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ON EXTENDING ISOTOPIES

WiLLiaM H. CUTLER

Let K be a locally compact metric space. An <sotopy
on K is a continuous family of homeomorphisms h;: K— K
for te I such that h, =id. Let _# (K) denote the space of
isotopies of K with C — 0 topology. Conjecture: Let X be
metric and Y a closed subset of X. Then every map f: Y —
_¥# (K) can be continuously extended to X. The conjecture
is proved for the following cases: (1)K is a l-complex, (2)K
is compact and X is finite-dimensional, (3)K is compact, Y is
compact and finite-dimensional, and X is separable, and (4)Y is
of type 1 in a compact space X. Y is of type 1 in X if the
closure of the set of points of X which do not have a unique
closest point in Y does not intersect Y.

1. Introduction. Let K be a topological space. An isotopy on
K is a continuous family, for te I, of homeomorphisms #k,;: K— K
such that %, = id. The isotopy is invertible if g, = (h,)™' is also an
isotopy (i.e., is continuous in #). Invertible isotopies can be thought
of as level-preserving homeomorphisms of K x I onto itself which
are the identity on K x {0}. Throughout the paper, K will be
locally compact and metric, so all isotopies on K will automatically
be invertible. We will denote the space of isotopies on K with
C — 0 topology by 7 (K). We will discuss the following:

Conjecture. Let K be locally compact and metric. Let X be
metric and let Y be a closed subset of X. Then every map ®: Y —
Z(K) can be continuously extended to X.

It should be noted that this conjecture is equivalent to saying
that _#(K) is an absolute retract for metric spaces. The following
theorem states the conjecture for several special cases:

THEOREM. The conjecture is true in the following cases:

(1) K is a one-dimensional simplicial complex (for example,
R, S, or I)

(2) K 1is compact, X is finite-dimensional

(3) K 1is compact, Y 1is finite-dimensional and compact, and X
1s separable.

(4) X is compact and Y is of type 1 in X.

The last case is an easy result, the definition of type being as
follows: Let Y be a closed subset of X. Define H(Y) = {xc X |2 does
not have a unique closest point in Y}. Let Y,=H(Y)NY, Y, =
Y...NHY,.,) for n =2,3, ---.
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If Y= @, then we say Y is of type 1 in X. If Y, = @ but
Y,.#* @, we say Y is of type n in X. Finally, if all Y, are
nonempty, we say that Y is of infinite type in X. There is probably
an inductive argument to show that sets of finite type in compact
spaces satisfy the conjecture, but sets of infinite type are not un-
common, for instance, the Cantor set in I.

The proof of Part (4) of the Theorem is contained in § 2. The
proofs of (1)-(3) are similar to the proof of the Tietze Extension Theorem,
an idea suggested to the author by R. D. Anderson, and are con-
tained in later sections.

2. Proof of Part (4). Let ¢: Y —_Z(K) be continuous. Let
U be an open set containing H(Y) such that UNY = @. Let
f: X—1I be a continuous function such that f(U) = 0 and f(Y) = 1.
If h: K— K is an isotopy, let sh: K— K for sel be the isotopy
defined by

s, =h, for t<s
s, =h, for t=s.

Define g: X — H(Y)— Y by g¢(x) is the unique closest point of Y
to 2. Using compactness of X, it is easy to show that ¢ is
continuous.

Finally, define @: X — _#(K) by 9(x) = ;,?(9(x)), on X — H(Y),
and @(x) is the identity isotopy on H(Y). @ is easily seen to be
continuous and equals @ on Y.

3. Proof of Part (1). Let ¢: Y — _#(K) be continuous, where
K is a 1-complex. Let K’ be the set of vertices of K which do not
intersect exactly two l-simplices. Then any isotopy of K is fixed on
K’. Also, K — K’ is the disjoint union of sets homeomorphic to R'
or S'. Hence we can restrict ourselves to isotopies on these spaces.
Furthermore, 7 (R') is naturally homeomorphic to #(I). We will
prove Part (1) for K =1, and it will be clear that the proof
generalizes to K = S* by the covering space of S', and hence to K
a l-complex.

Let ;f,e #(I) for 1 =1,2,---,m, and let s;€I be such that
S rs; = 1. Define the s;-average of the isotopies ;f, to be the isotopy
fuw) = S, s; . fu(x) for xel, tel. It is easy to see that f,(x) is an
isotopy, and furthermore, that

(*) max d(fs, i) = max d(:fey ife) -

Here d denotes the sup metric on _#(K) inherited from K since K is
compact. It will also be used to denote the metric on X.
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We will inductively define continuous functions @,: X — _#(K)
satisfying:

(a) for yeY, d(p.(Y), p(Y)) < 1/2"

(b) for 4,5 =mn, xe X such that d(z, Y) =1/n, then @,(x) = p;(z)

(c) AP, Puy) <1270
If we can do the above, then @ = lim,_,., @, is the required extension.
It is equal to # on Y by (a), it converges on X — Y by (b), and
it is continuous on Y by (c).

Suppose we have inductively defined the @, satisfying the above
for i <n — 1. We will define #, as follows.

Let 0,: Y — _#(K) be defined by 9.(y) = 2¥)o(@._.{y)*. It is
understood that the composition of isotopies is at each level the
composition of the homeomorphisms at the same level.) Then
A(D.(y), id) = d(P(y), Pns(y)) < 1/2"7" by (a).

Let g: Y— (0,1] be a continuous function such that if given
Y, ¥.€Y and xe€ X such that d(y, ) < gy) and d(y., ) < g(¥,),
then d(?,(y.), D.(y,)) < 1/2". Such a ¢ is easily constructed using
continuity of @,.

Let N,(A) denote the open d-neighborhood of the set A. Let
& = {N,w¥) N Nyn(Y) |ye Y}U{X — Y}. & is an open cover of
X. Since X is paracompact, let &’ be a locally finite refinement of
&. For each ue &, associate at element f,e 7 (K) as follows: If
uCcX—Y, then f, =id. If wc N,,(y) for some yeY, then
fu= 0., (y). Let {S,: X— I} be a partition of unity of &’.

We will define @,: X— . _#(K) as follows. Pick ze X. Let
Uy, ***, U, be the elements of =’ such that S,,(x) #0fori =1, -+, m.

Define @,(x) to be the s,-average of the isotopies f, and let
P (x) = OL(x)op,_.(x). By construction of the cover &, if y, y,€ Y
and ze X and {z,y}c UeZ’ and {z,v.)cC U,e%’, then d(9,(y),
?,(y,)) < 1/2*, hence by (*), d(?.(y), ®.(y)) < 1/2" for ye Y. In addi-
tion, since d(9,(y),id) < 1/2"%, it follows that d(9,(x),id) < 1/2~"
for xe X. Hence for ye Y, d(®.(y), P(w) = d(@,(y), D.(y)) < 1/2" and
APy Pu_r) = A(D)(x), id) < 1/2'. That part (b) of the inductive
hypothesis also holds is trivial.

4. Composition sequences. Let K be a compact matric space.
A composition sequence of isotopies of K is a finite collection
{; S+, 8i}i<n Of isotopies ;f;: K — K and numbers s; € I such that > s; = 1.
The composition of {,fi, 8;}i<. is an isotopy fi: K— K defined as
follows:

Let p,, = >\s; for m < n.

If p, <t < pn... and 2€ K, then

fi(@) = m+lft(x)°m+1f1;_,,t(x)omff'm(x)° cee °2fp2(w)°2fp_ll(x)°1fp1(x) .
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We will now need several technical lemmas about composition
sequences

LEMMA 1. Let {.f,, si}i<n be @ composition sequence satisfying
d(;f,, 1d) < e. Then the composition f, satisfies d(f,, id) < 2ne.

Proof. Trivial.

LEMMA 2. Let foe #(K) and let ¢ > 0. Then there exists a
0> 0 such that for 0 < s <t <1, and x,yc K such that d(x,y) < 0,
then d(f7 (), £7H(y) <&, d(fu@), fu(y) <& and d(fiof (@), fof T () <e.

Proof. Easy to verify using compactness of K and I.

LEMMA 3. Given € >0 and f,€ Z(K). Then there exists a
0> 0 such that if g,€ 7 (K) satisfies d(f:, g.) <9, then d(fi, 97! <e.

Proof. Again easy, using compactness of K and I.

LEMMA 4. Given f,e 7 (K), there ewists a function l:(0,1] —
(0,11 such that for any e€(0,1], g.€ A (K), »,yc K such that
a(f, 9.) < le) and d(x,y) < l(e) and 0 < s =t =<1, then

A(fiofH (@), 9007 (W) < €.

Proof.  d(fiof (@), 9097 (Y) = d(foof (@), fiof T (Y) + d(fiofT(y),
feo97 (W) + d(fi097' (), 9:097'(y)). The first term is minimized by
Lemma 2, the second by Lemma 3 and uniform continuity of f,, and
the third is minimized by I(¢).

LEMMA 5. Let f,e Z(K) and let ¢ >0 and n be an integer.
Then there ewxists a 0 > 0 such that if {ig., Sili<a S @ composition
sequence such that d(g., f,) <0 for all © < n, then the composition
9. satisfies d(g,, f,) < e.

Proof. Let 0 = I"(e) (the composition of »n Is) where [ is the
function of Lemma 4.

5. Proofs of Parts (2) and (3). We will now prove Part (2)
in a fashion analogous to that of Part (1). Let ¢: Y— _7(K) be
continuous, where K is compact and dim () = % — 1. We will in-
ductively define functions ®,.: X — 7 (K) satisfying:

(a) for yeY, de.(v), P(y) <1/2,
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(b) for 4,7=m and xe€ X such that d(z, Y) = 1/m, @;z) =
Pi(®)

(€) APy Pu_r) < 2m/2m7
Again, define 9,(y) = @) (P._.(¥) "

Let ¢g: Y —(0,1] be a function such that if x,, .-, 2, are points
of X such that d(x;, y) < g(y) for some y€ Y and all 4 < n, then any
composition f, of the isotopies @,(x;) satisfies d(f:, @.(y)) < 1/2".
Such a function is constructed using Lemma 4 and the continuity
of @,.

We now take a cover & of X as sets of the form {N,, N
Np(Y)|ye Y} U{X — Y} as in §3. Take a refinement or order
# — 1 (see Theorem V 1, p. 48 of [2]), call it &’. Order the
elements of &/, take a portion of unity, and define @,: X — _#(K)
by using compositions instead of s;-averages. Letting o,(x) =
O, (x)op,_(x) as before, the inductive hypotheses are again met.
Note that (¢), d(®,., Pn_r) < 2n/2™" follows from Lemma 1.

Part (8) follows as a corollary of (2). Since X is separable, it
may be imbedded in an endslice of the Hilbert cube Q. Call the
imbedding 4. Since Y is compact, #(Y) is closed, and hence a Z-set
in the cube. If Y has dimension #, it may also be imbedded in
I***') call the imbedding j. Then 4(Y) and j(Y) are Z-sets in the
cube. By [1] there exists a homeomorphism #: @ — I*"™ x @ such
that & |4(Y) is onto j(Y) x {0}.

By Part (2), we can extend the map @o(hoi)™ on (hoi)(Y) to
I**"*x{0}. There is then a natural extension to I***' X @ and hence
to (hoi)(x).
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