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(KE)-DOMAINS

SURJEET SINGH

A commutative ring R is said to have the (K)-property
if for each of its proper ideals A, there exists an ideal A/,
such that AA’ is a nonzero principal ideal of R. A domain
D with unity 1+ 0 is said to be a (KE)-domain, if each of
its ideals A, considered as a ring, has the (K)-property. The
concept of a (KE)-domain had been studied earlier by the
author and R. Kumar. In this paper injective modules and
flat modules are studied and characterizations of (KE)-
domains in terms of these modules are established. Finally
the problem of embedding of a (K )-domain in 2’(9), the p-
adic completion (p a prime number) of the ring Z of integers,
is studied.

In [11], the concept of a (KE)-domain was introduced and a
structure theorem for the same was established. The study of (KE)-
domains was continued in [12], in which, their characterizations in
terms of Dedekind domains, Priifer domains and generalized Krull
domains were proved. The present paper is also concerned with the
study of (KE)-domains and it contains some further characterizations.
Let D be a domain with unity 1 = 0. For any proper ideal A of D,
let A* denote the subring of D generated by AU{l}. In §1, we
study injective modules and prove that, if a proper ideal A of a do-
main D is such that A* is Noetherian and every injective D-module
is injective as an A*-module, then D = A*(Theorem 2). This theorem
yields a characterization of (KFE)-domains given in Theorem 3. In
§3, we study flat modules and prove that a domain D is a (KE)-
domain if and only if it is a flat A*-module for each of its proper
ideals A (Theorem 6). Theorem 2 in [12] is deduced as a corollary
to Theorem 6. The other important result in §2 is Theorem 5.
Example 1 shows that if a domain D is a fiat A*-module for some
proper ideal A, it need not equal A*. Let Z be the ring of integers
and p any prime number; it was shown in [11, Example 4] that Zimys
the p-adic completion of the quotient ring Z,, is a (KE)-domain. In
§ 3, we prove that Zm is a maximal (KE)-domain, in the sense that,
if D is any (KE)-domain, different from its quotient field, such that
some prime number p is not invertible in it, then D is embeddable
in Z, (Theorem 8). Other results of interest are Proposition 1,
Lemma 13, and Theorem 9. The notations and terminology are es-
sentially the same as in [10, 11], except that, all rings considered
here are with unity 1 - 0, all modules are unital, and by a proper
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prime ideal of a ring R is meant a prime ideal different from both
(0) and R.

1. Injective modules. A ring R (not necessarily with unity) is
said to have the (K)-property if for each of its proper ideals A, there
exists an ideal A’ of R, such that AA’ is a nonzero principal ideal
of R [11]. A domain D is said to be a (KE)-domain if each of its
ideals A, considered as a ring, has the (K)-property [11, Definition 3].
For any domain D (not necessarily with unity) having F as its quo-
tient field, let D* denote the subring of F generated by D U {1},
where 1 is the unity of F. The following lemmas, which we state
without proof, were proved in [11, Lemma 1 and Theorem 13].

LEMMA 1. A domain D (not mecessarily with wunity) has the
(K)-property if and only if D* is a Dedekind domain.

LEMMA 2. A proper ideal A of a domain D (with unity) has the
(K)-property if and only if D = A* and D is a Dedekind domain.

The following lemma is an immediate consequence of the above
lemmas.

LEMMA 3. A domain D is a (KE)-domain if and only if it is
a Dedekind domain and for each of its proper ideals A, A* = D.

For the definitions and fundamental properties of injective modules
the reader may refer to Tsai-Chi-Te [13]. A ring R is said to be
self-injective ring, if R, is an injective module. We now establish
the following.

ProposiTiON 1. A domain D is a (KE)-domain if and only if
D = A* for each of its proper ideals A.

Proof. “Only if” follows from Lemma 3.

Suppose that for every ideal A of D, we have D = A*. Since
D/A = A*|A = Z/(n) for some n > 0 and Z/(n) is Noetherian, we get
that D is Noetherian. Consider any proper prime ideal P of D.
Then D/P = P*/P is either isomorphic to Z or to Z/(p), for some
prime number p. In the former case, for every k(== 0)e Z, kl¢ P;
consequently k1 ¢ P* and D/P* = (P%*/P* = Z. This gives that P* is
a prime ideal of D: this is not possible in a Noetherian domain.
Hence D/P = Z/(p), for some prime number p and hence for every
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proper ideal A of D, D/A = Z/(n) for some n > 2. Thus every proper
homomorphic image of D is self-injective, since every proper homo-
morphic image of Z is self-injective. Hence by Levy [6], D is a
Dedekind domain. Hence by Lemma 3, D is a (KE)-domain.

LEMMA 4. Let D be a domain and A be a proper ideal of D.
Then A* 1s Noetherian if and only if D is Noetherian and a finite
A*-module.

Proof. Let A* be Noetherian. Suppose to the contrary that D
is not a finite A*-module. Then there exists a denumerable subset
S={b:1=1,2, ---} of D such that the A*-submodule of D gener-
ated by S cannot be generated by a finite subset of S. Choose a
(# 0)e A. As A* is Noetherian and Sa c A*, there exists a positive
integer n such that the ideal of A* generated by the elements b,a
(1< i< m) is the same as that generated by Sa. This yields that
for each 1> n + 1, ba = >, a;;b,a for some a;;€ A*, and hence
b; = >, a;;b;. Consequently the finitely many elements b,(1 <7< n)
generate the A*-submodule of D generated by S; this gives a con-
tradiction. Hence D is a finite A*-module. It is now immediate that
D is Noetherian, since A* is Noetherian. The converse follows by
Eakin [5, Theorem 2]. Finally, the second part is an immediate
consequence of [14, Chap. V, p. 255].

If S is a subring of a ring R such that it contains the unity
element of R, then every R-module can be regarded as an S-module
in a natural way. In the following lemmas, D will be a domain having
a proper ideal A, such that A* is Noetherian and every injective D-
module is injective as an A*-module. For any D-module M E (M)
and E’(M) will denote its D-injective hull and A*-injective hull
respectively.

LEMMA 5. Ewvery indecomposable injective D-module s an inde-
composable injective A*-module.

Proof. Let M be an indecomposable injective D-module. By the
hypothesis M is also an injective A*-module. Let M = M, @ M, for
some A*-submodules Mz = 1,2). As M, is an injective A*-module,
it is a divisible A*-module. Consider b(s 0)e D. Choose a(+ 0) e A.
As abe A and ab == 0, M, = M,ab. This implies that M, = M,b and
M, is a D-submodule of M. Similarly M, is a D-submodule of M.
Hence M, = (0) or M, = (0). This proves the lemma.

LEMMA 6. Let M and N be any two divisible D-modules. Then:
(i) Any A*-homomorphism of M into N is a D-homomorphism,



564 SURJEET SINGH

(ii) M and N are isomorphic as D-modules if and only if they
are isomorphic as A*-modules.
(iii) Hom,(M, M) = Hom (M, M).

Proof. Let o: M— N be any A*-homomorphism. Let xe M and
b(s~ 0)e D. Choose a(s 0)c A. Then abe A*. As M is a divisible
D-module there exists y., M such that * = ya. Then xb = yab and
o(xb) = o(yab) = o(y)ab = o(x)b. Hence o is a D-homomorphism (ii)
and (iii) are immediate consequences of (i).

We need the following two results due to Matlis [7], which we
state without proof.

PROPOSITION 2. Let R be a commutative Noetherian ring. Then
there exists a one-to-one correspondence between the prime ideals P(+# R)
of R and the indecomposable injective R-modules, given by P— E(R|P),
where E(M) denotes the injective hull of any R-module M. If Q s
an trreducible P-primary ideal, then E(R/P) = E(R/Q).

THEOREM 1. With the same mnotation as inm Proposition 2, let
E = E(R/P) be an indecomposadble injective R-module and

H = Homgy(E, E) .

Then H 1is tsomorphic to RPL the PRy-adic completion of Rp. More
precisely, E is a faithfull Rpo-module and each R-endgmwphism of
E can be realized by multiplication by an element of Rp.

‘We now prove the following.

LEMMA 7. P— PN A* is a ome-to-one correspondence between
proper prime ideals P of D and proper prime ideals of A¥*.

Proof. By Lemma 4, D is Noetherian. Thus by Proposition 2,
P — E(R/P) is a one-to-one correspondence between the prime ideals
P of D and the indecomposable injective D-modules. By Lemma 5
E(D/P) = E'(A*/A* N P), the A*-injective hull of A*/A* N P. From
Proposition 2 and Lemma 6 we get that P— A*NP is a one-to-one
mapping of the set of all prime ideals P of D into the set of all prime
ideals of A*. By Lemma 4, D is integral over A*. Therefore given
a prime ideal P’ of A*, there exists a prime ideal P of D such that
PN A* = P’ [14, p. 223, Theorem 3]. This completes the proof.

LEMMA 8. Let P be a proper prime ideal of D. There exists a
one-to-one inclusion preserving correspondence between the P-primary
ideals of D and the PN A*-primary ideals of A*. Further for any
irreducible P-primary tdeal Q of D, the corresponding primary ideal
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of A* is A* N Q.

Proof. Consider E = E(D/P) = E'(A*/A* N P). By Lemma 6,
Hom}(E, E) = Hom,(E, E). It follows from Theorem 1 that there exists
an isomorphism ¢ of D, onto A%, where P’ = P A*, such that
for any de D, and ze E, od = xo(d). By Cohen [3, Theorem 2], for
any local ring (R, M), if R is the completion of R, then M = MR is
the unique maximal ideal of R and Q — QR is a one-to-one corre-
spondence between the M-primary ideals Q of R and the M-primary
ideals of B. Thus Q — QD, is a one-to-one correspondence between
the P-primary ideals Q of D and PD,-primary ideals of D,. For any
Pprimary ideal Q of D, o(QD,) N A* is a P’-primary ideal of A*,
and Q — o(QD,) N A* is a one-to-one correspondence between the P-
primary ideals @ of D, and P’-primary ideals of A*. Let @ be an
irreducible P-primary ideal of D. By Matlis [7, Lemma 32], there
exists € £ for which ann,(z) = Q. Then annj,(x) = QD, and
annj%(v) = 0(QD,), so that ann,.(z) = U(Qﬁp) N A*. At the same time
ann.(x) = annp(x) N A* = @ N A*. This shows that

QN A* = a(QD,) n A* .

Hence the lemma follows.

THEOREM 2. If A is any proper ideal of a domain D such that
A* is Noetherian and every injective D-module is an injective A*-
module then D = A*.

Proof. Let A = P be a prime ideal. Then either P*/P = Z/(p),
for some prime number p or P*/P=Z. Now E(D/P)= E(P*/P)
implies that D, = P;. From this we obtain that the quotient field
of D/P is isomorphic to the quotient field of P*/P. If P*/P = Z/(p),
then D/P = Z/(p) = P*/P and D = P*. If P*/P=Z, then the
quotient field of D/P is isomorphic to the field R of rational numbers.
Since every overring of Z, contained in R, is of the type Z;, we get
that D/P = Z; for some multiplicative subset S of Z. It follows
from Lemma 4, that D/P is integral over P*/P. However Z is
integrally closed in R. Consequently D/P =~ P*/P = Z. Since Z has
no proper subring containing 1, we get that D = P* = A*.

Suppose that A is not a prime ideal. Then A = N, Q; for some
irreducible ideals Q; of D such that N;.; Q; Z Q; for every 7. Now

(1) A=AnA =Y @na.

Suppose that A is a prime ideal of A*. Then (1) yields that
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A = Q;N A* for some 7 and Q; N A* C @; N A* for every j. In view of
Lemmas 6(1), Tand 8, t =1, A = Q. N A* and Q, is a prime ideal of D,
since A is a prime ideal of A*. Thus A = Q, is a prime ideal of D.
This is a contradiction. Hence A is not a prime ideal of A*. Con-
sequently A*/A = Z/(n), for some composite integer » > 2. Since in
Z|(n) every prime ideal different from Z/(n) is a maximal ideal of
Z/(n), the prime radical of @; N A* in A* is a maximal ideal of A.
Then by Lemma 7, the prime radical of @; in D is a maximal ideal
of D. Further, since in Z/(n) any family of primary ideals, which
have common radical, is totally ordered and by Lemmas 6(i), 7 and 8,
Q:N A*z Q; N A* for ¢ # j, we get that the prime radical of these
Q; are all distinct and maximal. Thus A = N{, @; is an irredundant
decomposition of A into primary ideals. Let n = pipg2 --- pZ be the
factorization of 7 into distinct prime powers. It is immediate that
t = u, and we can arrange the @/ in such a way that (@;NA*)/A =
(p%)/(n). Now by Zariski and Samuel [14, p. 178. Theorem 32],
D/A =@ >\, D/Q;. Further

D/Q; = Dy,/Q.Dy, = Dy /QDy, = AL |QAS, = A*/Q;,

where M = M;NA* and Q) = Q; N A*: as A*/Q; = Z/(p§), it follows
that D/A = @ Si., Z/(py) = Z/(n). Thus the additive group of D/A
is cyeclic and is generated by its unity. Hence A* = D. This proves
the theorem.

REMARK. In the above theorem, it can be easily seen from the
proof that it is enough to assume that every indecomposable injective
D-module is A*-injective. However in that case a simple application
of a theorem due to Matlis [7] yields that every injective D-module
is an injective A*-module. Proposition 1 and the above theorem im-
mediately yield the following characterization of a (KE)-domain.

THEOREM 3. A domain D is a (KE)-domain if and only if for
each of its proper ideals A, A* is a Noetherian ring and every in-
jective D-module s an injective A*-module.

2. Flat modules. For definitions and some well known results
on flat modules the reader may see Bourbaki [2]. Let D be a domain
having K as its quotient field. By an overring of D, we mean any
domain D’ such that DcD’c K. In [8], Richman studied those
overdomains of a domain D which are flat as D-modules. The
following theorem which we state without proof was proved by
Richman.

THEOREM 4. Let D’ be an over domain of a domain D. Then
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D' is a flat D-module if and only if Dy = D ynp for all maximal
ideals M of D'.

Let us recall from [11] that a ring R is said to have dimension
n, if it contains a chain P,< P, < P, < +++ < P,(#+ R) of prime
ideals, but it contains no such chain of greater length.

LEMMA 9. Let P be a proper prime ideal of a domain D such
that for every momzero primary ideal Q of D contained im P (not
necessarily a P-primary ideal), D is a flat @*-module. Then:

(i) Height P< 2.

(ii) If P s not a minimal proper prime ideal, them P s «a
maximal ideal.

(iii) There exists a P-primary ideal Q@ # P.

Proof. Suppose that P is not a minimal prime ideal. Then there
exists a proper prime ideal P’ < P. Let M be a maximal ideal of
D containing P. Since by the hypothesis, D is a flat P’*-module,
Theorem 4 yields that D, = (P)%. . Since (P)*/P' = Z/(n) for
some 7 and dim Z/(n) < 1, we have dim (P’)*/P’ < 1: thus

dim D/P’ < 1.

It follows that there exists no prime ideal of D properly between P’
and M. Consequently M = P. By considering P’ instead of P, we
also get that P’ is a minimal prime. Hence height P < 2. This
proves (i) and (ii).

Let P be a minimal prime ideal of D. The contraction in D of
any proper ideal of D,, not equal to PD, is a P-primary ideal of D
different from P. Now let P be not a minimal prime ideal. Then
there exists a proper prime ideal P’ < P. By (i) Dy/P’'D, is a one
dimensional domain. Choose any proper ideal T/P'D, of D./PD,,
not equal to its maximal ideal, then the contraction of 7 in D is a
P-primary ideal of D, not equal to P. This proves (iii).

LEMMA 10. Let P be a proper prime ideal of D, satisfying the
hypothesis of Lemma 9. Then P* = D, P*/P = Z/(p), for some prime
number p, and P is a maximal ideal of D.

Proof. By Lemma 9, there exists a P-primary ideal @ ++ P. Let
M be a maximal ideal of D containing P. Theorem 4 yields that,

(2) DM = P(ﬂ;*nm = Q(*Q*HM) .
Now P*/P = Z or P*/P = Z/(p), for some prime number p. Let
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P*/P = Z. Then for every n(+ 0)€ Z, nl ¢ P: consequently xl¢ Q.
This yields that @*/Q = Z and that Q is a prime ideal of Q*. Then
from (2) it follows that @ is a prime ideal of D. This is a contra-
diction. Hence P*/P = Z/(p) and that P is a maximal ideal of P*.
Consequently (2) yields that M N P* =P and D, = P}. So that
P= M and D/P = P*/P = Z/(p). Thus P*/P is a subring of D/P
such that both of them have p elements. Hence P* = D and the
lemma follows.

COROLLARY 1. If P is a proper prime ideal of a domain D,
satisfying the hypothesis of Lemma 9, then height P = 1,

Proof. If P’ is any proper prime ideal of D contained in P,
then P’ also satisfies the hypothesis of Lemma 9. By Lemma 10, P’
is a maximal ideal of D. Hence P’ = P and height P = 1.

THEOREM 5. Let P be a proper prime ideal of domain D such
that for every monzero primary ideal @ of D contained in P, D is a
Slat Q@*-module. Then every nonzero primary ideal @ of D contained
in P is P-primary, D/Q = Z|(p*) for some power p* of a prime
number p and Q@* = D.

Proof. By Corollary 1, height P=1. Sothat1'Q = P. In case
P = Q, the result follows from Lemma 10. Let Q = P. Since D is
a flat @*-module, by Theorem 4,

(3) DP = Q?Z*nm .

This equation along with Lemma 10, yields that there exists a prime
number p such that Z/(p) = D/P = Q*/Q* N P. However Q@*/Q = Z/(n),
for some =, and @ is a (Q* N P)-primary ideal of @*. Therefore
n = p%, for some a > 2. Then from (3) D/Q = Q*/Q = Z/(p*): as a
consequence we get that D = Q*. This proves the theorem.

Henceforth the domain D will always be assumed to be different
from its quotient field. The following corollary is an immediate con-
sequence of the above theorem.

COROLLARY 2. If D s a flat A*-module for each of its proper
ideals A, then dim D = 1.

LEMMA 11. Let D be a domain such that D is a flat A*-module
Sor each of its proper ideals A. If P, and P, are two distinct proper
prime ideals of D, such that D/P, = Z|/(p,) and D/P, = Z/(p,), then
pl ;I: pZ'
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Proof. Suppose that p, = p,=p. Then pleP, NP,= PP,
Hence (P,P,)*/P,P, = Z/(p) and N = P,P, is a maximal ideal of (P,P,)*.
Consequently P, N (P.P)* = N= P,N (P,P,)*. By Theorem 4,

Dpl = (P1P2);; = DPZ .

This yields that P, = P,. Hence the lemma follows.

THEOREM 6. A domain D is a (KE)-domain if and only if it
is a flat A*-module for each of its proper ideals A.

Proof. Let D be a (KE)-domain. By Proposition 1, given any
proper ideal A of, D = A*. Then obviously D is a flat A*-module
for each of its proper ideals A.

Conversely let D be a flat A*-module for each of its proper
ideals A. Consider any proper prime ideal P of D. By Theorem 5,
P is a maximal ideal and there exists a prime number p such that
for any nonzero primary ideal @ of D contained in P, D/Q = Z/(p®)
for some a > 1. Consequently D,/QD, = Z/(p®), a PIR with d.c.c.
So that D, is a discrete valuation ring of rank one. As an immediate
consequence we get that every nonzero primary ideal of D contained
in P is a power of P and D/P* = Z/(p® for every a. Thus ple P\P2
Now for any given proper prime ideal P’ = P, D/P’ = Z/(p'), for some
prime number p’, which, because of Lemma 11, is not equal to p.
So that pl¢ P’. Then using the fact that for any ideal A of D,
A = N AD,, where T runs over all the maximal ideals of D, we get
that P = (pl), a principal ideal of D. By Cohen [4, Theorem 2], D
is Noetherian. Let A be a proper ideal of D and A = N:., Q; be an
irredundant decomposition of A into primary ideals. For each 7, since
D/Q; = Z/(p$), for some prime power p¥ and the prime number p; are
all distinct, we get that, D/A = @ >, D/Q; = D 3.t Z/(p¥) = Z/(n),
where n = papge ... pt, Since the ring Z/(n) is generated by its
unity element, it follows that D = A*. Hence by Proposition 1, D is
a (KFE)-domain.

We now obtain Theorem 2 of [12] as a corollary to the above
theorem.

COROLLARY 3. A domain D is a (KE)-domain if and only if
for each proper ideal A of D, one of the following holds:

(i) A* is a Dedekind domain.

(ii) A* is a Prifer domain.

(iii) A* is a generalized Krull domain.

(iv) A* is an almost Krull domain.
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Proof. If D is a (KE)-domain, then by Lemma 3, D satisfies the
given conditions.

Let D satisfy the given conditions. Let A be a proper ideal of
D. If A* satisfies any of the conditions: (i), (iii), and (iv) then for
each of its minimal prime ideals P’, A} is a rank one valuation ring
and A* is an intersection of these rings. Now AP’ is a nonzero
ideal of D contained in P’. For S = A*\P, A}, c D,. Since

SNAP' = @,

D is not a field. However A% is a maximal subring of its quotient
field. Consequently Dy = A% and Dc Aj. Hence D = A*. In this
case D is trivially an A*-flat module. If A* is a Priifer domain,
then again by Richman [8], D is a flat A*-module. Hence, by
Theorem 6, D is a (KE)-domain.

The following theorem is also an immediate consequence of
Theorem 6. It also follows from Lemma 13 given below, and which
is analogous to Theorem 2.

THEOREM 7. A domain D is a (KE)-domain if and only if it
18 a projective A*-module for each of its proper ideals A.

LEMMA 18. If for a proper ideal A of a domain D, D 1is a
projective A*-module, then D = A*.

Proof. As D is a projective A*-module, by the dual basis
theorem for projective modules, there exists a family {o,}.., of ele-
ments of Hom (D, A*) and a corresponding family {d.}.., of elements
of D such that for each de D, o,(d) = 0, for all but a finite number
of values of «, and d = 3,0.(d)d,.

Let oeHom,.(D, A*). Consider b, ce D. Choose a (# 0)¢€ A.
Then o(be)a = o(bea) = o(b)ca, since cac A*: consequently o(bc) =
o(b)e. Thus ¢ is a D-homomorphism. Hence for any

deD,d = 3 0, (d)d, = 3 0.(dd,) € A* .

This proves that D = A*.
The above lemma does not hold for flat modules, as is evident
from the following example.

ExAMPLE 1. Consider the formal power series ring D = R[[X]],
over the field R of rational numbers. Its maximal ideal is M = (X).
Now M*=Z+ M= D and D = M}, where S is the set of all non-
zero integers. Hence D is a flat M*-module, but D # M.
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3. The ring Z,. In [11, Example 4], it was shown that for
any prime number p, Z,,, the p-adic completion of Z,,, is a (KE)-
domain. In this section we prove that Z,,, is a maximal (KE)-domain,
in the sense that if in a (KE)-domain D, which is not a field, some
prime number p is not invertible, then D is embeddable in Z,,,.
Some other results on (KE)-domains are also established. The fol-
lowing structure theorem on (KFE)-domains was proved in [11,
Theorem 14].

THEOREM 8. Any domain D, which is mot a field, is a (KE)-
domain if and only if it satisfies the following:

(i) There exists a multiplicative subset S of the ring of integers
Z, such that Zy is embeddable in D.

(ii) The correspondence A «— AN Z; is one-to-one between the
ideals A of D and those of Zj.

(iii) For every proper prime ideal P of D, D/P = Zs/PN Zjs.

If a (KE)-domain D satisfies conditions (i) to (iii) of Theorem 8
we say that D is a (KFE)-domain associated with Z,: in that case it
is immediate that a prime number p is invertible in D if and only
if it is invertible in Z;.

DEFINITION 1. A (KE)-domain D associated with Zs is said to
be a maximal (KE)-domain associated with Z;, if there exists no
(KE)-domain D' associated with Zg such that it contains D properly.

THEOREM 9. Let D be a (KE)-domain, which is not a field and
i which some prime mumber p 1is mot invertible, then D is embed-
dable in Z .

Proof. Let D be associated with Z;. Since Z; is a PID of
characteristic zero, Theorem 8 yields that D is a PID of character-
istic zero. Further as pZ; is a maximal ideal of Z,, Theorem 8 also
yields that P = pD is a maximal ideal of D such that D/P = Z/(p).
By Theorem 5, for each n > 1, D/P™ = Z/(p™) and hence every element
of D is of the form k1 + pa; ke Z, ac D. Consequently there exists
a natural homomorphism o,: D — Z/(p™) such that

0.kl + p*a) = k + (p") .
For m < m, we have the natural homomorphism z7: Z/(p") -—»ZA [(P™).
Then {Z/(p™), #r} form a projective system and lim Z/(p™) = Z,, [9,

Chap. 1, p.55]. For each =, let x,: Z<p,—>Z/(p”) be the canonical
mapping. It can be easily seen that o, = 770, whenever m < n.
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Thus there exists a homomorphism ¢ of D into Z,, such that o, =
r,o for every m. Since N, kero, = (0), ¢ is a monomorphism. Hence
the theorem follows.

THEOREM 10. Let {D,, 7i}.s-4 be an injective system of (KE)-
domains associated with the same Zg (+ the field of rational numbers).
Then the injective limit D = lim D, is a (KE)-domain associated with

Zs. (It 1s assumed that each of T is a momzero mapping.)

Proof. For each ae 4, there exists a homomorphism =, D,— D
satisfying the following:

(i) m, =zl for @, Be A such that a < 3.

(i) D= U (D)

(iii) If for some «, there exists «,e D, such that x.(z.) =0,
then there exists @ > a such that zi(z,) = 0.

Using the above properties, it follows that D is an integral do-
main. As 75 # 0, 78(1) = 1. We get that 7% is an identity map on
Zg. Consequently each x, is also identity map on Z;. Consider any
2.7~ 0)e D,. As seen in the proof of Corollary 3 in [11], z, = n.uU.
for some n,€ Z and a unit u, in D, thus 7,(®,) = N.T.(u,). Clearly
7. (u,) is a unit in D. It follows that every element of D is of the
type nu; neZ and u a unit in D. Consider any proper ideal 4 of
D. Now for every «, A, = n;'(A4) is a proper ideal of D and A =
U 7.(4,). Thus A4* = U 7. (A}) = U 7(D,) = D. Hence by Proposi-
tion 1, D is a (KE)-domain. Since every prime number invertible in
Zg is invertible in every D,, we get it is also invertible in D. Con-
versely if any prime number p is invertible in D, then the above pro-
perties of D imply that p is invertible in some D, and hence p is
invertible in Z;. This shows that D is associated with Zj.

We end this paper with a few remarks.

1. Some of the lemmas, for example Lemmas 4 to 8, and 12 can
be proved by replacing A* by any Noetherian subring of D, contain-
ing a nonzero ideal of D and keeping the other hypotheses unchanged.
It is not clear whether in that case, we obtain B = D, as in Theorem
2.

2. Theorems 9 and 10 can be proved in more general settings.
To explain the point, let T be a fixed Noetherian domain, which is
not a field. Let us call a domain D containing T lattice equivalent
to T if it has the following properties:

(i) A—-ANT, is a one-to-one correspondence between the
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ideals A of D and those of 7.

(ii) For any proper ideal A of D, D= A + T.

Take any proper prime ideal P of 7. Then as in Theorem 8, it
can be shown that D is embeddable in 7, the PT,-adic completion
of Tp. In Theorem 9, we had T = Z;. In Theorem 10, if we replace
each D, by a domain lattice equivalent to a fixed Noetherian domain
T and let each n% be identity on T, then their injective limit is also
lattice equivalent to 7. The only reason for not proving Theorems 9
and 10 in this more general setting is that the paper is essentially
concerned with (KFE)-domains.

3. By Theorem 9, given a Z; (not equal to the field of rational
numbers), all (KE)-domains associated with Z; can be regarded as
subrings of a fixed Z,. It can be easily seen that the family of all
(KE)-domains associated with the same Z; is inductive. Hence by
Zorn’s lemma it has maximal members. It remains open whether
any two maximal (KFE)-domains associated with a Z; are isomorphic
or not.
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