 Yi(x, 2)dat
i=1

with independent 1-forms d«, ---, dx?. Here there are no #*. Then

a0t =33 % (5 Ny — Z T

is17=1 \p=1 928 02"
+ i _ w)dmj N dx? modulo (6%) .
ox’ ox’

If then

B,y = i 0\#?‘1’1 E 6«1», ‘1’3 + ot _ 05

B=1 02P B=1 ox’ ox’

one can deduce the following theorem from the nature of the forms
d@(b;ij;kl-ukL = ¢;i_‘i:kl---k5kwk .

THEOREM 2. In order that the system of differential equations

o0z”
oxt

= Pi(x, 2)
have a solution, given that the equations
Btp:i}:kl---kt = 07 t<g¢

are non-singular for all g, it 1is mnecessary and sufficient that for all
P, ,iyj’ kl! ”'ykgr

Ba’.ii.lcl---kg = 0 mOdulO (Bozrs:h.l---lbtlt é g - 1)

for some g < m — 1. [See 2, p. 14].
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2. In Theorem 1, the prolongation process had to yield an involutive
system because whenever a non-normal prolongation occured, this implied
additional restrictions on the original system. In general this need not
happen. Kuranishi gives an example of a system in which P?(S) is not
normal for any g =1 [4, p. 45].

Normality at integral points y of P?(S) involves two conditions; the
set of O-forms of P?(S) which define ¥ must define a regular system of
equations at y, and the 1-forms of P?(S) must imply no relations among
the independent variables at integral points near y. This paper will
ignore the first problem. It would seem to call for a more delicate ap-
proach to the Cartan-Kahler theorem. Let v be a non-normal integral
point of P?(S) such that for all integral points %, near y there is a de-
pendency of the type

iZi'.l Az(yl)(a)i)yl

in P?S). Then obviously solutions can occur only at points y, where
A(y) = Ay) = -+ = A, (y) = 0. Hence a natural step to solving the
system would be to add A, ---, A, as O-forms to the system P?(S).
One would obtain a system having the same solutions as P?(S).

Observe also that if P?(S) contains a O-form which is a function
on R,_,, obviously any solution of P?-)(S) must annihilate that function;
hence, adding it to P?"%(S) would generate a system having the same
solutions as P?-Y(S).

We introduce the following definition: let the system T in indepen-
dent variables !, --., #?, and dependent variables %!, ---, ¥, 2%, ++-, 2™
be called complete if the 1-forms of T contain no forms of the type
SA,0', where ', -+, w? is a basis of independent variables, A, not in T.

LEMMA. Let S be any system with independent variables xt, «- -, 22,
and dependent variables z*, «++,2™. Then there exists a sequence {S?}
of differential systems S, closed, on R, such that

(1) S? has the same solutions as P‘(S),

(2) S? is complete,

(3) P(S*Y) < S7, and

(4) the O-forms of S¢ contain no functions on R,_, except those in
Seo-1,

(5) S? is gemerated by 0-forms, m,, and their derivatives.

Proof. Let X be the set of all sequences {T?|g =1, 2, ---}, where
T is a closed differential system on R, generated by 0-forms, 7, and their
derivatives and having the same solutions as P¢(S) and P(T?*) < T".
The elements of X can be partially ordered by inclusion: {U?} = {T'}
if U279 for all g=1,2,... If A= {{T%}|ac A} is a nest in X,
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then {79}, where T? is the closed differential system generated by
U{Tilae A}, isin X and is = every element of A. Hence, X contains
a maximal element, {S?}. By definition, {S?} satisfies (1) and (3). If
S* were not complete, one could add to S* the coefficients of forms of
the type YA,w' to obtain a still larger system S”, and {S°}, where
S¢ =89 for g < h, and S?= P-%S") for g =h, would be properly
greater than {S¢}. Similarly, if condition (4) did not hold for some S*,
we could enlarge S”-'. Hence the lemma.

The construction of such a sequence, given S, could proceed as fol-
lows. Form P(S) and complete it in the obvious way to form a system
T*. Ifthe resulting system involves any functions on R, i.e., depending only
on the coordinates of R,, add these to the system S and begin again.
Otherwise, form P(T") and complete to form 7. If T* contains func-
tions on R,, add these to T, and begin again at that step. Observe
that the addition of new functions to any one system on, say, R,, is
limited by the dimension of R, since each such addition reduces the
dimension of the variety of integral points, which must have at least
dimension p if there are to be any solutions at all.

Granted that such a sequence {S¢ as given in the lemma exists,
it is still not clear whether any S? is involutive. Of course, the 0-forms
might not define a regular system of equations for the integral points.
But barring this one can prove that for ¢ sufficiently large, S¢ is in-
volutive. This follows from a recent extension of Kuranishi’s prolonga-
tion theorem [5, Theorem III. 1], where the required conditions are
precisely those of the lemma.

THEOREM 3. Given a differential system S with independent vari-
able dxt, ---, dx®, there exists a sequence {S¢ of closed differential
systems, where S? ison R,, g =1,2, -+, which have the same solutions
as PYS). Moreover, if for all g = g,, S? is mon-singular, then there
exists a g, such that for g = g,, P(SY) =87 and S? is 1nvolutive.
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