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INNER-OUTER FACTORIZATION OF FUNCTIONS WHOSE
FOURIER SERIES VANISH OFF A SEMIGROUP

HowaARD LEwIS PENN

Let G be a compact, connected, Abelian group. Its dual,
I’', is discrete and can be ordered. Let I'; be a semigroup
which is a subset of the positive elements for some ordering,
but which contains the origin of I". Let H?(I",) be the sub-
space of L?(G) consisting of functions which have vanishing
off I';. The question that this paper is concerned with is
what conditions on a function in H?(I";) assure an inner-outer
factorization.

An inner function is a function f€ H=(I";) such that |f|=1
a.e. (dx) on G. A function fc H?(I",) is said to be outer if

L“g | f@)| = IogHGf(w)dw‘ >—co.

A function fe€ H¥I',) is said to be in the class LRP(,) if
log|flel(G) and log|f| has Fourier coefficients equal to
zero off ';U—I";. The main result of the paper is that if
I’y is the intersection of half planes and fec H'(I',) with

S log | f(x) |dx > — oo then f has an inner-outer factorization
2]
if and only if log |f| is in LRP(I";).

A semigroup, P, in I, is called a half plane if PU—P=1T and
PN —P={0}. Helson and Lowdenslager [2] proved that if I, is a

half plane then every function fe H?(I',) with |log|f|dxz >— has

a factorization as a product of an outer function, € H?(I") and
an inner function, g, and this factorization is unique up to multi-
plication by constants of magnitude 1. From now on we shall assume

Slog|f|dx> — oo,

Helson and Lowdenslager also showed [3] that if w is a real
function such that  and e* are summable, and v is the conjugate
function of # with respect to the half plane, I',, then e¢*™ is an
outer function in HYI',). Conversely, if a summable outer function
has the represention ¢*** with % and v real then u is summable and v
is equal to its conjugate modulo 27 except for an additive constant.

Let P be a half plane which contains I",. Then, for u e L%(G)
there exists a conjugate function, », which is unique if we assume
v(0) = 0, such that u + %0 has its Fourier series supported on P.
The function, », is in L?, p < 1. If w has its Fourier coefficients
supported only on I, U —I'; then u + v has its Fourier coefficients
supported only on I, [4, Chap. 8, §7]. Therefore, fe LRP(I")) if
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and only if log|f|e L' and log|f| is the real part of a function
whose Fourier coefficients vanish off I,.

THEOREM. Assuming that fe HNI',) and Slog [fldx > —co, and

that I'; = ;e P, then f has an inner-outer factorization if and
only if log|f| has its Fourier coeffictents vanish off I'y U —1I,.

Proof. Assume fe LRP(I'). Let w =log|f|eL'(G). Take any
1€ I and consider P,. I',CP, and f has an inner-outer factorization
with respect to P,. The outer factor is given by e¢***: where v,
is the conjugate function to w with respect to P,. Since w has
its Fourier coefficients supported on I', U —I',, it follow that v, also
has its Fourier coefficients supported there. Therefore, v, is the
same as the conjugate function of w with respect to any of the other
half planes P;, j€I. Therefore, the outer factor of f in H'(P,) is
given by e***:, Also, if P; is any of the other half planes whose
intersection gives I',, then the outer factor f in HYP;) is e***s.
Therefore, ¢***ie ,e; H'(P;), which is just equal to H'([,). For
each half plane P,, ©€ I, we have that the inner factor is given by
fe+ia Therefore, the inner factor is also in H'(I').

Conversely, assume that f has an inner-outer factorization, gh,
in HYI',). Choose P;, j € I, then the outer factor, &, of f in H'(I"),
and hence in H'(P;), is given by e¢"™i, where v; is the conjugate
function of u = log|f| with respect to P;. Since this is true for
all P;, jel, it follows that ¢”s is the same regardless of which half
plane, P; is used. Now assume P, is another of the half planes
whose intersection is I",. Then ¢“* = ¢°“s where v, is the conjugate
function of u with.respect to P;. It follows that wy(z) = v;(x) + 2nzx
where n might change from point to point. We will now show that
n = 0. Consider the function 2'* which is outer in H¥I",) c HYI").
It follows that log|k"“?| = u/2. The conjugate function of %/2 with
respect to p; is v;/2 and its conjugate function with respect to P,
is #,/2. By the Helson and Lowdenslager theorem k' = ¢™“*%i* and
also r'? = e¢*"wi2,  Therefore,

h = RIPRIRE = gutiwitviie
Hence
V(@) = (v(x) + v,(2))/2 + 2n7 .
So,
v(x) = v;(x) + 4nw .

Now consider h'/* = e+iilt = glutividli Therefore,
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h — h8/4h1/4 — 63(u+ivk)/46(u+ivj)[4 — 6u+i(8vk+vj)/4 .

Hence,
v(x) = v(x) + 8nrw .

By considering the 2™th roots of &~ we can show that the difference
between #, and v; must be 2"*nzw., This must hold for all values
of m. The only integer for which this is true is 0. Therefore u
has the same conjugate function with respect to each of the half
planes.

We will show that % has its Fourier coefficients supported of
I''U—TI,. Suppose that #4(v) =0, where v¢I',U—I,. Then there
exists P;, j€I such that v¢ P;. There also exists P,, keI, such
that v¢ —P,. Let v; be the conjugate functions of u with respect
to the half plane, P; and let v, be the conjugate function of u with
respect to P,. Since v¢ P;, we have

D7) = 14(7)

[4, Chap. 8, §7]. Likewise, since v¢ —P, it follows that ve P,\0
and that

7,(7) = —2a(v) .

But since #(7) = 0, we have 4;(7) # 4,(¥), and hence v; and v, are
different functions. But we have just shown that u has the same
conjugate function with respect to each half plane. Therefore #(v)=0
and # has its Fourier series supported on I, U —I,. Therefore
fe LRP(I,).

COROLLARY. If fe H'(I',) where I', is the intersection of half
planes and fe LRP(I), then f = pp, where p, p,€HYI) and

|of* = |2 = | f]

ExAMPLE. In [1] Ebenstein discusses the H” functions on a
semigroup which is the intersection of a countable collection of half
planes. This semigroup fulfills the hypothesis of the theorem. Let
T* be the compact group which is the Cartesian product of countably
many circles. The dual 3.2 ; Z, is the direct sum of countably many
copies of the integers. Define 4 C >\2, Z by

A={z:2, =20 for all 4}.

We may define H?(T*), » =1 as the subset of L?(T“) consisting of
these functions whose Fourier coefficients vanish off A. The semi-
group, A, is the intersection of half planes P, defined as follows:
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P, ={x:2,=20, if 2,=0 then 2, =0,
if %, ,, +++, 2; = 0 then z;,, = 0}.

Therefore the theorem applies to H?(T).

REMARK. One might hope that certain theorems which hold for
the H” spaces of the disk would remain true, at least for the class
LRP(I")). One such theorem is Szego’s theorem which states if
w € L'(dx) and w = 0, then

inf Su — g[*wde = exp S log (w)da
gedy

where A, consists of those polynomials supported on I',, with zero-th
coefficient equal to zero. This theorem is true if I', is a half plane
[4, Chap. 8, §3]. Rudin has an example [5, Theorem 4.4.8] of a
function, f, which is outer, but does not span. This same function
can be used to show that Szego’s theorem fails even for the class
LRP.
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