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REPRESENTATION THEORY OF ALMOST
CONNECTED GROUPS

RoNALD LIPSMAN

Let G be a locally compact group and G, its connected
component of the identity. If G/G, is compact, then G is a
projective limit of Lie groups. In fact, there exist arbitrarily
small compact normal subgroups H < G such that G/H is a
Lie group. Suppose H is such a compact, co-Lie subgroup of
G. Then any unitary representation of G/H can be lifted to
G in a natural way. Conversely, given a unitary representa-
tion = of G, one may ask whether it really lives on a Lie
factor—that is, does there always exist a compact normal sub-
group H < G such that G/H is a Lie group and =(h), he H, is
the identity operator? In this paper it is shown that this is
indeed the case whenever = is irreducible (orAmore generally
whenever n is factorial). The dual space G (=equivalence
classes of irreducible unitary representations) is then realized
as an inductive limit of the dual spaces of Lie groups. This
inductive limit is ﬁrAst cast in a topological setting (using the
dual topology on G); and then, when G is also unimodular
and type I, one obtains a measure-theoretic interpretation of
the inductive limit (using the Plancherel measure). One appli-
cation of these results is the fact that an almest connected
group whose solvable radical is actually nilpotent must be a
type I group.

1. Introduction. Let G be a locally compact group with left
Haar measure dg. Denote by Irr (G) the collection of irreducible
unitary representations of G, and by G the quotient space obtained
from Irr (G) by the relation of unitary equivalence. When there is
no possibility of confusion we shall fail to distinguish between a
reperesentation 7 e Irr (G) and its class {r} e G. It is possible to endow
G with a locally compact (generally, non-Hausdorff) topology [6]; and
with that topology G is called the dual space of G. Suppose in addi-
tion that G is unimodular and type I; then there is a unique positive
Radon measure £ on G (called the Plancherel measure—see [3]) such that

| I#@) kg = |, Tr (2 =Ddpo() , e Lu6) N LG,

where zn(f) = Saf(g)ﬂ(g)dg-

Now by an almost connected group we mean a locally compact
group G such that G/G, is compact, G, = the connected component of
the identity. It is well-known that such groups are projective limits
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of Lie groups; more precisely, given any neighborhood %7 of the iden-
tity in G, there exists a compact normal subgroup H < % such that
G/H is a Lie group [14, p. 175]. Let us denote ¥ = . A(G) = {H<
G: H compact normal in G and G/H is a Lie group}. Then ¥ is a
directed set (since H,, H,e .~ — H, N H,e .~ [14, p. 177]) and

(1'2) G = IimHe_(/ G/H .

The main idea that will be discussed in this paper is a representa-
tion-theoretic dual of equation (1.2). More explicitly, let He < (G)
and let j,: G-— G/H be the canonical projection. Then there is a

~ T A~ ~
“dual” or “adjoint” map j7,: G/H— G given by/(\j,,x)(g) = M71(9),
T A~ ~
geG,neG/H. We denote by G, the image of G/H in G under the
injective map 7,. The dual equation we seek to establish is

(1-3) (;\‘ - limneff GII .

In §2 we demonstrate the natural set-theoretic interpretation of
(1.3), namely we show that G = UHe/GH. Then in §3 we extend
this result from irreducible to factorial representations of G. We
show how this leads to “smoothness” criteria for G in terms of those

for Gﬁ He <&~ These criteria are used in §4 to deduce that all groups
of a certain important kind are type I. Specifically, if G is almost
connected then it contains a unique radical R = R(G) = the maximal
connected solvable normal subgroup. We prove that any group whose
radical is nilpotent is a type I group. We further consider a somewhat
smaller class of groups (which we call traceable) for which there is
an adequate ‘“character theory.” We show that all semisimple (i.e.,
R(G) trivial) and nilpotent groups are traceable. Next in §5, we
make (1.3) precise in first a topological, and then a measure-theorstic
fashion. In fact we shall show that G isa topological inductive limit

(in a rather strong sense) of the topological spaces é/?{, and that
when G is unimodular and type I, the Plancherel measure (¢ is an
inductive limit of the measures f¢,;. Finally in an appendix we give
a brief survey of how the structure and representation theory of con-
nected semisimple Lie groups (due mostly to Harish-Chandra) can be
extended to arbitrary connected semisimple groups.

Before beginning we establish some notation which—together
with that set down above—will be standard in the following. G will
denote a locally compact group; usually G/G, will be compact. C,(G)
stands for the continuous funections of compact support, and if G is
a Lie group C*(G) = the infinitely differentiable functions. We write
Z(G) for Cy(G)NC=(G) with its usual Schwartz topology. If 7 is a
unitary representation of G, we denote by S#(w) the Hilbert space
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on which © acts. We set <Z(n) = the W*-algebra of operators gen-
erated by {7(g9): g G}. Then Fac(G) = {7: #(x) is a factor}. For
two representations 7, 7,, we write m, = 7, to mean unitary egivalence
and 7w, ~ 7w, for quasi-equivalence. If .27 is a subset of a Hilbert
space o7, sp {2} will denote the smallest closed subspace of 27 con-
taining .27 Finally, I will always denote the identity operator on
o7 as well as the identity representation on 577 of whatever group
G is under consideration.

2. The main result. We show first that G = Unee @,,. This
amounts to the following. Given zwelrr(G), we have to produce
an He < (G) such that 7|, = I. Then \(J,(9) = 7(9), g € G, is well-
defined, XGAIrr (G/H), the class of A depends only on the class of =,
and {7} = JufM.

THEOREM 2.1. Let G be a locally compact almost connected group.
Then for any w € Irr (G), there exists a compact normal subgroup HS G
such that w|; = I and G/H is a Lie group.

We give the proof in several steps. The first is an easy

LEMMA 2.2. Let )\ be a unitary representation of a compact group
H on a Hilbert space 57 Suppose that {SF}q.q is a family of (finite-
dimensional) invariant irreducible subspaces of S#. Denote by ), the
restriction of N to S7,. Assume that sp{:ée 57, ac Q) = 24 Then
any trreducible subrepresentation of N is unitarily equivalent to one
of the \,.

Proof. Let .2~ be any invariant irreducible subspace, ¢ the
resulting representation of H. Let awc Q be arbitrary, and set P, =
the orthogonal projection of £# onto 57,. Since 7, is invariant,
P(h) = Mh)P,. But then for &e .27 we have N\, (h)P.& = Mh) P& =
P\(R)E = P,o(h)s. Since 57, and .2 are irreducible, the Schur Theo-
rem [4, §2.3.4] guarantees that either P.(") = {0}—that is, .2 and
57, are orthogonal—or o and )\, are unitarily equivalent. But since
the collection {£7;: a e Q} spans 57, it is impossible for .27~ to be
orthogonal to all the 7.

In our next lemma, we use the following idea. Let G be a locally
compact group and H< G a closed normal subgroup. Then G acts
as a transformation group of the topological space H by (g, \) —
g\, (g N (h)=N(g"hg), he H,ge G, n € H. This action is in fact jointly
continuous [7, Lemma 1]; but we shall need only the (easily estab-
lished) continuity of g — g-)\, \ fixed, in what follows.
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LEeMMA 2.3. Let G be a locally compact almost connected group,
HES G a compact normal subgroup, welrr (G). Then we can find
subspaces 57, a€ R, of ¥ = 57 (w), invariant and irreducible under
7|y, such that:

(i) sp{F:aecQ =257

(i) of N denotes the representation |, in the subspace SZ,, and
(N} its class in H, then Uweo (M} 9 a finite subset of H.

Proof. Since H is compact, we can always find a nonzero sub-
space of 57, say .9, invariant and irreducible under =|,. Let X\
denote the representation 7|, in 2% Now if ée .5 ge G, he H, then
T(h)7(9)é = m(9)w(g hg)é € w(g) 5¢; i.e., w(g).o7  is also invariant under
7|y. Let A, denote the representation 7|, in 7(g).2%C Note that it
follows from the irreducibility of = that sp {z(g9). 5% ge G} = S£4

Now consider the continuous map g — {g-A} of G into H. Since
H is compact, the space H is actually discrete [4, p. 322]. There-
fore the inverse image G, of {\}, G; ={geG:g9-Ax=)\}, is an open
subgroup of G. In particular G, = G,. Then G/G, is both compact
and discrete—so it’s finite. Choose a set of representatives g,, - -, ¢,
for the left cosets of G, in G.

It is a formality to check that & — 7(g)&, %~ — m(g) .57, is a unitary
intertwining operator for g-» and A,. Thereforeif g =g¢,9,,1 =17 = n,
9; € G,, the representation ), is equivalent to (g9;9,)+» = g;+(9:°N) =g+ .
Thus we may take for our subspaces the collection {7(g9). %" g € G}.
We have already seen that they satisfy (i); condition (ii) follows from
Usee {Kg} = Ui {gi'x}-

This completes the preliminary stages. We go on now to the
main argument.

Proof of Theorem 2.1. Let welrr (G) be given. Choose any K €
Z(G). Of course 7| is a direct sum of irreducible representations
of K. It follows from Lemmas 2.2 and 2.3 that there exist elements
{(\}eK,1<i<mn, and K-invariant subspaces 57, :--, 57, of 57 =
27 (m) such that 57 = @, 574 and every irreducible subrepresenta-
tion of 7| in 57 is equivalent to \;.

But )\; is finite-dimensional, say dim x; = m;. Thus \; is actually
a continuous homomorphism of K into the compact Lie group U(m;)
of unitary m; x m; matrices. Letting K; = kernel \;, we see that K/K;
is a compact Lie group.

Clearly 7|z, = I on the subspace 7. But K; may not be normal
in G, so we have to shrink it somewhat. Set G; = {geG:g-\; = \j}.
Exactly as in the proof of Lemma 2.3, one proves that G; is an open
subgroup of finite index in G. Moreover K; is normal in G;. Indeed
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let g€ G, ke K;. Then )N (97'kg) = (g-N;)(k) = I, since g-\; = \; and
K, depends only on the class of {)\;}.

Set K! = N,..0K:9™', a compact normal subgroup of G. Let
gy, ***, 9, denote a set of representatives for G/G;. Then, since G;
normalizes K;, it is a simple matter to verify that K! = N?%, g;K.97".
But K/K; is a Lie group and isomorphic to ¢;Kg;'/9;K;9;* = K/9;K.97".
Since the intersection is finite, it follows [14, p. 177] that K/K/ is
also a Lie group. But the fact that G/K and K/K] are both Lie
groups guarantees that G/K! is actually a Lie group [11, Theorem 7].

Thus for each 7,1 <4 < n, we have found K/, compact normal
in G, G/K; a Lie group, and 7|z, = I onS#. Let H =}, K/. Then
He #(G) and «|,; = I.

3. Smoothness in the dual. There are varying degreAes of
smoothness (mainly separation properties) that the dual space G may
possess. G Hausdorff is a strong imposition on G. It appears to force
G to be some kind of combination of compact and abelian groups
although the precise characterization is not known yet. However, we
can ask for a little less and, as we shall see, there are large collec-
tions of groups which are “type I” or even “CCR.” We show in this
section that G has either of the latter two properties if and only if

S
each G/H does also. First we need the following generalization of
Theorem 2.1.

THEOREM 3.1. Let G be a locally compact almost connected group.
Thewn for any weFac(G), there exists a compact normal subgroup
H< G such that w|,; = I and G/H 1s a Lie group.

Proof. Let Ke ¥ (G). Apply the argument used in the proof
of Lemma 2.3 to 7|gx. If we let .2 be any nonzero subspace of
577 = 27 (w), invariant and irreducible under 7|;, then on the G-
invariant subspace 57’ = sp {n(g) .5 ge G}, the representation |y
breaks up into a direct sum @7, c(i)\;, for some N € K, and some
cardinal numbers ¢(¢7). (Note the only place we used the irreducibility
of 7 in Lemma 2.3 was to conclude that o7’ = 52) Let ' ==
acting on 2#’. Then employing the reasoning in the proof of Theo-
rem 2.1, we conclude that there is HZ K, a compact normal sub-
group of G, such that G/H is a Lie group and «'|, = I.

But 7 is a factorial representation. Therefore it is quasi-equiva-
lent to any subrepresentation, 7w ~ 7’ [4, p. 106]. Hence there exist
cardinals «, B such that ar = pgn’ [4, p. 104]. Certainly #'|, = [ =
B |y =I1= axnl|, = 1. We can realize 57 (ar) = 97 () K C*, (an)(x) =
w(x) ® I, and so it follows that x|, = I as well. This completes the
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proof.

Before stating our next theorem we recall some definitions. G is
called CCR if for every weIrr(G) and f e L,(G), the operator z(f) is
compact. G is called type I if for every unitary representation 7 of
G, H(x) is a type 1 W+-algebra [4, pp. 338-9]. Of course CCR =
type I [4, p. 87], but not conversely. It has long been known that
for separable groups, G is type I for every =eFac(G), Z(n) is
type I. A more recent result of Sakai [16, Theorem 2] shows that
this is true for non-separable groups as well. (Sakai’s theorem also
shows that the collection of type I groups coincides with the collection
of GCR groups [4, §4.3.1 and §13.9.4], again whether G is separable
or not.)

THEOREM 3.2. Let G be a locally compact almost connected group.
Then G s type I (respectively CCR) if and only if G/H is type I
(respectively CCR) for every He A (G).

Proof. First suppose G is type I. Let He & and x, € Fac (G/H).
Set 7(g) = 7.(J4(9)), g€ G. It is clear that Z(n) = “Z(n,). Therefore
weFac (G) and H(x) = .#(w) is type I. It follows that G/H is a
type I group.

Conversely suppose G/H is type I for all He &~ It follows im-
mediately from Theorem 3.1 that for every = € Fac (G), .Z#(w) is type
I. So G is a type I group.

Next suppose G is CCR. Let He.” and 7w elrr (G/H). Again
setting 7w(9) =7,(J,(9)), g € G, we obtain a representation 7 € Irr (G). Let
Fe L(G/H) be arbitrary. Then choose f € L{G) so that F(j,(g)) =

flgh)dh. This choice is possible since f — F' is a (bounded) linear
7
map of L,(G) ornto L(G/H). Then we compute w(f) = gf(g)n(g)dg =
g g flgh)z(gh)dh dg = S F@(@)4dg = 7(F). Since G is CCR, it
[IIJH Gl

a

follows that =,(F) is a compact operator — G/H is also CCR.
Finally, let G/H be CCR for all He <&4. Then for any =« € Irr (G),

there exists He & such that #(9) = 7.(Jx(9)), 9 € G, for some =7, ¢

Irr (G/H). Let feL,(G). Then a computation similar to the above

shows 7(f) = 7, (F'), where F(g) = S flgh}dh, F e L (G/H). Therefore
H
7{(f) is compact and G is CCR.

4. Nilpotent radical and traceable groups. If H and K are
subgroups of a group G, we denote [H, K] = the subgroup of G gen-
erated by {zyx~'y:xe H,ye K}. Set G,=G'=|G, G], G, =[G._, G,_],
and G" = [G, G*']. G is called solvable (respectively nilpotent) if G,
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(respectively G*) is trivial for some finite » = 1. If G is a topologi-
cal group, it is well-known (and easily seen) that a subgroup H is
solvable (respectively nilpotent) — H is solvable (respectively nilpotent)
see e.g. [15, Theorem 1.10].

DEFINITION. Let G be a locally compact almost connected group.
The radical R = R(G) is the maximal connected solvable normal sub-
group of G. The group R does in fact exist [11, Theorem 15] and it
is clearly closed. Also R(G) = R(G,). G is called semisimple if R(G) is
trivial.

Our next result is a generalization of a theorem due to Dixmier.

THEOREM 4.1. Let G be a locally compat almost connected group.
Suppose that R(G) is wmilpotent. Then G 1is type I.

Proof. Since G/G, is compact, it suffices [12, Theorem 1] to show
that G, is type 1. Also R(G) = R(G,)=it is no loss of generality to
assume that G itself is connected. Then G/R(G) is semisimple and
R(G) is the unique connected normal solvable subgroup S < G such
that G/S is semisimple.

Now by Theorem 8.2, it suffices to show that for an arbitrary
He <~ (G), G/H is type I. So fix He < (Q),j = jg. Claim: j(B(G)) =
R(G/H). Indeed, j(R(®)) is a connected normal subgroup of G/H. In
addition, a homomorphic image of a solvable group is again solvable.
Therefore j(R(G)) & R(G/H). But j(R(G)) = R(G)H/H; hence the com-
pactness of H insures that j(R(G)) is closed in G/H. Denote R, =
J(R(@). Then (G/H)/R, = G/i(R) = [G/R(@]/[77(R)/R(G)]. But
G/R(G) is semisimple; and a factor group of a semisimple group is
semisimple [15, Theorem 38.7]. Therefore (G/H)/R, is semisimple. It
follows that R, = R(G/H).

A homomorphic image of a nilpotent group is also nilpotent.
Therefore R(G/H) must be nilpotent. But whenever a connected Lie
group has nilpotent radical, the group must be type I [5, Prop. 2.3].
Therefore G/H is type I.

Two special cases in which R is nilpotent are: (1) G is nilpotent
itself, and (2) G is semisimple. We can say somewhat more in these
cases, but first we formulate some general notions. Let G be almost
connected, He .~ (G). Then < (G/H) is injected into Cy(G) via wy:
(GIH) — C|(G), (0,F)(9) = F@§u(g)), g€ G. The Schwartz-Bruhat
space 7 (@) is the inductive limit & (G) = lim_;.» (2 (G/H), ;) (see
[1, p. 45]). More precisely, =7 (G) is the linear span of the subspaces
wy(=2(G/H)) with the strongest topology making all the maps wy
continuous.
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DEFINITION. G is called traceable if for every 7 € Irr (G) and every
e =2(G), the operator =n(f) = SG flo)m(9)dg is trace class and

f—Tra(f) is a distribution. The distribution 6.: f — Tr x( f) is called
the character of w. It depends only on the class of 7 in G.

Note G traceable implies G is CCR. Indeed 7(=(G)) < trace class
operators & compact operators. But & (G) is dense in L,(G),

NN = 1171

and the compact operators are closed in the operator norm = 7(L,(G)) =
compact operators. Traceable appears to be a stronger property than
CCR, but experience has shown that many CCR groups are indeed
traceable.

THEOREM 4.2. Let G be a connected locally compact group. Sup-
pose that G is either semisimple or wmilpotent. Then G is traceable.
If G is semisimple and we G, then 0. is actually a locally integrable

function, i.e., Tra(f) = Saf(g)«/fn(g)dg, f e 2(Q), where 4. L*(G).

Proof. Suppose first that G is a connected Lie group. If G is
semisimple, then all claims of the theorem are known and due to
Harish-Chandra [8, 9]. On the other hand if G is nilpotent, then
Dixmier [2, p. 78] has established the traceability of G.

In general now, let G be connected and either semisimple or nil-
potent. Let welrr (G). By Theorem 2.1 there exists H, € .27(G) such
that 7|,, = I. Nextlet f e &(G). Then there exists H,e ~7(G) such
that f is H,-invariant and f = w,(f),f € 2(G/H). Set H = H, N
H,e & (G). Writing § = j,4(9), f/@ = f(9), 72(§) = 7(9), we compute

n(f) = ng(g)ﬂ:(g)dg = SGIHf(g)nH(g)dg. But the factor group G/H must

be semisimple or nilpotent according as G is. Also fe < (G/H).
Therefore by the Lie group case w(f) is trace class. Moreover, it is
clear that 0.(f) = Trzn(f) is independent of the choice of He <~ (G)
such that 7|, = I and f is H-invariant. It remains to show that f —
0.(f), < (G) — C, is continuous.

Since /(@) = lim_, (2 (G/H), wy), it is enough to show 6. .w, is
continuous for all He <~ (G). In fact it suffices to prove that 0..w,
is continuous for all sufficiently small H. Therefore we fix He ¥
such that 7|, = I, and show that 6.-wy is continuous for all Ke &,
K< H. But it is a formality to check that O.cwx = 0., mx(1x(9)) =
7(g). Therefore (again by the Lie group case), 0., is continuous; and so
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we obtain the fact that 6, is a distribution.

Finally, suppose G is semisimple. Choosing He <(G) such that
Ty = I, T = jumty, we define +o(9) = v, (0x(9)), € G. It is straight-
forward to check that the function +. is independent of the choice
of H with these properties. Certainly «+. € L°*°(G). Moreover for any
fe=2(G), we can choose Ke & such that KS H and f is K-in-

variant. Then Trz(f) = Tr . (fx) = SGIKfK(gj)qu,,(g")dg = Saf(g)ﬂlfﬁ(g)dg-
This completes the proof.

REMARK. The same techniques as in the above proof show that
to extend Theorem 4.2 to the almost connected case, one need only
consider a Lie group G with finitely many components, [G: G,] < co.
Using the fact that an irreducible representation of G breaks up into
a direct sum of at most [G: G,] irreducible representations when re-
stricted to G, (a fact which can be justified by using the Mackey
machine for normal subgroups), one can show that welrr(G), fe
(@) = n(f) is trace class. I have not been able to prove that f—
Tr n(f) is continuous nor that in the semisimple case the character
is a function. More generally, I don’t know if a finite extension of
a traceable group need be traceable.

5. Topology and measure. In this section we give topological
and measure-theoretic interpretations of equation (1.3).

Suppose that X is a locally compact (but not necessarily Hausdorff)
topological space. As usual the Borel sets <#(X) constitute the
smallest o-algebra of subsets of X containing all open sets. It is
possible for a compact subset of X to be non-Borel. However, we
assume that every point of X has a neighborhood basis of compact
Borel sets. By a positive Radon measure on X we mean a map
p: Z(X)— [0, =] having the properties: (i) g is countably additive,
(ii) p(C) < e for every compact Borel set C, (iii) for every Y e & (X),
we have p{Y) = sup {¢(C): C S Y, C compact Borel}.

EXAMPLE. G = unimodular type I locally compact group, X = G,
¢ = the Plancherel measure p, (see [3]).

LEMMA 5.1. Let X be a locally compact space. Suppose that
{X,}aco 8 an increasing met of open subsets of X whose union equals
X. Assume that each X, carries a positive Radon measure f. such
that whenever X, & X;, we have |y, = tto. Then there exists a unique
positive Radon measure p on X such that pt|x, = fta, @ € 2.

Proof. Let Ye &#(X). For any Ce Z(X),C< Y, C compact,
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it must be true that C < X, some . Set p(Y) = sup. {¢4(C)}. Itis
a relatively straightforward mattter to check that g is the desired
measure (see [3, Lemma 16]).

We call ¢ the inductive limit of the g, and write g = lim_,.q fe.

LEMMA 5.2. Let G be a locally compact group, HZ= G a compact
normal subgroup. As usual jz: G — G/H 1is the canonical projection,

S
= Jx(G/H).
. A . A P A .
(i) Gy s an open-closed subset of G, and j,: G/IH—G,; is a
homeomorphism.

(i) Suppose in addition that G is unimodular and type I. Then
G/H has those properties also, and pgls, = tlu-

o s A - .. A
and jn: G/H— G is the adjoint map, Gy,

Proof. Let us first briefly recall how the topology on G may be
defined (see [6]). If 7eG and & =G is a subset, then 7e.5” if and
only if every continuous positive-definite function associated to = is
a uniform-on-compacta limit of continuous positive-definite functions
associated to .&”; more precisely, given £e 57 (n), M & G compact sub-
set, ¢ > 0, then there exists o€ .%, ne 57 (0) such that

[(m(9)&, 8 — (e@)n, NI <e, all geM.

(i) The fact that szg/?{a@H is a homeomorphism is well-
known and requires only that H is a closed normal subgroup. The
same is true of the fact that G, is closed, but I include a proof for
illustrative purposes. Of course G, = {re Gizly =1 }. Suppose we
@H)‘. Let he H be arbitrary. Then we can find a compact subset
M < G containing e, h. Let & be any vector in &7 () and set f(g) =
(m(9)&, &). Finally let ¢ > 0. Then there exists o€ G, and ne 57 (o)
such that [f(g) — (6(9)7, n)|<e,ge M. Sinceoe Gy, 0l = I. Setting
g = ¢ and then g = h, we obtain |f(h) — [|&]?| < 2¢. Since ¢ is arbi-
trary, f(h) = ||&l}, i.e., (w(R)E, &) = (&, &), &€ 27 (m). Therefore x(h) is
both unitary and positive = n(h) = I. Since he H was arbitrary,
Tly=I=mTc¢ Gy Using similar arguments, it is easy to show & &
6/?{ is closed @fH(LV ) S G, is closed. (We omit the details.)

We next prove that G, is also open. Unlike the previous situa-
tion, this requlres that H be a compact subgroup. We prove that
& =G -Gy, = {neG 7|y = I} is closed. Let we.”Z Choose a non-
zero vector &€ 57 () and select M = H itself. Lete > 0. Then there
exists oe . & ne 57 (o) such that |(m(h)E, &) — (o(h)y, n)| < &, he H.
Suppose that 7¢ .92 Then zw|, = I=|||¢|f — (e, )| < e, he H.

We claim that the operator S a(h)dh is the zero operator. Postponing
H
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the proof of that momentarily, we see that

0 < liglr = || etk = @tm, mian| = Jiiglr — @, ian <.

Since ¢ is arbitrary, this is a contradiction.
It remains to establish the claim. Since we will have use for it
again later, we state it as a separate

LEvMA 5.3. If 0eG and o, = I, theng a(hydh = 0.
H

Proof. If 0|y is irreducible, then this is an immediate consequ-
ence of the orthogonality relations for the compact group H (0|4 #
I—= 0|, is orthogonal to the identity representation). Otherwise ¢/, =

@®;0;, 6, H. Since Sa(h)dh = @ﬂgoﬂ(h)dh, it’s enough to show that
the identity representation does not occur as an irreducible constituent
of o|;. But if there is e 57(0), & # 0, 6(h)é = &, he H, then

a(h)o(9)é = o(9)o(97'hg)é = 0(9)é,9€ G, he H .

Since ¢ is an irreducible representation of G, & must be a cyclic vector
=o(h)n =7, all ne 57 (o), he H, a contradiction to the original assump-
tion o, #= I. This completes the proof of Lemma 5.3 and part (i)
of Lemma 5.2.

(i) If G is type I, then sois G/H (the argument is a duplication
of the first paragraph in the proof of Theorem 3.2). Also G unimodular
and H compact normal = G/H is unimodular. Finally we show that
toloy =t Let Fe L(G/H) N L(G/H), and set f(g) = F(@), g€ G,
g = Ju(9). Certainly fe L(G)N L{G), and f is right H-invariant.
Suppose 7€ G and & ne 57(x). Then

(57 = | F@)E0)E g
= || faatans nandg
GIHJH
~ | F@dg| @we zaman .
Gl b4
Therefore if 726:‘@1,, ie.,, @y # 1, Lt followAs from Lemma 5.3 that
w(f) = 0. On the other hand if 7€ G,, 7 = jymy,, then n(f) = 7, (F).
We apply the Plancherel formula (1.1) to G/H and then to G.
First
|, F@dg = | - Tr 7, (F) 50 (F)ldpton(m) -
GlH GlH

Then we also have
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[, |F@rag = |70 tdg = | Tr (=) m(ldpra(m)
= |, Tr = = )dp)
T EG) =)o)

H

- SaHTr [T (F)* 7 (F)]d ()

Since Fe L,(G/H) N Ly(G/H) was arbitrary, it follows from the unique-
ness of the Plancherel measure that p.lz, = teu-

We can now state the main result of this section.

THEOREM 5.4. Let G be a locally compact almost connected group.

(i) G= llmHef G/H topologically in the semse that the maps
Tt 6/?{—»(7' are homeomorphisms onto open-closed subsets, the collec-
tion of which forms an increasing met whose union s G.

(i) Suppose in addition that G is unimodular and type I. Then
Ue = 1i1'_1)1He:/ Uarme

Proof. (i) This follows immediately from Lemma 5.2 and Theo-
rem 2.1.

(i) Suppose that K & H, both in &~ (G), so that G,, < @K. Then
G/H = (G/K)/(H/K). By Lemma 5.2, C{/?I (which is homeomorphic to
GH) is also homeomorphic to an open subset Z¥ = C{/EH,K of G//E (the
latter being homeomorphic to GK). In addition ptex|, = ftgz- There-
fore we may apply Lemma 5.1. The conclusion is that there is a
unique positive Radon measure p = limy. . tt,,, such that x|s, = ttou,
He & But, again by Lemma 5.2:_;%, is a positive Radon measure
on G such that Polby = Mo, He . Hence p = pt, and we are done.

REMARK. It is easily checked that (i) forces G to be the ordinary
S
topological inductive limit of the G/H; that is, the dual topology on
A~ ~ A~
G is the strongest which makes all the maps j,: G/H — G continuous.

6. Appendix—semisimple groups. In §5 we showed how to
obtain the Plancherel measure for an almost connected group as an
inductive limit of Plancherel measures for Lie groups. We indicate
here how, for semisimple groups, the representation theory and
Plancherel measure can be constructed in terms of the “parameters”
of the group itself.

LEMMA 6.1. Let G be a connected semisimple group. Suppose
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that 2 = the maximal compact normal subgroup of G. Let Z = the
centralizer of Q in G and G, = Z, Then:

(ii) G, and 2 commute;

(ili) G, s a closed mormal subgroup of G which is conmnected,
semisimple, and finite-dimensional.

Proof. It is known that G has maximal compact subgroups and
that they are all conjugate [11, Theorem 13]. Therefore the inter-
section of all of them yields the maximal compact normal subgroup
Q. It is clear that 2 is the largest element of &2(G).

(i) is an immediate consequence of a theorem of Iwasawa (see,
e.g., [15, Theorem 1.4]). (ii) is obvious. In (iii), the fact that G,
is closed, normal and connected is clear. Moreover, since any normal
subgroup of @, is normal in G, it follows that G, is semisimple.
Finally, H = G, N 2 is abelian and normal in G; therefore it is totally-
disconnected (zero-dimensional). Moreover G/2 = G2/Q2= G,/H is a
Lie group. This is, G, is finite-dimensional. Actually, it’s not hard
to show that properties (i)-(iii) characterize G, uniquely.

Set K={(h,h):he H=G, N 2. Then G = (G, x Q)/K and G =
(G, x Qi = (@1 X Q)K; so it is reasonable to restrict our attention to
the finite-dimensional case.

Let G be connected, semisimple, and finite-dimensional. Then
there is H < G, a compact, totally-disconnected normal subgroup such
that G/H is a Lie group. Since G is connected, H & Z, = Center (G).
Therefore G/Z, is also a Lie group. Let g = its Lie algebra. One
checks easily that G/Z, is a connected semisimple Lie group with no
center; therefore G/Z, = Int g = the adjoint group of g. The canoni-
cal projection G — G/Z; may thus be considered to be the “adjoint
representation” Ad: G—Intg. We can now develop the structure
theory of G exactly as in the Lie group case. For example, let &g
be a Cartan subalgebra. Then C = the centralizer of vy in G = {ge
G: Ad g(X) = X, Xeyp} is called a Cartan subgroup. Let us now make
the additional assumption that Z; is compact. This is analogous to
the usual assumption of finite center in the Lie group case. One also
needs to make a technical assumption corresponding to Harish-Chanda’s
concept of acceptability [9, p. 484], but we shall not elaborate on that
here. Then we can carry through Harish-Chandra’s entire theory for
semisimple Lie groups. Briefly, it goes as follows.

Suppose g =t + q is a Cartan decomposition. Then there is a
maximal compact subgroup K of G such that Ad (K) has f as Lie
algebra. G has a discrete series (i.e., a family of square-integrable
irreducible unitary representations) if and only if there is a Cartan
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subalgebra y & f. In that case, the corresponding Cartan subgroup
C < K is compact, connected, abelian, and finite-dimensional. The
discrete series is parameterized roughly by the charaters of C. € of
course is a discrete space, but actually there is still an inductive limit
buried in it. In fact C, being a finite-dimensional, compact, connected,
abelian group, is a projective limit of tori (of bounded dimension).
Taking the dual, we see that C is an inductive limit of lattice groups
(again of bounded dimension).

We now describe how to obtain the continuous (or principal) series.
A subgroup P< G is called parabolic if it is closed, p = Lie algebra
of Ad (P) is parabolic (i.e., its complexification contains a maximal
solvable subalgebra of the complexification of g), and P = normalizer
P ={geG:Adg(X)ep, Xep}. Exactly as in the Lie case one obtains
a Langlands decomposition P = MAN where N is a connected, simply-
connected nilpotent group, A is a vector group, and M is a finite-
dimensional reductive (i.e., m = Lie algebra of Ad (M) is reductive)
group. P is called cuspidal if M contains a compact Cartan subgroup
B (i.e., if there is b & m, a Cartan subalgebra such that B = {me
M: Ad m(X) = X, Xeb} is compact). In that case C = BA is a Cartan
subgroup of G; in fact, y = Lie algebra of Ad (C) is a Cartan sub-
algebra of g and C = centralizer ().

Two parabolics P, P, are called associate if the corresponding
Cartan subalgebras v,, v, are conjugate (under G or Int g). The number
of associativity classes is finite, and for each we get a distinct family
of continuous series representations as follows: take A in the discrete
series of M, ve A, and form Ind%~, v(man) = v(a)\{m). The discrete
series of the reductive group M is somewhat complicated since M is
disconnected in general. It can be worked out using arguments similar
to those in [13, §4], where the corresponding problem for Lie groups
was solved. In any event, exactly as in the Lie case, the Plancherel
measure lives on these series and can be computed quite explicitly.
The precise result is in complete analogy with Harish-Chandra’s for-
mula for semisimple Lie groups [10, p. 545].
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